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Abstract. The modern formulation of the problem of optimization of approximate integration formulas consists in minimizing the
norm of the formula of the error functional on chosen normed spaces. When studying the best formulas for approximate integration,
the first question that arises: "Is there such formulas exist?". These research methods have not yet been effectively applied in the

study of cubature formulas in Wz(m) (T,,), which are multidimensional analogue of the space W2<m) (Th).

INTRODUCTION

In[1,2, 3,4, 5], the problem of optimality of cubature formulas with respect to some specific space was studied. Most
of them are considered in the Sobolev space [1]. Multidimensional cubature formulas differ from one-dimensional
ones in two ways:

1) the forms of multidimensional domains of integration are infinitely diverse;

2) the number of integration nodes grows rapidly with increasing space dimension.

Problem 2) requires special attention to the construction of the most economical formulas.

There are various principles for constructing cubature formulas - the classical principle, given in [6, 7, 8], and
the theoretical-functional principle in the theory of approximate integration (see [9, 10, 11, 12, 13, 14, 15]), and in
variational methods for approximation functions (see [16, 17, 18]).

The second principle was first considered for quadrature formulas by A.Sard [19], S.M.Nikolskii [20], and cubature
formulas - by S.L.Sobolev [1].

In this article we apply the theoretical-functional approach, so below the necessary information on this approach is
given.

Consider a cubature formula of the following form

N
Q/f(x)dmlgqf(w), (1)

where Q is a certain domain in Euclidean space R", ¢ are the coefficients (or weights), and xA) = (xgl),x;}t), ...,xﬁ,k))
are the nodes of the cubature formula (1). The error of the cubature formula (1) is the remainder
N
<Ay, f >= /f(x)dx— Zc;tf(xu)) :/EN(x)f(x)dx, (2)
4 A=l Fa
where
N
Iy (x) =¢gq(x)— Z c;LS(x—x(l)), (3)
A=1

LLxeQ
ga(x) = { 0xgQ’ O(x) is the Dirac delta function, N is the number of nodes. In (2) and (3), ¢y (x) is called the

error functional of the cubature formula (1).
Let the function f (x) belong to some Banach space B, then ¢y (x) is a functional from the conjugate space B*. It is
assumed that this space is compactly embedded in the space of continuous functions defined in domain Q:

B-C(Q). 4)
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The functional £y (x) given in B* is linear and continuous, and due to condition (4) it is bounded, i.e.
|< Ly, f>[<|enIB*|-[I£1B]. (5)

Estimate (5) shows that the quality of the cubature formula is characterized by the norm of the error functional,
determined by the following formula

. |< . f>|
H£N|B || = sup ——, (6)
£osB2o  IFIBll

and is the function of unknown coefficients and nodes. Therefore, for computational practice, it is appropriate to be
able to calculate the norm of the error functional (6) and estimate it. Calculating the minimum of the norm of the
error functional with respect to c; and x(*) is the task of investigating a multivariable function on an extremum. The
values c¢; and x4 realizing this minimum, determine the optimal formula. Thus, the optimal cubature formula is the
formula in which, for a given number of nodes, the error functional has the least norm.

STATEMENT OF THE PROBLEM

Many publications, for example [21, 22, 23], are devoted to cubature formulas, which include the values of derivatives
of integrable functions. When besides the values of the function at the nodes of the cubature formulas, the values of
its derivatives of certain orders are known, then it is natural that with the correct use of these data, a more accurate
result can be expected than in the case of using only the values of the functions. In this regard, consider a cubature
formula of the following form

N
[rwaxs XY (<)% (), )
T, loe|<g A=1

in the S.L.Sobolev space W(m) (T,). Here, cf and x*) are the coefficients and nodes of the cubature formula, re-

spectively (7), f(x) € Wz( )( T,), T, is the n-dimensional torus and o is the order of generalized derivatives and
0<g<m—1.

Definition 1. The set 7, = {x = (x1,x2,...%,);x¢ = {fx },fx € R}, where {#;} = #, — [t;], i.e. fractional part of #, is
called an n-dimensional torus T,,.

Definition 2. Space Wz( ™ (T, (T,) is defined as the space of functions given on n- dimensional torus 7;, and having all
generalized derivatives of order m summable with a square in norm [1]

2
|7y (r,) /f dx +,§O|2nk|2'"\fk, (8)
with the inner product
<F(0,0 (> g /IZ<D°‘f WD s+ | [fwax| | [omar), ©)
H=q T T

where f; are the Fourier coefficients, i.e. f; = [ f (x) 2™k g,

Since in this article we consider the space of functions defined on the n- dimensional torus 7,, i.e. on a manifold
that is not Euclidean space (we assume that the Euclidean structure is locally maintained), it is necessary to discuss
the question of the invariance of the introduced norm under orthogonal transformations. The difficulties that arise are
related to the fact that the space of periodic functions on R” is not invariant with respect to rotations. Therefore, it is
necessary to use some information from the differential geometry of manifolds. It is known from [24] , that the set of
derivatives of some function at a given point x € T,, forms a tangent space T (x). The space of derivatives of order m
at point x forms m symmetric power of the introduced tangent space and is denoted by S(7)™.
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It is required that the introduced norm at each point be invariant under orthogonal transformations of the tangent
space T (x). It is easy to see that norm (8) satisfies this requirement.
The remainder of the integral and the cubature sum, i.e.

/f ydx— Y Z *) (xA))

7, lor|<g A=1

is called the error of the cubature formula (7), and this remainder corresponds to the generalized function

00 —en (- ¥ Y c6@(x—ath), (10)
|a|<g A=1
called the error functional of the cubature formula (7). Here €, (x) is the characteristic function T,,.

The task of constructing the best cubature formulas over Sobolev space Wz( m) (T,,) is the calculation of the following
quantity:

‘<£ (x),f >’
up (11)

:mf S

|57 oy ) 0 )10 |7 o™ (7,)

where Wz(m)* (T,) is the conjugate space to space Wz(m) (T,). To estimate the error of the cubature formula, it is
necessary to solve the following problem.
Problem 1. Find the norm of the error functional (10) of the given cubature formula.

First, we must calculate norm ng(va) (%) |W2(m>* (T,)|| of the error functional El(va) (x) in the space W2< ™ (T, (T,), and then,

if necessary, to construct the best cubature formula, by varying c§ and x#) A =T,N , and solving the following
problem.
Problem 2. Find values ¢ and x™) such that equality (11) is satisfied.

NORM OF THE ERROR FUNCTIONAL OF CUBATURE FORMULAS IN THE
SOBOLEYV SPACE W\ (T;,)

In this article we solve Problem 1 for a cubature formula of the form (7), i.e., calculation of the norm Hffv“) (x) |W2(m)* (Ty)

of the error functional Ej(va) (x) of the cubature formula (7) with the setting of derivatives. Its extremal function is used

to calculate the norm of the error functional (10) in the space Wz(m)* (To).

Definition 3. Function y; (x) is called an extremal function of functional f,(va), if the following equality holds

<O (), e () >= [ (o ™ ¢ ") (T;)

Since the space Wz(m) (T,) with the inner product (9) becomes Hilbert, then based on the Riesz theorem on the
general form of a linear continuous functional [1], there is a unique function yy (x) € Wz(m) (T,,) for which

<0 (), f(x) >=< w (x),f (x) > (1)
and

| (o

X)W ()|

060038-3

€0:1.2:10 ¥20¢C YdielN €2



Hence, in particular, for f (x) = y; (x), we have

2

<@ (x), 9 (x) >=< v (x), i (x) > )y = HW (x) W3 (T,)

2
The following theorem is true.
Theorem 1. The square of the norm of the error functional (10) of a cubature formula of form (7) over space

W (T,) is

) W™ ()| = (|6 () W™ (T;,) (12)

ot

2

Y Y

|a|<g A=1

57 (m)* 2
N W ()| =

2
N
LY e(am)® (1] ky) i)
1 lot|<g A=1 j=1
1
+(2”)2mk§0 k2m ) ( 3)

where c% are the coefficients, x*) are the nodes of the cubature formula (7).

Proof. It is known that the following equality is true for the function f (x) € Wz(m) (T,):

_ Zﬁefmri(k,x) 7
k

where f; =< f (x),e2mikx) >— ff( )e™(k%) dx, i.e. Fourier coefficients.

Thus, we have

<O F ) >=< 47 (), L fre 0 >

X
=Y fi< O (x), e 20 = kaﬁ = foly” + Y Al (14)
x iZ0

Here 7)) = fzz V() dx, 0% = fe ) (x) e~ 27k g

Applying the Cauchy- Schwarz mequallty to the right side of (14) and taking into account (8), we obtain the follow-
ing estimate

<10 >|= ‘foié“) + Y A < 1Rk
k#0
Al k™ —— | < [+ Y |7l [0 2k ——
g ke <101 7]
12 I
{\fo\ o lznkP’"} Al =
20 o |2k
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2y 1/2

SR [/
57 (m) Ao
S R R e S 1)
2 0 (271_)2 1;) |k|2
With (8), (6), and (15), we obtain
‘Z(O‘ 1/2
e o™ (1| < ‘ﬁa‘ + o Z e (16)
We calculate Z}((a)
g(a /Z G2ilkx) g <£( >( ), 2ik)
N
=<e¢r,(x)— Y g8 (x — xM)y 2milk)
lof<g 2=1
N
_/ 2i(k,y) ch{‘<6<°‘)(x—x“>), 2mikx)
7, |a‘<qlfl
N n )
_ Z C%(Zﬂi)a(nk )a 27i(k x ),
lal<q A=1 =l
i.e.
N n @)
67 =er, - Y Y ([ Tk et (17)
la|<g A=1 j=1
Hence, for k = 0 we have
() S
G =1=Y Y f, (18)
lo|<g A=1
So, with (17) and (18) from (16), we obtain
2 N :
| @@y <h- X Y e
la|<g A=1
N 2
LY cg@mi)(I] ke
Z lot|<g A=1 j=1 (19)
27t 2m Port K2m :

There is a function from Wz(m> (T,,) such that inequality (19) reaches equality.
Indeed, consider the following function u (x):

) —27r1(k X)

*172 ch+ 2mZ

o]<g e (2m)™ 2o
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Calculating the value of the functional K,(\,a) (x) on function u (x), we obtain

1 Z( ) ,—2mi(k.x)
2m Z 2m >
iz K

<l(x),u(x) >=< x),1-) ch

laj<g A=

Z(o‘) —2mi(k,x)

=<6y -Y ch>+<£ ZmZ >

lal<q A=1 I£0
N 1 2(0‘ <€( ( ) e—zm(k,x) >
-l R e i -
PErr=1 P k70 k|
N 1 Z(OC)Z(UC)
[EP I e
|ot|<q A=1
N 2 ‘é N 2
i o _ o
=1 Yl + ZmZ kzm—l—Z )
=g A= izo |kl =g A=
N 2
LY e(am) (1] k)i
1 la|<q A=1 j=1 (m) 2
+ o LA 20
(27‘.)2)11/(;) k2m ( )| 2 ( n) ( )
Let us prove the following lemma.
Lemma 1. The square of the norm of function u(x) in space W2< ") (To) is:
7 vl
[ i @) = 1= ¥ Y e
laj<gA=1
N 2
n .
Y ¥ cgmi)*(I] Kj)*eXmita™)
la[<tA=1 j=1
2m Z 2m (21)
k20 ||

Proof. Since equality (8) holds for all functions f (x) € W2(m) (Tp), it follows that the norm of the function u(x) also
satisfies the following equality

2
- 2 2
w8 || = { [ueoas) + ¥ ko[ @)
T, k] 7&0
where ki € z and iy, are the Fourier coefficients.
Thus, we calculate the norm of the function
N g(a) —27i(k,x)
= 1*2 ZC% ZmZ ’ (23)
a[<gi=1 (2m)™ 2o
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in the space Wz( ™ (T, (T, according to formula (22).
In (22), we perform a separate calculation for each term:

2 2

2(00 —2mi(k,x)
L. /u(x)dx = /[ ch,ﬁ 2mZk dx

T, T, la|<qA=

N
Tn
= |} Z ZC ‘|/dx+ 2m k2m ’ (24)
=gzl |k|

where k = (k;,k,,...,k,) and (k,x) = k;x1 +kyxo + ... + k,x,.
11 1

From (24) f e 2Tikx gy — ff . fe—Zm'klxl dx.

Ty 00

0
since
) ) 1
ofe*zmklxldx' = e = e (121D =0,
then
/efzm(k’x)dx =0. (25)
T,
With (25) from (24), we obtain
2 N 5
/u(x)dx =|1- Z ch . (26)
T, |o|<gA=1

2. Now we calculate i, :

_/ 2mkwdx—/ll—|2 ic%

Tn Ty

ZZ /Zm/q,)d+ 1 Zan (27)
Cl X (zn)Zm |k1|2m ’

|a|<gA=1 T, k#0

where k| = (kg”,kgz), . ,kg")) and (kj,x) = kgl)xl —|—k§2)xz +-e —I—ki")xn
We calculate - if

g ) ) . 1, ki =k
/8727rz(k,x)62m(k1 ) g — / G2l =) g {0 . 17& - (28)
Tn Tn :
With (25) and (28) from (27), we obtain
o)
PPN 1 4
Uy =Up, = ——5——5—. 29
k ky (271:)2}11 |k1‘2m ( )
Substituting (26) and (29) into the right side of (22), we have
v P 1 ’Zz(fx) 2
u) WM @) == ¥ Y g + Y e (30)
=g izl §0 (2m)™ k|
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Thus, after some cancellations, it follows from (30) that

2 nols
wm) |2 " a 1 %
Juy ™ @) =|1- X ¥ e 5 L
la[<qg Azt 2r)™ iZo |k
With (17) from (31) follows the proof of Lemma 1.
Lemma 2. The following equality is true
|8 o™ (1) | = | oy 193" (1)
Proof. Comparing the right sides of (19) and (31), we obtain
2 e ()| < [Jueo g™ @)
Taking into account (21) for the right parts of (20), we obtain
<9 (x),u(x) >= {[u () WA (B[ || () T (T3) |
For the error of the cubature formula (7) on function u(x), the following is true:
< A (), u@) > < |4 (0 5" ().

Substituting the right side of (33) into the left side of (34) we obtain

1w ()|

After cancellations, it follows from (35) that

u () [W,")

From (32) and (36) we obtain

O () (W™ (T;,)

which is what was required to be proved.
If (37) is taken into account, the following can be written:

< 0@ (x),u(x) >=< u(x), f(x) > .

) W ()| oG 3™ (73

(31)

(38)

Equality (38) testifies to the existence of u(x) € Wz( m) (T,) and thus it is an extremal function for the cubature formula

), i.e.
u(x) = yi(x) € " (T,).
Then (38) takes the following form

<0 (x), we(x) >=< v (x), F(x) > .

This means that all the conditions of the Riesz theorem [1] are met.
Thus, taking into account (20), (37), (39) and the conditions of the lemma, we obtain

2

G

lal<tA=1

- ()" 2
& @) W™ (4| =

060038-8
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2

y AT ik xt)
1— Y Y §Q2ri)"(I] Kj)% i(kx*))

1 la[<ti=1 J=]

+
(27[)2m k;) |k|2m

which is what was required to be proved.
The following theorem is true.
Theorem 2. Equalities (20), (21), and (38) confirm that

N 1 g;{a) o2i(k.x)
. o
u(x) =1- Z Z C7L+ (2”)2mk7£20 |k|2m

la|<g A=1

is an extremal function for the cubature formula (7) and u (x) = yy(x) € Wz(m) (Ty).

Based on Theorem 1, the error functional (10) of the cubature formula (7) for functions from class Wz(m) (T,) has
the following estimate:

) ) 1/2 ) ‘Zl({a) 2y 1/2
<g§va>,f(x)>’§{’f0’ +Z’fk’ |27rk|2m} . ‘Egm " L
k0 K70 |27k|

CONCLUSION

The quality of the cubature formula is characterized by the norm of the error functional. It is a function of unknown
coefficients and nodes. Therefore, for computational practice, it is appropriate to be able to calculate the norm of the
error functional and estimate it. To find the minimum of the norm of the error functional with respect to c; and x*) is
the task of investigating a multivariable function on an extremum.

The values of ¢ and xR, realizing this minimum, determine the optimal formula. Thus, we consider the optimal
cubature formula to be the one in which, for a given number of nodes N, the error functional has the least norm.

The following problems should be solved for the practical implementation:
1. Calculation of the norm of the error functional of cubature formulas over space B.
2. Construction of the optimal cubature formula, i.e. cubature formula with the least norm of the error functional over
B.

In this paper, the authors considered the first Problem for a cubature formula of the form (7), i.e., calculation of

norm HE;VOQ (x) \Wz(m)* (Tn) H of the error functional El(va) (x) of the cubature formula (7) with the setting of derivatives,
i.e., cubature formula of the Hermite type. Its extremal function is used to find the norm of the error functional (10)
of the Hermite-type cubature formula of the form (7) in space Wz(m* (T,).
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