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The problem of determining the unknown coefficient in the two-dimensional
wave equation under initial and non-local boundary conditions

Suyarov T.R.
Bukhara State University, 11 M. Ikbol St., Bukhara 200100, Uzbekistan

tsuyarov007@gmail.com

Let Ω = D × (0, T ), where D = {(x, y) : 0 < x, y < 1}. We consider the initial boundary
value problem for wave equation

utt(x, y, t)−∆u+ q(t)u(x, y, t) = f(x, y, t), (1)

with initial conditions

u(x, y, t)|t=0 = ϕ1(x, y), (x, y) ∈ D̄, (2)

ut(x, y, t)|t=0 = ϕ2(x, y), (x, y) ∈ D̄, (3)

and non-local boundary conditions

ux(0, y, t) = ux(1, y, t), u(0, y, t) = 0, (y, t) ∈ [0, 1]× [0, T ], (4)

u(x, 0, t) = u(x, 1, t), uy(x, 1, t) = 0, (x, t) ∈ [0, 1]× [0, T ], (5)

where D̄ = {(x, y) : 0 6 x, y 6 1},∆ = ∂2

∂x2 + ∂2

∂y2 ;ϕ1(x, y), ϕ2(x, y) and f(x, y, t) are given
functions.

In the direct problem, it is required to define a function u(x, y, t) ∈ C2(Ω̄) satisfying
the equalities (1)-(5), for given sufficiently smooth functions q(t), f(x, y, t), ϕi(x, y), i =
1, 2, where Ω̄ = {(x, y, t) : 0 6 x, y 6 1, 0 6 t 6 T}.

The inverse problem is to find function q(t) ∈ C[0, T ], if with respect to the solution
of the direct problem (1)-(5) the overdetermination condition is known∫ 1

0

∫ 1

0

w(x, y)u(x, y, t)dxdy = h(t), (6)

Lemma 1. Let ϕ1(x, y) ∈ C4(D̄), ϕ2(x, y) ∈ C3(D̄) and f(x, y, t) ∈ C2,0
xy,t(Ω̄). Besides, the

following equalities hold

ϕ1(0, y) = ϕ1xx(0, y) = ϕ1(1, y) = ϕ1xx(1, y), 0 6 y 6 1;

ϕ1(x, 0) = ϕ1yy(x, 0) = ϕ1(x, 1) = ϕ1yy(x, 1), 0 6 x 6 1;

ϕ2(0, y) = ϕ2xx(0, y) = ϕ2(1, y) = ϕ2xx(1, y), 0 6 y 6 1;

ϕ2(x, 0) = ϕ2yy(x, 0) = ϕ2(x, 1) = ϕ2yy(x, 1), 0 6 x 6 1;

f(0, y, t) = f(1, y, t), (y, t) ∈ [0, 1]× [0, T ];

f(x, 0, t) = f(x, 1, t), (x, t) ∈ [0, 1]× [0, T ].

Then the numerical series:

2Ψ0,0(T ) +
∞∑
k=1

Ψ0,2k−1(T ) +
∞∑
k=1

Ψ0,2k(T ) + 2
∞∑
m=1

Ψ2m−1,0(T ) +
∞∑

m,k=1

Ψ2m−1,2k−1(T )
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+
∞∑

m,k=1

Ψ2m−1,2k(T ) + 2
∞∑
m=1

Ψ2m,0(T ) +
∞∑

m,k=1

Ψ2m,2k−1(T ) +
∞∑

m,k=1

Ψ2m,2k(T ), (7)

4
∞∑
m=1

√
λmΨ2m−1,0(T ) + 2

∞∑
m=1

λmΨ2m−1,0(T ) + 2
∞∑

m,k=1

√
λmΨ2m−1,2k−1(T )

+
∞∑

m,k=1

λmΨ2m−1,2k−1(T ) + 2
∞∑

m,k=1

√
λmΨ2m−1,2k(T ) + 2

∞∑
m=1

λmΨ2m,0(T )

+
∞∑

m,k=1

λmΨ2m−1,2k(T ) +
∞∑

m,k=1

λmΨ2m,2k−1(T ) +
∞∑

m,k=1

λmΨ2m,2k(t), (8)

2
∞∑
k=1

√
γkΨ0,2k−1(T ) +

∞∑
k=1

γkΨ0,2k−1(T ) +
∞∑
k=1

γkΨ0,2k(T )

+2
∞∑

m,k=1

√
γkΨ2m−1,2k−1(T ) +

∞∑
m,k=1

γkΨ2m−1,2k−1(T ) +
∞∑

m,k=1

γkΨ2m−1,2k(t)

+2
∞∑

m,k=1

√
γkΨ2m,2k−1(T ) +

∞∑
m,k=1

γkΨ2m,2k−1(T ) +
∞∑

m,k=1

γkΨ2m,2k(T ), (9)

in (7)-(9) are converge.
Thus, we have proved the following theorem.
Theorem 1. Let q(t) ∈ C[0, T ] and if the functions ϕ1(x, y), ϕ2(x, y) and f(x, y, t)

satisfy the conditions of the Lemma 1, then there exists a unique solution to the problem
(1)-(5).

The following assertion is main result in this poper:
Theorem 2. Let the conditions of Lemma 1 and h(t) ∈ C2[0, T ], |h(t)| > h0 > 0, be

satisfied and
w(1, y) = w(0, y) = 0, wx(1, y) = 0, y ∈ [0, 1],
w(x, 0) = 0, wy(x, 1) = wy(x, 0) = 0, x ∈ [0, 1].

Then the exists T ∗ ∈ (0, T ) so that the inverse problem (1)-(6) has unique solution q(t) ∈
C [0, T ∗].

Theorem 3. Let (ϕ1, ϕ2, h, f) ∈ Dν0 ,
(
ϕ̃1, ϕ̃2, h̃, f̃

)
∈ Dν0 and q, q̃ ∈ Gν1 Then, for

solution to the inverse problem (1)-(6) the following stability estimate holds:

‖q − q̃‖C[0,T ] 6 r
[
‖ϕ1 − ϕ̃1‖C4[0,1] + ‖ϕ2 − ϕ̃2‖C3[0,1] + ‖h− h̃‖C2[0,T ] + ‖f − f̃‖C2(Ω̄)

]
,

where the constant r depends only on ν0, ν1, T .
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