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Abstract—A typical approximation problem is the interpolation problem. The classical method for
solving it is to construct an interpolation polynomial. However, polynomials have a number of disad-
vantages, for instance, when used as a tool for approximating functions with singularities and functions
with not very high smoothness. In practice, in order to approximate functions well, instead of con-
structing a high-degree interpolation polynomial, splines are used, which are very convenient to use.
This paper examines the construction of interpolation splines using the Sobolev method, minimizing
the norm in a certain Hilbert space. For the first time, Sobolev [12] posed the problem of finding the
extremal function for the interpolation formula and calculating the norm of the error functional in the
Sobolev space. In this work, the extremal function of the interpolation formula is found in explicit

form in the Sobolev space Wz(m) (R"); a function whose mth-order generalized derivatives are square
integrable. Basically, the problem of constructing optimal interpolation formulas in the Sobolev space
Wz(m) (Ty) for m = 4 is considered.

Keywords: generalized function, space, norm, error functional, interpolation formula, extremal func-
tion
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INTRODUCTION

Assignificant step in the theory of splines was the result of Halliday [1], which connects the Schoenberg
cubic splines with the solution to the variational problem about the minimum of the squared norm for a

function belonging to the space L(Zz). Next, the result of Halliday was generalized by de Boer [2].

At present, the theory of spline interpolation is developing rapidly. There are many works devoted to
the theory of splines, for example, Alberg et al. [3], Arcangeli et al. [4], Berlinet and Thomas-Agnan [5],
de Boer [2], Ignatov and Pevny [6], Korneichuk et al. [7], Laurent [8], and Stechkin and Subbotin [9].

Shadimetov and Mamatova [10] constructed composite lattice optimal cubature formulas in the
Sobolev space using the variational method. In [11], they calculated a sharp upper bound for the error of
the interpolation formula in the Sobolev space. Shadimetov and Mamatova proved existence and unique-
ness of the optimal interpolation formula that yields the smallest error and presented an algorithm for
finding the coefficients of the optimal interpolation formula. By implementing this algorithm, they found
the optimal coefficients.

Let us assume that the values f(x;), f(x,),..., f(xy) of the function f(x) are given at n + 1 randomly
located points {x;} (i =0,N ), which we call the interpolation nodes below.

It is required to construct an interpolation formula P,(x), that is,
N
S(x) = Prx) = Y G0 f(x), (1)
A=0
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coinciding with the function f(x) at the interpolation nodes:
f(xl):Pf(xl)3 lzoalaaNa (2)

here, the points x; € 7] and the parameters C, (x) are called, respectively, the nodes and coefficients of
the interpolation formula (1), and 7; is a one-dimensional torus, that is, a circle of unit length.

An important problem in the interpolation theory is to find the maximum error of the interpolation
formula f(x) = P,(x) over a given class of functions. The value of this function at some point z is a func-
tional defined as

oo N
< Ux), f(x) >= J.E(X)f(X)dx = @) - P2 = (D)~ D G/ (%), 3)
—oo A=0

N
where it is clear that Py(z) = z C,(2)f(x,) is the interpolation formula and
*=0

N
U(x) = 8(x = 2) = D_ G (2)(x — x,) (4)
A=0
is the error functional of this interpolation formula, C, (z) are the coefficients, x, are the nodes of the for-
mula P;(z), x; € [0,1], 8(x) is the Dirac delta function, and f(x) € W," (T).

Definition. The space 1/172('") (T;) is defined as the space of functions defined by a one-dimensional

T,-circle with a unit length for which all mth-order generalized derivatives exist and are square
summable [12].

The space Wz(m) (7;) becomes Hilbert if we introduce the scalar product

< F(x),0(x) >= [ £ (x) 9™ (x)dx+[j f(x)dx][.[ (p(x)dx].
T . T
The norm is determined by the formula

2

fi

|1 () = [ [ () de + 2 [kl

1. PROBLEM STATEMENT

The error functional /(x) of an interpolation formula P,(z) is a linear continuous functional in the
space ;" (T;).

We estimate error (3) of the interpolation formula P,(z) using the maximum error of this formula on
the unit ball of the Hilbert space Wz(m) (T;), that is, using the norm of functional (4):

H o\ (TI)H = sup <0 f>
| =1

where ;™" (T;) is the space conjugate to the space Wi (T1h).

Therefore, in order to estimate error (3) of the interpolation formula P,(z), it is enough to solve the
following problem.

Problem 1. Calculate the norm of the error functional /(x) of the interpolation formula P,(z) under
consideration. It is clear that the norm of the error functional /(x) depends on the coefficients C, (z) and
nodes x;, . If
(T

Hﬁ | (Tl)H = inf , (5)

Cr(x), %),
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64 KHAYATOV, JALOLOV

then the functional ¢(x) is called the optimal error functional, and the corresponding interpolation for-
mula is called the optimal interpolation formula.

Thus, there arises

Problem 2. Find the values of the coefficients C, (z) and nodes x, of the interpolation formula P;(z),
which satisfy equality (5).

The coefficients C, (z) and nodes x; satisfying equality (5) are called the optimal coefficients and opti-
mal nodes of the interpolation formula P (2).

Sobolev solved [12] the problem of interpolation of functions of # variables in the space l(q'”)(Q). Inthe

space L(Z’") (R) problems 1 and 2 were investigated in [13]. In [14], the problem of constructing optimal
interpolation formulas of the form (1) with the interpolation condition (2) (with fixed nodes x; ) was con-

sidered in the space Wz(m""_l)(O,l) and a system of linear equations was obtained for the optimal coeffi-
cients. An algorithm for calculating the coefficients of optimal interpolation formulas in the space

W™ (0,1) was given in work [6].

In work [15] we considered the problem of constructing optimal interpolation formulas in the Sobolev
space I/f/z(m) (7;) at m = 3. In the current paper, we consider the solution to this problem in the space
W™ (T;) in the case when m = 4.

2. AN ALGORITHM FOR CONSTRUCTING AN OPTIMAL INTERPOLATION
FORMULA IN THE PERIODIC SPACE W, (T;)

Theorem 1 ([15]). The squared norm of the error functional of the interpolation formula (1) over the space
7 (m) ;
WA (T is

2

N
)
cos2mkz — ) Cy(2)e™™
A=l

2
1
+ )
(2n)2m z k2m

k#0

e ) =

N
1-> G
A=l

where C, (z) are the coefficients and ™ are the nodes of the interpolation formula of type (1).
Theorem 2 ([15]). The function

N o =2mikx

1 l.e

v, (x)=1-) G@+—= ). 0 (6)
é ; " (2n)? ; e

is the extremal function for the interpolation formula (1), and y, (x) € I/f/z(m) (7).

The main result of this work is the following theorem.

Theorem 3. In the periodic Sobolev space Wz(m) (T7) there exists a unique optimal interpolation formula of
the form (1) with the error functional (4) the coefficients of which for m = 4 have the following form:

11 Zcos 21k (z — hP)

2758F K
Cpi(2) = () k:O p— ,

Ni1+——LyLl

o)

whereB=L_N, N=23...
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Proof. Because by the conditions of Theorem 2 y, (x) is an extremal function for the interpolation for-

mula (1), thatis, y, (x) € Vf/z(m) (T;), it is known [12] that by the Babushka theorem the optimality condi-
tion of the interpolation formula can be written as

<8x = x),y, (x) >= y.(x®) =0, (7)
where y,(x) is the extremal function of the interpolation formula (1) in the space I/f/z('")(T1 ). It is known [8]

N
A (W)
that /, = cos2mkz — Z Cx(z)ezn’kx in equality (6); hence, the extremal function at m = 4 can be repre-
=l
sented as

N
T I
cos 21tkz _ Z C}»(Z)eZﬂ:th J e 2mikx

s

(27‘E) k#0 k8

N
v (x)=1-Y G+ : ()
A=l

where x*) and C, (z) are the nodes and coefficients of the interpolation formula (1). Because we consider

interpolation formulas with uniformly distributed nodes, we have P = A and xM =
(B=1...,N,A=1,...,N). Then, taking into account (7), from (8) we obtain

v, (hB) =0, B=1LN,

that is, for y, (4f3) we have the following system of equations:

u omik® | —omikx®
N 1 cos 2mkz — ;Ck(z)e e
1-) C2) + -
; (m%% K

Transforming (9), we have

=0, where B=1,N. )

N
ik (HB—h\)
—2mikhB 1 [; Ci(2)e ]

l—ﬁ:C(z)+ 1 z(cosZTckz)e B z _0
S any K* K ’

0 (2n)’

or

N
2mik (HB—h)
N (Z%@e j )
ZCB(Z)JF(; -y B gt Zcos2nk(z hB)' (10)
B

) = K (2n)’ &= K

After some transformations, from (10) we obtain

ic(z) Ly 1 Zcosznk(h[s—hm ] cos 2k (2 — ) an
Bl ’ (2n)’ = K* (2n)’ &= K
Multiplying both sides of (11) by the number
a= 1 : (12)
1 1
N|D,(0)+2D,(1)+2 ) D, \hy|||1+——= ) —
[ 4( ) 4() ; 4[7]]( (27:)8N8,;0k8J
we have
N
1 cos 2wk (AR — h)) 1 cos 2nk (z — hB)
Cy(2)a| 1+ =all+ . (13)
BZ::‘ P { (2n)8; K (2n)° ; K
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Let us designate

a|:1+( 1 Zcosznk(hﬁ_hk)}=V4(h[3—h7u) (7\=1,_N),

271',)8 k#0 k8
1 cos 2mk (z — hB)
1 = fi(hp). 14
From (13) we obtain the equation
N —
D Cy(2) vy (HB—HA) = fo(HB) (A =L N). (15)

B=1

Redesignating v, (A8) = v, [B] and £, (hB) = f,[B], we can write system (15) as a convolution of functions
of a discrete argument:

Cp(2) = vy [B] = 4[B]. B
¢

0,N, (16)
CB (Z) = 0, /’ll.)) .

1,
Next, we need

2

Theorem 4 ([2]). A discrete analogue D,, [B] of the differential operator [l - 2] at m = 4 satisfy-

(2m)’ dx
ing the equality
D, [B]* v, [B] =8[BI, (17)
where
L B=0

is determined by the formula

A

c+ Y = B=0;
25

3
D,[B] = B 1+ZAi, B =1;
, i=l
Z Aik‘imil’
i=1

Bl =2,

where

22.3

B ==
TC'al

, a =—15a+120hb —12-161th’a + 32°K’b,

c=22+8b, a =90ab—240h(1+26>)+12-16m°a - 2(1+ b) + 32w’ -8 (b7 - 1),
a

A =

1

A+ BN+ DAL + BN+ BT + BN + b + by + 1 (i=13)
x[2 _ 1 9 b

b =—8b, by =4(b>+1), b;=8b(1-4b"), by =2(24b" +8b" +3);
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here,
bI' = b7'a b2' = bG'a b?i = bS's

A; are the roots of the polynomial Py (L) = (7\,6 + N+ BA + b + b + bk + 1) (i = 1,_3),

b1=a_2, bzzﬂa b3a_4;
aq a aq
here,
ay = —45a(1+4b”) + 120b (11 + 4b°) + 12 - 16mh’a (86 — 11) + 32°h’b (4b° —13),
3
a, = 60ab (3 + 2b) — 1204 (1 + 4b%) +12 - 16mh’a4 (1 + 26 + 3b) + 32n°h 16(2 - b7,
2
M =11 bl—(A+B+[ﬁj+ (bl—(A+B+[ﬁD —4(b2—(A+B+[ﬁ)
2|2 3 3 3
1/2 2
x(bl—(A+B+ﬁD—3D +1 b,—(A+B+’i)+ (bl—(A+B+lﬁD
3 4 3 3
, P 172
_4(b2_(A+B+§l)(bl_(A+B+%D_3D }—4 ,
2
A, =141 b,—(A+B+’ij+ (bl—(A+B+lﬁD —4(1)2—(A+B+li)
212 3 3 3
1/2 2
x(bl—(A+B+ﬁD—3D -1 bl—(A+B+ﬁj+ (bl—(A+B+ﬁD
3 4 3 3
22 172
b b
R G G A LR R AL B —4| 4,
3 2 3 2
A:3_2+ p_+q_’ B:3_g_ p_+q_’
2 V9 4 2 Vo 4
here,
2 3
p:—%l+b2—3, g=2.4 b (5 3)+2b1—b3

and h is a small parameter.

Applying the operator D, [B] to both sides of Eq. (16), we get

Cy (2)- Dy[B]#va[B] = Du[B] = i [B], B=0,N. (18)
According to (16), (17), and Theorem 3, from (18) we have
Cy(2) = Dy [B]* 4 [B], [B]=[0.1]. (19)
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Substituting (14) into (19), we get

Gy (2) = D4[B]*a-[l+( 1 Zcos2nk(z—h[3)]

o)’ K

1 2nikz C omi
S e
k#0

(20)

oo

Because

=3

D,[B]*1= ZD4 (hB) = D, (0) +2D, (1) + 2ZD4(hB) 1)

(== b=
and

o

D, [B] s 2TKB _ Z D, ['Y] o2TkA(r-B)
Y=—00

= ¢ 2k [194 (0) + 2D, (1)cos 2nkh + 2" D, (hy) ez""k’”}, (22)
v=2
in view of (21) and (22), from (20) we obtain

Cy(z)=a- (1)4 [0]+ 2D, [1] + 2;1)4 [Iy] + (2;)8
x Y SR 2k (2 — /i) [1)4 [0] + 2D, [1] cos 2mkh + 22 D, [m] ez"k”YD,

8
=0 k =

1

CB(z)=a~(D4[0]+2D4[1]+22D4[hy]+ :
y=2 271',) ) (23)

x> w[[ D, [0]+ 2D, [1]cos 2mkh] + 2> D, [hy]cos 2nkhvj}-

8
=0 k =

Because, when kh € Z, where Z is the set of integers, cos 2nkh = 1 and

2" D, [hy]cos2mkhy = 2" D, [hy],
y=2 v=2

after some transformations, from (23) we have

Cy(z)=a- [04 [0]+2D,[1] + 221)4 [hy]( )18 = ;Coszmj{gz - /,B)J

x[{D4[O]+2D4 +2ZD4 hyB [D[ +2D,[1 +2ZD4 ] (24)

’Y_
2 —
L+ 18 8Z:cos nkgz hp) .
(27'5) N izo0 k
Due to (12), for the optimal coefficients of the interpolation formula (1), from (24) we obtain
1 cos 2mk (z — hP)
[l " (2n)° N*® ; K

G (2) =

1 1wl ’
N1+ LS L
L (2r)° N*® ;/ﬁ]
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where 4 = L andf} = I,_N, N =2,3,.... Thus, we have determined the coefficients of the optimal interpo-

lation formula (1).

CONCLUSIONS

Interpolation has important theoretical and practical significance in approximating functions with
given tabular values. In mathematics and its applications, many practical problems are solved using inter-
polation. A distinction was made between classical and variational interpolation methods. This article
considered the problem of constructing an interpolation formula based on the variational method. Here,
we constructed an optimal interpolation formula in Hilbert space. In the variational approach, splines
were understood as elements of a Hilbert or Banach space that minimize certain functionals. This work
was devoted specifically to variational methods. In this work, using the method of Sobolev, we solved a
minimization problem of interpolation.

The result of this work is a new optimal interpolation formula in the Sobolev space W2(4) (Th); here,

4
2

% , we obtained the coefficients of

(2m)" dx

the optimal interpolation formula in the Sobolev space VI~/2(4) (T7).

using a discrete analog D, [B] of the differential operator (1 -
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