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In the present work, we investigate both the initial-boundary value direct problem and the
associated inverse problem of determining a zero-order time-dependent coefficient in the
distributed-order time-fractional diffusion equation. We first analyze the direct problem under
Robin-type boundary conditions and establish its well-posedness. Building on these results,
we then address the inverse problem. In particular, we prove the local existence of a solution
to the inverse problem and derive stability estimates, which demonstrate the robustness of
the recovery with respect to perturbations in the data.
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In this work, we investigate the initial-boundary problem for time-fractional parabolic-
type equation on a metric graph G. A graph consists of a finite set of vertices V = {νk}jk=1

and edges E = {ek}nk=1. Each edge ek is assigned an interval (0, lk) and has coordinates xk.
The set of boundary vertices is denoted by ∂G ⊂ V . We set C[G] as a space of functions u
defined on the graph and uniformly continuous on each of its edges. We consider the following
time-fractional parabolic equation with the Caputo derivative of order α ∈ (0, 1)

∂α0,tu(x, t) − Lu(x, t) = F (x, t), x ∈ ek, t ∈ (0, T ], (1)

where

Lu
∣∣
ek

=
∂

∂x

(
a(k)(x)

∂u(k)(x, t)

∂x

)
+ b(k)(x)u(k)x (x, t) + c(k)(x)u(k)(x, t), x ∈ ek, (2)

where 0 < A0 ≤ a(k)(x) ≤ A1 < +∞, k = 1, n, and we suppose that a, b, c ∈ C[G], c(x) > 0,
g(x, t) is given function, f(t) is an unknown function. We have to find the solution u(x, t) in
a bounded domain GT = {G × [0, T ]} satisfying the initial conditions

u(x, t)
∣∣
t=0

= 0, x ∈ ek, (3)




