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In this talk, we investigate direct and inverse source problems for time-fractional
parabolic type equation on a metric graph with final-time overdetermination condition.
A graph G consists of a finite set of vertices V = {νj}kj=1 and edges E = {ej}nj=1. Each
edge ei is assigned an interval (0, lj) and has coordinates xj. The set of boundary vertices
is denoted by ∂G ⊂ V . We set C[G] as a space of functions u defined on the graph and
uniformly continuous on each of its edges.

We are interested in the following time-fractional parabolic equation with the Caputo
derivative of order α ∈ (0, 1) on GT = {G × [0, T ]}

∂α0,tu(x, t) + Lu = f(x)g(x, t), x ∈ ej, t ∈ (0, T ],

where

Lu
∣∣
ej

= − ∂

∂x

(
a(j)(x, t)

∂u(j)(x, t)

∂x

)
+ b(j)(x, t)u(j)

x (x, t) + c(j)(x, t)u(i)(x, t),

with initial conditions
u(x, t)

∣∣
t=0

= 0, x ∈ ej,
the vertex conditions at inner verticesu(x, t) are continuous in ν,∑

ei∼ν
σei,ν

{
a(j)(ν, t) ∂

∂x
u(j)(ν, t)

}
= 0, ν ∈ V \ ∂G,

where σei,ν = 1 if ν is the right end of the edge ei, σei,ν = −1 if ν is the left end of the
edge ei, and at each boundary vertex, Dirichlet conditions

u(ν, t) = 0, ν ∈ ∂G, t ∈ [0, T ],

where 0 < A0 ≤ a(j)(x) ≤ A1 < +∞, j = 1, n, and we suppose that a, b, c ∈ C[G],
c(x, t) > 0.

The main aim is to find the pair of functions {u(x, t), f(x)}. To find f(x), which is
the solution of the inverse problem, we need an an additional condition. That is why we
introduce an additional condition of the form

u
∣∣
t=T

= ψ(x), x ∈ ej,

where ψ(x) is a given function.
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We consider the following fractional diffusion-wave equation:

∂αt u(t) + Au(t) = F (t), t ∈ (0, T ), (1)

with the Caputo time fractional derivative ∂αt of order 1 < α < 2, with the non-local
initial conditions

γu(0) + u(T ) = ϕ, ∂tu(T ) = ψ, (2)

here, we assume that the γ is given number, ϕ and ψ are given elements of a separable
Hilbert space H. Moreover, A : H → H be an arbitrary unbounded positive selfadjoint
operator in H and A−1 is a compact operator. First we consider the following direct
problem: given α, γ, ϕ, ψ and F (t), find a function u(t) satisfies the Eq. (1) and the
nonlocal initial conditions (2).

Next, based on the direct problem, we consider the following inverse problem of finding
the coefficient p(t) in (1) with F (t) = fp(t), i.e., the coefficient depends on only time
variable.

Inverse problem. Given α, γ, ϕ = ψ = 0 and f , find a pair of functions {u, p(t)}
satisfying the problem (1)-(2) and the additional condition

Φ[u(t)] = h(t), 0 < t < T, (3)

where h : [0, T ] → R is a given function, Φ : D(Φ) ⊂ H → R is a known linear bounded
functional.

In this work, we derive sufficient conditions for the given functions that ensure the
existence and uniqueness of the inverse problem (1)-(3).




