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Abstract

In this paper, we consider an inverse problem of determining u(x, f) and k(¢) functions in the one-dimensional
integro-differential heat equation with the nonlocal initial-boundary and over-determination conditions.
The unique solvability of the direct problem is rigorously proved using the Fourier method and Schauder
principle. To investigate the solvability of the inverse problem, we first consider an auxiliary inverse bound-
ary value problem, which is equivalent to the original one. Then using the Fourier method, the problem
is reduced by an equivalent closed system of integral equations with respect to unknown functions. The
existence and uniqueness theorem for this system of integral equations is proved by contraction mappings
principle.

Keywords Integro-differential equation - Nonlocal initial-boundary problem - Inverse problem - Integral
equation - Schauder principle

AMS subject classification: 35A01 - 35A02 - 35L.02 - 35L.03 - 35R03

Introduction

Nonlocal initial-boundary value problems are quite an interesting generalization of classical problems and at the same
time they are naturally obtained when constructing mathematical models in physics and applied mathematics, engineer-
ing, sociology, ecology, and so on [1].
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Problems with nonlocal conditions for partial differential equations have been studied by many authors. In the articles
[1-5], the unique solvability of nonlocal inverse boundary value problems for hyperbolic equation with overdetermina-
tion conditions was considered. In these problems, the existence and uniqueness theorems for the classical solution of the
considered inverse coefficient problems are proved for the smaller value of time.

The inverse problem of determining the time-dependent thermal diffusivity and the temperature distribution in a parabolic
equation in the case of nonlocal initial-boundary conditions containing a real parameter and integral overdetermination
conditions are investigated in the works [6—11]. Sufficient conditions for the existence and uniqueness of the classical
solution to inverse problems are obtained for small time.

The paper [11] studied the inverse problem of determination of the time-dependent coefficient of the higher-order
derivative for a parabolic equation with degeneration by the Neumann boundary conditions and a nonlocal overdeter-
mination condition. There were found sufficient conditions for the existence and uniqueness of the classical solution
of the problem.

The problem of determining the kernel k(¢) of the integral term in an integro-differential heat equation was studied
in many publications [12-21], in which both one- and multidimensional inverse problems with classical initial,
initial-boundary conditions were investigated. The existence and uniqueness theorems of inverse problem solutions
were proved.

Formulation of problem

We consider the nonlocal initial-boundary problem for the heat equation with a convolution-type integral term on the
right-hand side

U — Uy, = / k(t — tyulx, r)dr, (x,t) € Dy, €h)
0

u(x,0) + Aulx, T) = @p(x), )

w0, =u(l,t) =0, @0)=¢l) =0, 3)

A, I, T are arbitrary positive numbers and Dy := {(x,1) : 0<x<[,0<t<T}).

The problem of determining a function u(x, ¢), (x, t) € Dy, that satisfies (1)—(3) with known functions k(f) and ¢(x) will
be called the direct problem.

In the inverse problem, it is required to determine the kernel k(¢), ¢ > 0, of the integral in (1) using overdetermination
condition about the solution of the direct problem (1)—(3):

ks 1) = h(®), h(0) + AR(T) = p(x), X, € (0, D), )

where h(?) is a given function.

Let C™(0;/) be the class of m times continuously differentiable with all derivatives up to the m—th order (inclusive) in (0; [)
functions. In the case m = 0, this space coincides with the class of continuous functions. C"*(D;) is the class of m times
continuously differentiable with respect to t and & times continuously differentiable with respect to x with all derivatives
in the domain D functions.

Direct problem

According to the Fourier method, problem (1)—(3) are equivalent to the integral equation

T 1 T
u(x,t) = O(x, 1) — /1/ / Gy(x, &, T+t - 1)/ k(o)u(é,r — a)dadédr+
o Jo 0
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t 1 T
+/ / G, &, t— T)/ k(o)u(é, r — a)dadédr, (®)]
o Jo 0

where

1
D(x,1) = / Gy(x, &, Np(8)d,
0

2 1 (. <7m > . (ﬂl’l >
G ) ’t == e ——— - - L)
e lZ{ =R W Y A

Glx.E.1) = % ; e sin (”—l%) sin ("’—l”x>

is the Green function of the initial-boundary problem for one-dimensional heat equation.
Denote the operator acting the function u(x, f) in the right-hand side of (5) by L. Then, (5) can be written as the operator
equation

u = Lu. (6)
Denote also

= max |®(,1)|, ky = max |k(@)|,
b0 m)eDTI x,Dl, ko tew]l 0]

and note |D(x, #)| < ¢ for (x,1) € BT.
Let S;(0) = {u : ||lu|| < d} be the ball in the functional space C<DT) with the center at origin and radius d, and d is some

positive number.
We use the Schauder principle (see [22], p. 411) to the existence of solution of the operator Eq. (5).

Definition 1 An operator L is said to be equicontinuous if for each € > 0 there exists a §, = ,(¢) > 0 such that the
inequality

ILuy, — Luy|| < € @)

holds for all (x, t) € Dy, u;(x, 1), uy(x, t) € S,4(0) with ||u; (x, 1) — u,(x, || < 6.

Lemma 1 Suppose that the following conditions are satisfied: p(x) € C[0,1], k(t) € C[0, T], (0) = @(l) = 0. Then for all

T and d > ¢ satisfying the estimate
2(d —
0<TX< M, ®)
dko(1+ 2)

the operator L is uniformly bounded and equicontinuous. Then according to the Schauder principle, there exists at least
one classical solution of problems (1)—(3) in the space Cz’l(DT).

Proof First, we establish the uniform boundedness of the operator L. To this end, we show t_hat there exists ao € (0, d]
such that ||Lu|| <o, where |[|[Lu| = max, e |Lu|. For ue S,0) and (x,t) € Dy, we find estimate

[[Lul| £ ¢y + kod(1 + /1)%2 = o. For T that satisfies the estimate (7), the operator L is uniformly bounded.

‘We consider the estimates
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ILuy — Luy|| <
T l T
< A max / / Go(x, &, T+t — T)/ k(a)(u; (&, 7 — a) —uy(€, 7 — a))dadédr |+
x.neDy |0 0 0
t ! T
+ max / / G, &t — ’l')/ k(a)(u (&, 7 —a) —u,(é, 7 — a))dadédr| <
x.HeDy [JO 0 0

T2 T2
<+ /1)k07||u1 —u,| < (1 + A)kojé.

2e
(+Ak T2
the operator L is completely continuous on S,, and it has at least one fixed point on S, by the Schauder principle. The
proof of the lemma is complete.
Consequently, under condition (7), Lemma 1 implies the existence of a solution of the operator Eq. (6), thus the existence of
a solution to direct problem (1)—(3).
Let us prove the uniqueness of this solution.

Consequently, if we take 6, = then inequality (7) will hold for 6 € (0, 6], the operator L is equicontinuous. Then,

Theorem 1 For allu € S;(0) and

/ 2
T < m, (9)

the operator Eq. (6) has a unique solution in the class C>'(Dy).

Proof Let problems (1)—(3) have two solutions u,, u,, u, # u,. We denote their differences by w = u; — u,. For the differ-
ence , we obtain the problem

W, — 0, = / k(t — Dow(x, t)dt, (x,1) € Dy, (10)
0

w(x,0)+ Aw(x, T) =0, x € [0,1], (11

®|g =w|,; =0, t€[0,T], (12)

The solution of this problem can be written as

T 1 T
w(x, 1) = —/1/ / Gyx, &, T+t—1) / k(a)w(€, v — a)dadédr+
0o Jo 0

t ! T
+/ / G, &t — T)/ k(a)w(é, T — a)dadédr. (13)
o Jo 0
Estimating we have
1
||w|IC(5,-) < EkoTz(l + /1)“60”6*(57,)-

Hence, for T that satisfies estimate (9), we obtain u; = u,. The proof of the theorem is complete. O



Journal of Mathematical Sciences

Remark 1 It follows from (7) and (9) that under condition (7) there exists a unique solution to direct problems (1)—(3).

Solvability of the inverse problem

In this section, we consider the problem of simultaneously determining the functions u(x, t), k(¢) from the integro-differ-
ential Eq. (1) with nonlocal initial-boundary condition (2), (3), and additional condition (4).
We introduce the notation

(x, 1) = u, (x,1), (14)

and obtain the following equivalent problem with respect to function J(x, 7):

9, -39, = / k(t — 7)9(x, t)dr, (15)
0
I(x,0) + A9(x, T) = ¢"(x), ¢"(0)=¢"()=0, (16)
=0 = 9,2 =0, 17)
ey, = H) - / k(t — ©)h(t)dr. (18)
0

Problems (15)—(17) are equivalent to the problem of finding the function 9(x, ¢) from the following integral equation:

T+t i T+t—1
e, ) = F(x,1) — A / / Gy(x.&,7) / k@), T +t — 7 — a)dadédr+
t 0 0
t ! t—1
+/ / G(x, ¢, T)/ k(@)I(,t — 7 — a)dadédr, (19)
0 Jo 0
1
F(x7 t) = / GO(x7 5’ t)(PN(é)dé
0

Differentiate the integral Eq. (19) once with respect to the variable ¢:

l

T
9,06,8) = F,(x, 1) + /l/ Gy(x, &, t)/ k(a)3(&, T — a)dadé—
0 0
T+t gl T+i—t
—/1/ / G(x, &, r)/ k(a)9,(&, T+t — 17— a)dadédr—
t 0 0
T+t l t 1
-4 / / Go(x, &, DK(T + t — 7)(x, 0)dédr + / / G(x, &, D)k(t — 7)9(x, 0)dédT+
t 0 o Jo

t ! t—1
+ / / G(x, &, r)/ k(a)9,(&,t — v — a)dadédr. (20)
o Jo 0

We use the following relation to calculate the free term F,(x, ) of the integral Eq. (20) :
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G()[(.X, 57 t) = GOfg(x’ 57 t)-

In view of relations ¢’ (0) = ¢"'(I) = 0 and integrating by part, we have

1 I
Ft('x’ t) = %(/0 GO(-xv fs t)(p”(g)d§> = /0 GO.ff(x’ 5, t)(p"(é)dg =

1
- / Go(x, &, NP (&)de.
0

Taking into account the last equalities and condition (18), from (20), we obtain the integral equation for the unknown
function k(r) as follows:

h”(t) 1

KO =50 " o)

k( W (t — t)dt — h(O) / G (%o, &, N (E)dé—
i [ T
) /0 Go(xo. £.1) /0 Ka)9(E, T — a)dadé+

T+t T+t-7
+W / G(xy, ¢, 1)/ k(@)9,& T+t —7— a)dadédr+

yl T+t )
+@/t /0 Gy (xg, & DK(T +t — 7)9(x, 0)dédT—

h(O) / / G(xy, &, T)k(t — 7)I(x, 0)dédT—

1 ! l -1
55 A A G(x,¢,7) /0 k(@)d,(E.1 — T — a)dadédr. e

A system of closed integral Egs. (19)—(21) was obtained for the unknown functions J(x, ), 9,(x,t), k(¢). The following
theorem on the existence and uniqueness of the solution of this system of integral equations is valid.

Theorem2 Sigposeq(x) € C*0, 1];4(1) € C*[0, T1;h(0) # 054 > Oandip(0) = @(1) = ¢'(0) = @" (1) = 0, 1(0) + Ah(T) = (x,)
are met. Then, there exists sufficiently small number T*, such that for T € (0, T*]the solution to the integral Egs. (19)+21) in the class of
Sunctions 9(x, t) € Cz'l(DT),k(t) € C[0, Texists and it is unique.

Proof We write the system of Egs. (19)—(21) in the form of a nonlinear operator equation:
Aq =q,
where
4= (q1.95.93) = (9C6, 1), 9,(x, 1), k(1))

A= (A, A,, A;)is defined by the right sides of Egs. (19)—(21):
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T 1 T
(Ag),(x, D) = go; (x, 1) — ﬂ/) /0 Gy(x, &, T+1t— T)/O q5(1)q,(&, 7 — a)dadédT+

t 1 T
+/ / Gx, &t — T)/ q;(a)q, (&, 7 — a)dadrdé,
o Jo 0

1

T
(Ag)y(x, 1) = qgp(x, 1) + /1/0 Gy, ¢, t)/o q3(@)q, (&, T — a)dadé—
T+t 1 T+t—7
—A/ / Gy(x, &, r)/ q3()q, (&, T+t — 7 — a)dadédr—
t 0 0
T+t 1
—/1/ /0 Go(x0, &, T)g5(T + 1 — 7)q4(&)dEdT+
t ol
+ / / G(x, &, 7)q5(t — 1)q,(E)dédT+
o Jo
t 1 -t
+/ / G(x, &, T)/ q;(@)q, (&, t — T — a)dadédr,
o Jo 0
1 /[ ,
(Ag)5(1) = qo3(1) — 0) /0 q3(D (t — t)dr—
2 ! T
o) /0 Go(xp, ¢, 1) /0 q3(0)q, (&, T — a)dadé+
J) T+t 1 T+t—1
+—= / / Go(xp, &, T)/ q3(@)qq (&, T+t — 7 — a)dadédr+

nO Jo  Jo 0

/1 T+t )

+m /t /0 Go(xg, €, 7)q4(E)q5(T + t — T)dédT—

Lo
_W/o _/o G(xg. &, 7)g5(t = 7)q4(§)dédr—

1 ! l t—7
" h(0) l A G(xo, €. 7) /0 q5(@)qy(&,t — T — a)dadédr.

The following notations were introduced in the equalities (19)—(21):

1

90 = (Go1- 902> 903) = (F(X, 1), F,(x, 1), 70

(W'(1) - Ft(xo,t))>,
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llll =maX{ max |g;|, max |g,|, max |q3|},

(x.)EDy (x)E€D; 1€[0.7]

llgoll = max max gy |, max |gp|, max |gop| ¢,
(x.)ED; (x.)ED; 1€[0,7]

®o = llellcsons ho = 1Al c2j0.1-

Denote by B(qy, llgyll]) the ball of vector-functions g with the center at the point g, and radius ||g,||, i.e.
B(qo- l90l) = {q : llg — qoll < llgoll}-
Obviously, ||g|| < 2]|gyll for g(x, ) € B(gy, |lgoll)- We prove that the operator A is contracting on the set B(g,, ||g,||) if the
number T'is chosen in a suitable way.
Let us prove that for suitable T the operator A maps the ball B(q,, ||g,|l) into itself; i.e., the condition g € B(q, ||¢,||) implies
that Ag € B(qy, ll9olD-

IAg); = goill = max |(Ag); = goi| <

(x.1)€Dy

< max +

(x.)ED;

T 1 T
/1/ / Gyx, &, T+t—1) / q;(7)q, (&, 7 — a)dadédr
0o Jo 0

t 1 T
/ / G(x,&,1—1) / q5(a)q, (&, 7 — a)dadidr
0 0 0

< 24llg0lIPT* + 2llgoI*T* = 2llgoIPT>(1 + A).

+ max <

(x,eDy

Similarly, for other components of the vector A, we get:

1(AQ)s — ggoll = max [(Ag); — ggpl <
(x.)EDy

< 4golPTA +24) + 2lgoIPT2(1 + 4),

1(AgQ); — go3ll = max [(Ag); — g3l <

(x.)ED;

2]lgy |l 2”40”2 )
< hy + 42 +2 T+ —0+40)T".
< 50y Po+44loll + 2laolDT + (1 +44)

Therefore, Aq € B(qy, ||q,||) if T satisfies the conditions

2lgolIT>(1 + 4) < 1,

2lIgoll(1 + DT? +4ligoll(1 + 20T < 1, (22)

20001 4 472 4 2y + 414, + 2NgoIDT < 1.
1(0) h(0) -
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Now, consider two functions ¢' and ¢? belonging to the ball B and estimate the distance between their images Ag' and
Ag? in the space C.

Ag" = Agh) Il =
T 1 T
= max |4 / / Gy, &, T +1—71) / [93()q} (€, 7 — @) — 3(D)g (&, T — @)|dadEédT|+
(€D 0 0 0
t [ T
+ max / / G, & t—1) / [q;(a)q, (€. T — @) — g5(a)q; (€, T — @)|dadédr|.
x.neDy [JO JO 0

The sub-integral expression in the second integral can be estimated as follows:

“qéqi - ngf“ = ||(q§ - 5)q, +45(q, - qf)“ <
1_ 2 1 2 1_ 2
<2l =] max (o] ) < heollo' -
Therefore,
Ag" = Agd), Il < 2721 + Dligollllg" = ¢1I.
The next components can be estimated in a similar way,

(Ag" — Ag), |l < (2(A+ DT* +42A+ DT)lIgollllg" — &I,

2]lgyl (ho + 8Allgoll + 4llgo D)
Ag' — Al < [ 222844 + DT? T )lg" = 42
I(Aq g7l _< 70) 4ri+ DT + 70) llg" — gl

Consequently, ||(Ag' — Ag?)|| < pllg" — ¢*||, where p < 1provided that T satisfies the condition

271+ Dllgoll < 1,
2llgoll(A + DT? + 4lgoll2A+ DT < 1, (23)

2ligol . (hy+ 82llgoll + 4l )
44+ DT + T<1.
oy AT o) :

Therefore, if the number 7 is small enough to ensure that conditions (22) and (23) are satisfied, then A is a contraction
operator on B(q, ||g,|))- Then, by the Banach principle, equation g = Ag has a unique solution in B(qgy, [|g,])-

The proof of the theorem is complete.

By the found function (), the function u(x, ) is determined as a solution to integral Eq. (5) (see the “Formulation
of problem” section). Thus, the solution of the inverse problems (1)—(4) exists and is unique in the class of functions
u(x, ) € C*1(Dy), k(t) € C[0, T], where T satisfies inequalities (7), (22), and (23).
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