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On one boundary value problem for the fourth-order equation in
partial derivatives

0. Sh. Kilichov!, A. N. Ubaydullaev®

1 V.1. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences,
4b University str., Tashkent, 100174, Uzbekistan
2 Bukhara State University, M. Ikbol str. 11, Bukhara, 705018, Uzbekistan

E-mail: oybek2402@mail.ru

The initial-boundary problem for the heat conduction equation inside a bounded domain
is considered. It is supposed that on the boundary of this domain the heat exchange takes
place according to Newton’s law. The control parameter is equal to the magnitude of
output of hot air and is defined on a givenmpart of the boundary. Then we determined the
dependence T(0) on the parameters of the temperature process when 0 is close to critical
value.
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Introduction and statement of the Problem

A problem with a high derivative on a part of the domain boundary was studied,
for the first time, by A.N. Tikhonov. In [1], he studied the problem of a homogeneous
heat equation with the following conditions

0 k
S a2 (0,1) = £(t), w(x,0) =0,
= 0x

in domain (0 <x < oo, t>0).
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In [2], in n—dimensional bounded domain D A.V. Bitsadze studied the problem

m
Au(x) =0, ‘;V—;f — f(x), x € D,
and proved its Fredholm property.

Boundary value problems with boundary conditions, for the Laplace, Poisson and
Helmholtz equations in the unit ball, containing high-order derivatives were studied
by LI Bavrin [3], V.V. Karachik and B.Kh. Turmetov [4], V.V. Karachik [5]-[7], V.B.
Sokolovsky [8]. A mixed problem with a high derivative in the initial condition for the
heat equation was studied by D. Amanov [9]; for the equation of string vibration, the
mixed problem with high derivatives in the initial conditions was studied in [10]-[16].
Authors of [17], [18]-[19] studied boundary value problems for many types of high-order
partial differential equations. Mixed problems for fourth-order differential equations
were studied in [20]. The difference of this problem from other problems is that in the
initial condition the sum of products of higher orders is set.

Consider the following equation

ou . d%u

ot ox*

in domain Q ={(x,t): 0 <x<p,0<t< T}, and the boundary value problem with
boundary conditions

=f(x,t) (1)

u(0,t) =u(p,t) =0, 0<t<T, (2)
U (0yt) = wx (p,t) =0, 0 <t < T, (3)
and initial conditions
m
oku
Z? =¢(x), 0<x<p, (4)
k=0 =0

where k, m— are the fixed natural numbers, f(x,t), @(x)— are the given functions,
continuous in O , and u(x,t) € Cp¥(Q)— is the sought-for function.

Uniqueness of the solution to the problem

Theorem 1. The solution to problem (1)-(4) is unique f it exists.

Proof. Let f(x,t) =0, @(x) =0 in Q. We show that u(x,t) =0 in Q. Following [21],
we consider the following integral

P
o (t) = Ju(x,t)Xn(x)dX, 0<t<T (5)
0
where functions
2 . nrw
Xn(x) = 1—)s1n7\nx, A = FR n=12,.. (6)
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form a complete orthonormal system in [,(0,p) [22]. Differentiating (5) over t, from
homogeneous equation U + Uxxxx = 0 we find

or

P
ol (1) = Ja—”(x,t)xn(x)dx. (7)
0

Integrating four times by parts over x in the integral (7) on the right side, we obtain
the following equations:

oty (1) + A% - ot () =0 (8)
The general solution to equation (8) is written as
on (1) = Cry - exp(—Aq ). (9)

To find the unknown coefficient C,, , due to conditions (4), we obtain C, =0. Then
from (9) it follows that o, (t) = 0. Since X;(x) is the complete orthonormal system in
L,(0,p), it follows from the completeness of function Xy (x) that u(x,t) =0 almost ev-
erywhere in Q. Considering that u(x,t) € Cizl (Q), we obtain u(x,t) =0 in Q. Theorem
1 is proved. [

Existence of a solution to the problem

Solutions of the inhomogeneous differential equation (1) are sought in the form of a
Fourier series in sines

u(x,t) = \/%iun(t) sinAnX. (10)
n=1

Let the functions f(x,t), @(x) be expanded in a Fourier series

2 oo

fx,t) =1/ = ) fn(t)sinAnx, (11)
pn:1
2 (6]

Q(x)= —Z(pnsin?\nx, (12)
pn—]

where

P
fu(t) = \/gojf(x,t)sinknx dx, (13)
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)
2
Pn = \/;J(p(x) sinApx dx. (14)
0

Substituting the Fourier series (10) and (11) into the given inhomogeneous differen-
tial equation (1), we obtain a first-order ordinary differential equation

W (1) + A% un(t) = fa(t).

m
Its solution satisfies the condition )_ u%k) (0) = @n, and has the following form
k=0
t
_ —AR (t=T)
un(t) =wn(t)+ [ fr(t)e dt. (15)
0
m
Here and hereinafter ) (...) =0 for m <0,
s=0
At m—1 s .
e n 1= 1
e [ o5 ()]
> (M) s=0 =0

0
Substituting solution (15) into series (10), we find

t

2 o0

—Z Wn(t)—i-an(T)e_}\?‘(t_T)dT sinAnX. (16)
0

Calculating the products of the solution of equation (1), we obtain

t
ZA“ —wn (1) + A M (t) — an(r)em”)dfc sinAnx, (17)
0

t
8x4 \/>Z7\4 wn(t) —l—an(T)e)\i(tT)dT sinAnx, (18)

0

fr(T) e Mt gr] .

=25 o 2 ()0

w

Il

o
O~

-sinAnx. (19)

Let us show that series (16) and (17)-(19) converge absolutely and uniformly. If the
series (19) converges then the series (16)-(18) whose terms are less than the correspond-
ing terms of the series (19) converge absolutely and uniformly. Let us show the absolute
and uniform convergence of series (19).
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Lemma 1. If @(x) € W}(Q), ¢(0) = @(p) =0, then the series

oo Y AL A
\/EZsinAnx-( }\nn)l Pn € (20)
pnz] Z (_}\%)s

s=0

converges absolutely and uniformly in Q.

Proof. Simplifying series (20), we obtain the following series

K 4 KA1 K
i sinAnx - (FAn) - on-e ™ g () _ () ‘P
m — 1
n=I1 Z (—7\?1)5 n=1 ( }\ér‘t>m+ 1

If we choose the largest value of k (k < m), we have

> !

n=1

(™ (A"
}\4)111-0-1

<Z|(pn|-

Integrating (14) by parts, we obtain |@n| = ﬁ . ’(p;l

“Pn

, Where

P
/ 2
(pg) = J(p (x)\/;cosAnx dx.
0

Applying the Cauchy-Bunyakovsky inequality, we find

o) 001 172 / o 21/2 . 0 21/2
ol =35 fol| <2 o) (el )
&1 L) \Zlnl) =g\ L e

By virtue of ‘(pn ) < H(pTl Lon)] we have
(O,p
k 4
2 & (=A%) n-e™t  po
—Zsin%nx- o < —H(pn .
\/;n_1 F(n)° Vel ™Ml o)
s=0

Lemma 1 is proved. [l
Lemma 2. If f(x,t) € WH>k () 208 _ %Mt _ o | =0 (2k—2), then

ox2l ox2l

\/72131n7\nx %( e me 1-s) (i (‘Mt)i)a (21)

) s=0 i=0

the series

Zsm?\nx Z( ) i1 s)(t) (22)
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converge absolutely and uniformly in Q.
Proof. Let us expand the series (21) and (22); it is easy to see that the term

(e .9]

> N ()] (23)

n=1

is the largest of the two series.
If series (23) converges, then series (21) and (22) also converge. Integrating (13) by
parts, we obtain

(24)

NOEST= L [

where

P
4k—3
(4k=3,0) . _ [0 f(x,t) [2
fn (1) _J—6x4k—3 - sin ((4k 3)= > +7\nx> dx.

0

If to apply (24) to (23), due to the Bunyakovsky and Bessel inequalities [23], the series
1s

2 00 k—1 s L a4k_3f
Y sinAx A TS gy < i' D
p; i §< n) R NG L(Q)
kK A%t m—1 s 4%—3
e 1 0 f
\[ S s L ETLS it (Z( ) ) o et
Z( A4 s=0 i=0 L(Q)

s=0
Lemma 2 is proved. [

Lemma 3. If f(x,t) e Wi 3% (), 20U _ 380 _ o 101, (2k—2), then
the series
PR 4\ t A (t
—Zsm?\nx- <—7\n> -an('t)e_ n(t=T 4 (25)

converges absolutely and uniformly in Q.

Proof. Introducing representation (24) into series (25), we have

—_

n=

Z Aﬁk~an(’c)e_)‘fl(t_T)d’r < Z}‘i Jf§k3’0)('r)-e_)‘i(t_ﬂd’r <
0 0

Nj—=

1
t 2

t
o 2
<Y N J ’ fglk—S,O](T)‘ il - J e Mg | <
n=1 0 0
1
© T 2 2
P (4k—3,0)
<23 | ) e
0
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a4k 3f

(ee]
4% A (t— )d
Z A J T)e i 2\/—H OxAk—3

n=1

Q).

This implies the uniform and absolute convergence of series (25) in Q.
Lemma 3 is proved. [
Theorem 2. Let

i) p(x) € WH(Q), 9(0) = p(p) =0
21 2 e —
i) flx,t) e W, (), B0 = IR — 0 1 =0, 2k~ 2),

ox21

then the series (16)-(19) converge absolutely and uniformly in Q. Solution (16)
satisfies equation (1) and conditions (2) - (4).

Proof. By virtue of the proved lemmas, it is easy to show that the series (16)-(19)
converge absolutely and uniformly. Adding (17) and (18) we make sure that solution
(16) satisfies equation (1) in Q . Conditions (2) and (3) are satisfied due to the properties
of function Xy (x). Theorem 2 is proved. [J
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PaccMoTpeHa HaYaAbHO-KpaeBasli 3ajada AASI YPABHEHUSI TEIAOIPOBOAHOCTH BHYTPH
OrpaHMYeHHON obaacTu. [IpeplronaraeTcsi, YTO Ha T'PAHUIE ITOH OOAACTH ITPOMCXOAUT
TennooOMeH 1o 3akoHy Heioroma. IlapameTrp ympaBaeHWST paBeH BEAWYMHE BBIXOAA
TOPSIYET0 BO3AYXa M OIPEAEASETCS HA 3aAAHHOM YYacTKE TI'PAaHUIEBL. 3aTeM Oblaa
OIIpeAEeAEHa 3aBUCUMOCTSE | (6) OoT mapaMeTpoB TEMIEPATyPHOIO MPOIlecca, Koraa 0 6AmnsKo
K KPUTUYIECKOMY 3HAYEHUIO.
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