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Abstracts. In this paper, we present an analytical method for solving the 

fractional telegraph problem corresponding to the fractional time derivative. Many 

physical processes are represented by a system of first and second order hyperbolic 

type equations. Telegraph equation of electromagnetic oscillations, dynamic 

equations of elasticity theory and others. So that second-order equations are 

derived from them by means of a number of additional constraints. 

Methods. This method is based on the Fourier Method and the properties of 

the corresponding fractional calculus. 

Results obtained. The problem considered in the paper is a nonlocal 

boundary value problem for this system on a finite interval [0, T]. At full fulfilment 

of some data conditions the problem reduces to the solution of Volterra type 

integral equations with respect to unknowns. In addition, the theorem on the local 

exists the only solution of the direct problem. 

Keywords: conformable fractional, Fourier Method, telegraph equation, 

eigenfunctions. 

Introduction. 

This equation is a second order linear hyperbolic equation and models several 

phenomena in many different fields such as signal analysis [1], wave propagation 

[2], and random walk theory [3]. 
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In the field of 𝐷 = {(𝑥, 𝑡)| 0 < 𝑥 < 1, 0 < 𝑡 ≤ 𝑇}   consider the telegraph 

equation of the conformable fractional order  

𝐷𝑡
(2𝛼)

𝑢(𝑥, 𝑡) + 2𝑎𝐷𝑡
(𝛼)

𝑢(𝑥, 𝑡) − 𝑢𝑥𝑥(𝑥, 𝑡) = 𝑓(𝑥, 𝑡),   (𝑥, 𝑡) ∈ 𝐷,                      (1.1) 

with the initial conditions 

𝑢(𝑥, 0) = 𝜑(𝑥),    𝐷𝑡
(𝛼)

𝑢(𝑥, 0) = 𝜓(𝑥),      0 ≤ 𝑥 ≤ 1,                                (1.2) 

and non-local boundary conditions 

𝑢𝑥(0, 𝑡) = 𝑢𝑥(1, 𝑡), 𝑢(0, 𝑡) = 0,         0 ≤ 𝑡 ≤ 𝑇,                               (1.3) 

𝐷𝑡
(𝛼)

 is called the conformable fractional derivative of order 𝛼(0 < 𝛼 ≤ 1), by 𝑡 

and  𝐷𝑡
(2𝛼)

: 𝐷𝑡
(𝛼)

(𝐷𝑡
(𝛼)

),  𝑓(𝑥, 𝑡), 𝜑(𝑥), 𝜓(𝑥)  given functions. 

The problem (1.1), (1.3) is conjugate to the problem considered in [4]. The 

peculiarity of the problem (1.1), (1.3) is its non-self-conjugacy generated by the 

boundary conditions (1.3).  For equation (1.1) with classical boundary conditions, 

the qualitative characteristics of the eigenvalues, such as the area of variation, are 

the same as for equation (1.1) with classical boundary conditions. This kind of 

problems arise in plasma physics and in engineering. In [5], the existence of a 

classical in the sense of [6] solution of the problem (1.1) - (1.3) was proved and a 

number of a priori estimates expressing the stability of the solution on the initial 

data and the right-hand side of the equation were obtained. 

PRELIMINARY 

We'll be writing  𝐷𝑡
(𝛼)

 to denote the operator, which is called the 

corresponding fractional derivative of order 𝛼. 
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Khalil et al. [7] introduced a completely new definition of fractional calculus, 

which is more natural and efficient than previous definitions of ordering 𝛼 ∈ (0, 1). 

In addition, this definition can be generalised to any α. However, the case 𝛼 ∈ (0, 1) 

is the most important, and the other cases become simple when it is established. 

Definition 2.1. [7] Given a function∶ 𝑓: [0, ∞) → ℝ . Then from 𝑓 orders 𝛼 

defined as follows 

𝐷𝑡
(𝛼)(𝑓)(𝑡) = lim

𝜀→0

𝑓(𝑡 + 휀𝑡1−𝛼) − 𝑓(𝑡)

휀
. 

For everyone 𝑡 ˃0, 𝛼 ∈ (0.1), if ƒ is α-differentiable in some (0, 𝛼). 𝛼 ˃ 0 and,  

lim𝑡→0+ 𝑓(𝛼)(𝑡)  exists, then we define 𝑓(𝛼)(0) = lim𝑡→0+ 𝑓(𝛼)(𝑡). 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟐. [7]. Let's have 𝛼 ∈]0,1] и 𝜑: [0, +∞[→ ℝ − real function. 

The left corresponding fractional integral from φ of order α from zero to t is 

defined by the formula: 

𝐼𝛼𝜑(𝑡): = ∫  
𝑡

0

𝑠𝛼−1𝜑(𝑠)𝑑𝑠, 𝑡 ⩾ 0. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟑. [8]. Let 0 < 𝛼 ⩽ 1 и 𝜑: [0, +∞[→ ℝ is a real function. 

Then the fractional Laplace transform of order α of the function φ with origin at 

zero is defined as follows: 

ℒ𝛼[𝜑(𝑡)](𝑠) = ∫  
+∞

0

𝑡𝛼−1𝜑(𝑡)𝑒−𝑠
𝑡𝛼

𝛼 𝑑𝑡. 

Theorem 1. [8]. Let 0 < 𝛼 ⩽ 1 and 𝜑: [0, +∞[→ ℝ − is a differentiable real 

function. The following equality holds: 

ℒ𝛼 [𝑇𝑡
(𝛼)

𝜑(𝑡)] (𝑠) = 𝑠ℒ𝛼[𝜑(𝑡)](𝑠) − 𝜑(0). 
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The following theorem will be useful in the study of problems. 

         Theorem 2. [9]. Let 𝑔: [0, +∞[→ ℝ − continuous function, and 𝜂, 𝛾 ∈ ℝ+ 

such that 𝜂 < 𝛾. Consider the following problem at 0 < 𝛼 ⩽ 1 

{
𝑇𝑡

(2𝛼)
𝑦(𝑡) + 2𝜂𝑇𝑡

(𝛼)
𝑦(𝑡) + 𝛾2𝑦(𝑡) = 𝑔(𝑡),

𝑦(0) = 𝑦0, 𝑇𝑡
(𝛼)

𝑦(0) = 𝑦𝛼 .
 

It has a single solution given by the formula 

𝑦(𝑡) = 𝑦0𝑒−𝜂
𝑡𝛼

𝛼 cos (√𝛾2 − 𝜂2
𝑡𝛼

𝛼
) +

𝑦0𝜂 + 𝑦𝛼

√𝛾2 − 𝜂2
𝑒−𝜂

𝑡𝛼

𝛼 sin (√𝛾2 − 𝜂2
𝑡𝛼

𝛼
) + 

+
1

√𝛾2 − 𝜂2
∫  

𝑡

0

 𝑔((𝑡𝛼 − 𝜏𝛼)1/𝛼)𝑒−𝜂
𝜏𝛼

𝛼 sin (√𝛾2 − 𝜂2
𝜏𝛼

𝛼
)

𝑑𝜏

𝜏1−𝛼
 

Lemma 1. [10],с.189] Let 𝑟 - continuous non-negative function on the 

interval [𝑎, 𝑏], and 𝛿, 𝑝 - non-negative constants such that 

𝑟(𝑡) ⩽ 𝛿 + 𝑝 ∫  
𝑡

𝑎

𝑟(𝑠)(𝑠 − 𝑎)𝛼−1𝑑𝑠 

then for all 𝑡 ∈ [𝑎, 𝑏] 

𝑟(𝑡) ⩽ 𝛿𝑒𝑝
(𝑡−𝑎)𝛼

𝛼 . 

PROBLEM SOLVING (1.1)-(1.3) 

Let us consider the simplest variant of the problem (1.1)-(1.3) when 𝑓(𝑥, 𝑡) =

0 and write the eigenvalue problem for it. We will search for a partial solution of 

the problem (1.1)-(1.3) in the form 

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡),                                                 (3.1) 
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Substituting this form of solution into equation (1.1) and boundary conditions (1.3) 

and separating the variables, we obtain the problem for finding the eigenfunctions 

and eigenvalues. Then we obtain an ordinary linear differential equation for  𝑋(𝑥): 

{
𝑋′′(𝑥) + 𝜆𝑋(𝑥) = 0,

𝑋′(0) = 𝑋′(1), 𝑋(0) = 0,
                                     (3.2) 

The boundary value problem (3.2) is non-self-conjugate. The problem (3.3) - (3.4) 

will be conjugate to it 

𝑌‾ ′′(𝑥) + 𝜆‾𝑌‾(𝑥) = 0,  0 < 𝑥 < 1,                                  (3.3) 

𝑌‾(0) = 𝑌‾(1), 𝑌‾ ′(1) = 0,                                   (3.4) 

Indeed, 

∫  
1

0

𝑋′′(𝑥)𝑌‾(𝑥)𝑑𝑥 − ∫  
1

0

𝑌‾ ′𝑋(𝑥)𝑑𝑥 = 𝑋′(1)(𝑌‾(1) − 𝑌‾(0)) − 𝑌‾ ′(1)𝑋(1). 

Hence we see that the right part of the obtained relation is equal to zero at 𝑌‾(0) =

𝑌‾(1) and 𝑌 ′̅ = 0. 

The problem (3.2) has eigenvalues 

𝜆𝑘 = (2𝜋𝑘)2,  𝑘 = 0,1, …, 

and eigenfunctions 

𝑋0(𝑥) = 𝑥,  𝑋𝑘(𝑥) = sin (2𝜋𝑘𝑥). 

By analogy with the adjoint function �̃�𝑘(𝑥), answering the same 𝜆𝑘, that the 

eigenfunction 𝑋𝑘(𝑥), we define as the solution of the boundary value problem 

�̃�𝑘
′′(𝑥) + 𝜆𝑘�̃�𝑘(𝑥) = 𝑃𝑘𝑋𝑘(𝑥),  �̃�𝑘(0) = 0,  �̃�𝑘

′ (0) = �̃�𝑘
′ (1),  𝑘 = 0,1, … , (3.5) 
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where 𝑃𝑘 ≠ 0 - arbitrary constant. 

When 𝑘 = 0 the problem (3.5) has no solution. If we put  𝑃𝑘 = −2√𝜆𝑘, then for 

𝑘 = 1,2, … we get 

�̃�𝑘(𝑥) = 𝑥cos (2𝜋𝑘𝑥). 

Let us redefine the system of eigenfunctions and adjoint functions of problem (3.2) 

as follows: 

𝑋0(𝑥) = 𝑥,  𝑋2𝑘−1(𝑥) = 𝑥 cos(2𝜋𝑘𝑥) ,  𝑋2𝑘(𝑥) = sin(2𝜋𝑘𝑥) ,  𝑘 = 1,2, … (3.6) 

For every eigenvalue 𝜆𝑘 when 𝑘 > 0 eigenfunction 𝑋2𝑘(𝑥) and attached 𝑋2𝑘−1(𝑥). 

Solving the problem (3.3), (3.4), we find eigenfunctions 

𝑌‾0(𝑥) = 𝑆0,  𝑌‾𝑘(𝑥) = 𝑆𝑘 ⋅ cos (2𝜋𝑘𝑥),  𝑘 = 1,2, …, 

where 𝑆𝑘 ≠ 0 - arbitrary constants, and eigenvalues 

𝜆‾𝑘 = 𝜆𝑘 = (2𝜋𝑘)2,  𝑘 = 0,1, … 

For bi-orthonormalisation reasons, let us assume 𝑆0 = 2,  𝑆𝑘 = 4, 𝑘 = 1,2, … 

The adjoint functions of the conjugate problem (3.3), (3.4), are defined from the 

problem 

�̃�𝑘
′′(𝑥) + 𝜆‾𝑘�̃�𝑘(𝑥) = 𝑃𝑘𝑌‾𝑘(𝑥),  �̃�𝑘(0) = �̃�𝑘(1),  �̃�𝑘

′(1) = 0,  𝑘 = 0,1, …    (3.7) 

They are of the form 

�̃�𝑘(𝑥) = 4(1 − 𝑥)sin (2𝜋𝑘𝑥),  𝑘 = 1,2, … 

When 𝑘 = 0 the problem (3.6) has no solution. 
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Let us redefine the system of eigenfunctions and adjoint functions of the conjugate 

problem as follows: 

𝑌0(𝑥) = 2,  𝑌2𝑘−1(𝑥) = 4cos (2𝜋𝑘𝑥),  𝑌2𝑘(𝑥) = 4(1 − 𝑥)sin (2𝜋𝑘𝑥),
𝑘 = 1,2, …

         (3.8) 

In doing so, each 𝜆𝑘 = (2𝜋𝑘)2 when 𝑘 > 0 corresponds to the eigenfunction 

𝑌2𝑘−1(𝑥) and attached 𝑌2𝑘(𝑥). 

Since the set of functions (3.6) is a basis, an arbitrary function  𝜑(𝑥) ∈ 𝐿2(0,1) is 

represented as a biorthogonal series 

𝑢(𝑥, 𝑡) = 𝜗0𝑋0 + ∑(𝜗2𝑘−1𝑋2𝑘−1(𝑥) + 𝜗2𝑘𝑋2𝑘(𝑥)),              (3.9)

∞

𝑘=1

 

where 𝜗0 = (𝑢(𝑥, 𝑡), 𝑌0), 𝜗2𝑘−1 = (𝑢(𝑥, 𝑡), 𝑌2𝑘−1(𝑥)), 𝜗2𝑘 = (𝑢(𝑥, 𝑡), 𝑌2𝑘(𝑥)). 

We obtain a fractional ordinary linear differential equation with an appropriate 

derivative for the function 𝜗0(𝑡), 𝜗2𝑘−1(𝑡), 𝜗2𝑘(𝑡): 

{
𝐷𝑡

(2𝛼)
𝜗0(𝑡) + 2𝑎𝐷𝑡

(𝛼)
𝜗0(𝑡) = 𝑓0(𝑡),

𝜗0(0) = 𝜑0,    𝐷𝑡
(𝛼)

𝜗0(0) = 𝜓0.
                                (3.10) 

{
𝐷𝑡

(2𝛼)
𝜗2𝑘−1(𝑡) + 2𝑎𝐷𝑡

(𝛼)
𝜗2𝑘−1(𝑡) + 𝜆𝑘

2𝜗2𝑘−1(𝑡) + 2𝜆𝑘𝜗2𝑘(𝑡) = 𝑓2𝑘−1(𝑡),

𝜗2𝑘−1(0) = 𝜑2𝑘−1,    𝐷𝑡
(𝛼)

𝜗2𝑘−1(0) = 𝜓2𝑘−1.
  (3.11) 

{
𝐷𝑡

(2𝛼)
𝜗2𝑘(𝑡) + 2𝑎𝐷𝑡

(𝛼)
𝜗2𝑘(𝑡) + 𝜆𝑘

2𝜗2𝑘(𝑡) = 𝑓2𝑘(𝑡),

𝜗2𝑘(0) = 𝜑2𝑘 ,    𝐷𝑡
(𝛼)

𝜗2𝑘(0) = 𝜓2𝑘 .
          (3.12) 

Using Laplace transformations for the problem (3.10), we obtain the following 

integral equations 
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𝜗0(𝑡) = 𝜑0𝑒−2𝑎
𝑡𝛼

𝛼 +
𝜓0 + 2𝑎𝜑0

2𝑎
(1 − 𝑒−2𝑎

𝑡𝛼

𝛼 ) + 

+ ∫ (1 − 𝑒−2𝑎
𝑡𝛼−𝜏𝛼

𝛼 ) 𝑓0(𝜏)𝑑𝜏

𝑡

0

.                           (3.13) 

Based on Theorem 2, we have that the original problem (3.10) is equivalent in the 

space C[0, T] to the Volterra integral equation of the second kind in the following 

form 

𝜗2𝑘−1(𝑡) = 𝜑2k−1𝑒−𝑎
𝑡𝛼

𝛼 cos (𝛾𝑘

𝑡𝛼

𝛼
) + 

+
2𝑎𝜑2k−1 + 𝜓2k−1

𝛾𝑘
𝑒−𝑎

𝑡𝛼

𝛼 sin (𝛾𝑘

𝑡𝛼

𝛼
) + 

+
1

√𝛾𝑛
2 − 𝑎2

∫  
𝑡

0

𝑓2𝑘−1(𝜏)𝑒−𝑎
𝑡𝛼−𝜏𝛼

𝛼 sin (𝛾𝑘

𝑡𝛼 − 𝜏𝛼

𝛼
)

𝑑𝜏

𝜏1−𝛼
− 

−
2𝜆𝑘

𝛾𝑘
∫  

𝑡

0

 𝜗2𝑘(𝜏)𝑒−𝑎
𝑡𝛼−𝜏𝛼

𝛼 sin (𝛾𝑘

𝑡𝛼 − 𝜏𝛼

𝛼
)

𝑑𝜏

𝜏1−𝛼
, (3.14) 

 

𝜗2𝑘(𝑡) = 𝜑2k𝑒−𝑎
𝑡𝛼

𝛼 cos (𝛾𝑘

𝑡𝛼

𝛼
) +

2𝑎𝜑2k + 𝜓2k

𝛾𝑘
𝑒−𝑎

𝑡𝛼

𝛼 sin (𝛾𝑘

𝑡𝛼

𝛼
) + 

+
1

𝛾𝑘
∫  

𝑡

0

 𝑓2𝑘(𝜏)𝑒−𝜂
𝑡𝛼−𝜏𝛼

𝛼 sin (𝛾𝑘

𝑡𝛼 − 𝜏𝛼

𝛼
)

𝑑𝜏

𝜏1−𝛼
.    (3.15) 

where 𝛾𝑘
2 = 𝜆𝑘

2 − 𝑎2 

Lemma 3.1. Problems (3.13), (3.14), (3.15) have the following estimates 
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|𝜗0(𝑡)| ≤ 𝐶1|𝜑0| + 𝐶2

2𝑎|𝜑0| + |𝜓0|

2𝑎

+ 𝐶3

‖𝑓0‖𝐶[0,𝑇]

2𝑎

𝑇𝛼

𝛼
.                                    (3.16) 

|𝜗2𝑘−1(𝑡)| ≤ 𝐶1|𝜑2𝑘−1| + 𝐶2

2𝑎|𝜑2𝑘−1| + |𝜓2𝑘−1|

𝛾𝑘

+                                                             

+𝐶3

‖𝑓2𝑘−1‖𝐶[0,𝑇]

𝛾𝑘

𝑇𝛼

𝛼
+ 2𝜆𝑘

‖𝜗2𝑘‖𝐶[0,𝑇]

𝛾𝑘

𝑇𝛼

𝛼
.             (3.17) 

|𝜗2𝑘(𝑡)| ≤ 𝐶1|𝜑2𝑘| + 𝐶2

2𝑎|𝜑2𝑘| + |𝜓2𝑘|

𝛾𝑘
+𝐶3

‖𝑓2𝑘‖𝐶[0,𝑇]

𝛾𝑘

𝑇𝛼

𝛼
.        (3.18) 

its first corresponding fractional derivative 

|𝐷𝑡
(𝛼)

𝜗0(𝑡)| ≤ 2𝑎𝐶1|𝜑0| + 𝐶2(2𝑎|𝜑0| + |𝜓0|) + 𝐶3‖𝑓0‖𝐶[0,𝑇]

𝑇𝛼

𝛼
= 𝑍0(𝑇);     

|𝐷𝑡
(𝛼)

𝜗2𝑘−1(𝑡)| ≤ (𝑎 + 𝛾𝑘) (𝐶1|𝜑2𝑘−1| + 𝐶2

2𝑎|𝜑2𝑘−1| + |𝜓2𝑘−1|

𝛾𝑘
+   

+𝐶3

‖𝑓2𝑘−1‖𝐶[0,𝑇]

𝛾𝑘

𝑇𝛼

𝛼
+ 2𝜆𝑘

‖𝜗2𝑘‖𝐶[0,𝑇]

𝛾𝑘

𝑇𝛼

𝛼
) = 𝑍2𝑘−1(𝑇);             

|𝐷𝑡
(𝛼)

𝜗2𝑘(𝑡)| ≤ (𝑎 + 𝛾𝑘) × 

× (𝐶1|𝜑2𝑘| + 𝐶2

2𝑎|𝜑2𝑘| + |𝜓2𝑘|

𝛾𝑘
+𝐶3

‖𝑓2𝑘‖𝐶[0,𝑇]

𝛾𝑘

𝑇𝛼

𝛼
) = 𝑍2𝑘(𝑇). 

From the problem (3.10), (3.11), (3.12) we obtain estimates for the function 

𝐷𝑡
(2𝛼)

𝜗0(𝑡), 𝐷𝑡
(2𝛼)

𝜗2𝑘−1(𝑡), 𝐷𝑡
(2𝛼)

𝜗2𝑘(𝑡): 

|𝐷𝑡
(2𝛼)

𝜗0(𝑡)| ≤ 2𝑎Z0(𝑇) + ‖𝑓0‖𝐶[0,𝑇]; 
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|𝐷𝑡
(2𝛼)

𝜗2𝑘−1(𝑡)| ≤ 2𝑎Z2𝑘−1(𝑇) + 𝜆𝑘
2‖𝜗2𝑘−1‖ + 2𝜆𝑘‖𝜗2𝑘‖ + ‖𝑓2𝑘−1‖𝐶[0,𝑇]; 

|𝐷𝑡
(2𝛼)

𝜗2𝑘(𝑡)| ≤ 2𝑎Z2𝑘(𝑇) + 𝜆𝑘
2‖𝜗2𝑘‖ + ‖𝑓2𝑘‖𝐶[0,𝑇]. 

Lemma 3.2. Let  𝜑(𝑥) ∈ 𝐶(3)[0,1], 𝜓(𝑥) ∈ 𝐶(2)[0,1], 𝑓(𝑥) ∈ 𝐶(2)(�̅�),  

conditions are fulfilled 

𝜑(0) = 𝜑(1) = 0, 𝜓(0) = 𝜓(1) = 0, 𝜑′′(0) = 𝜑′′(1) = 0, 𝜓′′(0) = 𝜓′′(1) = 0; 

𝑓(0, 𝑡) = 𝑓(1, 𝑡) = 0,  𝑓𝑥𝑥(0, 𝑡) = 𝑓𝑥𝑥(1, 𝑡) = 0, 

then there is equality 

𝜑𝑘 =
1

𝜆𝑘
3 𝜑𝑘

(3)
, 𝜓𝑘 =

1

𝜆𝑘
2 𝜓𝑘

(2)
, 𝑓𝑘(t) =

1

𝜆𝑘
2 𝑓𝑘

(2)(𝑡)  .                    

with the following estimates: 

∑  

∞

𝑘=1

|𝜑𝑘
(3)

|
2

≤ ∥∥𝜑(3)
∥∥𝐿2[0,𝑙],  ∑  

∞

𝑘=1

|𝜓𝑘
(2)

|
2

= ∥∥𝜓(2)
∥∥𝐿2[0,𝑙],   

∑  

∞

𝑘=1

|𝑓𝑘
(2)

|
2

= ∥∥𝑓(2)
∥∥𝐿2[0,𝑇]. 

If the functions  𝜑(𝑥), 𝜓(𝑥) and 𝑓(𝑥, 𝑡)  satisfy the conditions of Lemma 3.2, 

then the function 𝑢(𝑥, 𝑡)   satisfies relations (1.1)-(1.3). 

We obtain the following statement. 

Theorem 3.1. If they are fulfilled, then there exists a single solution of the 

problem (1.1)–(1.3) 𝑢(𝑥, 𝑡) ∈ 𝐶[0, 𝑇]. 

Conclusion. In this paper we study the solvability for the telegraph equation 

with corresponding fractional time derivative with initial nonlocal boundaries. 

Local existence and global uniqueness of the solution of the problem are proved. 
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