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Abstract

The paper proposes both numerical and analytical methods for solving the inverse problem of identifying
the coefficient on the left-hand side of the time-dependent fractional diffusion equation, with initial-periodic
boundary and over-determination conditions. First, we investigate a theoretical approach to clarify the
existence and uniqueness of the inverse problem. In the numerical process, the finite difference method and
numerical techniques for fractional integrals and derivatives are employed. Numerical results for several
test examples are presented and discussed to illustrate the accuracy and stability of the numerical inversion.

Keywords Time-fractional diffusion equation - Periodic boundary condition - Integral equation - Finite
difference method

Introduction

In many cases, diffusion as a physical process is more accurately described by a fractional differential equation. Exam-
ples are viscoelasticity, fluid flows, control theory, food science, electromagnetic, mathematical modeling of real-life
problems, and diffusion process (see [1-4]).

Theoretical results and numerical methods for solving inverse initial-boundary value problems for differential equations are
generalized in the monographs of Isakov, Prilepko, and Cannon [5-7]. Different theories have been proposed and devel-
oped by researchers to investigate the existence and uniqueness of solutions to inverse problems for integro-differential
equations (see [18-24]). The study of inverse problems for differential equations with fractional derivatives is in rapid
development, both in theoretical terms and in their applications. A more detailed bibliography and a classification of the
problem are found in [8—17].

The development of a numerical algorithm for finding the lowest-order coefficient in a parabolic equation is often based
on the idea of transforming the equation by introducing new unknowns and reducing it to a linear inverse problem. This
article discusses this problem and approach as applied to anomalous diffusion. In previous works [25-27], another direct
non-iterative method for determining the coefficient was developed. A generalization of this approach and a numerical
implementation of the computational algorithm were presented in [28], where the inverse problem of identifying the
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time-dependent source coefficient was solved. In [8], the work proposed a non-iteration method for numerically solving
the inverse problem of identifying the coefficient of the right-hand side of the time-dependent fractional diffusion equation.
The results of the numerical implementation of the proposed method on test problems with exact solutions are presented.
The paper [10] investigated the inverse problem of finding a time-dependent diffusion coefficient in a parabolic equation
with periodic boundary and integral overdetermination conditions. Under certain assumptions on the data, the existence,
uniqueness, and continuous dependence of the solution on the data are demonstrated. The accuracy and computational
efficiency of the proposed method are verified through numerical examples.

In the present work, a time-fractional diffusion equation is used with initial, periodic boundary conditions for the determi-
nation of coefficients. The existence and uniqueness of the classical solution of the problem (1)—(4) are reduced to fixed
point principles by applying the Fourier method. The numerical procedure for the solution of the inverse problem using
the finite difference scheme combined with an iteration method is given. Finally, numerical experiments are presented
and discussed.

Formulation of the problem

We consider the initial-periodic boundary problem for the time-fractional diffusion equation

ofu —uy, +a®u = f(x,1) (x,0)eDr, 1)
u(x,0) = p(x),x € [0,1], )
w(0,7) = u(l, 1), u, 0,1 = u,(l,1), p(0) = @), ¢/(0) = @/()),t € [0,T], 3)

where a(z), t > 0 are the source control terms, f(x, f) is known source term, @(x) is the initial temperature, T is an arbitrary
positive number and Dy = {(x,#) : 0 < x < [,0 <t < T}). The Caputo fractional derivative of order « is determined by
the formula

ou(x, 1)
ot

k)

t

oM u(x,1) = _1 / t-1)"" Ju(, T)dz', lu(x,f) =
rMi-a)/ ot !

where @ € (0, 1),I'(+) is the Euler’s Gamma function.

The problem of determining a function u(x, t), (x, ) € D, that satisfies (1)—(3) with known functions a(?), f(x, ), and @(x)

will be called the direct problem.

In the inverse problem, it is assumed that the coefficient a(¢), ¢ > 0 in (1) is unknown and it is required to determine it

using additional information about the solution of the direct problem:

(0,1 = h(t), x € [0,1], )

or
[o@@u(x, tdx = h(o), x € [0,1], (5)

where w(x), h(z) are given functions.

In the sequel, we will call the problem of determining functions u(x, t), a(f) from Eqs. (1-4) as inverse problem 1 and the
problem of determining functions u(x, 1), a(t) from Egs. (1-3) and (5) as inverse problem 2.

Let C?¢ (DT) be the class of the 2 times continuously differentiable functions with respect to x € [0, [] variable, continuous
in ¢ and let its fractional integral of the order a be continuously differentiable in 7 on [0, T'].

Definition 1. The double of functions {u(x, 1), a(r)} from the class C>* (D) n C'° (5T> x C[0, T are said to be a classical

solution of problem (1-3), if the functions u(x, t), a(¢) satisfy the following conditions:

(1) The function u(x, ¢) and its derivatives 0} u(x, 1), u,,(x, r) are continuous in the domain Dy,



Journal of Mathematical Sciences

(2) The function a(¢) is continuous on the interval [0, T,
(3) Eg. (1) and conditions (2-3) are satisfied in the classical sense.

We have the following assumptions on ¢, f, and A:
(A1) @) € CHO,11; P () € Ly(0,1); ¢0) = p(l); ¢'(0) =@ (); ¢ (0) = ¢ (I);
@D(0) = O (); D(0) = D (1);

(A2) f(x,t) € c(BT) NCH (Dr); fO. .0 € LyO0,1); fO,1) = f(l,1);

F1O,0 = @0 f 0,6 =f 1 0); £O0,1) = 1), FD0,1) =D 1)
(A3) h(t) € C'[0, T]and |h(t)| > hy = const > 0, his a given number, @’ = h(0), """ (0) = g(0)h(0) + a7 h(t) — £,(0,0).

(B1) p(x)eC?(0,D); @@ @)eL,(0,D); p(0) = o(D); ¢"(0) = ¢"(); ¢"(0) = ¢"(0)
B2) f(x.1) € C(l_)T> N C2H(Dy); fO0 1) € Ly(0,1; £0,0) = £(L, 1)

FO,0=f0; 0,0 =f"{0);
(B3) h(t) € C'[0,T]and |h(t)| > hy = const > 0, h is a given number.

Preliminaries
In this section, we briefly state some definitions and results needed to prove the main result.

Two parameter Mittag-Leffler function [31, pp. 40-42] The two-parameter Mittag-Leffler function E, 4(z) is defined by
the following series:

had k
_ Z
Eup@ = k;) T(ak +p)’

where a, f, z € C with R(a) > 0, R(a) denotes the real part of the complex number a.
Theorem 1 [31, pp. 135-144] The solution T(t) € AC[0, T] of the linear nonhomogeneous fractional problem.

o, T(O+ AT(H) =f(1)., 1€, T), A>0,

T0)=c,
where f € L'[0,T), is given by the integral expression

T(1) = cE, (=A%) + / (t = )7 E, (= At — D)) (x)d.
0

In the next two sections, the obtained theorems and lemmas are proved similar to the results in [11], so we do not write
the proving states.
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Mathematical formulation of the inverse problems
Investigation of inverse problem 1

Let u(x, t) be a classical solution to the problem (1)—(3) and f, @, h be enough smooth functions. We carry out the next
converting of the inverse problem (1)—(4). For this purpose, denote the second derivative of u(x, ) with respect to x, by 9(x, 1),
ie., d(x, 1) 1= u,(x, 1). Differentiating (1) and (2) twice in x, we get

09 — 9., +a®)(x, 1) = £, (x, 1), (x,1) € Dr, (6)

9(x,0) = ¢" (x), x € [0,1]. (7)

To obtain boundary conditions for the function J(x,7), we note that the second term in (1) is 9(x, 7). Suppose
f0,0) =f(1,10),f'(0,7) = f'(1, 1). Then we have the following boundary condition

9(0,1) = 9(1,1); 9,.0,8) = 9., 1). (8)

To obtain an additional condition for the function 9(x, t), we differentiate Eq. (1) with respect to x and using equality
u,(x,t) = 9(x, t) and additional condition (4), we get

9.0, 1) = a(®h(r) + 0°h(r) — £,(0, 7). )

When the matching condition ¢’(0) = h(0) is satisfied, it is easy to derive from (6)—(9) Egs. (1-4).
We shall seek the u(x, ) of classical solution of the problem (6-8) in the form

2zn

I(x, 1) = z 9y, (HcosA,x + Z 9,,(O)sinA, x, A, = T

n=0 n=1

! ! !
910 = L/ I(x, dx, 9,,(1) = \/2/ A(x, HcosA,xdx, 8,,(1) = \/2/ d(x, H)sinA, xdx.
Vi o 1o Lo

1 1 1
Sfio(®) = L / foCe, tdx, f1,(0) = \/2 / oG, t)cos A, xdx, f,,(1) = \/2 / S Cx, 1)sinA, xdx.
Vit o 19 S

Then, applying the formal scheme of the Fourier method for determining of unknown coefficients 9,,(¢) and
9;,() (@ :=1,2:n=1,2,...)of function d(x, ¢) from (6) and (7), we have

(10)

where

0"9,0(1) = —a(®)9,0(1) + f1o(0), (11)
910D =0 = @10, (12)

0°9,,(1) + 229,,(t) = —a(1)8,,(1) + £;,(D), (13)
9, (Dlimo = @i i=1,2,n=1,2,..., (14)

where

! ! !
@10 = \L/_ / @ Wdx, @, = \/g / @ (x)cosAxdx, @,, = \/g / @ (x)sinA, xdx.
1/ o 0 0
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According to Theorem 1, the solutions of problems (11), (12) and (13), (14) satisfy the following integral equations:

1 [ a_
&&0=¢m+fiﬁ/éa—ﬂ '(fo(0) = a(2)9,4(7))dx, (15)

and

9;,(1) = @ Eq / (t—1)'E, o222 = D) (fiu(®) — a(2)9,,(2))dT (16)

Lemma 1 For any t€[0;T], the following estimates are valid:

[910(0)] < <|(P10| + T Mo ||>E (lall 7.
|90 < <|(pm| it Mo ||>E (lall 7,

|0°9,0(0] <l a | <|(P10| + s Mo ||>E (Ul all 7% 11 fi .

079, ()] < (#+ |l a ||)<|‘Pm| + Il fin II>E Fa T T+ 11 fin Il -

I'a +1)

Formally, from (10), by term-by-term differentiation, we compose the series

07 90, 1) = Z 95, 91,(H)COS A, x + 2 92, (1)sinA, x, (17)
n=1

9. (x,1) = Z A28, (Hcosd,x — Z 228,,(1)sinA,x. (18)
n=0 n=1

In view of Lemma 1, if the following series converge, then the series (10), (17), and (18) converge for any (x, ) € Dy
Co % (2wl + 215 1),
n=1

where the constant C, depends only on 7, , || a || -
We hold the following auxiliary lemma:

Lemma 2 [f the conditions (A1) and (A2) are valid, then there are equalities.

0= 50 fiul0) = 510 (1=12) (19)

/13 in

1
(3) \/7 / @ (x)sind, xdx, (0(3) \/g / @ (x)cos A, xdx,
0

ﬂ

where
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I !
2 . 2
f 1(3)([) = \/; / Oﬁfim(x, HsinA,xdx, fz(i)(t) = \/; / Ofg;xx(x, )cos A, xdx

with the following estimate:

oo

3)
Z |(pin
n=1

If the functions @(x), f(x, ) satisfy the conditions of Lemma 2, then due to representations (19) and (20) series (10), (17) and
(18) converge uniformly in the rectangle D; therefore, function J(x, ¢) satisfies relations (6-8).
Using the above results, we obtain the following assertion.

o0

2 2

32 3 32

< le?] L,0,1)° 2, lf,-,, (f)| <) L,(0,1)xC[0.,T]* (20)
n=1

Lemma 3 Let a(t) € C[0,T], (A1) — (A2)be satisfied, then there exists a unique solution of the direct problem (6)—(8)
8.0 € (D) n (D )

Firstly, by differentiating (10) with respect to x, we get the following equality

9. (x,1) = — Z 4,9,,(H)sinA, x + Z 4,9,,(£)cOS A, X. @1

n=0 n=1

Setting in (21) x = 0 and using additional condition (9), after simple converting, we get the following integral equation for
determining a(t) :

at) = a®) = = 3 dnaBri), @2)
n=1

where

1

"0 [£.00,1) = 0%h(1)],

ay(n) =
and 9,,(t;a) means that the solution of integral Eq. (16) depends on a(?).
The main result of this section is presented as follows:

Theorem 2 Let (A1)-(A3) be satisfied. Then there exists a number T* € (0, T), such that there exists a unique solution
a(t)of the inverse problem (6)—(9).

Investigation of inverse problem 2

We shall seek the u(x, ) of classical solution of the problem (1)—(3) in the form

ux, 1) = Y uy, (DeosAx + Y iy, (D)sind,x, 4, = 2% (23)

n=0 n=1

! ! !
uo(1) = L / u(x, )dx, u,(t) = \/2 / u(x, t)cosA,xdx, u,,(t) = \/2 / u(x, t)sinA, xdx.
Vi o 1o 1o

where
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1 l I
Jr0® = 1 / fC,ndx, f,@) = \/§ / S, t)cosd,xdx, f,(t) = \/2 / S (x, t)sind, xdx.
Vi) o L Lo

Lemma 4 If the conditions (B1), (B2) are valid, then there are equalities.
Pin = 500 ful®) = £, (1= 1,2) (24)

where

I I
(p(li) = —\/% / (p(3)(x)sin/1nxdx, (p(zi) = —\/% / (p(3)(x)cos/1nxdx,
0 0
O o 2 [ 00 i dxde. fO0) = —+/2 g i xd
Ji, @0 =- 7 0fm(x, nsind,xdx, f, (1) = — 7 0fm(x, t)cos A, xdx

with the following estimate:

2 2
(3) 3)2 (3) 3)12 P
)2t |<"m <10VP Lony Zooi Vi | < VPP Loaxeror (= 1,2). (25)

If the functions @(x),f(x, ) satisfy the conditions of Lemma 4, then due to representations (24) and (25) series (23),
(18) and (19) converge uniformly in the rectangle D;; therefore, function u(x, ) satisfies relations (1-3).

Lemma 5 Let a(t) € C[0,T],(B1),(B2) be satisfied, then there exists a unique solution of the problem (1)-(3)
u(x, 1) € C24(Dy) N C10 (DT>.

Let us multiply (1) by w(x) and integrate over x from O to /:

! ! !
/ @(x)0; u(x, t)dx — / o(X)u, dx + a(t) / w(X)u(x, t)dx =
0 0

0

l
= / w(X)f (x,)dx, (x,t) € Dy.
0

After integrating by parts, in view of conditions (2), (5), and (B4), we obtain the equality
I

!
a5, () = / " (Xu(x, Hdx + a(t)h(t) = / w(x)f (x, Hdx.
0

0

We obtain the following integral equation with respect to the unknown function a(z):

I I
a(t) = ﬁ (—6(‘)’+’th(t) + /Oa)”(x)u(x, fdx + /Oa)(x)f(x, t)dx). (26)

The main result of this subsection is presented as follows:

Theorem 3 Let (B1)-(B3) be satisfied. Then there exists a number T* € (0,T), such that there exists a unique solu-
tion a(t) € C[0, T*] of the inverse problem (1)—(3),(5).
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Numerical procedure

Let us highlight the basic features of the numerical solution of the identification problem. The algorithm is based on
the approximate solution of an initial/boundary value problem for the loaded equation. Unfortunately, numerical methods
for these nonclassical boundary value problems are not sufficiently developed at present time.

Algorithm development and finite-difference analog of the inverse problem 1

Let us move on to constructing a difference analogue of the inverse problem (1)—(4). Assume that for variable x, we
have a uniform grid with spacing Ax, with x; = iAx,i =0, 1, ..., N, NAx = 1designating the grid pointsand 9 = 9, = 9 (xi).
We will use standard index-free notations of the theory of difference schemes [29],

_ Y T _ Yir1 — 2y + iy
o Ax X Ax? '

To approximate the fractional Caputo derivative of order « in time on a uniform time grid with a step 7 = 1%, we use the

discrete analogue of P. Zhuang and F. Liu [30]:

J
0, () = o Y s =), @7
k=1
where

_ 1
=15 =k (k=1""k=23,..,j.0,= —.
S] Sk ( ) .]O-Ta r(z_a)ra

The same work shows that the error in the approximation of the fractional derivative is of the order of 0(12‘“). Let us
write down the sum for selecting layers:

J J

_ okl ek i -l okl ek

0g+’tu(x, tj) =0, E Sk(“,- —u ) = crm<u[ —u, + Z sk<u[ —u; >> (28)
k=1

Let us introduce the notation d)’l:_l for the lower layers:

J
-1 _ -l j—k+l ik
O =i +Zsk<ui u, )
k=2
We write the approximation of the second derivative in the form:

i—1 i—1 i—1
Pulx1) _ Yo 2+

j+l _ i—1
0x2 Ax? =Au

Taking into account the introduced notations, the main equation of problem (1)—(3) will take the form:

onai+ @)~ M g = g
Lt? = @i

ui=uj, W =i

' 17 ONAD

where 1 <i <N, and 0 <j <N, are the indices for the spatial and time steps. Then, u’l at grid point 7 for the time step j
results in
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. i 1 - P .
W, = —@ ]+0—<Aui. b _d " 1+ff>. (29)

The unknown coefficient @~! can be determined by applying the forward finite difference to the condition (4) at the grid point
i=1,

Ax

Components u{) and u’l can be obtained at the discretized points i = 0 and i = 1 from (29). Then, by substituting uf) and u’l the
unknown coefficient @~! can be evaluated as

Ta

‘Iyé)_l—q”i_l+ 1 (Au’rl—Au{)_l +f{_1 —fé_l>—Ath

& = . (30)
w0y =y

For j = 1, the values of @, help us to start our computation. In numerical computation, since the time step is very small, @ !, ui

At each j th iteration step, we first determine &/~! from the formula (30). Then from (29), we obtain uf In virtue of this itera-

tion, we can move from level j — 1to level j.

Numerical example and discussions

We will carry out a numerical implementation of computational algorithms on a model problem with different conditions
and different values of the fractional time derivative exponent a« and compare the obtained calculation results with the exact
solution.

Example We consider the inverse problem with a smooth initial condition (1)—(3) on the domains x € [0,{]and ¢ € [0, T]
with different @ = 0.5,0.75, 1. Design parameters for space: N, = 32; [ = 2z, for time: T = 1;N, = 1000. All input and
output functions are known:

@) =12 - a)sinx, h(t) =TQ2—a)(1+1), f(x,1) = (" +T2 - a)(1 +1)+ 1)sinx.

1

u(x,t) =T Q2 — a)(1 + Dsinx, a(r) = TC—al+0

Figures 1, 2, and 3 present the results of the calculation according to the proposed algorithm to illustrate the effect in space
and time. As it turned out, the accuracy is more influenced in time. At least for this example, the impact is minimal.

Algorithm development and finite-difference analog of the inverse problem 2

We will consider the examples of numerical solution of the inverse problem (1)—(3), (5). For the convenience of discussion
of the numerical method, we will rewrite (1)—(3), (5) as follows:

ofu—u, +altyu=f(x1), (x,t)€ Dy, (1)
u(x, 0) = p(x), x € [0,1], 32)
u@©, =ul,t), u0,0)=u1),t€[0,T], (33)

I
/ o)u(x, t)dx = h(t), x € [0,1]. (34)
0
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Fig. 1 Exact and approximate
graphs of functions u(x, f) and —8— Numerical 11 —— Numerical
a(t) fora = 0.5 1.5 4 —— Analytical : —— Analytical
1.0 -
1.0 -
0.9 A
0.5 A
o _0.8-
+~ 0.0 1 =
5 o
S 0.7 A
—0.5 -
0.6 A
—1.0 -
0.5 A
—1.5 A
0.4 A
0 2 4 6 0.0 0.5 1.0
X time
Fig.2 Exact and approximate 2.0
graphs of functions u(x, ) and —@— Numerical 1
a(t) fora = 0.75 — i
15 T Analytlcal \
1.0 - 01
0.5 A1
=
L 001 s -17
> o
El
—0.5 A
—2
—1.0 -
—1.51 -3 —— Numerical
—— Analytical
_20 T T T T T T T
0 2 4 6 0.0 0.5 1.0
X time

We subdivide the intervals [0, /] and [0, 7] into N, and N, subintervals of equal lengths h = Ni and 7 = %, respectively.

Then, we add a line x = (Nx + l)h to generate the fictitious point needed for the boundary condition. We choose the
forward scheme. The scheme for (31)—(34) is as follows:
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Fig.3 Exact and approximate
graphs of functions u(x, f) and 2.0 1 —@— Numerical
a(t) fora =1 \ Analytical
1.5 A
5 0-
[\
1.09 |
0 0 -1
0.5
I J = 2]
+~ 0.040 (\] 0 kel
X | o
S
~0.5 -3 1
0 °
—1.0 1 \ | 4
—-1.5 A
=51 —— Numerical
-2.0 - Analytical
0 2 4 6 0.0 0.5 1.0
X time
-2
61(1( jn+l u' 1 + Zk | ( n—k+1 M7_k>> _ hu2 +u,+1 + anun _fn
0
/n = @;; (35)
Uy = Uy
up =y,

where 0 <j < N, and 0 < n < N, are the indices for the spatial and time steps, respectively, and u;‘ is the approximation

tou(x t)a —a( )f" f( )(p/ (p( ) =jh,t, = nt.

Now, we approximate / 0co(x)u(x t)dx formally by the trapezoidal formula

! (wu), (a)u)Nx
/ o(xX)ux, Hdx = h< > + (wu), + ...+ (wu)NX_l + 2 >, (36)
0

where (wu); = o(x;)u (x t), 0<j <N,
Substituting (34), with f o@X)u(x, 1)dx into (13) and rewriting the resulting integral equation for unknown function a(7) :

! 1
at) = "0 < oz 1) +/ " (X)u(x, t)dx +/ w(X)f (x, t)dx). 37
0 0
Now, we rewrite to approximate by the trapezoidal formula integral Eq. (36) and obtain the resulting system
1 4 4
' = o (=D + (wu) + (f V), (38)
where
1 1 }Vx_l
(wu)" = /Ow”(x)u(x, t,)dx ~ T Z (0, =20, + wj+1)u;’,n =0,1,2,...,N,

J=1
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I

DH" = a5, h(@), (@f)" = / Oa)(x)f(x, t,)dx, Dh" ~ 95, h().
For n = 0, the values of ¢, help us to start our computation. In numerical computation, since the time step is very
small, a", ui.“. At each n th iteration step, we first determine a” from the formula (38). Then from (35), we obtain w'tl

In virtue of this iteration, we can move from level n to level n + 1.

Numerical examples and discussions

Example Consider the inverse problem (31)—(34), with.

p(x) =sinx, (1) =x(1+7),

o(x) = sinx, f(x,t)=< 2t2_a)+(1+t2)2>sinx, xe[0,2x], 1 €[0,T).

I'G-a
It is easy to check that the analytical solution of the problem (31)—(34) is

{a®),u(x,t)} = {£;(1 + £*)sinx}. (39)

Let us apply the scheme which was explained in the previous section.

In the case when T = 1, the comparisons between the analytical solution (39) and the numerical finite difference solu-
tion are shown in Figs. 4, 5, and 6. For the writing of definitions, theorems, lemmas, and their proofs use the following
variables. If necessary, you can add your variables to the sample.

Fig.4 The analytical and

numerical solutions of u(x, )
anda(t)ywhenT =1, «a =0.5

u(x,t=1)

2.0 1

1.5 1

1.0 4

0.5 4

0.0 1

—0.5 A1

-1.0 1

—1.5 A

-2.0 1

0

0

)

/0N
R

[

-@ -
o

\

o

¢

Numerical
Analytical

0

1.0 4

Numerical
Analytical

0.0

1.0
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Fig.5 The analytical and
numerical solutions of u(x, t)
and a(f) whenT = 1, « = 0.75

Fig.6 The analytical and
numerical solutions of u(x, )
anda(f)whenT =L a =1
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The inverse problem regarding the simultaneous identification of the time-dependent coefficient a(f) and the function
u(x, t) in one-dimensional diffusion equation with periodic boundary and integral overdetermination conditions has been

considered.
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