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Abstract—A typical approximation problem is the interpolation problem. The classical method for
solving it is to construct an interpolation polynomial. However, polynomials have a number of disad-
vantages, for instance, when used as a tool for approximating functions with singularities and functions
with not very high smoothness. In practice, in order to approximate functions well, instead of con-
structing a high-degree interpolation polynomial, splines are used, which are very convenient to use.
This paper examines the construction of interpolation splines using the Sobolev method, minimizing
the norm in a certain Hilbert space. For the first time, Sobolev [12] posed the problem of finding the
extremal function for the interpolation formula and calculating the norm of the error functional in the
Sobolev space. In this work, the extremal function of the interpolation formula is found in explicit
form in the Sobolev space ; a function whose th-order generalized derivatives are square
integrable. Basically, the problem of constructing optimal interpolation formulas in the Sobolev space

 for  is considered.

Keywords: generalized function, space, norm, error functional, interpolation formula, extremal func-
tion
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INTRODUCTION
A significant step in the theory of splines was the result of Halliday [1], which connects the Schoenberg

cubic splines with the solution to the variational problem about the minimum of the squared norm for a
function belonging to the space . Next, the result of Halliday was generalized by de Boer [2].

At present, the theory of spline interpolation is developing rapidly. There are many works devoted to
the theory of splines, for example, Alberg et al. [3], Arcangeli et al. [4], Berlinet and Thomas-Agnan [5],
de Boer [2], Ignatov and Pevny [6], Korneichuk et al. [7], Laurent [8], and Stechkin and Subbotin [9].

Shadimetov and Mamatova [10] constructed composite lattice optimal cubature formulas in the
Sobolev space using the variational method. In [11], they calculated a sharp upper bound for the error of
the interpolation formula in the Sobolev space. Shadimetov and Mamatova proved existence and unique-
ness of the optimal interpolation formula that yields the smallest error and presented an algorithm for
finding the coefficients of the optimal interpolation formula. By implementing this algorithm, they found
the optimal coefficients.

Let us assume that the values  of the function  are given at  randomly
located points   which we call the interpolation nodes below.

It is required to construct an interpolation formula  that is,
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coinciding with the function  at the interpolation nodes:

(2)

here, the points  and the parameters  are called, respectively, the nodes and coefficients of
the interpolation formula (1), and  is a one-dimensional torus, that is, a circle of unit length.

An important problem in the interpolation theory is to find the maximum error of the interpolation
formula  over a given class of functions. The value of this function at some point  is a func-
tional defined as

(3)

where it is clear that  is the interpolation formula and

(4)

is the error functional of this interpolation formula,  are the coefficients,  are the nodes of the for-
mula , ,  is the Dirac delta function, and .

Definition. The space  is defined as the space of functions defined by a one-dimensional
-circle with a unit length for which all th-order generalized derivatives exist and are square

summable [12].

The space  becomes Hilbert if we introduce the scalar product

The norm is determined by the formula

1. PROBLEM STATEMENT

The error functional  of an interpolation formula  is a linear continuous functional in the

space .
We estimate error (3) of the interpolation formula  using the maximum error of this formula on

the unit ball of the Hilbert space , that is, using the norm of functional (4):

where  is the space conjugate to the space 
Therefore, in order to estimate error (3) of the interpolation formula , it is enough to solve the

following problem.
Problem 1. Calculate the norm of the error functional  of the interpolation formula  under

consideration. It is clear that the norm of the error functional  depends on the coefficients  and
nodes . If
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then the functional  is called the optimal error functional, and the corresponding interpolation for-
mula is called the optimal interpolation formula.

Thus, there arises

Problem 2. Find the values of the coefficients  and nodes  of the interpolation formula ,
which satisfy equality (5).

The coefficients  and nodes  satisfying equality (5) are called the optimal coefficients and opti-
mal nodes of the interpolation formula .

Sobolev solved [12] the problem of interpolation of functions of  variables in the space . In the
space  problems 1 and 2 were investigated in [13]. In [14], the problem of constructing optimal
interpolation formulas of the form (1) with the interpolation condition (2) (with fixed nodes ) was con-
sidered in the space  and a system of linear equations was obtained for the optimal coeffi-
cients. An algorithm for calculating the coefficients of optimal interpolation formulas in the space

 was given in work [6].

In work [15] we considered the problem of constructing optimal interpolation formulas in the Sobolev
space  at . In the current paper, we consider the solution to this problem in the space

 in the case when .

2. AN ALGORITHM FOR CONSTRUCTING AN OPTIMAL INTERPOLATION
FORMULA IN THE PERIODIC SPACE 

Theorem 1 ([15]). The squared norm of the error functional of the interpolation formula (1) over the space
 is

where  are the coefficients and  are the nodes of the interpolation formula of type (1).

Theorem 2 ([15]). The function

(6)

is the extremal function for the interpolation formula (1), and .

The main result of this work is the following theorem.

Theorem 3. In the periodic Sobolev space  there exists a unique optimal interpolation formula of
the form (1) with the error functional (4) the coefficients of which for  have the following form:
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Proof. Because by the conditions of Theorem 2  is an extremal function for the interpolation for-

mula (1), that is, , it is known [12] that by the Babushka theorem the optimality condi-
tion of the interpolation formula can be written as

(7)

where  is the extremal function of the interpolation formula (1) in the space . It is known [8]

that  in equality (6); hence, the extremal function at  can be repre-

sented as

(8)

where  and  are the nodes and coefficients of the interpolation formula (1). Because we consider

interpolation formulas with uniformly distributed nodes, we have  and 
. Then, taking into account (7), from (8) we obtain

that is, for  we have the following system of equations:

(9)

Transforming (9), we have
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Let us designate

(14)

From (13) we obtain the equation

(15)

Redesignating  and , we can write system (15) as a convolution of functions
of a discrete argument:
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Next, we need

Theorem 4 ([2]). A discrete analogue  of the differential operator  at  satisfy-

ing the equality
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here,

 are the roots of the polynomial 

here,

here,

and  is a small parameter.

Applying the operator  to both sides of Eq. (16), we get
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Substituting (14) into (19), we get
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where  and  Thus, we have determined the coefficients of the optimal interpo-

lation formula (1).

CONCLUSIONS

Interpolation has important theoretical and practical significance in approximating functions with
given tabular values. In mathematics and its applications, many practical problems are solved using inter-
polation. A distinction was made between classical and variational interpolation methods. This article
considered the problem of constructing an interpolation formula based on the variational method. Here,
we constructed an optimal interpolation formula in Hilbert space. In the variational approach, splines
were understood as elements of a Hilbert or Banach space that minimize certain functionals. This work
was devoted specifically to variational methods. In this work, using the method of Sobolev, we solved a
minimization problem of interpolation.

The result of this work is a new optimal interpolation formula in the Sobolev space ; here,

using a discrete analog  of the differential operator , we obtained the coefficients of

the optimal interpolation formula in the Sobolev space .

FUNDING

This work was supported by ongoing institutional funding. No additional grants to carry out or direct this partic-
ular research were obtained.

CONFLICT OF INTEREST

The authors of this work declare that they have no conflicts of interest.

REFERENCES

1. J. C. Holladay, “Smoothest curve approximation,” Mathematical Tables and Other Aids to Computation 11,
223–243 (1957).

2. C. De Boor, “Best approximation properties of spline functions of odd degree,” J. Math. Mech. 12, 747–749
(1963).

3. J. H. Ahlberg, E. N. Nilson, and J. L. Walsh, The Theory of Splines and Their Applications (Academic, New York,
1967).

4. R. Arcangéli, M. C. L. De Silanes, and J. J. Torrens, Multidimensional Minimizing Splines: Theory and Applica-
tions (Springer, Boston, 2004). 
https://doi.org/10.1007/b130045

5. A. Berlinet and Ch. Thomas-Agnan, Reproducing Kernel Hilbert Spaces in Probability and Statistics (Springer,
Boston, 2004). 
https://doi.org/10.1007/978-1-4419-9096-9

6. M. I. Ignatov and A. B. Pevnyi, Natural Splines of Many Variables (Nauka, Leningrad, 1991).

7. N. P. Korneichuk, V. F. Babenko, and A. A. Ligun, Extremal Properties of Polynomials and Splines (Naukova
Dumka, Kiev, 1992; Nova Science, New York, 1996).

8. P.-J. Laurent, Approximation et optimisation (Editions Hermann, Paris, 1972).

9. S. B. Stechkin and Yu. N. Subbotin, Splines in Computational Mathematics (Nauka, Moscow, 1976).

10. Kh. M. Shadimetov and N. Kh. Mamatova, “Compound cubature formulas on a lattice,” Russ. Math. 67 (11),
49–63 (2023). 
https://doi.org/10.3103/s1066369x23110087

= 1h
N

β = = …1, , 2,3, .N N

h

( ) ( )�

4
2 1W T

[ ]β4D
( )

 
−  π 

4
2

2 2
1

2
d

dx
( ) ( )�

4
2 1W T



70

RUSSIAN MATHEMATICS  Vol. 69  No. 4  2025

KHAYATOV, JALOLOV

11. Kh. M. Shadimetov and N. H. Mamatova, “On the optimal interpolation of functions,” Russ. Math. 67 (12),
53–63 (2023). 
https://doi.org/10.3103/s1066369x23120071

12. S. L. Sobolev, Cubature Formulas and Modern Analysis: An Introduction (Nauka, Moscow, 1974; Gordon and
Breach, New Delhi, 1992).

13. Kh. M. Shadimetov and N. Kh. Mamatova, “On one interpolation problem in Sobolev space,” Uzbekskii
Matematicheskii Zhurnal, No. 3, 180–186 (2009).

14. Ik. I. Jalolov, “Algorithm for constructing a discrete analog of a single operator,” Problemy Vychislitel’noi i
Prikladnoi Matematiki, No. 2, 48–52 (2015).

15. O. I. Jalolov and Kh. U. Khayatov, “Algorithm for constructing the optimal interpolation formula in the Sobolev
space W(m)

2(T1),” Problemy Vychislitel’noi i Prikladnoi Matematiki, No. 1, 47–59 (2023).

Publisher’s Note. Allerton Press remains neutral with regard to jurisdictional claims in published
maps and institutional affiliations. 
AI tools may have been used in the translation or editing of this article.

SPELL:OK



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /RUS ()
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


