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1 | INTRODUCTION

Integro-differential equations arise in many fields of physics and applied mathematics for modeling the processes of heat
transfer with finite propagation speed, systems with thermal memory, viscoelasticity problems, and acoustic waves in
composite media. In their study,! Gurtin and Pipkin derived the integro-differential equation

t

uz = Au(x, ) + /K’(t —7) A\ ux, r)dr + h(x, t), €))

0

describing propagation of heat in media with memory at a finite speed. Here, A is the Laplace operator in the variables
X = (X1, ... ,X,). Along with Equation (1), in the literatures, it is considered the equation

t

u(x,t) = /K(t - 1) A\ u(x, 7)dr + g(x, t) 2)

0
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of the first order in the time variable t. Nowadays, Equations (1) and (2) are referred to as the Gurtin-Pipkin equations.
It can readily be seen that Equation (1) is derived from (2) by differentiating with respect to variable ¢ if we set K(0) = 1
and h(x, t) = g(x, t).

In a previous study,? Miller studied existence, uniqueness, and continuous dependence on parameters for solutions of
the certain initial-boundary value problem for following system of integro-differential equations:

t
e(t,x) = ey + a(0)4(t,x) + / o (t — 1)0(r, x)dr,
0

‘ (3)
q(t,x) = — k(0)Bx(t, x) — / K'(t — 7)0x(z, x)dx,
0

e(t,x) = — qx(t,x) + r(t,x),

where 0<t< o0, x€(0;1), e, = (0/0t)e, gx = (9/0x)q. In (3), a(t) and k() are relaxation functions of internal energy
and heat flow, respectively. Moreover, 6(t, x) is a function of temperature, and r(¢, x) is an external heat source function.
The first and second equalities in Equation (3) are linearized (with respect to certain constant e, energy) constitutive
equations for internal energy and heat flow, respectively. And the third relation in (3) expresses the fundamental law
of thermal conductivity—Fourier's law. For k(0) = 0, these equations represent the linearized theory for heat flow in a
rigid, isotropic, homogeneous material as proposed by Gurtin and Pipkin (see e.g., Gurtin and Pipkin'-*). For k(0) > 0, the
equations represent an alternate linearized theory proposed by Coleman and Gurtin.* For the direct problem consisting
in determining the distribution of heat from some initial-boundary value problem for Equation (3), Grabmueller> gave
a very general uniqueness proof for generalized solutions in a Sobolev space and proved existence theorems in certain
special situations.

The determination of the integral operator from the observable information about the solutions of the corresponding
equations is a new class of inverse problems that has not yet been sufficiently studied. In view of a wide range of applica-
tions, the theory of inverse problems for integro-differential equations is one of the most urgent and rapidly developing
fields of world science.

The problem of determining the kernel K() of the integral term in Equation (1) was studied in many publications
(see also references in them) in which both one- and multidimensional inverse problems were investigated. In these
works, the questions of correctness of the considered problems were studied. The numerical solutions for this problems
were considered in the works.32-35 Direct and inverse problems for an anomalous diffusion equation were investigated in
Bondarenko et al.3%37

In the present paper, we study the inverse problems about determining the kernels of an integral convolution-type terms
in the system of integro-differential Equation (3) by the single observation at the point x = x, from below Equations (5-7).

Among the works which are close to the problem under study below we note.’**? In Durdiev,*® there was proven
the uniqueness theorem for solution of kernel determination problem for one-dimensional heat conduction equation.
The papers®**#? deal with the inverse problems of determining the kernel depending on a time variable ¢t and
(n—1)-dimensional spatial variable X' = (xi, ... ,x,—1). While the main part of the considered integro-differential
equation is n-dimensional heat conduction operator and the integral term has a convolution type form with respect to
unknown functions: the solutions of direct and inverse problem. In these works, the theorems of existence and uniqueness
of problems solutions were obtained.

6-31

2 | SETTING UP THE PROBLEM

It is supposed the rigid body will occupy a fixed open interval (0,l) (one-dimensional case). The energy-temperature
relation function «a(t) and the heat conduction relation k(¢t) are both assumed sufficiently continuously differentiable
functions.

From (3), it follows that

' (0) k(0)

«(0) o(t,x) + mexx(t,X)'i'

TRt -1) a’(t—1) r(t,x)
+/0 [Wexx(’l',x)— WH(T,X) dr + a(O) .

0:(t,x) = —
“4)
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Everywhere in this paper, it is supposed a(0) and k(0) are given numbers such that k(0)> 0, « (0) # 0. Rewrite the
Equation (4) in the compact form:

t
0.:(6,%) = f(t,%) + COu(t,X) — a(0)8(t,x) + / [Cb(t — )0z, %) — d(t — D)B(z,%)] dr (5)
0

for all t > 0,x € (0;1) and consider the initial-boundary value problem with

9(09 x) = Ho(x)’ (6)
0(t,0) = u1(6); O(t, 1) = pa(6); 6p(0) = p1(0); Oo(l) = u2(0); 7
the initial and boundary conditions, where
_ k) _ (D) _K® _r(t,x)
C= 20)’ a(t) = 20’ b(t) = 50)’ ft,x) = _a(O) .

In equalities (6) and (7), 6o(x), p1(¢), and pu;(¢) are given functions. If (¢, x), 8o(x), a(t), k(t), pu1(t), u2(t) are given functions,
then finding the function 6(t, x) from (5) to (7) is called as a direct problem.

We pose the inverse problems:

Inverse problem 1. For given functions 1(t, x), 0o(x), k(), pu1(t), u2(t), it is required to determine the function a(¢), t> 0
of the integral term in (5) using additional information about the solution of the direct problems (5-7):

9|X=X0 = W(t)’ Xo € (0’ 1)7 t>0 (8)

In this case, y(t), t > 0 are assumed to be given functions.

Inverse problem 2. For given functions r(t, x), 0o(x), a(t), u1(t), u2(f), it is required to determine the function k(¢), t > 0
of the integral term in (5) using additional information (8) on the solution of the direct problems (5-7).

Since the method for studying the inverse problems allow to find simultaneously the solution to the inverse problem
and the solution to the direct problem, then in the sequel, we will call the inverse problem 1 as a problem of determining
functions 6(t, x), a(t) from Equations (5-8).

3 | PRELIMINARIES

Let C™ (0; ]) be the class of m times continuously differentiable with all derivatives up to the m-th order (inclusive) in (0; [)
functions. In the case m = 0, this space coincides with the class of continuous functions. C"™*(Dr) is the class of m times
continuously differentiable with respect to ¢ and k times continuously differentiable with respect to x all derivatives in the
domain Dt functions.

We need the following assertion:

Lemma 1 (see Miller?). Suppose a(0)> 0, « € C3[0, T], k € C?[0, T], T> 0 is an arbitrary fixed number, are true with
k(0) > 0. Then Equation (3) is equivalent to the following integro-differential equation:

t
%(t,x) = F(t,x) + C A\ 0(t,x) + y(0)0(t,x) + / ¥ (t — 1)0(z,x)dz, )
0
where F is defined as
t
F(t,x) = f(t,x) — / D(t — 7) f(z,x)dz + D(1)6(0, x),
0

and where D(t) and y(t) satisfy the scalar equations

t
D(t) = b(t) — / b(t — ©)D(r)dr, (10)
0
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t
y(t) = b(t) — a(t) - / b(t — t)y(z)dz. amn

0

If () function is continuously for ¢ > 0, then the solution to the integral Equation (10) exists and unique. Note that for
given Equation (11), it can be considered to be an integral Volterra equation of the second kind with respect to y(t) with
the kernel b(t),

t
() = - / b(t — v)y(r)dr + [b(t) — a(t)]. (12)
0

It follows from the general theory of integral equations (see, e.g., Kilbas*3:PP-39-44) that the solution of this equation is
expressed by the formula

t
y() = b(t) — a(t) + / R(t - 7) [b(r) — a(2)] d, (13)
0

where the kernels R(t) and b(t) are related by

t
b(t) = —R(t) — / R(t — 7)b(r)dx. (14)
0

If b(0) is a known number, from relation (14), we find R(0) = —b(0).

4 | PROBLEM OF DETERMINING THE FUNCTIONS 64(t, x), a(t)

In this section, existence and uniqueness for the inverse problem (9) and (6-8) are proved using the contraction mapping
principle.** PP-87-97 The idea is to write the integral equations for unknown functions 6(x, t), a(t) as a system with a non-
linear operator and prove that this operator is a contraction mapping operator. The existence and uniqueness then follow
immediately.

The solution of the initial-boundary problems (9), (6), and (7) satisfy the integral equation:*>: Pp- 200-221

t 1 T
0(t,x) =¥(t,x)+ / / Gt—1,x,&) (y(O)H(T, &+ / ¥ (r — a)f(a, 5)da> dédr =
o Jo 0

t 1
=Y(t,x) + / / G(t — 7,x, )0 (&) y(r)dédT+ (15)
0 0

t 1 T
+ / / Gt —-r1,x,6) / y(a)f,(t — a, &)dadédr,
o Jo 0

where

l t l
Y(t,x) = / G(t,x, £)00(E)dE + / / G(t —7,x,&)F(r, &)dédr+
0 o Jo

Y t n\?
+) / 277—2n [1(@) = (1" wa2(2)] e (7) g (”—nx> dr;
n=1J0 l l

Gt —7.x.) = %ie‘<”—?">z“">sin (%) sin (1)

n=1

is the Green function of the initial-boundary problem for one-dimensional heat equation.
We differentiate the Equation (15) with respect to t. Introducing the notation d(t,x) := (¢, x) and taking into account
the following relations:

l
lim G(t,£,x) = 6(x - &), lim / G(t,x, H00()dE = ().
0
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where 5(+) is the Dirac's delta function, we rewrite the result in the form

t
A(t,x) = Vi(£,x) + Op(x)y(¢) + / Y(a)9(t — a,x)da+
0

(16)
t 1 t 1 T
+ [ [ - rxom@modet [ Ga-exo [ @i - o odadsas
0o Jo 0o Jo 0
Further, using the condition (8), we obtain:
t
w'(8) = Wi(t,X0) + Oo(xo)y(t) + / Y(@)I(t — a, xo)da+
0
t 1 t 1 T
+ / / G(t — 7,0, §)00(§) y(7)dédT + / / Gt — 7,%0, &) / y@)I(r — a,&)dadédr.

0o Jo o Jo 0

Next we write this equality as the integral equation of the second order with respect to unknown function y(¢)
t
W) =- [‘Pt(t,xo) -y’ + / V@)t — a,xo)da+
Bo(xo) 0
t 1 t 1 T (17)
+ / / Gt — 7,0, £)00(&) y(7)dEdT + / / Gt — 7,%0, &) / y@)9(zr — a, &)dadédr
o Jo 0o Jo 0
Replacing t = 0 in integral Equation (17), the unknown function y(0) is found as follows:
w'(0) = ¥:(0,x0)
(0) = ——— L2700
YO 00(x0)
In what follows, we assume 0y(xy) # 0.
We represent the system of Equations (16) and (17) in the form
Ag=g, (18)

where g = (g1, 8) = (I(x, 1) — 6p(x)y(¢), ¥(8)) is the vector-function, and unknown functions are represented by g1, g,
functions as follows:
'9(ts x) = 0[(t3 x) = gl(t’ x) + eo(x)gz(t)’

() = g(0).
A = (A1, Ap) is defined by the right sides of Equations (16) and (17):

t
Ai1g=8n + / &2(a) (81(t — a,X) + 0p(0)g2(t — ) da+
0

t l t 1
+ / / Gi(t — 7,x,8)00(£)g2(7)dédr + / / Gt — 7,x,§)X (19)
o Jo o Jo

X / 82() (81(7 — a, &) + 0p(E)ga (7 — @) dadédr;
0

t
Arg =80 — 1 / 82(@) (81(t — a, Xxp) + 6p(X0)g2(t — ) da—
w(0) Jo

_ 1
w(0)
N
w(0)

t l
/ / Gi(t — 7,%0,£)00($)g2(r)dEdT— (20)
o Jo

t l T
/ / Gt — TaXO’g)/ 82(a) (81(7 — @, &) + 00(§)g2(7 — @) daddr.
0 0 0
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The following notations were introduced in the equalities (15) and (16):

2ot %) = (go1(£, ). goa(t)) = (‘Pt(t,x), L (@t - W’(t))> .
w(0)

Theorem 1 (existence and uniqueness). Assume the conditions 6y(x) € C(0,1), w(t) € C[0; T], r(t,x) € C(D7), ui(t) €
C[0,T],i = 1,2, k(t) € C?[0, T], 6p(xp) = w(0), 6o(x0)#0, 65(0) = u1(0), 8o() = u(0) are hold. Then there exists
sufficiently small number T* € (0, T) that the solution to the integral Equations (15) and (16) in the class of functions
9(t,x) € CY2 (Dr+), (1) € C[0; T*] exist and unique, where D = {(x, t)|x € (0,]),t € [0, T*]}.

To prove the Theorem 1, we define for the unknown vector-function g(x, t) € C(Dr) the following weight norm:

llglls = max{ sup |g1(x, t)e“”|, sup |g2(t)e“”|} =
t€[0,T]

(.H)EDy

= max {||g1llc. lIg21ls} , o > 0.

At ¢ = 0, this norm coincides with the usual norm

IIgII=maX{ sup |gi(x,t)|, sup Igz(t)l}-
te[0,T]

(x,H)eDy

The number ¢ > 0 will be chosen later. Denote by S(g, p) the ball of vector-functions g with center at the point g, and
radius p > 0, that is, S(go, p) = {g : |lg — &olls < p}. The number p > 0 will be also chosen later.

Obviously, ||g||<p + |1g]| for g(x, £) € S(go, p). We prove that the operator A is contracting in the Banach space S(gy, p) if
the numbers ¢ and p will be chosen in suitable way.

Note that the weight norm || - ||, is equivalent to the usual norm || - |:

- lls <11 IT< el lloy 0 2 0. 1)

The convolution operator is commutative and invariant with respect to multiplication by e™":

t t
(hy # h) () = / ha(t - ha(s)ds = / hy(©ha(t = s)ds = (hy * hy) (0, 22)
0 0

e (h1 * hy) (1) = (€77 (1)) * (€7 ha(t)). (23)

The last formula implies the estimation

[lh1 * ha|ls < |[h1lls|1P2llT. (24)
Moreover, since
t t
/ e %ds = / e ds < L >0, (25)
0 0 o
we have 1 1
[lhy * hy|l, < ;”hIHHhZ”a < ;||h1||||h2||, c2>0 (26)

using (21) and the results of Janno and Wolfersdorf.1
Now we write two properties of Green function (see Tikhonov and Samarsky,*> PP-200-221) ' which will be needed in
the future.

Remark 1. The integral of the Green function does not exceed 1:

!
/ G, ¢, 0ndé <1,x e (0,D),t € (0, T].
0
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Remark 2. The function G(x,¢,t) is infinitely continuously differentiable with respect to x, &, t, and Gi(x,¢&,¢) is

bounded for 0<x <, 0<E<,0<t<T,thatis,

|Gt(x’§et_ T)l S

~IN

Now we check the first condition of contractive mapping** PP-87-97 for operator A .
We introduce the notations

0o := max |0y(x)|, :=max< max |w()|, max |y'(t)] .
o xe(O;l)l ()|, wo {te[O,T]hV()l max |ll/()|}

Let g(x, t) be an element of S(go, p), that is, g € S(go, p). Then for (x, t) € Dy, we have

lA1g — go1lle = sup [(Ai1g —go)e™”'| < sup

(x,t)EDy (x,H)eDy
t l
+ sup / / Gi(t — 7,X,E)0p(£)g(r)e " dédT| +  sup
(x,)eDy |JO JO (x,H)€Dy

X/ (@) (@1(r — @, &) + 00(O)ga(r — a)) e "' dadédr| =: [ + L + 5.
0

We estimate each [, i = 1, 2, 3, separately:

t
/ g2()(@1(t = a,%) + Oo(x)ga2(t — @))e™"'da
0

t l
/ / Gi(t —7,x,8)X
o Jo

+

<

t
L := sup / g2(a)(g1(t — &, X) + Op(0)g(t — @))e 'da| <
wneny |Jo
t t
< sup / g2(a)g1(t — a,x)e " da| + sup / 22()0p(x)g2(t — a)e™'da| <
x,H)eDr |J 0 (x,)eDr |J 0O
< sup |(g *g)Me |+ 6 sup |(g * (e | <
(x.)EDy (x.)ED;
< ( S;l% |{[(g2 — g02) * (81— ov)] (D) + (82 * 8o1) (1) + (81 * o2) () — (802 * 8o1) (1) } €' | +
X,t)ED 1
+ 90( sup '{ (82 — 802) * (82 — 802)] (8) + (82 * 802) () + (82 * Z02) (1) — (802 * Lo2) (1) } €7
Xx,H)EDy
1 1 1
< (llg2 — gozllollgs — o1 llo T+ —ligall lgorl| + gl ligol + = I1gor s lgozll ) +
o o o
1 1 1
+ 6o <|Ig2 — 8o2lls 1182 — goz2lls T + ;||g2||c||g02|| + ;||g2||a||g02|| + ;||g02||a||g02||> <
2 1
< (1 +6o) (P2T+ =@+ lIgolIDIIgoll + —||go||2> ;
o (e}
t gl
20,
L= sup / / Gi(t = 7,x,£)00(&)ga(r)e "' dédr| < Lllgoll);
xneDby |Jo Jo o
t 1 T
I = sup / / Gl(t_T7xe§)/ 22(@) (81(7 — @, &) + 0p(&)g2(t — @) ™' dadédr| <
@.neDdr |Jo Jo 0
t 1 T
< sup / / Gi(t — 7,x, 5)/ (g1 (t — a, &e ' dadédr | +
x,neby |Jo Jo 0
t 1 T
+ sup / / Gt —1,x, f)/ (7 — 0)0p(&)ga(a)e ' dadédr| <
«nepy [Jo Jo 0

< 2(p + 1golD*T 4 200(p + lIgol*T _
- o c

2(p + 2T
(1+0,) (p |(|,g0”) ‘
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Accordingly, we get

2 1 260(p + lIgoll)
1 = gorlls <L+ 60) (T + 2o+ llgolD lgoll + llgol) +

2(p + llgolD*T
[

+ (1 + 6p) = (14 60)Tp* + (2lIgoll(1 + 6o) + 26)

2(p + llgolD*T
. .

+
(p+ l1goll) 4
o
1 2
+(1+ 90);||g0|| + (1 +6p)

Now we can choose p, o such that there hold the inequalities:

(1 + 6)Tp* < ip,

(2llgolI(1 + 8o) + 200) F Ll < 2,

4
(1+60) = llgoll> < 30,

2
(1 + Ho)z(p"'”foll) T) < ‘llp

It follows that if
<1 _
p 4(1+0,)T — P1,
Br = 4(2Igoll(X + 60) + zgo)w <o
) 1

po=(010+ 6’0)%”&)”2 <o,
Bs=(1+ 00)8(ﬂl+2—goH>ZT <o

then A8 € S(g, p)-

So, if the inequality

o > oy = max{fi, f, fs}

and p € (0, p1) holds, then the operator A; maps S(go, p) into itself, that is, A;g € S(go, p).

Y 1 !
lA28 — 8oz2lls = sup |(Azg — go2)e™"'| < sup / &2(a) (g1t — a,x0)+
te[0,T] tefo,11 | Bo(X0) Jo
. 1 ¢l .
+00(x0)g2(t — @))e ' da| + sup / / Gi(t — 7, %0, £)00(£)g2(r)e ™ dédr | +
tefo,7] | @oCx0) Jo Jo
1 t 1 T Y
+ S[l(l)PT] e )/ / Gt(f—T,xo,ﬁ)/ (@) (81(7 — @, &) + 0p(E)ga(r — @) e dadédr| <
tefo.11|0o(X0) Jo Jo 0
(1+00)< a2 1 2> 200(p + llgoll) 2(p + llgol)*T
< T+ Z(p+ + = + T O L (14 ) = =
BoCr) p 6(,0 llgolDIgoll . llgoll 80000 ( b) Bo0i0)o
1+ 6p)Tp* (p + lIgoll) 1 ) 2(p+ IgolD*T
=2 L 2llgoll(1+ 6) + 200)—>2 + (1 + 6, + (14622
BoCx0) (2llgoll( o) o) Boti0)0 ( o) Botio)o [1goll” + ( o) BoCi0)o
Now we can choose p, o such that there hold the inequalities:
A+0)TP> _ 1
e = 3" (o+ligo )
PHIIg 1
) (2llgoll(1 +1‘90) + 290)W <3P
2 o1
1+ 00)3‘(’%|)|U ||I|§OT” <3P
118 1
(1 + 6o) 0,0t0)0 <P
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It follows that if
O(xp)

p< aa+o0r PP

B (p1+lIgoll)
< Ba = 4Q2lIgolI(A + 0) +200)FL T < o,

_ 4 2

Bs = (1+00) g lIgoll* < o,
_ 8(i+lgoI)*T

fo = 1+ 00—V — <o.

\

then A,g € S(g, p).
So, if the inequality

6 > 0y = max{fs, fs, fs}

and p € (0, p1) holds, then the operator A, maps S(go, p) into itself, that is, A,g € S(go, p).

As a result, we conclude that if o, p satisfy the conditions ¢ > max {c1,06,}, p € (0, p2), then operator A maps S(go, p)
into itself, that is, Ag € S(go, p).

Further, we check the second condition of contractive mapping. In accordance with (19) for the first component of
operator A, we get

lAg" — Ag)nllo = sup

(x,t)eDy

t
/ [g3()g (t — a,x) — g (@)gi(t — a,x)| dae™"| +
0

t
+ sup / Bo(x)[g3(@)g,(t — @) — g5 (a)g5(t — @)]dae " | +
0

(x,t)eDy

t 1
+ sup / / Gy(t — 7,x,8)00(8) [g5(7) — &5 ()| dédre™"| +
0 0

(x.)ED;

t gl
+ sup / / Gyt —7,x, &)X
xneby |Jo Jo

x/ [g;(a)g}(r —a,8) - ga)g(r —a, f)] dadédre™"
0

t l
/ / G[’(t - 7,X, é)x
0 0

X / 0o [g(0)gy(r — @) — g5(a)g5(t — a)| dadédre™
0

+

+ sup
(x.t)eDy

5

=: Y

i=1

We denoted the summands in this equality by J;(i = 1, 5), respectively, and carry out the estimates for them separately.
Taking into account the relation

Srg—Grg=(5-8)* (8 —gn)+ (8 —-g)* (& —gn)+
+go1 * (8 —82) + 80 * (8 — &)
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estimate the Ji,J, as follows:

t
Ji i = sup / [gh(@)g1(t — @, x) — gy (a)gi(t — a,x)| dae™™ | =
x,H)eDr |J 0
t
= sup / g * g1 — &5 * g7] dae™™'| <
x,H)eDr |J 0

< [ 83 - 2| llet - goull, 7+ ||gt - 2 |[¢2 — &]| T+ Ngonll, g} - | +
+lgaall,[l&t - &, | <2 (7 + Zleoll) 8 -7
t
Jy = sup / 00(x) [g3(@)g,(t — @) — g5(t — a)g3 ()] dae™'| =
x,0)eDy |J 0O
t
= sup / 00(x) [g) * &) — &5 * g3 dae™'| <
ox,neDdy |Jo
<00 (et - &3] Nl — goall, T+ | — &2 [} ¢2 - &e2], T + el |k - &3]+
Hlgonl, gt - &3] <200 (o7 + Zlaoll) 8 - ).
t 1
Ji = sup / / Gy(t — 7,x,8)00(&) [g3(v) — g3(v)] dédre™"| <
x,H)eDy |J 0 0
26,
< 2]
o o
t 1 T
Js i = sup / / Gyt — 7,x,&) / [gh(@)g1(r — @, &) — g ()g; (v — , &)| dadédre™ | <
.)eDr |Jo JO 0

<2+l ¢ -,

t 1 T
Js i = sup / / Gt —7,x,&) / 0o [gh(@)gy (1 — @) — g3 (a)g5(r — a)| dadédre™"
0 0 0

(x.H)ED;

<2% o+ ol g -]

<

Here, the integrand in the last integral can be estimated as follows:

it —g3gt]|, = &3 — et + glet ) <

1

max
[ 1

g|| .|g?

<2ls'-¢ ) < 2lgoll + p)|g" — &7 -

s
o

Summing the obtained estimates for J;, i = 1,2,..,5, we have that the first component of A can be estimated in the
following form:

IAg' - Agnllo <2 (T + ~llgol ) |8 - &2+
260
c

2

+200 (o7 + ~lol) ¢ - &7, + R ol ¢ -2 +

L o+ il g -2, =

||g1 -g

+

1 1
= (@+2000T + @ligoll + 2000l + 200 + @00T +4T) (o + ol < ) ¢ ~ &) .
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Now we choose numbers o, p so that the expression at ||g' — g?||, becomes less than 1, that is, the inequality
1 1
(2+2600)pT + (2|80l + 260 lIgoll + 290); + 46T +4T) (p + lIgoll) 5 <1
is fulfilled. This inequality is valid if numbers o, p will be chosen from conditions

(2 + 200)pT < %
2lIgoll + 260 llgoll +260)~ < 3.

(40T +4T) (p + ligol)) 5 < 3.

Solving these inequalities with respect to o, p, we obtain

P < 3araey = P>

B7 = 32l|oll + 260lg0ll + 260) < o,
Ps = 3(400T +4T) (p3 + [Igl]) < o.
From these estimates, it is clear that if ¢ and p are chosen from condition ¢ > 65 = max(f7, fs) and p < (0, p3), then the

operator A, satisfies the second condition of contracting mapping.
The second component of A can be estimated in the following form:

t
lAg" — Aghlls = sup / &3 (@)g1 (t — @, x0) — g3 (a)gi (t — @, %)] dae™ | +
0

00(X0) (x.teD,

t
/ 00 (x) [g3(@)g5(t — @) — g3(a)g5(t — )| dare™"
0

00(xo) (x,t)epDT

t 1
/ / Gy(t — 7,%0,£)00(&) [g5(7) — g5()] dédre | +
0 0

sup
00(x0) x.neD,

t 1
1
+ su Gi(t — 7,x9, )X
Bo(0) (xerm, /0 /o [

X/ [g3(@)g; (7 — @, &) — g5(a)g; (z — @, &) dadédre™ | +

//Gt(t—TxOf)X

X / b0 [gi(“)gi(f @) — g2 (@)gi(r — )] dadédre™'| <
0

+

0o (xo) , t)eDT

1
+ (2 + 260 + 260))——+
000) (2llgoll ollgoll O)OO(xo)a

9( Yo >||g1_g2

Now we choose numbers o, p so that the expression at ||g* — g?||, becomes less than 1, that is, the inequality

<(2 + 260)0

+(400T +4T) (p + lIgolD)

(o2

pT 1 1
2+ 26, +2 + 26 + 26, + (46 <1
( 0) Bo00) (2lIgoll + 260 lIgoll 0) Boi0)o (400 Beo)o
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is fulfilled. This inequality is true if numbers o, p will be chosen from conditions

2+ Zeo)m < =
2lgoll + 290||go|| +260) 7 o <3
(400T +47T) (0 + lIgoll) 75, < 5

Solving these inequalities with respect to o, p we obtain

Oy(xp)
P < 3ot — Po

Po = 3(2[Igoll + 260llgoll + 260)
Pro = 3(400T + 4T) (pa + lIol)

e(x)”go” <o,

% (x ) <
From these estimates, it follows that if ¢ and p are chosen from conditions ¢ > 65 = max(fy, f10) and p < (0, p4), then the
operator A; satisfies the second condition of contracting mapping.

As result, we conclude that if ¢ and p are taken from conditions ¢ > max(oc1, 03, 03, 04,05,06) and p €
(0, min(p1, p2, p3, p4)), then the operator A carries out contracting mapping the ball S(go, p) into itself, and according to
Banach theorem in this ball, it has a unique fixed point; that is, there exists a unique solution of operator Equation (18).

The proof of the theorem is complete.
Having found the functions 9(¢, x) and y(t), we determine the functions (¢, x), a(t) by integral Equation (11):

t
a(t) = b®) — y(t) - / b(t — r)y(z)dr.
0

t
o(t,x) = Op(x) + / I(z,x)dr.
0
With the known function a(t), solving the differential equation a(t) = o/(t)/a(0), we find the function
t
a(t) = a(0) + a(O)/ a(r)dr,
0
the solution of the inverse problem 1 (5-8).

5 | INVERSE PROBLEM 2

This section deals with the problem of finding 6(¢, x) and k(t) from equalities (5-8). According to Lemma 1, the Equation (5)
is equivalent to Equation (9). The solution of the direct problems (9), (6), and (7) is expressed in the form of integral
Equation (15). We rewrite this equation as follows:

t pl t ol
0(t,x) = d(t,x) + / / G(t—t,x,6F(r,&)dédr + / / G(t—1,x,6)00(&)y(r)dEdT+
o Jo o Jo

t 1 T
+ / / G(t—-1,x, é)/ y(a)b,(t — a, &)dadédr,
o Jo 0

(27

where

l
O(t, x) = / G(t,x,§)bo(£)dE

/ nn [/41(7) - (= 1)”/42(1)] e ( 'n> “sin (”Tnx> dr.
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Differentiating equation (27) in t, we use the equality (10) and notation d(¢,x) := 6,(t,x). Then we have

t t
A(t,x) = Dy(t,x) + f(t,x) — / D(t — 7) f(r,x)dt + b(£)0p(x) — Op(x) / b(t — 7)D(r)dz+
0

0

t t l
+ 0o () ¥(1) +/ Y@t - 7,5)dr +/ / Gi(t — 7,x,§F(z,&)dédr+ (28)
0 0

0

t 1 t 1 T
+ / / Gyt — 7,x,6)0p(&)y(r)dédT + / / Gi(t—r1,x, f)/ y(@)I9(r — a, E)dadédr,
o Jo o Jo 0

and we obtained the following equation using the additional condition (8):

t t
W' (8) = (L, x0) + f(t,%0) — / D(t — 7) f (7, X0)dt + b(£)8o(x0) — bo(X0) / b(t — 7)D(r)dr+
0

0

t t pl
+ 0o (x0) y(t) + / y(@)Nt —7,E)dr + / / Gy(t — 7,%, E)F(z, &)déEdT+
0 0 0

t l t 1 T
+ / / G(t — 7,0, £)00(&)y(7)dEdT + / / G(t — 7, Xo, 5)/ y@)9(r — a,&)dadédr.
0o Jo o Jo 0
From the above equation, the unknown function b(¢) is found:

t
b(t) =— 1 D (t,x0) + [ (., %0) — w'(t) — / D(t — 7)f(z,X0)dr—
0o(x0) 0
t t
— 0p(x0) / b(t — 7)D(7)dt + 0(x)y(t) + / y(©)I(t — 7, E)dr+
0 0

topl t ol (29)
+ / / Gt(t - 7,Xo, é)F(T9 g)dédf + / / Gt(t - 7,Xo, é)eo(é)y(f)dédf-i-
0 0 0 0

t 1 T
+/ / G(t — 7, X9, é‘)/ y(a)(r — a, Jj)dad.fdr] .
o Jo 0

The existence and uniqueness of the solution of the system of closed integral Equations (28) and (29) are proved by
applying the principle of contraction mapping as in Section 3. Therefore, it is true the following assertion:

Theorem 2 (existence and uniqueness). Assume the conditions 6y(x) € C(0,1), w(t) € C[0; T], r(t,x) € C(D7), ui(t) €
C[0,T],i = 1,2, a(t) € C?[0, T], By(x0) = w(0), Bo(x0)#0, 0o(0) = p1(0), 8p() = u>(0) are hold. Then there exists
sufficiently small number T* € (0, T) that the solution to the integral Equations (28) and (29) in the class of functions
I(t,x) € C2 (Dr+), b(t) € C[0; T*] exist and unique, where Dy = {(x,t)|x € (0,1),t € [0, T*]}.

From the found function b(¢), the unknown function k(t) is determined as follows:

t
k(t) = k(0) + k(O)/ b(z)dr.
0

6 | CONCLUSION

In this work, two inverse problems were considered for determining the kernels a(f) and k(¢) included in the system
of Equation (3) with a simple observation (8) at the point x; € (0, ) of the solution of this system with the initial and
boundary conditions (5) and (6). Conditions for given functions are obtained under which the inverse problems have
unique solutions for a sufficiently small time interval. When determining one of the kernels, it was assumed that the other
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is known. In this case, it should be noted the question of the simultaneous determination of two kernels in the system of
Equation (3) remains open using some additional conditions of the corresponding measurement.
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