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Abstract

This study investigates an inverse problem involving the determination of
the kernel function in a multidimensional integrodifferential pseudo-parabolic
equation of the third order. The study begins with an analysis of the direct
problem, where we examine an initial-boundary value problem with homo-
geneous boundary conditions for a known kernel. Employing the Fourier
method, we construct the solution as a series expansion in terms of eigenfunc-
tions of the Laplace operator with Dirichlet boundary conditions. A crucial
component of our analysis involves deriving a priori estimates for the series
coefficients in terms of the kernel function norm, which play a fundamental
role in our subsequent treatment of the inverse problem.

For the inverse problem, we introduce an overdetermination condition
specifying the solution value at a fixed spatial point (pointwise measure-
ment). This formulation leads to a Volterra-type integral equation of the
second kind. By applying the Banach fixed-point principle within the frame-
work of continuous functions equipped with an exponentially weighted norm,
we establish the global existence and uniqueness of solutions to the inverse
problem. Our results demonstrate the well-posedness of the problem under
consideration.
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Introduction. There are numerous cases where practical applications lead
to challenges in determining the coefficients, the right-hand side of the differen-
tial equation, and the kernel of integrodifferential equations. Such problems are
referred to as inverse problems of mathematical physics.

Inverse problems currently represent a rapidly developing branch of modern
mathematics. Various inverse problems for second-order hyperbolic and parabolic
equations, as well as first-order systems, are discussed in the monographs [1-5] (see
also the extensive bibliographies therein). The recently published monograph [6]
investigates a new class of inverse problems involving the determination of the
convolution kernel in second-order hyperbolic integrodifferential equations.

Water filtration in double-porosity media, moisture transfer in soil, and simi-
lar natural phenomena often lead to boundary value problems involving pseudo-
parabolic equations (see, e.g., [7,8]). When such processes occur in viscoelastic
media, Volterra operators — representing the convolution of a time-dependent
viscosity function with a solution operator (typically elliptic) — are incorporated
into the right-hand side of the pseudo-differential equations.

The study of inverse problems for pseudo-parabolic equations began in the
1980s. The first significant result, obtained in [9], addressed the inverse identi-
fication of an unknown source function. Among recent works, we highlight [10],
where the author examined an inverse problem of recovering a space-dependent
source coefficient in a third-order pseudo-parabolic equation under a final over-
determination condition (see also references therein).

To the best of our knowledge, the problem of determining the convolution
kernel in an integrodifferential pseudo-parabolic equation remains unexplored.
However, a series of works [11-20] has investigated inverse problems involving
convolution kernel determination for linear parabolic integrodifferential equations.
These studies established local existence and global uniqueness theorems, as well
as stability estimates for the solutions.

In this study, we employ the Fourier method, integral inequalities, and the
fixed-point principle to prove the existence and uniqueness of a solution to the
inverse problem of determining the kernel of a multidimensional third-order inte-
grodifferential pseudo-parabolic equation. The problem is supplemented with an
additional condition specified at a fixed point for the solution of the first boundary
value problem.

Consider the following nonhomogeneous pseudo-parabolic integrodifferential
equation:

ur — Aug — Au = (k x Au)(z,t) + f(z,t), (x,t) € D, (1)

where D = Qx (0,T], T > 0, and Q C R¥ is a bounded domain with a sufficiently
smooth boundary 9. Here, A denotes the Laplacian, k(¢) is the convolution
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kernel representing the “memory effect” (or viscosity function), f(x,t) is a source
function, and (k * Au)(z,t) denotes the Laplace convolution:

() (2, £) o= /0 k(t — )u(x, s) ds.

In the domain D, we study the following problem for Eq. (1): Find a function
u(x,t) satisfying (1) with the initial condition

w(z,0) = p(z), =€, (2)
and the boundary condition
u=0 on 0Qx(0,7), (3)

where f(x,t) and o(x) are given functions. This problem is commonly referred to
as the direct (forward) problem.
A function u(x,t) is called a classical solution to problem (1)—(3) if it satisfies
the following conditions:
1) u(w,t) is continuous in D along with all derivatives appearing in Eq. (1);
2) all given conditions are satisfied in the classical sense.
Based on this direct problem, we now consider the following inverse problem.

INVERSE PROBLEM. Determine the kernel k(t), t > 0, appearing in equation (1),
given that the solution of the direct problem satisfies the additional condition

u(zo,t) = h(t), xo€Q, tel0,T], (4)

where xg € Q is a fizved point and h(t) is a given sufficiently smooth function.

1. Investigation of the Direct Problem. This section studies problem
(1)—(3). We prove the existence and uniqueness of a classical solution to problem

(1)-(3).

1.1. Uniqueness of the Solution. The following uniqueness result holds for
(1)-(3).

THEOREM 1. If problem (1)—(3) has a solution, then this solution is unique.

Proof. Applying the method of separation of variables, we seek a solution to
(1)—(3) in the form
u(z,t) =U(t) X (x). (5)

Substituting (5) into (1) with

t
/ k(t — 7)Au(x, 7)dT + f(z,t) = 0,
0
we require that X (x) # 0 satisfies the spectral problem

AX 4+2X =0, in Q,
X =0, on 0f2.
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It is well-known that the operator —A has only positive real and simple eigen-
values \A;,, which when properly ordered satisfy 0 < Ay < Ao < -+ < li_r)n Am =
m—00

+00. We denote by X, the eigenfunction corresponding to A,,, normalized such
that HXm||%2(Q) = (Xm, X;n) = 1, where (-, - ) denotes the inner scalar product

in the Hilbert space L?(Q).
Let u(z,t) be a solution to problem (1)—(3). Consider the scalar product

U (t) = (u( - ,t),Xm)LQ(Q). (6)
From (6) and using equation (1), we obtain
U (8) + At (8) + Amttn () = = (k5 um) () + fin (£), (7)
where f,,(t) = (f, Xin), m = 1,2,.... The initial condition (2) yields
om = um(0) = (0, Xm)r2(), m=12,.... (8)

One can verify that problem (7), (8) has a unique solution u,,(t) € C*[0,T]
given by

tm (1) = Xom (D) m + 75— (m * ) () = 11AL’”'/L\m(xm « (kxum))(t),  (9)
where x;,(t) = exp{— 1_?:*:\17”75}.

This implies the uniqueness of the solution to problem (1)-(3), since for
o(z) =0 and f(x,t) = 0, we obtain ¢,,, = 0 and f,,,(t) = 0. From (9) it fol-
lows that u,,(t) = 0. By (6), this is equivalent to

(u( -, 1), Xm)L2(Q) =0.

Since the system {X,,} is complete in L?(Q2), we have u(z,t) = 0 almost
everywhere in {2 for all ¢ € [0,7]. As u(z,t) is continuous on D, we conclude that
u(z,t) =0 on D. This completes the proof of uniqueness for problem (1)-(3). O

1.2. Existence of the Classical Solution. This subsection establishes the
existence of a solution to problem (1)-(3).

Under appropriate conditions on the functions ¢(x) and f(z,t), we prove that
the function

w(@,t) = () Xon () (10)
m=1

represents a solution to problem (1)—(3).

LemMA 1. The following estimates hold for allm =1,2,...:

[um (t)] < max{1, T} [|om| + | fmllo] 1072, ¢ € [0, 77, (11)

[t ()] < [ fimllo +
+ max{1, TH(L + [|klloT) [lom] + | fmllo] /1072, ¢ € 0,71, (12)

here ||k|lo = k(t)].
where [[kllo = max [k(t)
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Proof. From (9), we estimate u,,(t) as follows:

fum(B)] < [9m] + tlfm (D] + 1Kl /0 (t — 8)lum(s)] ds.

Applying Gronwall’s lemma for all ¢ € [0,T], we obtain (11). Furthermore, from
(7) and (11), we derive (12). This completes the proof of the lemma. O

Assume the following regularity conditions:

p(x) € HIEIF(@Q),  f(a,1) € C(0,1); HIEIH (@),

p=Ap=- A[Jk@eﬂg(ﬂ), (A1)
F(-.)=A < t)=-=aAlTlr( e my@), teo,Tl.

By the Cauchy—Schwarz inequality and Lemma 1 in [17], the series (10) con-
verges uniformly on D in view of (11):

e X X2(0) & o [3]+1)
S Jum (O Xm(@) < C1( Y SmEEN T G20 +
m=1 m=1 )\7[715%_1 m=1
0o X,Zn 1/2
+02< a Zufmno <
m= m2
<O [ (AEMg) de + Gy / (A f(a, -)])) da.
0 Q

Differentiating the series in (10) term-wise, we obtain:

up =Y () X (), (13)
m=1
> 0? X () .
Ug,a; :mz:lum(t)ax?’ 1=1,2,...,n, (14)
o0 2
T IR e LT TP (15)
m=1 i

Obviously, that if either series (14) or (15) converges uniformly, then series
(13) also converges uniformly.

For series (14), using (11) and (Al), and applying the Cauchy-Schwarz in-
equality for (z,t) € D and i = 1,2,...,n, we have:

- 0?X ()
DIPHERE

Consequently, the series (14), as well as (13) and (15), converge uniformly
in D.

<cy [ /Q (A3 o + /Q (A3 £ (2, )|I) de

11
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These results lead to the following theorem.

THEOREM 2. Let o(x) and f(x,t) satisfy condition (A1), and let k(t) € C[0,T].
Then problem (1)~(3) admits a classical solution u € C(D) N Cil} (D) defined by
the series (10).

1.3. A Priori Estimates. This subsection establishes estimates for the solu-
tion and its first derivative in the direct problem (1)—(3). In the following section,
we will prove that problem (1)—(4) has a unique solution for any 7' > 0. For this
purpose, we employ weighted norms: for each o > 0, we define the Bielecki norm

_ —ot
Ikl = max (™K (t)]).

REMARK. The weighted norm eliminates restrictions on the maximum value
of T. In contrast, using the standard supremum norm would require 7' to be
smaller than some finite quantity depending on the problem’s data.

The space C,[0,T] := (C[0,T], ||||o) forms a Banach space, and the norms |||,
and ||-||o are equivalent. Moreover, the convolution operator is both commutative
and invariant under multiplication by e~

(Fxg)(t) = (g= F)#), and e 7 (fxg)(t) = (e 7" f(t)) * (e~ "'g(1)).

Additionally, we have the estimate

1
1f % gllo < — Il fllollglls, >0 (16)

(see [16]).
Let uy, denote the solution of (7), (8) with coefficients @, fm, and k. From (9),
we estimate the difference u,,, — u,, in the Bielecki norm:

€™ um () = T (£)] < |om = Bl + tllfm = Frnllo +

_ _ t
+ 1 Jumllo[lk — Ko + t||k|!a/0 € 7 um — Um|(s) ds.
Applying Gronwall’s lemma for all ¢ € [0, 7] and m € N yields:

tm — tmlls < (|90m — Om| + T frn — fm“ﬂ + T2||k - %HUHUmHO)eWHk”J‘ (17)

Theorem 2 established that problem (1)-(3) possesses a unique classical solu-
tion in D. Consequently, for all ¢ > 0, u; belongs to C(D), and the difference of
its Fourier coefficients satisfies:

Hu;n - imeJ < um — Umllo + Tllumlollk — %HU +

+TIElollum = wmlle + 1 fm = fmllo- (18)

2. The Existence and Uniqueness Theorem for the Inverse Problem.
This section investigates the inverse problem of determining the functions u(z,t)

12
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and k(t) from relations (1)—(4). We employ the contraction mapping principle to
solve this problem.
Let

o)

Am -1
b= (mZ:l = Amgomxmcco)) L0 (A2)

Under condition (Al), the numerical series

oo

Am
—mX

m=1

converges.
Substituting x = x( into (10) and using (4), we obtain

= um(®)Xm(z0), t€0,T]. (19)
m=1

Replacing u,(t) in (19) with the right-hand side of (9) and differentiating
twice yields the integral equation for k(t):

KO = o(0)+ 1D (157 5 )0 Xon ) —
m=1 m

—u ( Am )3(Xm # (k% um ) (7)) (8) X (20) —

1+ M\
Sl
_“221+A

m=1

U ) (8) X (20),  (20)

where

k‘O(t) = —Mh//(t) +p Z (1 in;\m>2Xm(t)90me(x0) -

3 R O ) £ 3 )Xo +
m= m=1 m
2 e (o ) Onlr)

Assume the following regularity conditions:

hec?0,T), fec(o,T];H Q) nc (o, 1); HIEI-Y @),

pla0) = h(0), . (A3
FO ) =Af(- 1) == AT e HLQ), telo,T).
Equation (20) can be expressed as the fixed-point equation
k= Ak (21)

13
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for the operator A defined by

AK() = ko) + 3 (525 ) (e ) (6 Xom () —
m=1 m

1 (727 (O ) (7)) (8 Ko ) —
m=1 m

B T ) Xr)

To establish that A has a fixed point, we first demonstrate that A maps a
closed convex set into itself in the space C[0,T] equipped with the Bielecki norm.

LEMMA 2. Under conditions (Al)—(A3), there exists oo > 0 such that for all
o = o0g, there exists R > 0 for which the closed convex ball

K = {k e C[0,T] : | Ak — ko|l» < R}

is invariant under A, i.e., A(K) C K.
Proof. For any k € C[0,T], t € [0,T], and o > 0, estimate (16) yields:

00 )\m 2 .
— < g
|4k ~ kollo < max umZ:l(1+ ) ¢ ) (6 Xon(o) | +
+ max |u i ( Am 367“ (Xm * (k * um)(T))(t)Xm(xo) +
weo.n)]” =\ T+ A
+ max |p i Am e 7k xul,)(t) Xom(z0)| <
tG[O,T] m=1 1 + >\m "

Ikllo | < I*llo | < /
<l > lwmllolXm (wo)| + Il D xm %ty o] Xom (0)|
m=1

m=1

Flo,
Bl 5 oG = 1+ 2+ B (22

m=1

For k € K, we have
[kllo < lkollo + R := Ro, (23)

since | - [lo < || - [lo-
Applying Lemma 1 and (A1) to [; with (23) gives:

R [e.9]
1 < 2 max{ 1, T2 10 3 (o] + 1 fimllo) [ Xn(20)] <
m=1
< 0 {1, DY 2l (gl 1+ 1] ) =2 ()
S ; I (3141 (@ c(o,r:EE @)) T o

14
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Similarly, for Is:

Iy T\M\leumllolX (o) < *T!M’Z\\meo!X (wo)| +

m=1
R
+fmwﬁﬂﬂ+%ﬂﬂwﬂmwEXMAHMMWM@M<
m=1
RO Ro
T’ ’”fHC'(OT] H[ }-H(Q)) + 7max{1,T}(1 + R()T) X
o
x%wwmmmmm@ﬂ 1o atziy) = = (25)
For I3, we obtain:
0 Ry
< 7"“‘HfHC([O,T],H[%]+l(Q)) + 7 max{l,T}(l + ROT) X
2 o
T2l (el g1 0y + 1 oo mmntsion ) = - (26)

Combining (24)—(26) for (22) yields

|AE — koll, < 22,
g

where ¢ := 01 + 02 + 3. Choosing o > 0g := (1/R)0y ensures A(K) C K. O

LEMMA 3. Under the same conditions as in Lemma 2, the family (A(k))rex is
contractive, i.e., there exists q € [0,1) such that

|Ak — Ak < qllk — K|,

for allk,EEK.

Proof From the commutative and invariant properties of the convolution
operator, we have

ety x vg(t) — e 7y * Ta(t) = e 7 (vy — 01) * v2(t) + e 7 * (vy — Ta)(t)

and

-~ 1 - - -
o1 va(t) — 01 % D2 (t) |l < = (llor = D1llol|v2llo + [[01]o]|v2 — V2l)-

Q

For any k, ke K, we estimate

T RS Am )2 T T ~
HAk—Akw7<—;f§j(1+Am) (IE=F Il aonllo+ [ lolltm =Tl o) | X (0) -+

o0

23

m=1

) (k= Ello xm * wmllo + I*llolxim * (wm = Tm) o) | X (0) | +

15
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allo + [1Fllo 1t =0 l0) [ Xin(z0)| := 1 + o + Is.

m=1

(27)

We now estimate each term in (27). Using Lemma 1, (A1), and (17) for I, we
obtain

1
B < B0 2R o) = Bl 3 ol Xon(o0)] <

m=1
oo
< @(1+T26T2R0H/{:H0) Inax{l,T}erHOTQ/QHk—kHa Z (Iem|+l fmllo) 1 Xom (x0)| <
m=1

< M(1 + 72T Ro ”MO) max{1, T}€||k”0T2/2||k —kllo
g

P— 6-1 T
% (Nell 3101y 1 oo zpl2ienqy) = =1k = Elo-

For I, we have

R k L&
b < B (1 e Y g B S ol Xono)] <

m=1

k -
< lpe] <T + T2eT2RO—” HO) max{1, T}el*o7*/2||; — %l x
g g

02 ~
% (el 3101y + 1 oozt ) = 1= Ello

Similarly, for fg, Lemma 1 yields

(e 9]

LL ~
Iy < Bk Rl S ol Xon(0) +

m=1

!u! 2
(TJrT2 T*Ro 4 31280 |k |lolk — K| Z [tmllo] Xm (x0)] <

m=1

< R, Z 1 onllo Ko ()] +

ol 7 22\
+ 1k = Kl max{1, T}H(1 + [Ik[oT) el ™" > 7 (Jom| + | fimllo) [ Xm (0)] +

m=1

‘“‘ (T+T2 T*Ro 4 3,T* R0y max{1, TrelFT? /2 B o1k = &l

% S (|l + [ fmllo) | Xm(0)| <
m=1

|1u| ||f”C([0T (3] +1(Q) ||k kHa 4 7 "u‘ max{l T}(l + ||k‘||0T) lklloT?/2 «
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% (Il ytgien ) + 1 oz etz ) 1 = Fllo +

g

g ~
% (el 3101y + 15 o 2ty ) e = Fllo = 221 = Bl

Choosing ¢ := d¢/0 < 1, where 6y := max{d1, 2,53}, establishes that A is a
contraction on K, completing the proof. O
By the Banach fixed-point theorem, equation (21) has a unique solution for
any T > 0, yielding:
THEOREM 3. Under assumptions (A1)—(A3), for any T > 0, problem (1)—(4)
admits a unique solution.

Conclusion. This study has established the existence and uniqueness of a
solution to the inverse problem of determining the kernel of a multidimensional
third-order integrodifferential pseudo-parabolic equation. Our approach combines
the Fourier method, integral inequalities, and the fixed-point principle, with the
solution specified by an additional condition at a fixed point for the first boundary
value problem.

All results presented in this article remain valid when the Laplacian operator A
in (1) is replaced by a more general self-adjoint differential operator L defined in
the domain 2. This operator takes the form:

"9 0
L= —[a--x—]—cx,
D gy (495, | @)
i,7=1
where the coefficients satisfy:
— symmetry: a;j(z) = aj;(x) for all 4, j;
— uniform ellipticity: > /' a;;(2)&&5 = a Y i, €2 with o = const > 0;
— non-negativity: ¢(x) = 0 in Q.
We additionally assume the coefficients a;;(x) and ¢(z) satisfy appropriate smooth-
ness conditions (see [17| for details).
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AHHOTaN M

Jannas pabora IOCBsIIIEHa MCCIETOBAHNIO 0OPATHON 3a/1a9n Olpe/iesie-
HUsI S/Ipa B MHOTOMEDHOM HHTETrPO-IudMEpPEeHITNATHLHOM ICEBI0Tapad0IIm-
9eCKOM yPaBHEHUU TPETHEro nopsaka. lcciaenopanne HaanHaeTcs ¢ aHAIIM3a
MIPSIMOM 33Ta9H ¢ U3BECTHOM (DYHKIMEH siipa Mpu PACCMOTPEHNN HATATIHHO-
KpaeBoii 33/1a4H C OJHOPOIHBIMU I'PAHUYHBIME ycioBusamu. Meronom @ypre
CTPOUTCSI PelleHne B BUJIE Psijia 110 cCOOCTBEHHBIM (DyHKIMsIM 3aa4un Jupux-
Jse j1st oniepaTopa Jlansaca. BaxkHoil qacTbio aHaIM3a SIBIISETCS IOy Y€HIe
AIPUOPHBIX OIEHOK KO3 DUIMEHTOB psifia depe3 HOpMY (DYHKIUH SIpa, KO-
TOPBIE UT'PAIOT KJIIOYEBYIO POJIb IIPU M3YyI€HUN OOPATHON 3a/1a9M.

s obpaTHO! 3a/7a9u BBOJUTCS YCJIOBUE IIEPEOIIPE/IETICHNS, 3a/IaI0IIee
3HA4YEHUE pelleHusl B (DUKCUPOBAHHON TOYKE IIPOCTPAHCTBEHHOI obJsiacTu
(Toueunoe uzmepenue). dra GOPMYTUPOBKA CBOIUTCS K MHTETPAILHOMY YPaB-
wenuto BosibTeppa Broporo poma. Ilyrem mpumeHeHMs MPUHINAITA C2KIMATO-
mux orobparkennit Banaxa B Kjracce HEIIPEPBIBHBIX (DYHKITUHI C 9KCIIOHEHIIN-
aJIbHO B3BEINIEHHOW HOPMON YCTAHABJIUBAIOTCS IJI00AJbHAS CYyIIECTBOBAHUE
U €JIMHCTBEHHOCTD pelliennst oOpaTHoii 3ama4un. [lomyyertble pe3yabTaTsl j1e-
MOHCTPHUPYIOT KOPPEKTHYIO Pa3peIINMOCTh PACCMATPUBAEMOI IIPOOIIEMBL.
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Koukypupyroriue nHTepechl. ABTODbI 3asBJISIIOT 00 OTCYTCTBUN KOHMDJIUKTA UHTEPE-
COB B OTHOIIIEHUH ABTOPCTBA U IIyOJIMKAINU JIAHHOM CTATHH.

ABTOpPCKUIT BKJIAJ 1 OTBETCTBEHHOCTh. BCce aBTOpPBI BHEC/IM PaBHbBINA BKJIAJ, B pas3-
paboTKy KOHIIENIUU CTAThbH U HATIMCAHUE PYKOIMUCH. ABTOPBI HECYT IOJTHYIO OTBETCTBEH-
HOCTB 3a IIPEIOCTABJICHIE OKOHYATEILHON BEPCUU PYKOmHUcH B medarhb. OKOHYATE/IhHAs
BepcHs PYKOIHUCH ObLIa O00peHa BCEMHU aBTOPAMI.
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