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DESCRIPTION OF 4-DIMENSIONAL LEIBNIZ DIALGEBRAS
WHICH ARE CONSTRUCTED BY NULL-FILIFORM LEIBNIZ
ALGEBRA

Azizov Majidkhon
Department of Algebra and its applications
Institute of Mathematics
Tashkent, Uzbekistan
azizovmajidkhan@gmail.com

Abstract

The present paper is devoted to the description of small dimensional Leibniz dialgebras.
More precisely, small dimensional Leibniz dialgebras, constructed by null-filiform Leibniz
algebras are classified.
Keywords: Leibniz algebra; solvable Leibniz algebra; derivation; inner derivation; almost inner derivation.
MSC 2020: 17A30, 17A32, 17A60
1. Introduction

The non-commutative counterparts of Lie algebras are called Leibniz algebras and were first described
by J.-L. Loday [7]. The requirement that each right (left) multiplication operator is a derivation, i.e., is the
defining identity of the variety of right (left) Leibniz algebras:

(zy)z = (z2)y + x(y2) or x(yz) = (zy)z + y(z2),
respectively.

Many classical theorems from Lie algebras theory have been extended to Leibniz algebras case and several
classes of nilpotent, solvable, simple, semi-simple Leibniz algebras are classified, derivations, deformations
and degenerations of these algebras are investigated [2]-[6],[10]-[12]

The notion of dialgebras, more precisely associative dialgebras(diassociative algebras) were introduced by
Loday [9] and their connection with other variety of algebras. For example, Leibniz algebras can be embedded
into associative dialgebras in the same way as Lie algebras can. Initiative properties of diassociative and
classification of some classes was investigated by I.Rikhsiboev in [14], [I5].

In 2008, P.Kolesnikov [13] gave the technique of how to define the notion of Var-dialgebra for a given
variety of algebra Var.

Firstly, we give the concept of "0-dialgebra” for introducing dialgebras.
Definition 1.1. A vector space A with a two multiplication operators 4 and F is called a 0-dialgebra if
zd(ydz)=zd(yt 2), (1)
(xby)Fz=(xdy)F 2, (2)
for all z,y, z € A.
Definition 1.2. A 0-dialgebra (A, ,F) is called a diassociative if

(xby)kFz=azF (yF 2), (3)
(xdy)dz=2-1(y2), 4)
(zhFy)dz=at (y=2), (5)

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2023, VOL.6, NO 4 1
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for all x,y,z € A.

It should be noted that for diassociative algebra (A -,t) considering new operation [a,b] =atFb—b-a
converts a Leibniz algebra (4, [—, —]).

The idea of a determining method for finding dialgebras identity is also presented in [I3]. This structure
is motivated by the connection between dialgebras and conformal algebras. A conformal algebra [I6] is a
linear space C over a field with zero characteristics, with one linear operation T : C' — C and a countable
family of bilinear products.

(*(n)-) : € x C — C, where n ranges over the set Z, of non-negative integers, such that
o for every a,b € C only a finite number of a(,)b is nonzero;
o Tapyb = —nam_1)b, aimyTh = T(am)b+ nag,—1)b.
Every conformal algebra can be constructed as a subspace of the formal power series space A[[z, z71]]

over an appropriate ordinary algebra A, with respect to

(Ta)(z) = diia(z), (amyb)(2) = Res a(w)b(z)(w — 2)".

w=0
Here Rggf(w, z) stands for the coefficient of w1 in f(z,w) € A[[z, 27, w,w™1]].

Definition 1.3 [I3] A dialgebra A : Dialgs — A € Vecy, is said to be a member of the variety Var of
dialgebras (or Var-dialgebra) if there exists a symmetric functor A : VarAlg@ E — A € Vecy, such that
Vo (Var ®id) o A= A, i.e., the diagram of functors

Dialgs —)A A e Vecy

v A

Var @ id
Algs @ E ———— VarAlgQ E.

Proposition 1.1 [13] A dialgebra A belongs to the variety Var if and only if A is a 0-dialgebra that satisfies
the identities W, ! (t@ e(")), wheret € X, n=degt, i=1,...,n.

The following construction can be used to deduce defining identities in a dialgebra’s signature. Take a
look at the functor « : Dialg ® Sym is defined as as(x1 F 22) = 2122 ® idy and ag(z; 1 x2) = x129 ® (12),

where (12) € S3. We denote by E the following functor from Sym to ¢ : E, (o) = e:;)_l.
Lemma 1.1 [13] If u ® 0 € Dialgs(n) and o, (u) = v ® 7, then

U, (u®o)=(v®0o)® FE,(1)°.

In order to get Wt (v ®o®e™
put the signs -, F of dialgebra operations on the word v with the same bracketing in such a way that for the
dialgebraic word v¢ € Dialg(n) obtained one has o, (v¥) = v®@7, where ic~! = n7~. Then v¢®0c € Dialgs(n)

() :

)

) for some word v € Alg(n), some o € S,,,i € 1,...,n, it is enough to

would be a preimage of v ® 0 ® e; ’ with respect to ¥,,.

The procedure of finding dialgebra’s identity is straightforward. Suppose v ® 0 = (214 . .. Tne) € Algs(n).
Then vf ®oc= (1o F...Fx;4...dzp,), e, "H, A" are always directed to the variable z;.

Let us consider some examples of varieties.

Lie dialgebras. It ¥ = {1 (xax3) + z2(z321) + x3(2122), 122 + 2221 } then the corresponding dialgebra
identities include x1 4 zo + zo F x1. A Lie dialgebra A considered as an ordinary algebra with respect to
[a,b] = aF b,for any a,b € A, is just a right Leibniz algebra. Conversely, every right Leibniz algebra L is a
Lie dialgebra with respect to a 4b = [a,b], a F b = — [b, a]. Therefore, a Lie dialgebra is just the same as a
Leibniz algebra.

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2023, VOL.6, NoO 4 2
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(right)Leibniz dialgebras. Suppose, ¥ = {(z122)x5 — (z123)22 — 21 (2223) }. We should find Lemma 1.1.
implies that

p! ((xl,xz,xg) ® 653)> = (x1 d@x2) 423 — (1 dx3) 422 — 21 1 (22 1 23);
p! ((xl,xz,xg) ® eé?’)> = (1 b axe) dxs — (v Fa3) b as —x1 b (22 1 23);
vt ((xl,xg,as3) ® eg?’)> = (1 b ax)Fas— (v1 Fag) das —x1 b (22 F 23).

2. 4-dimensional Leibniz dialgebras which are constructed by null-filiform Leibniz
algebras

Definition 2.1 A 0-dialgebra (A,+, ) is called (right) Leibniz dialgebra if for any elements z,y, z of A

(zby)dz—(zd2)Fy—azF (yd2z)=0, (6)
(xdy)Fz—(zk2z)dy—azF (yF2) =0, (7)
(xdy)dz—(xdz)dy—zd(ydz)=0. (8)

From Definition 2.1 we can easily derive that if (A4,F, ) is a (right) Leibniz dialgebra then (A4, ) is a
ordinary right Leibniz algebra.

In this work, we investigate such Leibniz dialgebras that (A, ) is finite-dimensional null-filiform Leibniz
algebra. Note that n-dimensional Leibniz algebra (A, [—, —]) is called a null-filiform if A"*! =0 and A" # 0,
where

A? =[AA], AFT = [AF A], k>2.

It is known by [] that, for any n-dimensional null-filiform Leibniz algebra (A, [—, —]) there exist a basis
{e1,e2,...,e,} such that
leier] =€iy1, 1<i<n-—1, (9)
(omitted products are zero).
Therefore, there exist such basis of (A4, -,F) that in this basis the multiplication table has the following form:
e, et =ei41, 1<i<n—1,
e;1e; =0, 2<i<n.
The basis, with the previous condition we call an adapted basis.

Lemma 2.1. Let (A,,F) be a Leibniz dialgebra such that (A, ) is null-filiform Leibniz algebra. Then for
the adapted basis {e1,ea,...en}, the following is hold:

ei-e; € span{es,...,e,},1 <1i,5 <n.

Proof. Considering the identity for any triple of (e;, e;, ex), we have
€; . (ej = ek) =€ = (ej = ek).

Left-hand side of this equation is always equal to zero. Thus, e; 1 (e; F e;) = 0 which implies, e; - e;, €
span{es, ..., en}. O

Lemma 2.2. Let (A,-,F) is Leibniz dialgebra such that (A,) is null-filiform Leibniz algebra. Then,
€; = €i+1 = (6i = ej) = €1 — €441 H €;5. (10)

Proof. We prove the lemma by induction on j.
° Forj=1:
eiFEQZGZ‘F(el461):[byusing@}:(6¢F61)461—(61461)F61:(61F61)461—6i+1kel
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° Let’s assume that this condition also holds for j = &, and show it for j =k +1:
eiFepp1 =€ (e der) =[ by using ()] = (e ex) der —(e; Fer) Fer = (e; Fex) Her —eipr e
|

Now we investigate 4-dimensional Leibniz dialgebras which are constructed by filiform Leibniz algebras.
Let us put:
e1 - e1 = aqz2ez + an1zes + i€y,

ez - e1 = agizea + anizes + oy,
e3 - e1 = agiaes + agizes + aziaey,

es - e1 = ourzes + auizes + aqiqey,

where, Va1, € C.
Since , we can derive a whole multiplication table, by using these above products.

Theorem 2.1. There are three(up to isomorphism) 4-dimensional Leibniz dialgebras which are constructed
by 4-dimensional null-filiform Leibniz algebras:

(Ll,_hl_) : 61'_|61:6i+1 (]. <’L<3)7

(Lg, 3 ) ei—|€1:€i+1 (1§Z<3), 61"61264;

(Lg, _1,|_) . €; _| €1 = 61'+1 (1 S Z é 3), el l_ €1 = —€2, €1 l_ €y = —€3, €1 }_ €3 = —€4;
(Ly,-,F) e;der=er1 (1<i<3), e1bel=—extey, e1ea=—e3, e1be3=—ey;
(Ls, -, ) e;der=ep1 (1<i<3), e1lbe;=ey eabe =e3, ezb el =ey;

(Lg,,F) e;der=eip1 (1<i<3), erbel=exteq, eabeg =e3, esb el =ey,

where, omitted products are zero.

Proof.
In general, for triple (e;, e;, e1) using Lemma 2.2, we have
eiejr1=(e;Fej)der —eiq1 e
So, we can find other products by the given multiplication table above.
e1Fex = (61 F 61) de;1 —exber = (0411262 + agi3e3 + (111464) de; — (0421262 + ao13€3 + a214e4)

= (112€3 + (x113€4 — 212€2 — (21363 — (21464 = —(212€2 + (01112 - 01213)63 + (04113 - 04214)64;

eab ey =(eabe1) de1 —es b el = (1262 + 2133 + a214€4) €1 — (31262 + 31363 + QA314€4)

= (212€3 + Qi213€4 — (31262 — (¥313€3 — (31464 = —(312€2 + (01212 - 01313)63 + (05213 - O4314>€4;

esex = (eske1) 1e1 —es b er = (agi2e2 + azizes + aziaes) 1 e1 — (qui2es + cuizes + auiaeq)

= (31263 + 31364 — Q412€2 — Qu13€3 — Cu14€s = —Cu12€2 + (312 — Qa1z)es + (z13 — Qu14)eq;

es ey = (est-e1) der = (aurzez + auizes + agiaes) €1 = agizes + agizes.
Similarly, we can also find other multiplications.

e1 - e3 = agiaes + (313 — 20212)e3 + (112 + @314 — 20013)€y;

ea ez = aurzen + (413 — 2a312)€3 + (212 + Q414 — 20313)€4;

e3 - e3 = —204120e3 + (312 — 20413 )€y;

eq Fe3 = agioey;

e1 Feqs = —agizes + (3aziz — auz)es + (3313 — 312 — q14)e4;

ea F ey = 3ayizes + (313 — 3az12)es;

e3 ey = —3agizey;

64%6420.
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Now for the triple (e;, e, €;) using , we have
(eite)Fe;j—(e;der)te =0, 1<i,j<4
We preferred to write the obtained results in the form of a table so that the calculations are understandable.

This helps us to shorten the complex entries. Therefore, we present the results in tabular form in all subsequent
cases.

fori:4,j:4 = | a2 =0

for ¢ = 4,j =3 | = 04413(04312 — 20(413) =0 (a)
agi3(asiz —aa13) =0 (b)
4130313 =0

fori=4,7=2|=

Then from (a) and (b) we can get g3 = 0. Now consider

fori:4,j=1 = | ag14=0
fori=3,7=4|=|a32=0
fori=3,j=2 = | az13 =0
fori=2,j=3|=|as3=0

Thus we get that, as12 = azi2 = azi3 = ag12 = ag13 = ag14 = 0. Therefore, we have the following
multiplications:

e1 el = aqi2ea + ai3es + ariaes; e Foea = (ri2 — a2iz)es + (113 — ao14)ey;
ez - e1 = anizes + aziaey; ex ey = (0¢213 - &314)643
ez - e1 = agiaey; e1 - es = (an12 + azia — 20913)€;

(omitted products are zero).

Additionally, there are the following three cases in which we obtain additional restrictions for the
structural constants:

fori=2,=1]=1] (a3 —1)az14 =0

for 1 = l,j =2| = (04112 — 1)(&213 — 01314) =0
(@112 — 1)ag13 =0

(o112 — Dagrg + aqi3a314 = 0

fori=1,j=1|=

To sum up all,

(213 — 1)agia =0

(a112 — 1)(213 — 0314) =0
(o112 — 1)aos =0
(o112 — 1)ao14 + 1130314 =0

Q212 = (312 = 313 = (412 = (X413 = V414 =
By using we find other conditions for structure constants:

(e; der)Fej—(estej)der —ei - (erej) =0.

It can be seen that in formula all triplets involving es and ey are valid. So it is enough to observe the
formula only for combinations of e; and es:

(112 + 1) (@213 —aq12) =0

(14 aq12)(a014 — a113) — @113(a112 + @314 — 200013) = 0
fori=1,j=2|=| (112 — @213 + 1)(112 + @314 — 20213) =0
fori=2,7=1]= [ (314 —a213)(1 + a112) =0

fori=1,j=1| =

Hence, we get these conditions:

(14 ar12)(a213 —a112) =0

(14 aq12)(a214 — a113) — a113(112 + @314 — 200213) =0
(a112 — 213 + 1) (112 + @314 — 2a213) =0

(o112 + 1) (az14 — a213) =0.
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As an exception, if we apply formulas @, to triple of vectors (e, e, e1), the following cases occurs,
respectively:

(61462)}_61—(61"61)"62—61"(62"61):():}

az13(a112 + ag1a — 20213) =0

(61}_62)F61:(61_|62)}_61:>

agia(ar12 —ag13) =0

Summarizing all obtained conditions, we have the next system of equations:

(a213 — Do =

(o112 — 1)(a213 —azia) =0
(a112 — 1oz =0
(a12 — 1)agia + arigaszia =0
212 = (312 = Q313 = Q412 = Q413 = Q414 = 0
(14 a112)(a213 — aq12) = (11)
(14 a112)(a214 — a113) — a113(@112 + @314 — 200213) =0

(a112 — @213 + 1) (@112 + ag14 — 20013)
(a12 +1)(az14a — 213) =0

ag13(a112 + @314 — 20213)

06314(01112 - 01213)

We will solve the possible cases of solving this system using first equation of the system, which is easier.
Firstly, let us observe (a213 — 1)aig14 = 0. The following two situations can occur when solving this equation:

If ag13 = 1, then we have
(12 —1)(1 —ag1a) =
ajie—1 =0
(12 — 1)agra + ar13azia =

Q212 = (312 = (1313 = Q412 = (V413 = (414 =
(14 aq12)(1 —aq12) =0

=
(1 + a112)(a214 — a113) — anz(ani2 +azia —2) =0
ang(oiz +agia —2) =0
(o112 +1)(az14—1) =0
(2 +azia—2) =0
aszia(oniz —1) =
From this system we derive
Q212 = (312 = Q313 = Q412 = Q413 = Q414 = Q14 = 113 =0
ai12 = aziy =1

If 213 7£ 1, then Q314 = 0 and

We have already seen when a3 was equal to one, so in this case ag13 # 1, then:

(o112 — a1z =0

(12 —1)aga =0

Q212 = (312 = (1313 = Q412 = 0413 = Gig14 =0
(14 aq12)(a213 —a112) =0

(14 a112) (214 — @113) — aq13(a112 — 20013) =0
(112 — @213 + 1) (112 — 2a213) =0

(12 +1)ag1s =0

azi3(aq12 — 20013) =0

By subtracting equations (12 — 1)ag13 = 0 and (a112 — 1)aeis = 0, we get a3 = 0, and obtain

o ] Q212 = 0312 = 0313 = Q12 = Quiz = 014 = Q113 = Qo = 0
(14 aq12)12 =0.

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2023, VOL.6, NO 4 6



Bulletin

Azizov M. Description of 4-dimensional Leibniz dialgebras which are constructed by ... ki

There are two possible value for the parameter aj12 = 0 and aj12 = —1.

a)aiiz =0 = agiqa =0, 0113 = 0;

blajies = =1 = a4 = 0,113 = 0.

Hence, there are three fundamental solutions for the system .
(112, @113, 114, Q213, 214, 314) € {(0,0,0,0,0,0), (-1,0,53,0,0,0), (1,0,7v,1,0,1)},
where a, 8,7 € C.

Then we put these structural constants in their proper places. Therefore. we obtain three class of Leibniz
dialgebras, associated with 4-dimensional null-filiform Leibniz algebra (A, ) :

Li(a): e;der=ei41,(1<i,5<n), e1t el =aey;
LQ(,B): ei—|61:ei+1,(1§i,j§n), 61"61:—62+ﬂ€4,€1"62:—63,61|—€3:—€4;
L3(y): eider=eiq1,(1<i,j<n), etler=ex+yeq,eab e =e3ezher =ey.

In the first class of dialgebra L;(«), if & = 0 we have trivial multiplication of I and obtain the algebra

L.

If a # 0, then we can suppose a = 1 and obtain the algebra Lo

In the second class of dialgebra Lo(8), if 8 = 0 we have the following multiplications:

€1 }—61 = —€9, €1 "62 = —€3, €1 "632—64

and obtain the algebra Ls.

If 8 # 0, then we can suppose = 1 and obtain the algebra Ly.

In the third class of dialgebra Ls(vy), if v = 0 we have the following multiplications:

e1lep =eg, eabe; =e3, esbe; =ey

and obtain the algebra Ls.

If v #£ 0, then we can suppose v = 1 and obtain the algebra Lg.

The proof of Theorem 2.1 is complete. O
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CONVERGENT EXPANSION FOR EIGENVALUE OF THE
GENERALIZED FRIEDRICHS MODEL UNDER RANK ONE
PERTURBATION

Dustov Said
Navoi State Pedagogical Institute
Navoi, Uzbekistan
SaidDustov@mail.ru

Abstract

A family H,(p), u > 0, p € T? of the generalized Friedrichs models with the perturbation of
rank one is considered. We obtain an absolutely convergent expansion for eigenvalue at u(p),
the coupling constant threshold. The expansion is dependent to a large extent on whether
the upper bound of the essential spectrum is a threshold resonance or a threshold eigenvalue.

Keywords: Generalized Friedrichs models; coupling constant threshold; Hamiltonian; dispersion relation;
threshold resonance; threshold eigenvalue.

MSC 2020: 47A10, 47A15, 47B02, 47D0S, 81Q05
1. Introduction

In the present paper, we consider the generalized Friedrichs model H,(p), 1 > 0, depending on the parameter
p € T3, with the rank-one perturbation associated to a system of two arbitrary or identical quantum
mechanical particles moving on the three-dimensional lattice Z3, and interacting via zero-range repulsive
potential. This operators generalizes the two-particle Schrédinger operator H,, (k) := Ho(k) + pV with the
fixed quasi-momentum k € T? = (—n, 7] of the pair of particles on Z3, (see, e.g., [T} 2] and references therein).
The Friedrichs model [3], being mathematically solvable, is one of the best tools to describe quantum decay
in physics (see [ [l [6] for detailed reviews of applications of the Friedrichs model in various physical and
mathematical problems). Another important aspect of studying the generalized Friedrichs models is that they
describe the Hamiltonians for systems of both bosons and fermions (see, i.e., [I} [7]).

For a wide class of the two-particle discrete Schrédinger operators H(k), k € T? on the d-dimensional lattice
7%, d > 3, for all nonzero values of the quasi-momentum & the existence of eigenvalues of H (k) below the
threshold, under the assumption that H,,(0) has either a threshold energy resonance or a threshold eigenvalue
at the threshold (bottom) of the essential spectrum was proved in [I]. A similar result for the Friedrichs
model was obtained in [§].

The existence and locations, and the exact number of eigenvalues below and above the essential spectrum for
the two—particle discrete Schrédinger operators on Z%, d = 1,2 studied in detail in [7, 9, [0} 111 [12].

The appearance and number of eigenvalues below and above the essential spectrum for the two—particle
discrete Schrodinger operators on Z¢, d > 3 i.e., the presence of threshold resonances and threshold eigenvalues
was studied in [7].

The authors of [I3] studied for the Schrodinger operator H, = —A+puV for a situation, where as p approaches
to po > 0, an eigenvalue E(u) accumulates to 0, the bottom of the essential spectrum of H,,, ie., as u
approaches to pg an eigenvalue is absorbed at the threshold of continuum, and conversely, as u seeks to
1o + €,€ > 0, the continuum gives birth to a new eigenvalue. This phenomenon in [I3] is called coupling
constant threshold. Moreover, in [I3] an absolutely convergent expansion for the eigenvalue E(u) at pg > 0,
the coupling constant threshold of H,,, was found.

In [14] the existence of positive coupling constant threshold p = p(k) > 0 for the Schrodinger operator H,,(k),
k € T, d > 3 associated to a system of two identical quantum mechanical particles (bosons) moving on the
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lattice Z¢, d > 3 and interacting via zero-range repulsive potential is proved: the operator has no eigenvalues
for any 0 < p < u(k), nevertheless for each p > p(k), it has a unique eigenvalue E(u, k) lying above the
essential spectrum. Moreover, an absolutely convergent expansions for the eigenvalue E(u, k) at u = pq
depending on d > 3 was found. However, in [I5] the absence of positive coupling constant thresholds, i.e.,
for each p > 0 and k € T? the existence of a unique eigenvalue E(u, k) of the discrete Schrodinger operator
H,(k), ke T?, d = 1,2, associated to a system of two identical quantum-mechanical particles (bosons) on
7%,d = 1,2 wear proved and an absolutely convergent expansion for E(yu, k) at g = 0 was found.

A family H,(p), n > 0, p € T of the generalized Friedrichs models with the local perturbation of rank
one, associated to a system of two particles, moving on the d- dimensional lattice Z¢, was considered in
|16, 7, I8, [19]. A criterion to existence of a coupling constant threshold p = po(p) > 0 depending on the
parameters of the model was proved in [I6, [19]. An absolutely convergent expansion for the unique eigenvalue
E(u,p) of H,(p) at u(p) = 0 was found in [I§].

In |20] it is studied the existence of eigenvalues of the generalized Friedrichs model H,(p), with a rank-one
perturbation, depending on parameters p > 0 and p € T2, and found an absolutely convergent expansions for
eigenvalues at p(p), the coupling constant threshold. The expansions are highly dependent on that, whether
the threshold m(p) of the essential spectrum is: (i) neither a threshold eigenvalue nor a threshold resonance;
(#4) a threshold resonance; (7i7) a threshold eigenvalue.

In [19], the Generalized Friedrichs model under rank one perturbation is considered. The analytic dependence
on the parameters of the eigenvalue and associated eigenfunction is proven. The existance of the coupling
constant threshold x(p) is also found for the operator H,(p),p € Us(po).

In this work absolutely convergent expansions (asymptotics) of the eigenvalues are found explicitly for each
of the following cases: the threshold M (p) is a threshold resonance or a threshold eigenvalue (see Theorem 2).

2. Notations and main results

Troughout the paper we use the following notations: Let T3 = (—m, 7| be the three-dimensional torus and
L?(T3) is the Hilbert space of square-integrable functions defined on the torus T2.

Let w(-.-) be a real-valued analytic function on (T?)? and ¢ € L%(T?).
We consider the Generalized Friedrichs model H,(p),p € T? acting in L?(T?) defined as

H,(p) = Ho(p) + nV, p>0,

where Hy(p), p € T3 is a multiplication operator by the function w,(-) := w(p, -):

(Ho(p)f)(a) = wp(a)f(a), f € L*(T?).
and V : L*(T3) — L?(T?) is the perturbation operator of the form

(VHa) = e@)(f, ),

where (-, -) stands for the inner product in L?(T?).

The perturbation V' of Hy(p) is the positive operator of rank one. Consequently, by the well-known Weyl
theorem [2I] on compact perturbations, the essential spectrum of H,(p) satisfies the equalities

O'ess(H;t(p)) = Uess(HO(p)) = O'(Ho(p))

and fills the segment [m(p), M(p)] on the real axis, where
= mi M(p) = .
m(p) = minwy(q),  M(p) = maxuy(q)
Let us introduce the hypothesis that we assume throughout the paper.
Hypothesis 2.1. The following conditions are satisfied:

(i) the function o(-) is nontrivial and real-analytic and has no singularities on the torus T3;

(ii) the function w(-,-) is real-analytic function on (T3)? = T3 x T and has a unique non degenerated
mazximum at (po,qo) € (T)2.
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By Hypothesis 2.1, there exist d-neighborhood Us(pg) C T? of the point p = py € T3 and an analytic vector
function qq : Us(po) — T2 such that for each p € Us(py), the point qg(p) = (q(()l), q(()z), q53)> € T3 is a unique
non-degenerated maximum of the function w,(-).

For any p > 0 and p € T?, we define an analytic function A(u,p;-) (the Fredholm determinant, associated to
the operator H,(p)) in C\[m(p), M(p)] as

Alp,p;-) =1 — pSAp; ),
where
i) = [ ZOW pet, s ee\mt), MO)L

Remark 2.1. We note that by the parametrical Morse lemma for any p € Us(po) there exists a map
s =1 (y, p) of the sphere W, (0) C R? with radius v > 0 and center at y = 0 to a neighborhood U(qo(p)) of
the point qo(p) that in U(qo(p)) the function wy(¢(y,p)) can be represented as

wp(¥(y,p) = M(p) — v — v3 —y3 = M(p) - y*.

Here, the function ¢ (y, -) (resp. ¥(-,p)) is analytic in Us(po) (resp. W,(0)) and (0, p) = qo(p). Moreover,
the Jacobian J(¢(y, p)) of the mapping s = ¢ (y, p) is analytic in W, (0) and positive, i.e., J(¢(y,p)) > 0 for
all y € W,(0) and p € Us(po).

Definition 2.1. The threshold z = M (p) is called a regular point of the essential spectrum of the operator
H,(p), if the equation H,(p)f = M(p)f has only trivial solution f € L?(T?).
Let L'(T?3) be the Banach space of integrable functions on T3.

Definition 2.2. The threshold z = M (p) is called a M(p) energy resonance (virtual level) of the essential
spectrum of the operator H,(p), if the equation H,(p)f = M(p)f has a non-trivial solution f € L(T3)\
L%(T?3). The solution f is called resonance state of the operator H,(p).

We apply the results of Lemmas 3.2, 3.4, 3.5, 3.6, 3.7 and that is why, for readers’ convenience, we recall
these results as a lemma [I9].

Lemma 2.1. Assume Hypothesis 2.1.

(i) For any pn >0 and p € T3, a number z € C\oess(H,(p)) is an eigenvalue of the operator H,(p) if

and only if
Ap,p; 2) = 0.
The corresponding eigenfunction f is of the form
Cue(q)
Jup(d) = ———=,
I P( ) P ’U)p(q)

and is analytic on T3, where C' = C(p) > 0 is the normalizing constant.
(ii) The integral

T3

exists and is analytic function in Us(pg).

(ii) Let qo(p), p € Us(po) be a unique non-degenerate mazimum point of the function w, and let
e(ao(p)) # 0 (resp. p(ao(p)) = 0). Then

A(p, p; M(p)) =0
if and only if z = M(p) is a threshold resonance (resp. an eigenvalue) for the operator H,(p), p > 0,

i.e., the equation
Hu(p)f = M(p)f

N Cue()
Jur ) = 3Gy — w7
which belongs to L'(T3)\L?(T3) (resp. L?(T?)), where C = C(p) > 0.

has a nonzero solution
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(iv) For any p > 0, p € Us(po) and sufficiently small z — M(p) > 0 the function A(p,p;-) can be
represented as the following convergent Laurent-Puiseux series

A(p,p,z) = 1 — pQ(p) — per(p)(z — M(p))/? — pF(p, z),

where
Fu,z) =Y en(p)(z — M(p))"?, (1)
with "
c1(p) = =579 (a0(p))J (a0 (p))-

Moreover, the coefficients

are real-analytic functions in p € Us(0).

Definition 2.3. For p € Us(po), we define the number p(p) > 0 as
-1

_| [ _#@de
He = [M@%@ -0 .

In the next theorem we recall, the existence criterion of a unique eigenvalue of H,(p) upper M(p), p € Us(po)
([I9, Theorem 2.1J).

Theorem 2.1. Assume Hypothesis 2.1. Then for any fized p € Us(po), the operator H,(p) has a unique
eigenvalue E(u,p) lying above the threshold M (p) if and only if p > u(p). Moreover, if = u(p), v(qo(p)) # 0
(resp. ¢(do(p)) = 0), then the threshold M(p) is a virtual level (resp. an eigenvalue) of the operator H,,(p).

Remark 2.2. We remark that under Hypothesis 2.1 for any p € Us(po), the operator H,,(p) has no eigenvalues
lying above the essential spectrum, if and only if 0 < u < p(p).

Remark 2.3. The positivity of the perturbation operator V' yields the absence of eigenvalues of the operator
H,(p) lying below bound of the essential spectrum.

Remark 2.4. The set G of u > 0, for which the threshold is a regular point of the essential spectrum
Oess(Hu(p)) of H,(p), is an open set in (0, +00). More precisely, G = (0, +00)\{x(p)}.

Next, we present the main result of the current paper, where an absolutely convergent expansion for the
eigenvalue E(u,p) at the coupling constant threshold u(p) defined in is obtained in the cases when the
threshold M (p) is a threshold resonance or a threshold eigenvalue.

Theorem 2.2. Assume Hypothesis 2.1. Then for any fized p € Us(po), p tends to pu(p) iff E(p,p) approaches
to the threshold M (p). Moreover, for sufficiently small and positive p — u(p), the eigenvalue E(u,p) has the
following absolutely convergent expansions:

(i) If p(qo(p)) # 0, then E(u,p) represents as the following convergent Taylor series expansion

E(u,p) = M(p) + (i an(p)[p — u(p)]"> ; (3)
where an(p), n = 1,2, ... is real numbers with "
ar(p) = {wz(qo(p))zfz(qo(p))ﬁ(p)} B ~o
(ii) If @(qo(p)) = O then E(u,p) represents as the following Puiseux series;zt 1= p(p)
E(u,p) = M(p) + <§: an(p) [ — u(p)]"/2> : (4)
where a,(p), n = 1,2, ... real numbers with "
a(p) = [~ @)e)] ", elp) <0

and [ — p(p)]*/? > 0 for p— pu(p) > 0.
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The theorem gives the following corollary.

Corollary 2.1. Assume Hypothesis 2.1. Then for any fixed p € Us(po) for E(u,p) the following asymptotic
relations hold:

(1) If w(ao(p)) # 0, then

E(u,p) = M(p) + w2(qo(p))°]2(qo(p))uz(p) i [ — p(p))? + Ol — w(®)]*), n— p(p).

(i) If w(ao(p)) = 0, then
E(p,p) = M(p) + [=1*(p)e(p)]
with ¢(p) < 0.

3. Proof of the results

Lemma 3.1. Assume Hypothesis 2.1, p € Us(po) and o(qo(p)) = 0. Then the coefficient co(p) of expansion
1S monzero.

Proof. Assume the converse, that is ca(p) = 0. Then the parts (i) and (iv) of the Lemma 2.1 imply

[ — 1u(p)] + O([u — p(P)*’?), w— n(p)

D) Y ) (Blpp) - M) = (5)

For each p € T3, the eigenvalue E(yu, p) is a concave function of > 0 (see [22, Theorem 1]). As every concave
function on R has a finite right derivatives, the limit

E(p,p) — M(p)
p—rp(p)+ p— p(p)

exists and is finite. Therefore,

E(p,p) — M(p) = C(p — p(p)) + olp — p(p)), p1—p(p), 0<C <oo.
Consequently, using (5]), we have

13 )~ )" O+ o] = s o)

When p — p(p), left hand side of the equation turns to zero and we obtain 1/u(p) = 0. This contradiction
shows that ca(p) # 0. O

We are now able to prove the main results.

Proof of Theorem 2.2. For conviniense we introduce u(p, z) = (Q(p,2))~t, 2 € (M(p), +o0). The function
w(p, ) : (M(p),+00) — (u(p), +00) is continuous monotone function in (M(p), +00).

Then

li —
im w(p, 2) = p(p)

and
-1

1
A sds o*(s)ds B
o= | | s | / M) —we | P

Therefore it has a continuous inverse z = E(-,p) : (u(p), +o00) = (M(p), 00). Clearly, Ay, p; E(p, p)) = 0. The
above arguments will lead to a logical conclusion proving that E(-,p) — M (p) —0, if and only if, u — u(p )+ 0.
) M(p

(i) Let v(qo(p)) # 0. We represent the expansion of function A(u,p;z), p € Us(pg) at z =

Lemma 2.1) as follows

) (see

A(u,p;M(p)JrOAQ)=1—u<Q( +elp a+ch )
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where
1/2 L 5
a=(z=Mp)"", al)=-57¢"(qp))J (@)
For any fixed p € Us(po), each eigenvalue z = E(p,p) of H,(p) is a solution of the equation
A(p,p,2) =1 — puQp, 2) = 0. (6)
We rewrite this equation as
A o0
———————~=ca@a+ > e, A=p—pup). 7
) ~ PR ) ) g

Introducing the varuables

a=Aa+u), a=[-c(p)p’p)]™ (8)
implies that in the region where |a| sufficiently small the equation is equivalent to
F ) = (s + Oalp) + 120) 3 eap)X™ (a0 =0 (9)
n>1
One can show that F(0,0) = 0 and 0F /0u(0,0) = —[—c1(p)p?(p)] =2 # 0. Hence the implicit function theorem

yields that for sufficiently small A > 0, the equation has a unique analytic solution u(\) which is given by
the following absolutely convergent series

u= Z A (P)A™.
m=0

The condition A = 0 is equavalent to ag(p) = 0. Thus from (§), we obtain the expansion

a=A (a + i am(p)/\m>

which yields (3]).

(ii) Let ¢(qo(p)) = 0. We represent the expansion of the function A(u,p;z), p € Us(po) at the point
z = M(p) as follows

A(p,p; M(p) +0%) =1 = p [ Qp) + Y calp)a™ |
n>2
a=(z— M)
Lemma 3.1 implies that co(p) # 0. Part (iv) of the Lemma 2.1 and the identity (6) imply the equation

A S
R ) e = fen) (10)

where the function f(a,p) is analytic at o = 0. Clear that

2
0.0 =L 0.p) =0 and a?i

P (0,p) = 2¢ca(p) <0

The substitutions
a=oc(a+u), o=\"72a=[-clp)p’(p)"/?

yield that in the region where || sufficiently small the equation is equivalent to

)+ ) Y )" o )" =0, ()

F(u,0) = m

The function F satisfies the following conditions:

(i) w =0, o0 =0 is a solution;
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(ii) F is analytic for small |o], |ul;
(iii) OF/0u(0,0) = —2[—ca(p)p?(p)] =2 # 0.

Thus, by the implicit function theorem, has a unique analytic solution u, for sufficiently small o, given
by a convergent expansion
u= Z an(p)o™.

Setting o = 0, we get do(p) = 0. Consequently,

a=o(a+u)=ao+ Z &n(p)o.n-i-l - Z an(p)o™,
n>1 n>1
where a1 (p) = a = [—p2(p)c2(p)] /2. Hence we get (d).

Theorem is proved. (Il
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QO‘ZG ALISHINING RANGI BIRGA TENG BO‘LGAN UMUMLASHGAN FRIDRIXS MODELI XOS QIYMATI UCHUN
YOYILMA
Do‘stov Said

Ushbu maqolada qo‘zg‘alishining rangi birga teng bo‘lgan H,(p), u > 0, p € T? umumlashgan Fridrixs modeli
qaraladi. Muhim spektrning yuqori chegarasi virtual sath yoki xos giymat bo‘lgan hollarda xos giymat uchun
u(p) o‘zaro ta’sir doimiysi atrofida absolyut yaqginlashuvchi yoyilmalar olingan.

Kalit so‘zlar: Umumlashgan Fridrixs modellari; o‘zaro ta’sir doimiysi; Hamiltonian; dispersion munosabat;
bo‘sag‘a rezonansi; bo‘sag‘a xos giymati.

CXOIANIIEECHA PA3JIOXKEHUE JJId COBCTBEHHOI'O 3HAUEHUSA OBOBIIEHHON MOJE/IN PPUIPUXCA C
BOSMYIIEHWEM PAHI'A OJMH
Hycros Caung,

Paccmarpusaercs cemeiicrso H,(p), p > 0, p € T? o6obmennoit Mogean Ppuapuxca ¢ BO3MYyIIEHHEM
panra ofuH. [Toay4aeHo aBCOTIOTHO CXOMSIIIEEcs PA3JIOXKEeHUsT IJIs COOCTBEHHOTO 3HAUEHUsI TIPHU [4(p) TTOPOT
KOHCTAHTBI CBA3HU. Pa3jiokeHne 3aBUCUT OT TOTO, UYTO BEPXHSAS IPAHb CYIIECTBEHHOTO CIEKTPA SABJISIETCS
[TOPOI'OBBIM PE30HAHCOM HUJIU IOPOTOBBIM COOCTBEHHBIM 3HAYEHUEM.

Kurouesbie cioBa: O6o6menabie momenn Ppuapuxca; MOpOroBoe KOHCTAHTHI CBS3W; | aMUJIBTOHUAH;
JIUCIIEPCUOHHOE COOTHOIIIEHNE; TIOPOrOBBII PE30HAHC; TOPOrOBOE COOCTBEHHOE 3HAUEHUE.
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Abstract

In the present paper we consider genetic algebras corresponding to quadratic automorphisms
defined on the two-dimensional simplex. Main goal is to describe the set of all
idempotent elements and one-dimensional subalgebras of such genetic algebras. It is showed
correspondence between the one-dimensional subalgebras and the set which contains all
idempotent elements and absolute nilpotent elements.

Keywords: Non-associative algebra; genetic algebra; quadratic stochastic operator; quadratic automorphism.
MSC 2020: 37N25, 92D10

1. Introduction

Consider a population consisting of m species (or traits) which are denoted by E = {1,2,...,m}. Assume
that x(©) = (xgo), R mﬁ,‘f)) is a probability distribution of species at an initial state and p;; ; a probability
that individuals in the i** and j* species interbreed to produce an individual from k'* species. Then a
probability distribution x(*) = (x(ll), . ,xﬁ,?) of the spices in the first generation can be found as a total

probability, i.e.,

m
zy) = Z pij,kw§0)$§0)7 kedl,....m}.

ij=1

It defines a correspondence x(9) — x1) which is called the evolution operator or quadratic stochastic operator
(QSO). In other words, a QSO describes a distribution of the next generation if the distribution of the current
generation was given. The fascinating applications of QSO to population genetics were given in [2, [17 [I8] 26].
In [I4], it was given the recent achievements and open problems in the theory of QSOs.

On the other hand, each QSO defines an algebraic structure on the vector space R™ containing the simplex (see
next section for definitions). This algebraic structure is called genetic algebra. They are generally commutative
but non-associative, yet they are not necessarily Lie, Jordan, or alternative algebras. In addition, many of the
algebraic properties of these structures have genetic significance. For example, a more modern use of the
genetic algebra theory to self fertilization can be found in [I9] [20]. Therefore, it is the interplay between the
purely mathematical structure and the corresponding genetic properties that makes this subject so fascinating.
We refer to [37] for the comprehensive reference.

Recall that a QSO is called a Lotka-Volterra if
pije =0 forany k¢ {i,j}, i,j,k=1,...,m.

The asymptotic behaviours of trajectories such operators a QSOs were analysed in [9, [10, [T} 28] [36] using
the theory of Lyapunov functions and tournaments. We notice that such kind of operators have important
applications in population genetics [32]. Genetic algebras associated with Lotka-Volterra operators have
been initiated in [2I], and they were called Lotka-Volterra algebras. Furthermore, in [3, 38| B9] idempotent
elements of these algebras were described. There appeared several works on derivations of genetic algebras
[L, &, 5L 6 [7, 8 16, 22, 27, (29, [30] B3] B4, B35].
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If one looks at the Lotka-Volterra QSO on the simplex, then it turns out that it is a bijection of the simplex.
In [I2] it was described all quadratic automorphisms of the simplex, which are represented as permutations
of Lotka-Volterra operators. Therefore, it is natural to investigated genetic algebras associated by quadratic
automorphisms of the simplex. In the present paper, we are investigating genetic algebras associated by Lotka-
Volterra and non-Lotka-Volterra QSOs which are defined by composition of a permutation and Lotka-Volterra
operators.

The paper is organized as follows. In Section 2.1 we recall necessary definitions from the theory of genetic
algebras. In Section 2.2 we study three dimensional genetic algebras associated with quadratic automorphisms.
Furthermore, in Section 2.3 and Section 2.4 idempotents and absolute nilpotent elements of the considered
algebras are described. Finally, in Section 2.5 we study one-dimensional subalgebras of the considered algebras.

2. Main part
2.1. Preliminaries

Let us recall the definition of an evolution algebra of a free population [25].

Let E={1,...,m}. By {e;}icr we denote the standard basis in R™, i.e., & = (;1, ..., 0;m ), Where §;; is the
Kronecker’s Delta. Throughout this paper, we consider the simplex:

i=1

gm-1 — {x:(wi) eR™ : z;, >0, Vie E, Zwizl}.
A quadratic stochastic operator (QSO) is a mapping of the simplex S™~! into itself of the form

m
Viz, = Zpij7kxixj, k=1,2,...,m, (1)
ij=1

where p;; 1 are inheritance coefficients, which satisfy the following conditions:
m
Dij,k 2 07 Dij,k = Pjik» Zpij,k = 1a iajak € {1727 s 7m}' (2)
k=1

Let V be a QSO and suppose that x,y € R™ are arbitrary vectors, we introduce a multiplication rule (see
[18]) on R™ by

m
(Xov ¥)k = Y Pijkti (3)
ij=1
where x = (z1,...,Zm), Yy = (Y1, -+, Ym) € R™.

Using it is easy to see that x oy y = y oy X, i.e. the multiplication is commutative. Certain algebraic
properties of such kind of algebras were investigated in [I8], 26] [37]. In general, the genetic algebra is not
necessarily to be associative.

The multiplication in the canonical basis can be represented as follows
m
€;ov e; = Zpij,kek-
k=1

Thus, we identify the coefficients of inheritance as the structure of an algebra, i.e., a bilinear mapping of
R™ x R™ to R™.

It turns out that the multiplication can be given terms of QSO

m

xovy= 3 (e = 3 (Vx+y) ~Vix—y). (4)
i, k=1

One can check that
xoy x =x? =V(x) for any x € " %
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This algebraic interpretation is useful, e.g., a state x is an equilibrium precisely when x is an idempotent
element of the unite simplex S™~1.

We write x["] for the power (---(x%)2---) (n times) with x[°) = x, then the trajectory with initial state x is
Vr(x) = x,

The algebra Ay (i.e., the pair (R™, oy )) generated by the evolution operator is called the genetic algebra.
Notice that algebras Ay generated by Lotka-Volterra operators are called the Lotka-Volterra algebras and
their properties have been considered in [6, [7, T3]

A character for an algebra A is a nonzero multiplicative linear form on A, that is, a nonzero algebra
homomorphism from A to R. A pair (A, o) consisting of an algebra A and a character ¢ on A is called a
baric algebra.

m

In [25], it was proved that the linear form o(x) = ) xj is a character for the evolution algebra of a free
k=1

population. Hence the algebra Ay is a baric algebra.

2.2. Three dimensional genetic algebras of associated with permutations

Let us consider the following Volterra QSO defined on the S2
2y =22+ (1 — a)z12e + (1 + ¢)z123,
Vi b =22+ (1+a)z120 + (1 — b)waws, (5)
xh = 2%+ (1 — c)zyaz + (1 + b)wazs,
where —1 < a,b,c < 1.
The set E = {1,2,3} has the following permutations:

B 2 3 (1 2 3 _ 2 3
™™= 2 3 )™=\ 92 1 3 ) ™= 3 2 )
(1 2 3 (1 2 3 (1 2 3
™=\3 2 1) ™={2 3 1) ™={3 1 2]/

In |I2] showed that the corresponding quadratic automorphisms of S? are defined by

— =
—_ =

Vi=T.V, i=1,...,6.

It is easy to see that for the permutation 7, one has T3, = Id, and for 7y, 73, m4, we have T2 = Id, i = 2,3,4
and for the rest permutations 75, m¢ one has 175 = Id, i = 5,6 where Id is the identity map.

Definition 2.1. Two quadratic stochastic operators V and W are called conjugate if there exists a permutation
7 such that T VT, = W, the last one is denoted by V ~ W.

Let V and W be QSO on S?, and Ay, Ay be the corresponding genetic algebras. These algebras are called
stochastically isomorphic if there is a stochastic linear bijection ¢ : Ay — Aw such that ¢(x oy y) =
Y(x) ow Y(y) for all x,y € Ay.

The next theorem about connection of between the conjugacy of QSOs and corresponding genetic algebras.

Theorem 2.1. Let V and W be QSOs. Then the following assertions are equivalent:

(i) V and W are conjugate;

(i) the genetic algebras Ay and Aw are stochastically isomorphic.

Proof. The proof of the theorem.
(i) = (i7). Then, there is a permutation 7 such that T 1V T, (x) = W(x) for x € R3. From (4) we have

xowy = (Wix+y) = Wix )
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Therefore, using the conjugacy argument, one has
1
4

(V(Tx(x) + Tx(y)) = V(Tx(x) = Tx(y)))

T, (xow y) = T, (1 (W(x +y) — W y>>) (LW (x+y) - TW(x—y))

1
_ % (VTn(x+y) = VIx(x—y)) =
= Tﬂ'(x) oy Tﬂ'(Y)

= =

Thus, we arrive at Ay ~ Ay .

(#3) = (i). Let the genetic algebras Ay and Ap be stochastically isomorphic. Then, there is a stochastic
mapping T} such that Ty (x o y) = T (x) oy T (y). Using the relations x? = x oy x = W (x), we obtain

T (W(x)) =T (X2) = (TW(X))Q =Tr(x) oy TW(X) =V (Tﬂ(x))
which proves the assertion.

The proof of Theorem 2.1 is complete. O

Theorem 2.2.[31] The quadratic automorphisms {V;} defined on the S? can be divided into three non-conjugate
classes:
Ky ={Wi}; Ko={Va, V3, Vu}; Kz ={V;Vs}.

From Theorem 2.1 and Theorem 2.2, we infer the next corollary.

Corollary 2.1. Let Ay be a three dimensional genetic algebra associated with quadratic automorphisms of
S2. Then it is isomorphic to one of the following pairwise non-isomorphic algebras: Ay,, Ay, and Ay, .

The operator V; is a Lotka-Volterra operator, and its associated genetic algebra has been already investigated
in [I3]. Therefore, in what follows, we restrict ourselves to the operators Vi, V5 and V.

By V1 has the form:
oy =23+ (1 — a)z129 + (1 + ¢)11 23,

Vi ab =23+ (1+a)rize + (1 —b)agws,
oy =23+ (1 —c)z123 + (1 + b)z2m3,
where —1 < a,b,c < 1.
Now, by V5 is defined as follows:
=25+ (14 a)z129 + (1 — b)w223,
Vo:{ ah =23+ (1 —a)rize + (1 +c)x1a3,
rh =22+ (1 —c)z123 + (1 + b)waxs,
where —1 < a,b,c < 1.
By the same argument, V5 is given by
oy =23+ (1 + a)z129 + (1 — b)wa2s3,
Vs:{ ah =122+ (1—c)rizs + (1 + b)agws,
rh =23 + (1 — a)r12e + (1 + ¢)1123,

here, as before, —1 < a,b,c < 1.
2.3. Idempotents of Ay,, Ay, and Ay,

An element x € Ay is called idempotent if x?> = x. The idempotents of an evolution algebra are especially
important, because they are the fixed points of the evolution operator V, that is, V(x) = x. Denote by
Zd(Ay) the set of idempotent elements of the algebra Ay .

In this section, we are going to describe idempotent elements of the algebras Ay, , Ay, and Ay, respectively.
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First, let us consider the genetic algebra Ay,. One can show that an idempotent element of the corresponding
genetic algebra is a solution of the following system

1 =23+ (1 —a)z129 + (1 + ¢)2123,
zy =23 + (14 a)z122 + (1 — b)2223, (6)
3 =23+ (1 — c)z123 + (1 + b)z273,

where —1 < a,b,c < 1.

It is clear that for the idempotent elements we have x1 + 2o + x3 = (1 + 22 + x3)? and we obtain that either
x€Hy={x:x1+a2+23=0}orx € Hy ={x:x1 + 22+ 23 =1} is an idempotent element of algebra.

Theorem 2.4. The set of idempotent elements Zd (Ay,) is equal to

{(a,8,7), a+p+vy=1}, if a=b=c=0,

{c(c),£(8),8(8), ce[-1,1],€R }, if a=b=0 c#0,
{b(b),d(a),e(r), be[-1,1],a €R }, if a=c=0 b#£0,
{a(a),h(v),i(v), a€[-1,1],v€R }, if b=c=0 a#0,

Zd(Ay,) ={0} U< {ea,k(ad),p(av),e(a), a,be[-1,1],a,v €R}, if ¢=0 ab#0,
{e1,1(ac),q(cB),i(y), a,c€[-1,1],8,7y € R}, if b=0 ac#0,
{es,m(bc),r(ba),g(B), b,ce[-1,1],a,8€R}, if a=0 bec#0,
fex, 2, s, a(a), b(b), c(c), s(abe), t(abe),
a,bce[-1,1l,a+b+c#0,v € R}, if abe # 0.
where O = (0,0,0), a(a)=(1/a,—1/a,0), b(b)=(0,1/b,—1/b), c(c)=(-1/¢,0,1/c),
d(a) = (a,1 - a,0), e(a)=(,0,1-a) £(8)=(1-2,5,0), gB)=(0,81-0),
h(7> = (1 - 77077)7 i(’Y) = (0’ 1- 77’7)a

p(a,)/): <7+i7i77>3 q(cﬁ): (iaﬁaﬂ+i>v I‘(bOé): (aaiaal];),
b a c a b c
k(ab) = (a—Fb’O’ (H—b) , Iac) = (O, P a+b> , m(bc) = (a—i—b’ a—HJ’O> ,

s(abe) = b ¢ a
" \a+b+cat+b+cat+b+c)’

by+1 ev—1
t(abw):(V, ? ,w).

a a

Proof. The proof of the theorem.

For the convenience we rewrite the system @ in form
x1 = x1(21 + 22 + T3 — axy + cx3),
Ty = xa(T1 + 2 + T3 + axy — bxy), (7)
x3 = x3(x1 + T2 + T3 — cx1 + bxay),

where —1 < a,b,c < 1. Consider all possible cases.

I. Let a = b= ¢ = 0. a) Suppose that x € Hy then from the system @ we have 1 = 9 = x3 = 0, that is
(07 07 O) €1d (AV1)'

b) Suppose that x € H; then from the system @ we have
Ty = &1, T2 = T2, T3 =1T3
and it follows that («, 8,7) € Zd (Av,) for a+ 8 +~v=1.

II. Let a = b= 0 and ¢ # 0. a) Suppose that x € Hy then from the system @ we have 1 = 29 = 23 =0,
that is (0,0,0) € Zd (Ay,). From the system

Ty = Ccr1r3, T2 ==T2, T3 = —CI3T1
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1 1
we have the solution (—-,0, —).
¢ e

b) Suppose that x € H; then from the system @ we have
x1 =x1(1 + cx3), x2 =9, x3=2x3(1—cx1)
and it follows that (1 — /3, 3,0) € Zd (Ay, ) and (0, 5,1 — B) € Zd (Ay,).

III. Let a = ¢ =0 and b # 0. a) Suppose that x € Hy then from the system we have z1 = x5 = 23 = 0,
that is (0,0,0) € Zd (Ayv,). From the system
Ty =11, Tz = —braxz, x3=br3Ts
1 1
) 57 _g)
b) Suppose that x € Hy then from the system @ we have

we get the solution (0

xry =21, Ty = :L‘Q(l — b:,E3)7 xr3 = 1‘3(1 + b{L‘Q)
and it follows that (o,1 — «,0) € Zd (Ay,) and («,0,1 — a) € Zd (Ay,).

IV.Let b=c=0 and a # 0. a) Suppose that x € Hy then from the system @) we have 1 = 9 = 23 =0,
that is (0,0,0) € Zd (Av, ). From the system

1 = —ar1x2, T2 = ar2xi, T3 =1IT3
1 1
it follows the solution (-, ——,0).
a’  a
b) Suppose that x € Hy then from the system @ we have
x1 =x21(1 — axs), x2 =x3(1+axy), x3=13.
and it follows that (0,1 —~v,v) € Zd (Ay,) and (1 —,0,7) € Zd (Ay,).

V. Let ¢ =0 and ab # 0. a) Suppose that x € Hy then from the system we have r1 = xo = 3 = 0, that
is (0,0,0) € Id(4), and z1 = —ax 122, 3 = x9(axy — bx3), x3 = bxoxs from the first and third equations

1 1
a = —b, so one has the solution (—fy + . —a,’y> € Zd (Aw,).

b) Suppose that x € H; then from the system @ we have
x1 = x1(1 — axs), xo = xa(l+ axy —bas), x3 = x3(1+ bxs).
Using 22 = 1 — x1 — a3 from the equations we have (fix x1)

bei + [(b—a)xy — blos + ax; — ax? = 0.

D =[(b—a)z; —b)* — 4b(azy — az?) = [(a + b)z; — b]?
b
and it holds D > 0. If D =0, will be (a +b)x; —b=0, 21 = , 20 =0, 13 = ? _ Therefore we have
) a+b a+b
a
h luti —_ .
t esout10n(a+b,0,a+b)
If D > 0, then
—b b— b b
xél)z(a Jx1 + 2b(a+ Jx1 + 1oy, mp=1l-m2 14z =0
So we obtain the solution (z1,0,1 — 1) and x; € R.
Since ) ) , , b
mg):(a_ Ju1 b+ (a+ bz — :gfm, xz:l—a+ T

2b b b
we have that if 1 = 0 then it is easy to see that (0,1, 0) is a solution and if ; # 0 then it follows the solution

b
(ml, 1-— %ml, Zm). From the first and third equations we get x; = %. And in this case one has that
a
b
(

PR 0, aL—l—b) is a solution.
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VI. Let b = 0 and ac # 0. a) Suppose that x € Hy then from the system @ we have r1 = x5 = z3 = 0,
that is (0,0,0) € Zd (Ay,), and 1 = x1(—ax2 + cx3), X2 = ar1T2, T3 = —cxri23 from the second and third

1
equations a = —¢, so the solition (——,—f,8+ —) € Zd (Ay,).
c c
b) Suppose that x € H; then from the system @ we have
x1 =21(1 — axe + cx3), w2 =x2(l 4 az1), x5 =x3(1 —cxy).

Using 21 = 1 — x5 — a3 from the equations we have(fix x3)

axs + [(a — ¢)x3 — alwg + cr3 — cxd = 0.
D = [(a — ¢)x3 — a)* — 4a(cxs — cx3) = [(a + ¢)x3 — a)?
an evidently that D > 0.
a c c a

If D =0 then it follows that (a + ¢)xs —a =0, x3= , Tg = , x1 =0. So (0, ,
a-+c a-+c a+c a+c

) is a
solution of the last system.
If D > 0 then one has that

1 (c—a)zs+a—(a+c)zz+a
27 = 2a

=1—-z3, z1=1—-1—234+23=0

and z3 € R, that is we have the solution (0,1 — z3, z3).

Since
g lemdmtattdn-a_c, ., ate
a a

Zs3

a-+c c

T3, —T3,73).
a
a
From the second and third equations we get x5 = . And in this case one has the solution (0, ——, ).
a+c at+c a+c

VII. Let a = 0 and bc # 0. a) Suppose that x € Hy then from the system @ we have r1 = 9 = 23 = 0,
that is (0,0,0) € Zd (Av, ), and x1 = cx1x3, x2 = —braws, x3 = x3(—cx1 + bxs) from the first and second

we have that if 3 = 0 then one gets the solution (1,0,0) and if 23 # 0 then the solution (1 —

a

equations b = —¢, so the solition («
(7) we have

1
3@ 75) € Zd (Ay,). b) Suppose that x € Hy then from the system
x1 =21(1+ cx3), x2 =x2(1 —bas), x3=w35(1 —cx1+ bxa).
Using 23 = 1 — x1 — a2 from the equations we have(fix x2)

cx? 4 [(c — b)ag — c|xy + bry — bas = 0.

D = [(c —b)xy — c]* — de(bry — brd) = [(b+ c)xs — ]

Cc

Clearly that D > 0. If D = 0 then will be (b4 ¢)za —c =0, x5 = , r1=——, x3 = 0. From this
b+c b+c
b
system we have the solution | ——, L, 0].
b+c' b+c
b— — (b
If D > 0 then xgl) = ( c)ac2+02 (b+c)zs+ec =1—a5, z3=1—1—129+ x5 = 0 and it follows the
c

solution (1 — xg,x2,0).

@2 (b—cxa+c+(b+c)rza—c b
=

Since x =-x9, x3=1— + ng one has that if 5 = 0 the solution (0,0, 1)

b+c

b
and if z3 # 0 the solution ((,CQ, To, 1 —
c b+c

x2>. From the first and second equations we get x5 =

b
and in this case we have the solution | ——, L, 0].
b+c b+c
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VIII. Let abc # 0. a) Suppose that x € Hy then from the system @ we have r1 = zo = x3 = 0, that is
(0,0,0) € Zd (Ay, ) . In addition, in this case from system we obtain the following system:

1 = x21(—axe + cx3),
x9 = xo(axy — bxs),
x3 = x3(—cx1 + bxs),
If on this system two variables are equal to zero, then the third is also zero.

1 1
Ifx; =0, x9#0, x3+# 0, so the solution (0, - —).

b’ b
. 1 1
If zo =0, 21 #0, x3# 0, so the solution (—C,O, c)'
1 1
If 23 =0, z1#0, x2# 0, so the solution (a’ —a,0>.

If x1 #0, 22 #0, x3# 0 then we have a system:
x1(1+ axg — cx3) =0,

xo(1 —axy + bxs) =0,
x3(1 4 cxq — bxg) =0,
1+ a9+ 23 =0.

b 1 1 -1
From this system we get x1 = 3+ , Xo = Cx1b+ , Xy = o3 . From here z; + 29 + 23 =
a a

b 1 -1 b

T3 + n cx3 + a3 = ng = 0. We have 3 # 0 so it will a + b+ ¢ = 0. So the solution

a a a
(bxg +1 cxz—1 >
- , L3 | -
a a

Suppose that x € H; then from the system @ we have
x1 = 21(1 — axe + cx3),
xo = x2(1 + axy — bxs),
x3 = x3(1 — cxy + bxg).
If on this system two variables are equal to zero, then the third is 1.
If 1 = 0 then we get from the system bxoxs = 0. Then the solution will be (0,0,1) or (0,1,0).
If 25 = 0 then we get from the system czia3 = 0. Then the solution will be (0,0,1) or (1,0,0).
If 3 = 0 then we get from the system azze = 0. Then the solution will be (1,0,0) or (0,1,0).
If x1 #0, 22 #0, x3# 0 then we have a system:
z1(—axs + cxg) =0,
xa(azxy —bxs) =0,
x3(—cxy + bxg) =0,

Ty + a2+ a3 =1.

b
From this system we get 1 = —x3, x2 = gxl, To = E(Eg. From this system it follows z; +
a a
b +b . .
To + x3 = —x3 + El‘3 + x3 = ul‘z; = 1= x3 = ——, that it we have the solution
a a a+b+c
b c a
a+b+ca+b+c’a+b+c/)’
The proof of Theorem 2.4 is complete. O

Let us consider the genetic algebra Ay,. One can show that an idempotent element of the corresponding
genetic algebra is a solution of the following system

r1 =23+ (1+a)rirs + (1 — b)z23,
xg = 27 + (1 — a)r122 + (1 + c)a123, (8)
3 =25+ (1 — ¢)z23 + (1 + b)waz3,
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where —1 < a,b,c < 1.

The last system yields that z1+xo+23 = (1 +22+3)%. Hence, we have either x € Hy := {x : 1 +x2+x3 = 0}
orx € Hy :={x:x1 + a2+ 23 =1}

Theorem 2.5. The set of idempotent elements Zd (Ay,) is equal to

{(a,, 1 — 2a0) }, if a=b=c=0,
{n}, if a=b=0, c#0,
{n}, if a=c=0, b#£0,
{x(a),x*(a,a),x**(a,a)}, if b=c=0, a#0,
{X(a)7 c(a, b)7 ﬁ(a)v i(a)}7 Zf c=0, ab 7é 0,
{x(a),b(a,c),X(a),x(a)}, if b=0, ac#0,
{n,x(a), m(a),a(b, c)}, if a=0,bc<0,b=—c,

{0, e3} U {n,x(b,c),x(b,c),y(b,c)}, if a=0,bc<0,b+# —c,
{n,y(b,c)}, if a=0,bc>0,
{x(a),X(a),x(a),d(a,b,c)}, if abc#0,a+b+c=0,
{x(a),%(a),X(a),d(a,b,c),f(a,b,c)}, if abc#0,a+b+c=0,b—c+bc=0,
{x(a),X(a),X(a),d(a,b,c)}, if abc#0,a+b+c=0,b—c+bc#0,
{x(a),%x(a),X(a),1(a,b,c)}, if abc#0,a+b+c#0,b—c+bc#0,
{x(a),%X(a),x(a),X(a,b,c),x(a,b,c)}, if abc#0,a+b+c#0,a®—4bc>0,
{x(a),%x(a),X(a)}, if abc#0,a+b+c#0,a®—4bc < 0.

where a,b,c € [-1,1], « € R, O =(0,0,0) and

11 11 111 1
1’1(2,2,0>, X(a)(avaa())a m(a):(avfaa1)7 C(aab)< avgaa b>a

111 1 1 1 b—c b—c+bc b—c+bc c—b
bla,e) = (‘a’c’a‘c)’a“”)— (‘%’%’ch)’y“”)— ( Gt bt be )
%(a) <a2+\/4+a2 a+2—+vV4+a? 0) %(a) <a2\/4+a2 a+2+vV4+a? 0)

a = ) ) a ) )

2a ’ 2a 2a ’ 2a

x*(a,a) =

<a(1—a)—2+\/m a(l—a)+2—
2a ’

2a

1+ a2(1—a) )
7a )

2a

x**(aa)(‘l(l—a)_Q_\/m a(l —a)+2+/4+a2(1 —a)? )
S , 2a ]

~ _[—c+V=bc b++v=bec 1 ~ _(—c—V—bc b—v—-bc 1
X(b’c)_< cb+eo)  clb+o) ’m)’x(b’c)_( cbro) ebro) \/_TC>
b ) — —(a+2¢)+vVa?—4bc a+ 2b+ va? —4bc a(b—c) — (b+ ¢)Va? — 4bc
X(a,b,¢) = 2c(a+b+c) "o 2(a+b+c) 2bc(a + b+ c) ’

i(abc)— _(a+2c)_\/m a+2b—\/m a(b_C)+(b+C) a2—4bc
s Yy - 26(a+b+c) ’ 2b(a+b+c) ) 2bc(a+b+c) ,

c b+c 1 a+c b—-a-c
f = a1 — =\~
(a, b, ¢) (047 p Y b O‘)  d(a, b, ) ( a+2¢’ bla+2c)’ b(a+20)> ’

(a,b,¢) = b—c+bc b—c+bc abc+c?—b?
“ ~ \cla+b+c) blat+b+c) be(a+b+c)

Proof. The proof of the theorem.
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For the sake of convenience, we rewrite the system as follows
x1 = g (X1 + 22 + x3 + axy — bxg),
o = 1 (X1 + T2 + 23 + cr3 — axa), (9)
x3 = x3 (X1 + 23 + x3 + bry — cxq)

where —1 < a,b,c < 1.

Consider all possible cases with respect to values of a, b, c.

I. Let a = b=c¢=0. a) Suppose that x € Hy then from the system @D we have 1 = 22 = x3 = 0, that is
(0,0,0) € Zd (Ay,).

b) Suppose that x € H; then from (ED one finds
Ty = T2, T2 =1T1, T3 =1T3
and it follows that («, o, 1 — 2a) € Zd (Ay,) for any o € R.

II. Let a = b = 0 and ¢ # 0. a) Suppose that x € Hy then from @D one has 1 = 29 = x3 = 0, that is
(0,0,0) € Zd (Ay,).

b) Suppose that x € H; then @D implies
X1 =2, xo2=2x1(1+cxs), x3=2x3(l—cry)
which means (0,0,1) € Id(Ay,) and (1/2,1/2,0) € Zd (Ay,).

III. Let a = c=0and b # 0. If x € Hy then (0,0,0) € Zd (Ay,). Suppose that x € H; then from the system
@D we have

x1 = x9(1 —bas), x2=z1, x3=2x3(l+ brs)
and it follows that (0,0,1) € Zd (Ay,) and (1/2,1/2,0) € Zd (Ay,).
IV. Let b=c=0and a # 0. If x € Hy then either (0,0,0) € Id(Ay,) or (—1/a,1/a,0) € Zd (Ay,).
So, assume that x € Hy, therefore, by (9) one gets

x1 =x9(l+axy), x2 =x1(1 —axs), z3=x3.

Now, using 22 = 1 — 1 — 23 from z1 = 22(1 + az;) we find az? + (2 — a(1l — z3))z1 — (1 — z3) = 0. Solving it
for any a € R we obtain

(a(la)2+\/4+a2(1a)2 a(l —a)+2— /44 a2(1 — a)?
2a ’

2a

,Oz) €ld (AV2),

2a

(a(la)Q\/m al— o) +2+ /A +a*(l—a)? a) € Zd (Av,)
’ 2a 7 >

V. Let ¢c=0and ab # 0. If x € Hy then (0,0,0) € Zd (Av,), (—1/a,1/a,0) € Zd (Ay,) and (—1/a,1/b,1/a —
1/b) € Zd (Ay,).

Suppose that x € H; then we have
x1 = x2(1l+ axy — bxs), x2 =x1(l —axy), =3 = x3(1+ bxs).

It is easy to see that (0,0,1) € Zd (Ay,). If z3 = 0 then by =1 + 2 = 1 from the equation z1 = z2(1 + azy)
one finds
ar? +(2—a)r; —1=0.

Its solution gives that

<a—2—|—\/4—|—a2 a+2—+vV4+a? O)EId(A ) <a—2—\/4—|—a2 a+2++V4+a? 0
) ) Va)s

T .
2a 2a 2a ’ 2a ’ )6 d(Av,)

VI. Let b = 0 and ac # 0. a) Suppose that x € Hy then from (9] we have (0,0,0) € Zd (Av,), (—1/a,1/a,0) €
Zd(Ay,) and (—1/c,1/a,1/c—1/a) € Zd (Ay,).
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b) Suppose that x € H; then again by @[) we have
x1 = x2(l+axy), x2 =x1(1+ cxs —axs), x3=x3(1l — cxy).

It is easy to see that (0,0,1) € Zd (Ay,). So, if z3 = 0 then 21 + 25 = 1 together with 21 = 25(1 + axy) yields

az? + (2 — a)ry — 1 = 0. Solving it, we obtain

<a2+\/4+a2 a+2—vV4+a? 0) € Td(Av,) <a2\/4+a2 a+2+V4+a?
) ’ Va)s ’

2a 2a 2a 2a

,o) e Zd(Ay,).

VIL Let a = 0 and be # 0. If x € Hy then (9) implies 21 = 2o = 3 = 0, that is (0,0,0) € Zd (Ay,). Also if
bc < 0,b # —c then we have

—c++/=bc b++/=bc 1 —c—+/=bc b—+/—bc 1 )
Zd — Zd
( cb+c) 7 bb+c) ’W)e (“4‘/2)’< b+o  bhte) V) S (Av,)
and we get
1 1 b—c
(‘gcm’ 2bc>€Id(AV2)

when bc < 0,b = —c.
Assume that x € Hy, then by @D one gets
x1 = x2(l —bxz), xo =x1(1+ cxs3), x3=x3(1+ brs — cxy).

If b = —c then we have (o, —a, 1) € Zd (Ay,) and (1/2,1/2,0) € Zd (Ay,).

If b # —c then by 21 + 22 = 1 — 23 and ;1 = x2(1 + bxs) one has
b—c+bc b—c+bc c—b
eb+c) " blb+c) be

) € Zd(Ay,).

VIII. Let abe # 0. If x € Hp then we have
x1 = xa(axy — bxs), 3 =x1(cx3 —axs), x3 = x3(bre — cr1).

x1 =1x9 =23 =0, 1e. (0,0,0) € Id(Ay,) and (—1/a,1/a,0) € Zd (Ay,). Also one has
(—(a +2¢) +va? —4be a+ 2b+ Va? —4be a(b—c) — (b+ c)Va? — 4be

2c(a+b+c) 7 2la+b+c) 2bc(a + b+ c) >€Id(v4v2),

(—(a—I—Qc) —va? —4be a+2b—+a?—4bc a(b—c)+ (b+ c)vVa? — 4be

2c(a+b+c) "o 2(a+b+c) 2bc(a + b+ c) ) € Zd(Aw,).

Suppose that x € H; then we get
x1 = 22(1 + axy — bxs), x2 =x1(1 4 crs —axs), x3 = x3(1+ bxrs — cxy).
If 3 = 0 then we have

<a—2+\/a2+4 a+2—+a*+4 0>€Id(A ) <a—2—\/a2+4 a+2++va2+4
) ) Va ) 5
2a 2a 2a 2a

70> €TId(Ay,).

Ifa+b+c=0b—c+ bec=0 then one has that

b b

Ifa+b+c=0,b—c+bc+#0 then (0,0,1) € Zd (Ay,).
Ifa+b+c#0,b—c+bc#0then by 21 + 25 =1 — 23 from 29 = 21(1 + cx3 — axs) one finds

b
(047 EO@ 1- + Ca) € Zd (Ay,), for any a€R.

b—c+bc b—c+bc abc+c?—b?
) ) SYN) .
(c(a+b—|—c) bla+b+c) bc(a—|—b+c)) (Avz)
The proof of Theorem 2.5 is complete. |
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Now, let turn to the genetic algebra Ay,. Then, its idempotent element is given by the solutions of the
following system
r1 =23+ (1+a)rioe + (1 — b)z223,

29 = 2% + (1 — ¢)wy23 + (1 + b)wazs, (10)
3 =23 + (1 —a)z122 + (1 + ¢)2123,
where, as before, —1 < a,b,c < 1.
Let
fap(x) = abz® + (2a —ab — b)a? + (b —a —2)x + 1
where —1 < a,b < 1, ab # 0. Then
fan(x) =2 = Ax*+ Bz* +Cx+ D=0, where (11)
A=ab, B=2a—ab—b, C=b—a—-3, D=1.
It is known that its discriminant is given by
A = B*C? —4AC® — 4B*D — 27A’D? + 18ABCD.
Further we use the following lemma.

Lemma 2.1. ([24])

1) if A <0, then the equation has one real root and two complex conjugate roots;
it) if A =0, then the equation has three real Toots, and at least two of them are equal;
i11) if A > 0, then the equation has three distinct real roots.

From the last system, we infer that x; + x5 + 23 = (21 + 22 + x3)? which yields either x € Hy = {x :
1+ xa+x3=0}orx € H ={x:21+ 23+ 23 =1}

Let us rewrite the system as follows
x1 = g (X1 + 22 + x3 + axy — bas),
xg = x3 (T1 + T2 + 3 — cx1 + bra) (12)

x3 = 1 (X1 + 23 + T3 — axs + cx3),

Let us consider all possible cases as we did for the algebra Ay;.

I.Let a =b=1c¢=0.If x € Hy then from we obtain (0,0,0) € Zd (Av, ). If x € H; then again from
we find (1/3,1/3,1/3) € Zd (Ay,).

II. Let a = b =0 and ¢ # 0. If x € Hy then one has (0,0,0) € Zd (Ay;). If x € H; then from one gets
X1 =X, xo=2a3(l—cry), z3=2x1(1+ cx3),

hence its solutions are ¢(c) = (Z1(c), T2(c), T3(c)) € Zd (Ays), €(c) = (Z1(c), T2(c), Z3(c)) € Zd (Ay,), where

_ 3+c++/(1—-0¢)?+8 _ c—3—+/(1—-¢)?+8
B 4c  Fale) =

Z1(c) = Ta(c)

2c ’
N N 3+c—+y/(1—-0¢)?2+8 _ c—3+4++/(1—¢)2+8
B1(c) = Ba(c) = u e = 2V .

III. Let a = ¢ =0 and b # 0. If x € Hy then (0,0,0) € Zd (Ay,). If x € H; then
Tr1 = 1'2(1 — bl’g), To = 1’3(1 + bl’g), Tr3 = X1,

which implies b(b) = (F1(b), F2(b), T3(b)) € Zd (Avz ), b(b) = (F1(b), T2 (b), Z3(b)) € Td (Ays), where

- - b+3++/(1-0)2+8 _ b—3—+/(1-0)2+38
T1(b) = Ts(b) = 0 , Ba(b) = % ,

. N b+3—+/(1-0)2+8 _ b—3++/(1-0)2+38
Z‘l(b) :xg(b) = ib ) s xg(b) = 2(b ) .
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IV.Let b=c=0and a # 0. If x € Hy then (0,0,0) € Zd (Ay; ). Suppose that x € H; then one has
x1 =x2(1+axy), a2 =uz3, x3=2x1(1— axs)

which yields that &(a) = (F1(a), T2(a), #3(a)) € Zd (Av, ), A(a) = (F1(a), F2(a), F3(a)) € Td (Ay, ), here

~ o a=3+y/(1-a?+8 _ = a+3—/(1-a)?+8
Fila) = e | Tala) = Tola) = - ,
Loy _oa=3—y/(1-a?+8 _ = = a+3+/(1-a)*+8
Z1(a) = 5a , To(a) =Z3(a) = " .

V.Let c = 0and ab # 0. If x € Hy and a®+4ab < 0 then we have (0,0, 0) € Zd (Ay,). If x € Hy and a®+4ab > 0
then we get d(abb) = (T1(abb), To(abb), T3(abd)) € Td (Avy ), d(abb) = (Z1(abb), T2(abd), T3(abb)) € Td (Av),

where
_ —a++Va?+4ab —a —+Va?+4ab 1
T (abb) = T, .’L’Q(abb) = T, .’Iig(abb) = E,
N —a —+Va?+4ab —a++Va?+4ab . 1
I (abb) == T, .’L'Q(abb) = T, .’L'g(abb) = E
Assume that x € H; then we have
x1 = 22(1 + axy — bxs), za=ax3(1+bxa), z3=2x1(1— axs). (13)

Let z1 = 0. Then from x3 = x1(1 —axs) one gets 3 = 0. So, by xa = x3(1+ bxs) it follows that x5 = 0, which
is impossible. Therefore, x; # 0. Similarly, one can show that x5 # 0, 3 # 0, 1 — axy # 0 and 1 + bzy # 0.
So, z122x3 # 0 and (1 — ax2)(1 + bzg) # 0. Then, by one finds

22 o= L2
T ld4bzy N (1= amy)(1 + bag)

Substituting the last equations to x1 + x2 + 3 = 1 implies

T3

abzy + (20 —ab—b)z2 +(b—a—3)z2+1=0 = fu(zz) =0.

Due to Lemma 2.1 we infer that if A > 0 then there are three real solutions z3(ab), Z2(ab), Z(ab) of the last
equation, and it has a unique real solution z3*(ab) when A < 0. Consequently, we conclude that if A > 0
then there are three different idempotents c(ab), d(ab), k(ab), and if A = 0 then there are three idempotents
c(ab),d(ab), k(ab), but two of them are equal, and there is a unique idempotent n(ab) of Ay, if A < 0, where

c(ab) = (x1(ab), z3(ab), x3(ab)) , n(ab) = (277 (ab), x5 (ab), x3"(ab)),
d(ab) = (z1(ab), T2(ab), T3(ab)), k(ab) = (Z1(ab), T2(ab), T3(ab)),

oo @3 (ab) ot = —22(ab)
R ) (e T e M R TN
() 3" (ab) < (ab) = — 22 (ab)
@) = T s @) ) T Ty @)
. Tp(ab) Fa(ab) = —220%)
1) = T @)1 F w2 T T bw(a)
51 (ab) = T (ab) | Fy(ab) = Ty (ab)

(1 — aZo(ab))(1 + bT2(ab)) 1+ bazp(ab)’

VI Let b = 0 and ac # 0. If x € Hy and ¢ +4ac < 0 then we get (0,0,0) € Zd (Ay, ). If x € Hy and ¢ +4ac
0 then one has €(aac) = (Z1(aac), T2(aac),Zs(aac)) € Zd(Ay,), €(aac) = (Z1(aac), T2(aac), T3(aac))
Zd (Ay,), where

2
€

- —c+ V2 +4ac 1 _ —c— V2 +4dac
Z1(aac) = ————  Ts(aac) = —,r3(aac) = ————,
2ac a 2ac
. —c— Ve +4dac . 1 —c+ V2 + dac
Z1(aac) = ———— , Ta(aac) = —, Zz(aac) = ——.
a

2ac 2ac
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Suppose that x € H; then one gets
x1 = x2(l+axy), xe =x3(l —cxy), x3=u2x1(1— axs + cx3).

Now, using the same argument as in Case V, we conclude that if A > 0 then there are three different
idempotents b(ac), e(ac), m(ac), and if A = 0 then there are three idempotents b(ac), e(ac), m(ac) but two
of them are equal, and if A < 0 there is unique idempotent p(ac) of the algebra Ay, , where

b(ac) = (z1(ac), z3(ac), x3(ac)), plac) = (27" (ac), x5 (ac), 23" (ac)) ,

e(ac) = (z1(ac), T2(ac), z3(ac)), m(ac) = (z1(ac), Za(ac), T3(ac)),

riton = U o =

75" (ac) = 1+(<)> 0= ey <ﬁ;>(<cf)— i (ac))’
Ty(ac) = m Taad) = 3 amﬁ?f)_ i (ac))
f(>=1f32> Talac) = (1+a$1(a01§((l10)—0331( )

VIIL Let a = 0 and be # 0. If x € Hy andb2—|—4bc<0thenwehave( ,

b2+4bc > 0 then we have f(bec) = (1 (bec), Fo(bec), F3(bec)) € Zd (Avs,), (

0) € Zd(Av,). If x € Hy and
= (T1(
Zd (Avs ), where

(Z1(bee), T (bee), T3(bee)) €

\_/\.

~ 1 —b— Vb% + 4be —b+ Vb% + 4be
Z1(bec) = =, Ta(bec) = )= ——,

=Y~ 77" Fa(bee) =
¢ 2bc » Fa(bec) 2bc
N 1 —b+Vb%2 +4be . —b —/b% + 4bc
Bafbec) = 7, Falbee) = ——p = Balbee) = ———

Assume that x € H; then one gets

x1 = x2(l — bxz), xo =x3(l —cxy +bxs), x3=x1(1+ cx3).

Again using the same argument as in Case V, we conclude that if A > 0 then there are three different
idempotents a(be), f(bc),1(be), and if A = 0 then there are three idempotents a(bc), f(bc),1(bc) but two of
them are equal, and if A < 0 there is unique idempotent q(bc) of Ay, where

a(be) = (x1(be), x3(be), z3(be)) ,  q(be) = (217 (be), 3" (be), 23" (be)) ,
f(be) = (Z1(be), T2(be), T3(be)), 1(be) = (Z1(be), T2(be), T5(be)) ,

. o a(bo) . _ x5 (be)
z3(be) = 1 +ix§(b6)’ 73 (be) = 1+ Cx§(bc§)(1 — bk (be))’
. B :L'**(bC) x _ **(bc)

x7*(be) = Higcxi**(bc)’ 5" (be) = (1 + ca3*(be)) (1 — bxi* (b))’
Sy Ealbe) T (bc)
Tl = T mee ) T A s 00) 0 = bm00)
~ ( c) R B Z3(bc)
z1(be) = 1+ cas(be)’ Ta(be) = (1+ Cfg(bC;)(l — bx3(be))

VIIIL. Let abe # 0. Now, suppose that x € Hy then
x1 = x9 (axy — bxs),
x9 = x3 (brg — cx1), (14)

x3 = x1 (cr3 — axsy).
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From the first equation of we get

ba?gxg

x1 = w9 (axy —bxs) = wxi(axs —1) =basxs = x5 =
axrs — 1
where we have used azs — 1 # 0. It is easy to check that the case aze — 1 = 0 impossible. Therefore, (14])
implies
b.’l?g.%‘g

T = s aﬁgzb.rg.’l,'g 1—
axry — 1

cT3 broxs

= — . 15
ary — 1> 3 ars — 1 (cz3 — az,) (15)
Let be either 25 = 0 or 3 = 0, then the last two equations of (|15)) yield x5 = 23 = 0, so 21 = 0, that is we
get 1 = a9 = x3 = 0.

Let z2 # 0 and x3 # 0. Then

bxoxs CI3 bz
= 1=bas (1— 1= - 1
e ary — 1’ 3 < ary — 1) ’ ars — 1 (czs — axa) (16)
and from the second equation of (|16 one finds
cr3 bex3 + brg — 1
1=5% 1-— = = — 17
s ( axs — 1) 2 a(bzs —1) (17)

where we have used bx3 — 1 # 0. One can check that the case bxz — 1 = 0 is impossible.
Substituting to the third equation of we have
Ayzh + B1a3 + Cizz + Dy = 0,
where Ay = be(a+ b+ ¢), By = b* —ac, C; = —(2b+ ¢) and D; = 1. Its discriminant is given by
Ay = BiC} —4A,C} — 4B}Dy — 27A2D} + 184, B,C, D,
and by Lemma 2.1 we infer that
i) if A; <0, then the equation has one real root and two complex conjugate roots;

ii) if Ay =0, then the equation has three real roots, and at least two of them are equal;

iil) if Ay > 0, then the equation has three distinct real roots.

Therefore, if A; > 0 there are three different idempotents x*(abc), x(abc), X(abc), and if A; = 0 there are
three idempotents x*(abc), X(abc), X(abe) but two of them are equal, and if Ay < 0 there is unique idempotent
x**(abc) of Ay,, where

x*(abc) = (2] (abc), x5 (abe), x5(abe)), x**(abe) = (27" (abe), x5 (abc), x5* (abe)) ,
X(abe) = (Z1(abe), Za(abe), T3(abe)), X(abe) = (Z1(abe), T2(abe), Tz(abe)) ,
2 (ab _ bas (abe)x(abe) 25 (abe) = be(x3(abe))? + bak(abe) — 1

(axi(abc) —1) " 2 a(bzi(abe) — 1) ’

x _bas*(abc)wy*(abe) ., be(a* (abe))? + bag* (abe) — 1
7" (abe) = (LQL:v;*(abcz; —-1) 7 @3 (abe) = ; a(bzi*(abe) 37 1) ’
- _ bza(abe)zz(abe) = (abe) — be(z3(abe))? + brs(abe) — 1
F1(abe) = (aZo(abe) — 1)’ 2(abe) = a(bxs3(abc) — 1) ’

To(abc)zs(abe) c(Z5(abe))? + bZs(abe) —
oy = e L be(Ba(abo))? o Baabe) ~

(aZa(abc) — 1)’ a(bzs(abe) — 1)

Assume that x € Hy then
x1 =z (1 + axy — bxs),

xo = x3 (1 + bxg — cxq), (18)
x3 =1 (1 + cxs — axq).

From one gets
21 (1 —axs) = x2 (1 — bxg) = x5 (1 — cxq)
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Therefore,
1 =21 +x9 + 3,

x1 =9 (14 axq — bxs), (19)
x9 =ux3(l+ by —cxq).
Substituting 1 = 1 — x2 — z3 into the second equation we have
((a+Db)xy — 1) 23 = —azi + (2 +a)zs — 1.
Assume that (a + b)xzg = 1 then the last equation yields

2Jra:|:\/(12+4;é 1

—(2 1=0 = = .
(2+a)zy + 29 5 o

Hence, (a + b)xa # 1, and one finds

ar? — (2+a)rs +1
1—(a+0b)as

ar3 — (2+a)ze +1
1—(a+b)xs

= x1=1—29 —

Tr3 =

Using the last equations together with the third equation of we obtain

ar? — (2+a)rs +1 ar3 — (2+a)zs +1
= 14+breg—c|1l—29— .
2 1—(a+b)xsy thre e 2 1—(a+b)xs

which yields
ar3 — (2+a)re +1
= 1- b
2 1—(a+b)xs ¢t (btcles+

acr3 — (2+a)cxs +c
1—(a+b)xs
it implies
Aoxy 4 Boxl + Coxs 4 Doz + Fo = 0
where Ay = ab(a + b+ ¢), By = (2 = b)a? + (¢ — b*> — 2bc)a — b(b + 2¢), Dy = 2a + ¢ + 3 — be,
Co=—(a®>—((c+1)b+c+5)a—b>+(2—3c)b+2c), By = —

It is known that the quartic equation has the following solutions

L —Bz+\f+f+\/y§ @ _ "Bt Vi~ Vi — Vs

2 44, 2 44,
O "B VIV B i RV
44, 44,

where y1, Y2, y3 are solutions of the following cubic equation
Asy® — Bsy® + Cay + D3 = 0

with the fOHOWiIlg coefficients Ag = 1, B3 = —(3B§ — 814202), D3 = —(—BS’ + 4A2B202 — 8A§D2)2,
Cs = 3B5 + 16A3C% + 16A42ByDy — 16A3B2Cy — 64A3 5. The discriminant of the last cubic equation has a
form

Ay = B3C3 — 4A305 — 4B3D3 — 2TA3D3 + 18A3B3C3 D3
and by Lemma 2.1 it follows that

i) if Ay < 0, then the equation has one real root and two complex conjugate roots;
ii) if Ay =0, then the equation has three real roots, and at least two of them are equal;
iii) if Ag > 0, then the equation has three distinct real roots.

Therefore, if Ay >0 and Bz > 0 and C3 > 0 (see [I5])then x(), x?) x®) x®) are four idempotent elements
of Ay, and if Ay < 0 there is a unique idempotent, where

xM — (xu) 2 ¢ <1>) x® = (x@) 2, 2 )) x® = (xg))xg >’xg3>> x@® = ( @, xg@’xé@),

()) (1)
Iél) —Bz+f+f+f xél)a(xz —(2+a)zy’ +1 x(ll):l— 1 ()

, Ty — XT3,

44 1— (a+b)z!
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2
@\" _ (2
xéz) _ —By+ \y1 — Y2 — /Y3 xéz) _ “ (xQ ) (2+a)ay” +1 xgz) 1@ (2)
44z 1— (a+b)at?

(3)) 3)
o _ ~B2 VitV = Vs <3>,“<x2 —CHajzy 41 ONIPRN RO

T €T = y X — X 5
? 44, ° 1— (a+b)zt? 2

@ @
@ _ ZB2 i~ VitV xg;):“(x?) G N S P

T , T Ty — Ty .
2 1A, 1—(a+b)x§4) 1 2 3

Thus for the genetic algebra Ay, the following theorem is valid.
Theorem 2.6. The set of idempotent elements Zd (Ay,) is equal to

{(1/3,1/3,1/3)}, if a=b=c=0,
{e(e),clo)}, if a=b=0, c#0,
{b(b),b(b)}, if a=c=0, b0,
{a(a), (o)}, if b=c=0, a0,
{O} U {a(abb), A(abb), c(ab),d(ab), k(ab),n(ab)}, if ¢=0, ab#0,
{€(aac),€(aac), b(ac), e(ac), m(ac), p(ac)}, if b=0, ac#0,
{f(bcc), f(bee), a(be), £(be),1(be), q(be)}, if a=0, bc#0,
{x*(abc), X (abe), X(abe), x**(abe) }, if abc#0,
{x*(abc),X(abc), X(abe), x** (abe), xV, x?) xB) xBY} if abe#0, B3>0, C3>0, Ay>0.

2.4. Absolute Nilpotents of Ay,, Ay, and Ay,

This section is devoted to the description of absolute nilpotent elements of the algebras Ay, , Ay,, Ay;.

Let first consider the genetic algebra Ay, . Then one can check that element x € Ay, is absolute nilpotent if
one has
0=2?+ (1 —a)zira + (1 + c)z 173,

0=23+ (1+a)zima + (1 — b)z2xs, (20)
0=23+(1—-c)z1x3+ (1 + b)zaxs,
where —1 < a,b,c < 1.

Now we consider the genetic algebra Ay, . Then it is easy to verify that element x € Ay, is absolute nilpotent
if one has
0=2a%+ (1+a)z122 + (1 — b)xazs,

0=2f+ (1 - a)ziz2 + (1 + c)zr2s, (21)
0=2a%+ (1—c)zyzz + (1 + b)xgzs,

here, as before, —1 < a,b,c < 1. Finally we consider the genetic algebra Ay,. An absolute nilpotent element
of the is a solution of the system

0=23+ (1+a)zi7a + (1 — b)zows,
0=23+ (1 —c)z123+ (1 + b)zows, (22)
0=2?+(1—a)z1z2+ (1 + c)z123,

where —1 < a,b,c < 1.

By N(Ay,), k € {1,2,5} we denote all absolute nilpotent elements of Ay, k € {1,2,5}. From the system (20)),
we infer that (v1 + z2 +3)? = 0, i.e. 1 + 22 + 3 = 0. Therefore, N'(Ay,) C Hp. One has that the same fact
is true for the genetic algebras Ay, and Ay, .
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Theorem 2.7. The set of absolute nilpotent elements of genetic algebras N (Av, ), N (Av,) and N (Ayy) is
equal to

Hy, if a=b=c=0,
{(0,, —), (—a, @, 0)}, if a=b=0, c#0,
{(a,0,—), (a, —x,0)}, if a=c=0, b#0,
{0, -, ), (—,0,0)}, if b=c=0, a#0,
Oo}lu
{0} {(a, 0, —) }, if ¢=0, ab#0,
{(0,0&, —Oé)}, Zf b=0, ac 7& 0,
{(a, —,0)}, if a=0, bc#0,
0, if abc # 0.
where a,b,c € [-1,1], a € R and O = (0,0,0).
Proof. The proof of the theorem.
A) Rewrite the system in the following form
0=x1 (21 + 22 + x5 + cx3 — axa), 0=z (cx3 — axs),
0 =29 (21 + 22+ x5 + axy — bxs), = 0= x5 (azy — bxg), (23)
0=x3(x1 + 22 + x5 + bry — cxy), 0= z3 (bxy — cxy),

Now, consider all possible cases.
I. Let a =b=c=0. Then it is easy to see that N'(Ay,) = Hp.
II. Let @ = b = 0 and ¢ # 0. Then, from one has

zo-0=0, 123 =0.
So, (0,a, —a) € N(Ay,) or (—a,,0) € N(Ay,), for any a € R.

IIL. Let a = ¢ = 0 and b # 0. Then by the same argument, one finds (a, 0, —a) € N (Ay,) or (o, —a,0) €
N(Ay,), for any o € R.

IV. Let a # 0 and b = ¢ = 0. Then by the same argument, one finds (0, —, @) € N(Ay,) or (—a,0,a) €
N(Ay,), for any o € R.

V. Let ¢ =0 and ab # 0. Then (a, 0, —a) € N(Ay,), for any o € R.
VI. Let b =0 and ac # 0. Then (0, a, —a) € N(Ay, ), for any o € R.
VIIL. Let a = 0 and bc # 0. Then (a, —a,0) € N (Ay, ), for any o € R.
VIIIL. Let abe # 0. Then (0,0,0) € N(Ay,).

B) Rewrite the system in the following form

0=x9 (21 + 22+ x5 + axy — bxy), 0 = 25 (azxy — bxs),
0=x (21 + 22+ x5 + cx3 — axa), = 0 =1z (cx3 — axs), (24)
0 =x3 (1 + z2 + x3 + bzy — cx1), 0 = z3 (bxy — cz1),

It is easy to check that the systems and are the same. Therefore, in this case, the proof is the same
as above.

C) Rewrite the system in the following form

0 =xs (1 + 22 + 3 + axy — bx3), 0 = xs (axy — bxs3),
0=ux3 (1 + 22 + 3 + bxy — c11), = 0 = x3 (bxy — cx1), (25)
0=x (21 + 22 + x5 + cx3 — axa), 0 =z (cx3 — axz),

It is easy to see that the systems and are the same. Therefore, in this case, the proof also is the
same as above.
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The proof of Theorem 2.7 is complete. O
2.5. One-dimensional subalgebras of Ay,, Ay, and Ay,

Consider a linear form o(x) = 1 + z2 + x3 and the sets
Hy={x€eR’: o(x) =0} and H;={x€R’: o(x) =1}.

Recall that a subalgebra of an algebra is a vector subspace which is closed under the multiplication of vectors.

Theorem 2.8.

i) The sets Hy, Hy and the two-dimensional simplex S? are closed under the multiplication of the algebra

AVl (resp. AVQ’ 'AVS);

it) There is one-to-one correspondence between one-dimensional subalgebras of Ay, (resp. Ay,, Avy,)
and the sets of non-zero fixed points of operator Vi (resp. Va, Vs) together with absolute nilpotent
elements.

Proof. The proof of the theorem.

i) Let Ay, be a genetic algebra. We give the proof for Hy for other sets it is similar. Take any two different
elements x,y € Hy then we obtain x = x1e; + zses + z3e3 and y = y1e1 + yo€2 + yses.

1—a 1+a
xoyy = (z1€1 + T2€3 + w3€3) Oy (y1€1 + Yoo + Yz€3) = T1Y1€1 + T1Y2 e+ €

2 2
1+c 1—c¢ 1—a 1+a
+ 21Yy3 9 e + 5 e3 | + 22y 5 e; + 5 € | + x2y2€2
1-b 1+b 1+4+c¢ 1-c¢ 1-b 1+b
+ x2y3 5 e + B e3 | + 31 9 e + B es3 | + r3ys 9 € + 5 e3 | + x3yses

l1—a 1+e¢ 1—a 1+e¢
= | x1y1 + T1Y2 + T1Y3 + Toy1 + T3Y1 | €1

2 2 2 2
1+4+a 1-0b 1+4+a 1-b
+ | x2y2 + B T1Y2 + 5 T2y3 + 5 Tay1 + 5 T3Y2 | €2

1—a 1+0 1—c¢ 1+0
+ | z3ys + r1Y3 + Toys + T Y1+ T3y2 | €3
2 2 2 3 2
Therefore it follows that

oxoyy) =z + (1 —a)ziye + 21y3(1 + ¢) + z2y2 + (1 + a)x1y2 + (1 — b)xays + x3ys + (1 + b)z2ys
+ (1 = c)z1ys = 2191 + Tay2 + 23Y3 + 221y + 2213 + 222y3
= (z1+x2+23) (Y1 +y2 +y3) =0,
that is x oy y € Hp.

The genetic algebras Ay, and Ay, can be considered in a similar manner.

ii) Let £ = Rx be an one-dimensional subalgebra of Ay, (resp.Ay,, Av;) generated by x # 0 €
»AV1 (resp.AVQ, .AV5 )

Consider the equation x? = \x.

If A # 0, then the element z = x/) is a fixed point of the operator V;(resp.Va, V) (since z* = z).
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If A =0, then x is an absolute nilpotent element of the algebra Ay, (resp.Ay,, Az ).

Now assume that x is a fixed point of V; (resp.Va, V5), that is, x> = x. Consider the space £ = Rx, then for
any u,v € L we have

uoy v = (A1x) oy (Aox) = AMAox? = M Aox € L.

The same is true for an absolute nilpotent element.

The proof of Theorem 2.8 is complete. (]
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GENETIK ALGEBRALARNING BIR O‘LCHAMLI QISM ALGEBRALARI
Ibragimov Mahammadjon

Ushbu maqolada biz ikki o‘lchamli simpleksda aniglangan kvadratik avtomorfizmlarga mos keladigan genetik
algebralarni qaraymiz. Asosiy magsad mazkur genetik algebralarning barcha idempotent elementlari va
bir o‘lchamli gism algebralarini tavsiflashdir. Ushbu algebralarning bir o‘lchamli gism algebralari bilan
barcha idempotent elementlari va barcha absolyut nilpotent elementlaridan iborat to‘plam orasidagi moslik
ko‘rsatilgan.

Kalit so‘zlar: noassotsiativ algebra; genetik algebra; kvadrat stoxastik operator; kvadrat avtomorfizm.
OB OJHOMEPHBIX INOJAJITEBPAX 'EHETUYECKHNX AJITEBP
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EQUALITY OF SURFACES IN EUCLIDEAN AND SEMI-EUCLIDEAN
SPACES ACCORDING TO GEOMETRIC CHARACTERISTICS,
MONGE-AMPERE EQUATION
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Abstract

Total curvature is defined by first and second fundamental forms in Euclidean and isotropic
spaces. In this article, theorems are proved about the connection of two-dimensional surfaces
satisfying Cauchy-Riemann conditions in Euclidean and isotropic spaces.

Keywords: Isotropic space; Monge-Ampere equation; movement; conditions Cauchy-Riemann; full curvature;
average curvature; Gauss’s theorem; fundamental forms.

MSC 2020: 53A25, 53A35, 53A40.
1. Introduction

Surfaces are the basic structure of differential geometry. Numerous studies of surfaces are carried out
in Euclidean and isotropic spaces. Hence, these surfaces have attracted the attention of many researchers.
Concepts of isotropic space and geometry of the surfaces given in this space were first studied by K. Strubecker
[12 3], and then by Artykbaev A., D.D.Sokolov [5]. In recent years, this field has developed further, and
the news related to this field was also reflected in the works of E.M.Aydin [6], M.S. Lone, M.K.Karacan
[7], and Sh.Sh. Ismoilov [3, [10]. In particular, in the work of M.S. Lone and M.K. Karacan, the problem of
the existence of dual surfaces with constant total and mean curvatures in isotropic space was considered.
Sh.Sh. Ismoilov solved the Monge-Ampere equation for the class of transfer surfaces. In his work, equations
are found for a surface with a given function of total curvature in this class of transfer surfaces.

Isotropic geometry is based on a simple semi-Riemannian metric [I1]. It naturally appears when properties
of functions are to be geometrically visualized and interpreted at the hand of their graph surfaces [16]. In
particular, this holds for the visualization of stress properties in planar elastic systems at the hand of their
Airy surfaces [I5]. An application of isotropic geometry in Image Processing has been given by Koenderink
and van Doorn [13].

In this article, the connection between total and mean curvatures of two surfaces satisfying the Cauchy-
Riemann conditions in 3-dimensional Euclidean and isotropic spaces and spherical images of surfaces given
by these conditions in Euclidean space are studied.

Let there be given a three-dimensional affine space As, set by an affine coordinate system. Let X {1, y1, 21}
and Y {2, y2, 22} be vectors of the space A3 in the coordinate system Ozyz.

We know that it is possible to transfer a surface to another surface in Euclidian space. The following transition
matrix defines this motion:

X' = RX + B, (1)
where, R is a 3-dimensional quadratic, skew-symmetric, orthogonal matrix in the Euclidian sense B— parallel
translation. It is known, the motion in 3-dimensional Euclidian space is a rotation in each coordinate plane,
ie.:

R = Rz (v) Ry (B) Rx (a), (2)
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1 0 0 cosf 0 sinf cosy —siny 0
Where,RX:<0 cos o —sina),Ry:< 0 1 0 >7Rzz<sin7 cos 7y 0).

0 sina cosa —sinfg 0 cosp 0 0 1

We say the scalar product of vectors X {x1,y1, 21 tand Y {2, y2, 22} the number defined by the following rule:

o (X,Y) :x1x2+y1y2 Zf (X,Y) #0,
(X,¥) = { (XY )y = 2175 if (X.Y), =0. (3)

Definition 1.1. The affine space As, in which the scalar product of vectors is calculated by the formula 7
is called the isotropic space R3.

We define the norm of a vector and the distance between the points with the help of the scalar product.

More precisely, the vector norm ’}‘ = (Y,?), the distance between the points M (X), N (Y) and

IMN| =Y - X,Y — X) .

In coordinates, they have the following form:

ainy = L N = @z = 20)” + 2 - 0)? if N0, @
|MN|2:|22—2’1‘ Zf |MN|1=O

The isotropic space R3 is an affine space, there exists an affine transformation of coordinates that preserves
the distance defined by the formula . This transformation is called the motion of an isotropic space and is
given by the formula [3]:

' =xzcosa—ysina + a,
y = zsina+ycosa + b, (5)
2 =hiz+hoy+z+ec.

Let a regular surface be given in R? by the vector equation

— — —
7 (u,0) = 2 (w,0) - 7 +y(uv)- J 42 (w0) k. (6)
Then the first and second fundamental forms of the surface are determined by the following formulas:
I = ds? = Edu® + 2Fdudv + Gdv?,

IT = Ldu® + 2Mdudv + Ndv?. (7)

The coefficients of the first and second fundamental forms in the isotropic space are calculated as follows, as
in the Euclidean space.

E:?i:xi""—yia L:(meﬁ)v
F =7,Ty, = 24Ty + YuYo, and M = (Fup, 1),
G:F?,:x%‘i‘yg, N:(Fvvaﬁ)-

Defined by analogy with Euclidean space, the total and mean curvature of the surface, respectively, have the
following forms

LN - M? W oy EN-2PM+GL
T EG_F? an T EG-F?

In this space, let the surface F', given by the equation z = f(z,y), is the one-valued projection onto the plane
Ozy, the total and mean curvature at the point of the surface are determined by the following formulas:

K =LN — M?, 2H =L+ N,
calculating these coefficients, then we have

K:fmfyy_fiya (8)
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2H = for + fyy- 9)
Where, the right-hand side of the total and mean curvatures of the surface determine the Monge-Ampere and
Laplace operators, respectively. Hence it follows that the study of the geometric characteristics of the surface
in the isotropic space is interdependent on the Monge-Ampere and Laplace operators.

It is known from the complex analysis, that if the real and imaginary parts of a holomorphic function satisfy
the Cauchy-Riemann conditions, then they are harmonic functions. If we consider each real and imaginary
part of the function as a surface, we determine the connection between these surfaces according to geometric
characteristics. If the transformation preserves the distance, it is known that in Euclidian space it transfers a
surface to a surface equal to itself, generated by motion and differing only in position.

If
f(2) =Ulz,y) +iV(z,y), Ulx,y),V(z,y)eC*(D), DCR?

then the Cauchy-Riemann conditions for its real and imaginary parts are as follows:

U, =V,
{Uy = Vi (10)

Now we study the geometric characteristics of U(x,y) and V(z,y) surfaces. For this we introduce the concept
of a spherical image. If we pass rays parallel to the oriented all normal vectors of the surface S from the
center of the unit sphere which center lies at the origin of coordinates, each point M of the surface and the
domain around it are reflected to the sphere , and the point M is replaced by some point M’ of the sphere .
The point M’ is called the spherical image of M.

If the surface S is given by equation @, its unit normal vector is also a function of u and v:

=7 (u,v). (11)

The end of this vector draws the sphere or part of it, this part corresponds to the domain taken on the
surface S and gives its image. The equation can be considered as the equation of the sphere, because
for the sphere the vector n plays the role of a radius vector. We assume that the same values of curvilinear
coordinates u and v correspond to points M and M’ which corresponding to each other. Now if a closed line
L is taken on the surface, then another closed line L’ corresponds to it on the sphere.

Denote the area of the domain (L') inside the line L’ by S’ and the area of the domain (L) inside the line L
by S, we take the ratio of S’ to S and reduce L to the point M. In this case, as L’ decreases, the areas S’
and S also decrease, and their ratio tends to a certain limit value:

!
li — = Kg.
im S a

(L)y—»M
This limit is called the Gaussian curvature of the surface.

We study the spherical image of two surfaces satisfying the Cauchy-Riemann conditions. We write the
following vector equations for the surfaces U(z,y) and V(z,y) mentioned above:

%
Py =ai +y) +Uy)k,

-, = -
Py =i +yj +Vieyk. (12)
Established the following relationship between the total curvature of these two surfaces.

Lemma 1.1. [I0] If the functions U(z,y) and V(z,y) satisfy the following differential equality

UzaViyy + UyyVaw — 2U3y Ve = 0, (13)
then the total curvature of the surface U(x,y) + V(x,y) is the sum of the total curvatures of these surfaces,
K =K + Ks.

2. Main part

Lemma 2.1. The spherical images of the surfaces given by the equations U(z,y) andV (x,y) satisfying the
Cauchy-Riemann conditions are equal to each other.
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— —
Proof. We find the normal vectors N1 and N5 for these surfaces, respectively, and calculate their unit vectors:

.—)

o N U, U, 1

1= 7= = - y T ) )
M| JIHUR+UR LUz Uz 1402403
H

mo e v W 1
| JIHvEevE Jievieve ievzevg

Using the Cauchy-Riemann conditions, we can write the following equality for the expressions in the
denominator: 14 V2 4+ V2 = 14 U2 + U2 moreover, we have the following equality: Ny = {-U,,—U,,1} =
_>

{-V,, Vo, 1} and Np = {—V,, -V, 1}.

That is, when surface norgal vectors satisfy the Cauchy-Riemann conditions, the above equations are valid.

If we transfer the vector Ny to a vector symmetric to the plane y = z, a vector {V,, -V}, 1} is generated. If
. . ~

we transfer the vector {V,, —V,, 1} symmetrically with respect to the plane Oyz, then we get the vector No.

_>
So, since the vector Ny is transferred to the vector No by motion, the spherical images of surfaces U(x, y)
and V(x,y) are equal to each other.

If we transfer a surface S from one place to another in space, the first and second fundamental forms do not
change. This fact is obvious from a geometric point of view. So, in space, for two S and S’ surfaces with two
different positions, it is possible to choose such common curvilinear v and v coordinates, that their first and
second fundamental forms are the same. As we know, K.F.Gauss [14] investigated the inverse problem to this
problem, i.e., the problem of whether the given surface with the first and second fundamental forms can be
determined completely (one-valued) in Euclidean space and solved it by the following theorem.

Theorem 2.1. (Gauss) If a surface S is given by its first and second fundamental forms, that is, if the
coefficients of first and second fundamental forms are considered as functions of x, y then the geometric
form of the surface is completely determined by these conditions, i.e., the same any second surface with these
fundamental forms differs from the surface S by its position in the space.

Let the complex variable function w = U(x,y) 4+ iV (x,y) be given. Here, considering each of the functions
U=U(xz,y) and V = V(z,y) as a surface, if we require that these two surfaces satisfy the Cauchy-Riemann
conditions, there must be certain connections between these surfaces. In this paper, we consider the connection
between U = U(x,y) and V = V (z, y)surfaces in Euclidean and isotropic spaces.

We get the following theorem for surfaces U = U(z,y) and V = V(z,y) in Euclidian space:

Theorem 2.2. If the surfaces given by the functions U = U(x,y) and V = V(x,y) in Euclidian space satisfy
the Cauchy-Riemann conditions, then these surfaces are equal to each other and differ only in position.

Proof. Let us suppose that the surfaces are given by the equations U = U(x,y) and V = V(z,y), and
according to the condition of the theorem, the surfaces given by these equations satisfy the Cauchy-Riemann
conditions as a function, and the formula holds. We write the vector equation of these two surfaces in

the form .

Calculating the total curvature for the surface given by the first vector equation, we get the following formula:
UpzUyy — U2

= (14)
(1+02+U2)

If we take the second-order derivative from the formula , we have

Ure = Vay, Uy = Viyy,
{Uyy = —Vay, Usy = =V (15)

Substituting expressions of into , we get

VeaViyy — V2

Ky = # (16)
(14+V2+V2)
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This determines the total curvature of the surface given by the second vector equation. So it follows that

Ky = Ky

That is, the total curvatures of the two given surfaces are equal to each other. According to Gauss’s theorem
above, these surfaces are equal to each other and differ only in position. It is possible to transfer the surface
U(z,y) to the surface V' (x, y) by the given motion (1f) in Euclidean space. That is, these surfaces are transferred
from one to another through the transition matrix (|1). Theorem 2.2. is proved. O

The following theorem is valid in isotropic space.

Theorem 2.3. If the functions U = U(z,y) and V = V(x,y) are given in isotropic space and satisfy the
Cauchy-Riemann conditions, the total and mean curvatures of the surfaces given by these equations are equal,
but these surfaces are not equal to each other in the isotropic sense.

Proof. Suppose that the surfaces are given by the equations U = U(z,y) and V = V(z,y), the surfaces given
by these equations satisfy the formula as a function according to the condition of the theorem:

U, =V,
U, = V.

Using the formula , calculating the coefficients of first and second fundamental forms for the given surface
U = U(x,y) in isotropic space, and putting it in the formula @D, the total and mean curvatures for the first
surface are equal to the following formulas:

K =UU,, — U2

Ty

2H = Uy + U,y (17)

For the surface V, by using equations 7 we find the total curvature of the surface as
K =U,Uyy — U2, = Viy (—Viy) — Vi (Vi) = Vier Vyyy — V2

From this, the total curvatures of surfaces U and V are equal to each other. It is known that for functions
satisfying the Cauchy-Riemann conditions, the Laplace operator is equal to zero. In isotropic space, the mean
curvatures of the surfaces U and V are equal to each other and equal to zero, because the mean curvatures of
the surfaces are calculated using the Laplace operator, i.e.

Hy = Hy = 0.

It follows that the total and mean curvatures of these surfaces are equal to each other. We know that a given
surface in Euclidean space is transferred to the equal surface by the motion . Even if the curvature of the
given surface in isotropic space is equal to the curvature of the second surface, it is not always possible to
transfer from the surface U to the surface V' by the motion . For example, if we choose an upward convex
U surface and a downward convex V surface satisfying the Cauchy-Riemann conditions, these two surfaces
cannot be transferred from one to the other by isotropic motion. Therefore, these two surfaces are not equal
to each other in the isotropic sense. However, there exist surfaces that are equal to each other satisfying the
Cauchy-Riemann conditions.

Example. A surface U = 22 — y? and a surface V = 2y can be transferred from one to the other by the
following motion:

x' =zcos ] —ysin7,

y' =xsinf +ycos %,
2=z

So, in the isotropic space there are such surfaces that, although the total and mean curvatures are equal to
each other, these surfaces may be equal or unequal. Theorem 2.3 is proved. |

Remark 2.1. Gauss’ theorem about the equality of surfaces is not true for the isotropic space.
Because this motion is a composition of rotation, parallel translation and sliding. Through sliding, the surface
is deformed in the Euclidean sense. However, even if the geometric characteristics of the given upward convex

and downward convex surfaces in theorem 2.3 are equal, we cannot say that these surfaces are equal to each
other according to Gauss’s theorem.
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YEVKLID VA YARIM YEVKLID FAZOLARDA XARAKTERISTIK KATTALIKLARGA KO‘RA SIRTLARNING TENGLIGI,
MONJ-AMPER TENGLAMASI
Ismoilov Sherzodbek, Kholmurodova Gulnoza

Ushbu magolada to‘la egrilik Yevklid va izotrop fazolarda birinchi va ikkinchi kvadratik formalar orqali to‘liq
aniglanadi. Koshi-Riman shartlarini qanoatlantiruvchi ikki o‘lchovli sirtlarning Yevklid va izotrop fazodagi
o‘zaro vaziyati haqidagi teoremalar isbotlangan.
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Abstract

In this paper, the inverse problem of determination kernel from integrodifferential heat
equation with the nonlocal initial boundary and additional conditional is studied. The
solvability of the direct problem is proved using Fourier’s method and Banach’s principle. To
investigate the inverse problem, an auxiliary equivalent to the original problem is obtained.
Then, using the Fourier method, the problem is reduced to a system of closed integral
equations equivalent to the unknown functions. The theorem about the existence and
uniqueness of the solution of this integral equation using the principle of contraction mapping
is proved.

Keywords: integro-differential equation; non-local initial-boundary problem; inverse problem; integral
equation; Banach principle.

MSC 2020: 35K10
1. Introduction

Today in the theory of mathematical physics equations, investigations devoted to the direct and inverse
problems took an important place. These problems arise in situations when the structure of the mathematical
model of the studying process is known and it is necessary to set the problems of determining the parameters
of the mathematical model itself. Such problems include the problems of determining the various kernel,
leading and lower coefficients of the equations, nonlocal initial and boundary conditions, and so on (see [I]).

Problems with nonlocal conditions for partial differential equations have been studied by many authors.
The articles 2], [B] were considered with the study of the unique solvability of non-local inverse boundary
value problems for second-order hyperbolic equations with overdetermination conditions. These problems the
existence and uniqueness theorem for the classical solution of the inverse coefficient problem is proved.

The inverse problem of determining the time-dependent thermal diffusivity and the temperature distribution
in a parabolic equation in the case of nonlocal initial-boundary conditions containing a real parameter and
integral overdetermination conditions are investigated in the works [0 [12].

The problem of determining the kernel k(t) of the integral term in an integrodifferential heat equation was
studied in many publications [I3] [I7], in which both one- and multidimensional inverse problems with classical
initial, initial-boundary conditions were investigated. There is proven existence and uniqueness of inverse
problem solutions. In this article, we study an inverse problem in integrodifferential equation for a second-order
parabolic equation with nonlocal initial-boundary condition. The inverse problem of determination of the
kernel k(t) function in the one - dimensional integro- differential parabolic equation existence and uniqueness
of this problem solution is studied.
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Let T > 0 be fixed number and Dy; = {(z,t) : 0 < < [,0 < t < T}. Consider the inverse problem of
determining of functions u(x,t), k(t) such that it satisfies the equation

Ut — Ugy = /Ot k(t — m)u(z,7)dr, (z,t) € Dpy, (1)
with the nonlocal initial condition
u(z,0) + du(z, T) + /OTp(T)u(x,T)dT =p(z), z€]0,], (2)
the boundary conditions
U|g=0 = u|y=; =0, t€[0,T], (3)

and the additional condition

(1'07 ) h(t)’ (4)
here A > 0 is a given number greater than zero, ¢(x), p(t)(p(t) > 0,t € [0,T]), h(t) are given functions of
x €[0,1] and ¢ € [0, 7).

In the direct problem, for given numbers [, T, A and sufficiently smooth functions k(t), p(z), it required to
find a function u(z,t) € C**(Dr) satisfying nonlocal initial-boundary problem (I)-(3) for (z,t) € Dr.

Let C™ (0;1) be the class of m times continuously differentiable with all derivatives up to the m—th order
(inclusive) in (0;1) functions. In the case m = 0 this space coincides with the class of continuous functions.
C™k(Dr) is the class of m times continuously differentiable with respect to x and k times continuously
differentiable with respect to t all derivatives in the domain D7 functions.

2. Investigation of the direct problem

The solution of equation with the nonlocal initial condition and the boundary conditions satisfies
the relation

t el B
() = B, 1) + /0 /0 G, 6t — ) /O k(B — T)ulE, 7)drdedf—
T pl B
) / / Gola, &, +T - B) / k(8 — 7)ule, 7)drdédp

/// 1) Gola €t + 1 — ﬂ/ B(B — Pulg, 7)drdgdBdp, (5)
where

l
B(a,1) = /O P(€)Gol. €, 1)de,

G(z,&,t) %Z - sm—fsm

2 mn )2 ™
Go(z,&,t) = — e~ (P tgin T fsm—x.
I(14 e 2T 4 fOT p(r)e= )’ 7dr) Z !

Now we write property of Green function which will be needed in the future.

Remark 2.1. The integral of the Green function does not exceed 1:
l 1
| Gotag e < [ Glagnd <10 e 00,0 € 0.7
0 0

Denote the operator taking the function w(z,t) to the right-hand side of by A. Then is written as the
operator equation
u = Au, (6)
Consider the functional space of function u(x,t) € C(Dr) with the norm given by the relation
dy = ma P(x,t)|, ko= max |k(t)|, = ma t)],
0= hax [®(z,1)], ko [ [k( ), po o, p(t)]
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let A(D,®g) = {u: |lu— @] < Dp}. Obviously, |lul] < 2®q for u(x,t) € A(P, Py). We use the Banach principle
to prove the existence and uniqueness of solution to the operator equation

Lemma 2.1. Suppose that the following conditions are satisfied: p(x) € C[0,1], {p(¢t),k(t)} € C[0,T], p(t) >
0,¢(0) = () = 0. Then for all u(z,t) € A(®, Dy) and

0<T<Ty, (7)

the solution to the operator equation @) in the class C*Y(Dr) exists and unique, where Ty is a positive root
of the equation

pokoT® + 3(1 + N)koT? — 3 = 0.
Then there exists a classical solution of problem — in the space C%1(D7).

Proof. Let us prove that for suitable T the operator A maps the ball A(®, ®() into itself; i.e., the condition
u € A(P, Pg) implies that Au € A(P, Pg). For this, we have

== mas au-el <l [ [ Get-9) [ K5 rrdgas | +

T
+ 1A / / Gl &, + T — B) / k(8 — T)ulE,7)drdéd | +

T2 poT
+|/ // W) Golw, €t + p— 6/ (B — (e, T)drdedBy 1< ko [l | (14 2+ 220 <

poT
S%@ﬂﬂ1+A+7?)

If T satisfy the condition pokoT® + 3(1 + A)koT? — 3 = 0, then Lu € A(®,®;). Now we check the second
condition of a fixed point argument. Let uy,uy € A(®, Dy), then we get

|[Au; — Aus|] < max

AifG@fJ_mlfHB—ﬂWﬂ&ﬂ—uﬂaﬂmmw@+

(z,t)EDT
T ,l B
+omae 3L Gt —8) [ k(=) — ualé )ardgas]+
(z,t)eDp 0
B
+ max / / / 1)Gol, €t + i — B) / BB~ 7)(a(€,7) — un(€,7))drdedBd <

2
T
< k07(1+x+ ’L; Yur — us]].

Therefore, if the number 7T is small enough to satisfy the condition kopoT? + 3(1 + A\)koT? — 6 = 0, then A is
a contraction operator on A(®, ®y). Then by the Banach principle, equation (1) has a unique solution in
A(®, ®p). The proof of the lemma is complete. ]

3. Classical solvability of inverse problem

In this section we consider the problem of simultaneously determining the functions w(z,t), k(t) from the
integro-differential equation with nonlocal initial-boundary condition 7 and additional condition .

We introduce the notation

19(1‘,75) = umm(xat)7 (8)
and obtain the following equivalent problem with respect to function ¥(z,t):

t
O — Ve = / k(t — 7)0(x, 7)dT, (9)

0

T
I(z,0) + A (z,T) +/ p(T)d(z,7) = " (x), ©"(0)=¢"(l) =0, (10)
0

Vom0 = Y]z=1 = 0, (11)
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I ) / k(t —7)h (12)

The problem @D- is equivalent to the problem of finding the function ¥(z,t) from the following integral
equation:

t ol t—p
Iz, t) = F(z,1t) +/0 /0 G(J?,g,ﬁ)/o k(m)9(&,t — B — 7)drdédB—

T+t Tip
_)\/t /0 Go(x,¢, 5)/0 k()9 T +t— B — 7)drdédfB—

T t+T l t+T—a
_/0 p(T)/t /0 Go(m,f,a)/o E(B)HE t+ 17 — a — B)dBdEdadr (13)

l
Fla,t) = /0 Gol,€,6)¢"(€)de.

Differentiate the integral equation once with respect to the variable t:
l T
D) = Fie.t) 43 [ Golwn&t) [ K6 T — r)arde-
0 0
T+t [l T+t—8
[ [ewes [ kowie T+ -5 - rardcas-
T+t pl
A [ Gl & I + ¢ - (e, 0)dcds+
t 0
t gl
+ [ [ Gs.am = gute.oazas+

t t—8
+ / / Oe.e.8) / ()06t — B — 7)drdedr+

/ /G”‘ft / k(B)V(E, 7 — B)dBdedT—
_/0 p<7)/t /0Go(ar,&a)k(tw—a)ﬁ(g,o)dgdadT_

T t+1 l t+17—a
/0 p(7) /t /0 Golx.£,a) /0 R(B)0,(E,t + 7 — o — B)dBdedadr (14)

We calculate the derivative Fi(x,t), using the relation

GOt(xa 67 t) = G0§§($7 ga t)
Integrating by parts, using matching conditions ¢”(0) = ¢”(I) = 0 , we find that

F(a,t) = / Go(a, &, 1) (€)de ) =

l
- / Goge (i, £, 1) (€)dé = / Gol(z, £, )™ (€)de.
0 0

Taking into account the last equalities and condition , from , we obtain the integral equation for the
unknown function k(t) as follows:

_R'(t) Fi(wot) 1 [f /
k(t) = o) h(0°> h(O)/O k(T (t — 7)dr—
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! T
55 [ Gnteaen [ ke T - raracs
T+t ol Tii—p
+ﬁ/t /o G(xo’g’ﬁ)/o kE(T)0.(&, T+t — B — 7)drdédS+
T+t l
Sy Gotro &AM+t ppute s
t l
_h(lo)/o /0 G(z0,&, B)k(t — B)v(€,0)dedB—
1 Lol t—8
h(O)/o /0 G(xo,f,ﬂ)/o k(T)9:(&,t — B — T)drdédr—
T ! -
_h(IO)/o p(T)/O GO(IO@U/O K(B)I(E, T — B)dBdedT+
T t+1  pl
+ﬁ/o p(T)/t /0 Go(2o,&, a)k(t + 7 — @)d(¢, 0)dédadr+

T t+1 l t+T—a
+ﬁ/® p(T)/t /0 Go(xo,f,a)/o k(B)9:(&,t + T — a — B)dBdédadr. (15)

We represent the system of equations — in the form
g =Ag, (16)

where
g= (gb 92a93) = (19(1'7t>719t($7t>7 k<t))
is the vector-function.

A= (A1, Ay, Aj3)is defined by the right sides of equations —:

t gl =8

Arg = gor + /0 /0 G(x,¢, 5)/0 93(7)g1(&§,t — B — 7)drdédS—
T+t pl Tits

,/\/t /0 Go(,¢,P) /0 g3(T) g1 (6, T+t — B — 7)drd&dp—

T t+7  pl t+7—o
- /0 p(r) / /0 Gola. €, a) /0 05(B)g1 (6,1 + 7 — o — B)dpdedadr,

l T
A59 = gos + A /0 Gola,6. 1) /0 05(T)gn (€. T — 7)drdé -
T+t pl T+i—8
A /t /O G(z.¢. B) /0 05(r)ga(€.T + 1 — B — 7)drdedf—
T+t l
Y / / Go(z, €&, B)gs(T +t — B)gu (£, 0)dédp+
t 0
t l
+ /0 /0 G(a,€.B)gs(t — B)gn (€, 0)dedB+
t ol t—8
+ / / Glx.£, 8) / 05(7) a6, t — B — T)drddrt
T l T
+ /0 p(7) /0 Golz, €.1) /0 05(8)g1 (6,7 — B)dBdedr—

T t+1 l
- / p(r) / / Gola €, a)ga(t + 7 — a)gu (€, 0)dédadr—
0 t 0
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T t+7 l t+r—a
B G — o~ B)dpdedad
/O p(T)/t /0 O(xafva)/o 93(5)92(§7t+7' e} 6) Bd&dadr,
t
A3g = gos — ﬁ/{) g3(T)W (t — 7)dT—
l T
>;))/0 GO(xvaat)/o g3(1)g1(&, T — 7)drdé+
A T+t pl T+t—p
+h(0)/t /O G(ffofvﬂ)/o 93(T)g2(&, T+t — B — 7)drdedp+
T+t l
+h(A0)/t /0 Go(z0,&,B)gs(T +t — B)g1(€,0)dédB—
t l
w7 | Gten &ttt - a6 0pacas-
t—p
/ / G(x0,¢, ) / 93(T)g2(&,t — B — 7)drdédT—
h(O)/o p(T )/ Go(zo, &, )/0 93(B8)g1(&, 7 — B)dBdEdT+

1 T
+m/ p(7) / / Go(zo, &, a)gs(t + 7 — a)g1(€,0)dédadr+
t+17—
/ / / Go(wo, &, a / 93(B)g2(&,t + 7 — o — B)dBdédadr

The following notations were introduced in the equalities —:

R'(t)  Fi(zo,t)

90<t7x) = (901(tvx)’ 902(t7$)7 903<t)) = (F(*T7t>7 Fi(,1), 1(0) - 1(0) ).

Theorem 3.1. Let conditions p(z) € C*[0,1], p(t) € C[0,T], p(t) >0, h(t) € C?0,T], ©(0)
©"(0)=¢"() =0, h(0)#£0, A >0, be sat ed. Then there exists sufficiently small numbers T* € (0,T) that
]

the solutzon fo the integral equatwns E m the class of functions ¥(z,t) € C*' (Dr+), k(t) € C[0; T
exist and unique, where Dy~ = {(z (0, T*]}.

Proof. We introduce the notations
wo := [lellcap,y, ho := ||kl c2j0,17-

We define for the unknown vector-function g(x,t) € C(Dr) the following norm:

”g”max{ max. |g1(ac,t)|, max. ‘gZ(xvt”vtmaX |g3(t)|}

(z,t)eDrp (z,t)eDr €[0,7]
besides,
lgoll = max § max |go1(x,t)], max |goz(z,t)[, max |gos(t)l
(z,t)eDp (z,t)eDr t€[0,T]
where
max_ |go1(z,t)| < max / Go(x, & t)p(&)dE| < o,
(z,t)eDr (z,t)eDr
l
max [goa(s, 0 < max | [ Golan €, 0)5"(€)d| < o
(ZE,t)GDT (I,t)GDT 0
W) ho
< < —
i l90s (0] < e 150 >’ hO)
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Denote by S(go, ||go||) the ball of vector-functions g with center at the point gy and radius ||go|| > 0, i.e.
S(90,0) = {9+ llg = goll < llgoll}-

Obviously, |lg]| < 2||gol| for g(z,t) € S(go, ||gol|).- We prove that the operator A is contracting in the Banach
space S(go, ||gol|) if the number T' will be chosen in suitable way.

Now we check the first condition of contractive mapping [[19], pp. 87-97] for operator A .
Let g(x,t) be an element of S(go, ||gol|) i-e. S(go, ||gol|)- Then for (z,t) € Dy we have
[A1g = g1l = max [(A1g — go1)| <
(z,t)eD
max

,t)€Dy
xt)EDT//waﬂ/ - 3(7)91(€,t—ﬂ—7)d7d§d5‘+

T+t T+t-p
7 [avwen) [ mmne o5 - ardea+

+ max
(z,t)eDr

T t+1 l t+7—a
Lo [ [Gueear [ st +r—a—pisdcdadr| <

2
< 201+ T2 oll” + 7% gol

+ max
(z,t)eDr

It follows that if
0<T<Ty,
where T} is a positive root of the equation

[A2g — goz|| = max [(A29 — go2)| <
z,t)eEDT

/GO (z,€,1) /0 o(7 )gl(g,T_T)deg]+

max
(z t)eDr

T+t T+t—p
/ / Gl & 8) / 93 (T)gz(f,T+t—ﬁ—r)de5d5’+

+ max
(z,t)€Dr

+ max
(z,t)eDr

T+t
AT [ Gt B+ i o))+
t 0

+ max
(z,t)eDr

¢l p
/ / Gz, €, 6)/ 93(7)g2(§,t = B — T)dede‘+
o Jo 0

t pl
| [ csnimit = mne.0neas]+

+ max
(z,t)eDr

+ max
(z,t)eDr
+ max

(.t)eDr /Tp(T / / Go(x,&, )gs(t + 7 — a)g1 (¢, O)dfdadT’—i—

/ / / Go(z, &, /HTQ 93(B)ge (&t +7—a— ﬁ)dﬁdgdadr‘g

2
< 4(1+ 20T ol + 201 + 2p0 + DT ol + 20T ol

/OTp(T) /l Go(x,&,t) /OT 93(B)g1 (&, T — ﬁ)dﬁdqu—‘_,_

+ max
(z,t)eDr

It follows that if
0<T<Ty
where T5 is a positive root of the equation

|A3g — go3ll = max [(Azg — gos3)| <
(z,t)eDT
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< max
(z,t)€EDr

h(lo)/otgg(T)h/(t—T)dT’-f—

l T
w7 | Gotan &) [ a6, ryarae]+

+ max
(z,t)eDr

T4t gl T4t—8
i | Gaen [ s v -5 = ryardcas+

+ max
(z,t)€Dr

T+t l
+ max |2 [ [ Golan. €. 8)an(T + ¢ = B, 0)dcap] +
t

(z,t)€Dr h

+ max
(z,t)€EDT

//Gmo,fﬁ/ -0 3(7)92(§’t_ﬁ—r)d7'd§d7-‘+

t pl
wr | [ 6tn& Bante - s)an (e 0)deas]+

(, t)eDT

+ max
(z,t)eDr

W/o p(T)/ Go(zo,&,t) /OTgs(ﬁ)gl(g,T—ﬁ)dgdng‘Jr
+ max

(z,t)EDT
4+ max

(,t)eDr | h / / / Golwo, &, @ /HTQ 93(B)ga(&;t +7 —a - ﬂ)dﬂdﬁdad7’§

2(ho||90|| + 4M[lgo|* + 2lgol|® ) + 2(llgoll* + Mlgoll* + 2p0||90||2)T2 n 2pollgo]?
- h(0) h(0) 3h(0)
Therefore, Ag € S(go, ||gol|) if T' satisfies the conditions

h(lo)/Tmr/ /Go 20.6,0)gs(t + 7 — @)gn (€, 0)dedodr |+

T3.

2p
201+ NT2lgoll + T goll < 1,

2
AL+ 20Tl goll + 201+ 2p0 + DT ol + 2 Tlgoll < 1, (17)

2(ho + 4Allgoll + 2llgoll) ;- | 2llgoll (X + A2po) 75 2polgol

7(0) 7(0) ah0) L <1

Now consider two functions g' and g2 belonging to the ball S and estimate the distance between their images
Ag' and Ag? in the space C.

[(Ag" — Ag*)1|| =

t ol t—8
| [eaen [ et -5 - gt - o rdricas|+

max_
(z,t)eDr

+ max
(z,t EDT

T+t T+t—8
A [avwes) [T @ 157~ @i T ¢ 5 ardsag]s

+ max
(z,t)eDp

[0 [T [ o) [T 01k -0 8)-0103e 47 pldsaae|

The sub-integral expression in the second integral can be estimated as follows:
19291 — 939%|| = [|(92 — 92)91 + 93 (91 — 9D)|| <

5D < 4llgoll||9" = 92| -

<2|g" — g*| max (||g1
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Therefore,

2p
[(Agh — Ag*)1]| < 21+ N)T? + %Tg)\\goll\\gl -9l

The next components can be estimated in a similar way,

2p.
I(Ag" = Ag)a |l < (401 + 20T + 20+ 2p0 + DT + 227 lgollllg" = 9°11

2(ho 4 4Mgoll + 2llg0l|) 2/lgoll (1 + A2po) o . 2pollgoll 3\ 1 2
T T T — .
1(0) N 1(0) METAT) )”9 a

(A" = Ag%)s] < (

Consequently, ||[(Ag' — Ag?)|| < pllg* — ¢?%||, where p < 1 provided that T satisfies the condition

2p
—2(1+ N)T?||goll + 70T3||go|\ <1

2
A1+ 20T lgoll + 200+ 200 + T2 o | + 22T gol| < 1, (18)
2(h + 4Allgoll +2lg0l) . 2lg0ll(L +X2p0) o 2pollgoll s
T T T° <1.
1(0) + 1(0) T TS

Therefore, if the number 7T is small enough to ensure that conditions and are satisfied, then A is a
contraction operator on S(go, ||go||). Then, by the Banach principle, equation g = Ag has a unique solution in

S(g0, ll90l1)-
The proof of the theorem is complete. O

By found function k(t), the function u(x,t) is determined as a solution to integral equation (see
Section 2). Thus, the solution of the inverse problem (I)-({) exists and is unique in the class of functions
u(z,t) € CHY(Dr),k(t) € C[0,T], where T satisfies inequalities (7), (17), (I8).

Conclusions

In this work,the solvability of a nonlinear inverse problem for integro-differential heat equation with nonlocal
conditions was studied. Firstly we investigated- solvability direct problem. Therefor — problem replaced
equivalent of integral equation by Fourier method. Then used to Banach principle, existence and uniquness
lemma of direct problem solution is proven. The inverse problem was considered for determining the kernel
k(t) included in the equation with integral observation @) of the solution of this system with the initial
and boundary conditions , . Conditions for given functions are obtained, under which the inverse
problem have unique solutions for a sufficiently small interval.
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NOLOKAL SHARTLI INTEGRO-DIFFERENSIAL PARABOLIK TIPDAGI TENGLAMADAN YADRONI ANIQLASHNING
TESKARI MASALASI
Jumayev Jonibek, Atoyev Dilshod

Ushbu maqolada, nolokal boshlang‘ich-chegaraviy va qo‘shimcha shartli integro-differensial issiqlik
tarqalish tenglamasidan yadroni aniglashning teskari masalasi o‘rganilgan. To‘g‘ri masalaning bir giymatli
yechiluvchanligi Furye usuli va Banax prinsipi yordamida isbotlangan. Teskari masalani tadqiq gilish uchun
dastlab qo‘yilgan masalaga ekvivalent bo‘lgan yordamchi olingan. So‘ngra Furye usulidan foydalanib, masala
noma’lum funksiyalarga nisbatan ekvivalent bo‘lgan yopiq integral tenglamalar sistemasiga keltirilgan. Ushbu
integral tenglamalar sistemasi yechimi mavjudligi va yagonaligi haqidagi teorema qisqartirib akslantirishlar
prinsipi yordamida isbotlangan.

Kalit so‘zlar: integro-differensial tenglama; nolokal boshlang‘ich-chegaraviy masala; teskari masala; integral
tenglama; Banax prinsipi.

OBPATHAS SAJAYA OIPEAEJIEHNA SAJPA B MHTEIPO-AU®PEPEHIIMAJIBHOM YPABHEHUNU
ITAPABOJ/IMYECKOI'O THUIIA C HEJIOKAJIBHBIM YCJIOBUEM
2Kymaes 2Konubek, AtoesB dnimosn

B namnoit pabore uccienyercss obparHas 3ajiada ONPEIEJEHUsS spa U3 UHTErpo-anddepeHInaabLHoTro
ypaBHenus: audy3un TeIaa ¢ HeJOKAJTLHON HAYaJIbHOM TPAHUIEH W JTOTMOJTHUTEILHBIM YCIAOBHBIM YCIOBAEM.
PazpemmumocTs nipsimoit 3aja4uu joka3biBaerca metogoM Pypbe u npunrunoM banaxa. s uccienoBanus
0OpaTHON 3a4a41 IT0JIyYeHa BCIIOMOraTeIbHasl, SKBUBAJEHTHAs MCXOAHON 3amade. 3areM merogoM Dypbe
3aJ1a9a CBOJUTCS K CHCTEME 3aMKHYTHIX MHTEIPAJIbHBIX yPaBHEHUIl, SKBUBAJECHTHBIX HEN3BECTHBIM (DYHKIIHSIM.
JlokazaHa TeopeMa O CYNIECTBOBAHUU W €INHCTBEHHOCTH PEIEHUS ITON CHCTEeMbI MHTETPAJbHBIX YPaBHEHUH C
HUCIOJIb30BAHUEM MIPUHITAIA CXKUMAIOIIEro 0TobparkeHus. KiroueBble coBa: MHTErpo-auddPepeHnaIbHOe
ypaBHeHMe, HeJIOKaJIbHAsl HadaJbHO-KpaeBas 33/1atda, oOpaTHasl 3ajada, HHTerpajJbHoe ypaBHEHNE, TPUHITATT
Banaxa.

KuroueBbie cioBa: narerpo-auddepeHImaibioe ypaBHeHNe; HeJIOKaIbHasl HaYaJbHO-KpaeBas 33/1ada;
obpaTHas 3a/laua; HHTerpajbHOE ypaBHEeHUe; IpuHIMN Banaxa.
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LIMIT PROPERTIES OF THE TOTAL PROGENY IN
THE POSITIVE RECURRENT (Q-PROCESSES
WITH A FINITE SECOND MOMENT

Nazarov Zuhriddin
V.I.LRomanovskiy Institute of Mathematics,
University of Management and Future Technologies,
Tashkent, Uzbekistan
zuhrov13@gmail.com

Abstract

We examine the population growth system called Q-processes. This is defined by the Galton-
Watson Branching system conditioned on non-extinction of its trajectory in the remote
future. In this paper we observe the total progeny up to time n in the Q-process. By analogy
with branching systems, this variable is of great interest in studying the deep properties of
the Q-process. We find that the sum total progeny as a random variable approximates the
standard normal distribution function under the third moment assumption for the initial
Galton-Watson system offspring law.

Keywords: Branching system; Q-process; Markov chain; generating function; transition probabilities; invariant
distribution; extinction time; total progeny; positive recurrent; central limit theorem; law of large numbers.

MSC 2020: 60J80, 60J85

1. Introduction and main results

In the general theory of random processes models of stochastic branching systems are particularly important.
Nowadays, there is great interest in these models. The creation of the theory of branching models is related
to the possibility of estimating the survival probability of the population of monotypic individuals. The
discrete-time simple branching process model was introduced by Francis Galton in 1889 as a mathematical
model for the population family growth is now called the Galton-Watson Branching (GWB) system; see [1],
2], B, I8, [9], [10] and [13]. GWB models play a fundamental role in both the theory and applications of
stochastic processes. Among the random trajectories of branching systems, there are those that continue a
long time. In the case of the GWB model, the class of such trajectories forms another stochastic model called
Q-process; see [2] and [5]. In the case of continuous-time Markov branching systems, an analogous model
called the Markov Q-process, was first introduced in [4].

Let {Z(n),n € No} be GWB system with branching rates {px, k¥ € Ny}, where Ny = {0}UN and N = {1,2,...}.
The variable Z(n) denotes the population size at the moment n in the system. The evolution of the system
occurs according to the following mechanism. Each individual lives a unit length lifetime and then gives
k € Ny descendants with probability pg. This system is a reducible, homogeneous-discrete-time Markov chain
with a state space consisting of two classes: Sy = {0} US, where {0} is absorbing state, and S C N is the class
of possible essential communicating states. Throughout the paper we assume that pg > 0 and pg + p; > 0
which called the Schréder case. We suppose that pg + p; < 1 and

m = Z kpi < o0.
kes

Considering transition probabilities

Pij(n) =P{Z(n+k)=j| Z(k) =i} for any k € Ny
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we observe that the corresponding probability generating function (GF)

> Pyn [fals)]"s (1)

keSo

s):= Y pp(n)s*,
keSo
therein py(n) := Pix(n) and, f,(s) is n-fold iteration of the offspring GF f(s) := >, s, prs®. Needless to
say that f,(0) = py(n) is a vanishing probability of the system initiated by single individual. Note that

{po(n)} is monotone and tends to ¢ as n — oo, which called an extinction probability of the system, i.e.
lim,, 00 Pg(n) = ¢. It is known that the extinction probability

where

e g=1 if m<1;

e g<1 if m>1.
Based on this, according to the values of the parameter m, the system is called

o sub-critical if m < 1;

e critical if m=1;

o super-critical if m > 1;
see [2], [3], [13].
Further we are dealing with the GWB system conditioned on the event {n < H < oo}, where H is the
extinction time, i.e. H := min{n € N: Z(n) = 0}. Let P;{x} := P {x | Z(0) =i} and define conditioned
probability measure

pHIFR Ly = P, {x|n+k<M<oo} for any k€ N.

In |2 p. 58] proved, that
Jim PO () = 5} = 2 ) = ), @)

where 8 := f'(g). Observe that 3 Qi;(n) =1 for each i € N. Thus, the probability measure Q;;(n) can

determine a new population growth system with the state space & C N which we denote by {W(n),n € Ny}.
This is a discrete-homogeneous-time irreducible Markov chain and called the Q-process; see |2, p. 58].

Undoubtedly W (0) Lz (0) and transition probabilities
Qij(n) =P{W(n)=4|W(0)=i} =P;{Z(n)=j | H =00},
so that the Q-process can be interpreted as a “long-living” GWB system.

Put into consideration a GF

Then from and we obtain

w0 = [0 o, ®)
where the GF w,(s) := wy(ll)(s) =E[sW(™) | W(0) = 1] has a form of
wp(s) = f/ﬁ( as) for all neN. (4)

Using iterations for f(s) in leads to the following functional equation:

w® (s = )@ (g
n—i—l( ) fq(s) n (fq( ))’ (5)
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where w(s) := w1 (s) and f,(s) = f(gs)/q. Thus, Q-process is completely defined by setting the GF

_ fes).
w(s) = 5 (6)

An evolution of the Q-process is in essentially regulated by the structural parameter 5 > 0. In fact, as it has
been shown in |2, p. 59, Theorem 2|, that

o & is positive recurrent if [ <1
o & is transient if [ =1.

On the other hand, it is easy to be convinced that positive recurrent case 5 < 1 of Q-process is in a definition
character of the non-critical case m # 1 of the initial GWB system. Note that 5 < 1 and nothing but.

It is obvious, that when initial GWB system is sub-critical, then the condition w’(1—) < oo is equivalent to that
f"(1=) < oo. Further we everywhere will be accompanied by this condition by default. Then differentiating
(6) on the point s = 1 we obtain EW (1) = w’(1—) = 1+ B,(1 — ), where

b
B, := 4 9
ECICE)
. fI . 1"
and b, := f'(1) = qf"(q)- It follows from and that

EW(n) :=E [W(n) ‘ W (0) = z} —(i—1)B" + EW(n),

where EW (n) =1+ B, (1 — 7).
Our purpose is to investigate asymptotic properties of a random variable
Sp=W0O0)+ W)+ ---+W(n-1),

denoting the total number of individuals that have existed up to the n-th generation in the Q-process. By
analogy with branching systems, this variable is of great interest in studying the deep properties of the
Q-process. We refer the readers to [9], [I0], [T1], [12] for details on total progeny in GWB systems and related
model results.

Our main results are analogues of Central Limit Theorem and Law of Large Numbers for S,,. Let N (0,1)
be a normal distributed random variable with the zero mean and the finite variance 1 and ®¢ 1 (z) is its
distribution function.

In this paper we deal with the positive recurrent case assuming that second moment w”(1—) be finite, i.e.
<1l and w’(1-) < oo [A]
Also in this case, the condition w”(1—) < oo is equivalent to f"/(1—) < cc.

Theorem 1.1. Let the condition [A] be satisfied. Then

. S, 0, if t<1+ B,,
lim P — <ty =
nreo n 1, if t>1+B,.

Let

. 1 28(1—-p5)+0b
\I/::1+SBQ+FQ and j‘I::(l_ﬁ)2( (1_; qbq+cq),

where ¢, := fi"(1).
Theorem 1.2. Let the condition [A] be satisfied. Then
Sn —ES,

Vin

P o
where the symbol “—” means the convergence in distribution.

LN (0,1) as n — oo,
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The rest of this paper is organized as follows. The next section provides auxiliary statements that will be
essentially used in the proof of our theorems. Section 3 is devoted to the proof of Theorems.

2. Preliminaries and Auxiliary Lemmas

Now we define the sum V,, = ZZ;& Z4(k), which is a total progeny of individuals that participated in the
evolution of the system {Z,(n),n € N}, up to the n-th generation and an appropriate random variable
V = lim,,_,~ V;,, which means the total number of individuals involved in the whole evolution of the system.
Then the results from [6, p. 5, Remark 1] implies that

h(z) := Ez" = lim Ez""
n—roo

and it satisfies the functional equation

h(z) = xfy(h(z)). (7)

Ay (z) = h(zx) — hy(x),

where h,(z) = Ez"» which satisfies a recurrence equation
hpyi(z) = xfq (hn(x))

Further we need the joint GF of the variables W (n) and S,

T,(z) =Y P{S,=k}a"

keN

Let

on a domain = € [0, 1]. It was proved in [7] that

n—1
To(x) = H ug (), (8)
k=0

where
2y (hn(2))
B

In the mentioned work [7], the following important formula was obtained, which we will use in our further
discussion:

un(a?) =

u(z) _ 1 N v(z)[1 — u"(z)] n 27: ex ()b (z), 9)
k=1

Ap(z)  h(z)-1 1 —wu(x)
where .
u(x) =z f, (h()), v(z) = quQEzg))
and sup,cg|en(z)| < &, — 0 as n — oco.
Since 8Tn(x)/8x’x:1: ES,,, it is not difficult to observe that
ES, — (1+Bq)n—3q%- (10)

In our further discussion, we will need expansions of the functions h(x) and u(z) in the left neighborhood of
the point z = 1.

Lemma 2.1. Let the condition [A] be satisfied. Then

—_ _1.2
1—h(z) ~ 1_16.(1_55)_25((11_56)):%,(1 2)
6,32 Cq 3bg (1+,3—2ﬁ2+bq> .(171.)3 . .
! <(1—5)3+(1—6)2+ 1- 7 ) 6 T (1
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Proof. We write the Peano’s form Taylor expansion for h(z):

h,/ 17 h/// 17

h(z)=1+n(1=)(z—1)+ (2 ) (x—1)%+ #(z — 13 4o(x—-1)2% as z1l. (12)

Formula and standard calculations produce that
1 268(1—=p5)+1b
W(1-) = o h(1-) =t
and ) )
3b, (1 -2 b
h///(l_): 65 S =+ Cq 5 + 11( +/8 6 + Q)'
(1=p)3 (1-5) 1-p

Substituting these expressions in the expansion , entails .
The lemma 2.1 is proved. O

Similar arguments can be used to verify the validity of the following lemma.

Lemma 2.2. Let the condition [A] be satisfied. Then

z(1 —x2)?
u(@) = fe[l = By(1 - )] + 7,7 + oa), (13)
where
B 1 26(1—5) + b, .

and o(z) = O(1 —z)® as x 1 1.
Proof. Write the Taylor expansion with Lagrange error bound for f;(y):
1
o) =B+ F{ Wy =1+ 3£ Wy = 1)* +r(y),
where 7(y) = O(y —1)® as y 1 1. Since u(x) = zf} (h(z)), taking herein y = h(z) and using leads to ([L3)).
The lemma 2.2 is proved. O

The following two lemmas directly follow from Lemma 2.1 and Lemma 2.2 respectively.

Lemma 2.3. Let the condition [A] be satisfied. Then

h(e?) —1~n'(1-)0 + h”(1—)6—22 + [3R"(1=) + W (1-)] %3 as 60— 0. (14)

Lemma 2.4. Let the condition [A] be satisfied. Then

w€) _ _aeBrevrul 4o 15
5 *(+q)+§+l’()a (15)

where p(6) = O (6%) as 6 — 0.

Next lemma follows from combination of @7 and .
Lemma 2.5. Let the condition [A] be satisfied. Then

An(e”) 5
) =0, (0) + 0(6%) as 6 —0 (16)
for any fixed n € N, where
_ 32
5, (0) = 0 1-p5 +bq02.

T1o8 20 pp

Now we have the following lemma.
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Lemma 2.6. Let the condition [A] be satisfied. Then

lnﬁuk (69)~<1u(;0)> niluk as 6 —0 (17)

for any fized n € N, where Uy (0) is defined in Lemma 2.5.

Proof. Using the inequality In(1 —y) > —y — y*/(1 — y), which is valid for 0 < y < 1, we have

ln:[[uk(ee) = :z_:ln{l_[l_“k(ea)]}

= Z_: [ur (e”) = 1] + p{D(0) = 0 (6) + P (0), (18)
k=0
where .
on(0) == — [1— g (66)] , (19)
k=0
and

It is easy to see that the sequence of functions {hy(z)} does not decrease in k € N. Then, by the property of
the GF, and the function uy (69) is non-decreasing in k, for any fixed n € N and 6 € R. Therefore,

1—ug (69)
ug (e?)
According to the GF property, we will also verify that under the conditions of our theorem 1 — uq (69) — 0 as
6 — 0. Then, according to , pES)(e) — 0, if only 0, () has a finite limit.

on(f) < p(0) <0. (20)

Further, using the Taylor formula, we write
fo(t) = fo(to) + f3 (to)(t — to) + (t — to)g(t; to),
where g(t;to) = (t —to) - f/'(7)/2 and to < 7 < t. Hence, at to = h(z) and ¢ = hy(z) we write the following

relation:
) = 42 - B A @) 4 At
where gi(z) = Ak (z) f"(7) /28 and hy(z) < 7 < h(z). Therefore,
n(et) = LD () 4 e e)anle) o1
From and relation it follows that
on(0) = — l1 . “(;6)] n nzlAk ) + p2(0), (22)

where

0<pP(0) < Aole Z gr (e
In the last step we used the fact that |An (z) | < ﬂ”|A0 x | which follows from inequality

[An(@)] < 8" 7% |A(2)]-
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It follows from that Ag(e?) = O(6) as 6 — 0. And also estimate |A,(z)] = O(8") = 0 as n — oo

implies that g (eg) = O(B*) — 0 as k — oo and hence the functional series > heo Gk (6‘9) converges for all
0 € R. Therefore,

n—1
Ay (69) ng (ee) =0(0) =0 as 6 —0. (23)
k=0
It follows from this that the remainder term in is
PP -0 as 0. (24)
Assertion implies that
n—1 n—1
D Ak(E") =0, (0) Y ut () (1+0(6%) (25)
k=0 k=0
as 0 — 0. Since f” (h (60)) — by as 0 — 0, combining relations , 7 and, after some calculations,
we will come to .
The lemma 2.6 is proved. O

3. Proof of Theorems

Proof of Theorem 1.1. Let us denote ©,,(0), 8 € R, the Laplace transform of the distribution of the variable
Sn/n. According to U, (0) = T, (0,,), where 6,, = exp{—G/n}. The assertion of the theorem is equivalent
to the fact that

Y (0) — e~ 00+Ba) as n — oo (26)
for any fixed 6 € R,.. By virtue of Lemma 2.6,
WO,y bags (LOVS
M, (0) ~ — (1 - — 215, (=2 N 2
@)~ (1= 2 ) o (1) St 1)
as n — 0o, where U, (6) is defined in Lemma 2.5. It follows from that
u(6y) 62
1——— ~(1+ B e 2
(1- "5 )~ o v (28)

as n — 0o. And the second term in , as it is easy to see, has a decreasing order of O (1/n) By virtue of
what has been said, and yield .

Theorem 1.1 is proved. O
It should be noted that, in view of relation , it will be possible to estimate the rate of convergence

S
—ni>1+Bq as n — oo.
n

Proof of Theorem 1.2. Define a sequence of variables

¢ = S, — ES,
" vV¥n

and then an appropriate characteristic function

¢, (0) :==E [exp{if(, }] = E {9571 - exp { f/o%q" H ,

where 6,, ;== exp {i@/\/ \I/n} and 6 € R. Using we write

Inpe, (0) ~ — (14 By,) \/Z\%zn +InT, (6,) as n— oo, (29)
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where T),(x) = Ez®». Simultaneously according to and Lemma 2.6,

u (6,) b 0\ =
InT, (0, ~—(1-—")n--20 () uk (6, 30
(On) ( g ) 50 T ) ) (30)
as n — 0o, where U, (6) is defined in Lemma 2.5. In turn, implies
u(@n)> 16 62 ( 10 )
—(1- n=(1+B,) ——n— — +n , 31
(1= ) n =) = o (o (31)
where p(#) = O (6*) as § — 0. Now we write
62 it b 0\ =
In ) ~——+np|— ) - 20 <) u®(6,) as n— oo. 32
Hence we see that
( i > (@) < o > as n — (33)
npl| — | = — n — 00
r vUIn Vvn

for each fixed 6 € R. At the same time, since u(z) = z f](h(z)), in our assumptions we observe that u(z) < 3
uniformly in z € [0, 1]. Therefore, one can choose ¢ > 0 so desirably small that
|uk (0,) — Bk| <e

for large enough n. This entails that lim,, . ZZ;S u¥ (6,,) converges uniformly in 6 € R. Eventually,

02
lnge, (0) = =5 +ya(0), (34)
where y,,(6) = O (i0/\/n) as n — oco. Finally, we conclude that

2
<p<n(9)—>exp{—02} as n— oo

for each fixed 6 € R.
Theorem 1.2 is proved. O
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IKKINCHI TARTIBLI MOMENTI CHEKLI BO‘'LGAN MUSBAT QAYTUVCHI Q—JARAYONLAR BARCHA AVLODLARI
UMUMIY SONINING LIMIT XOSSALARI
Nazarov Zuhriddin

Ushbu maqolada Q-jarayonlar deb nomlanuvchi populyatsion stoxastik tizimlarni qaraymiz. Bunday tizimlar
trayektoriyasi uzoq kelajakkacha davom etuvchi tasodifiy tarmogqlanuvchi Galton-Vatson tizimlari sifatida
aniglanadi. Ishda biz Q-jarayonlar evolyutsiyasida ishtirok etgan barcha avlodlar umumiy sonining asimptotik
xossalarini o‘rganamiz. Bu miqdor tarmoqlanuvchi Galton-Vatson tizimlaridagi kabi Q-jarayonlarning
xossalarini chuqur o‘rganishda muhim ahamiyat kasb etadi. Dastlabki Galton-Vatson tizimi evolyutsion
gonunining uchinchi tartibli momenti chekli bo‘lgan holda Q-jarayonlar barcha avlodlari umumiy soni
tasodifiy miqdor sifatida standart normal qonunga bo‘ysunuvchi miqdorga yaqinlashishini isbotlaymiz.

Kalit so‘zlar: Tarmogqlanuvchi tizimlar; Q-jarayonlar; Markov zanjiri; hosil giluvchi funksiya; o’tish
ehtimolliklari; invariant tagsimotlar; so’nish vaqti avlodlarning umumiy soni musbat gaytuvchanlik markaziy
limit teorema; katta sonlar qonuni.

IIPEAEJIBHBIE CBOMCTBA I[IOJIHOI'O YMCJIA MTOKOJIEHUN B ITOJIOYXKUTEJIBHO BO3BPATHBIX
Q-TIPOLIECCAX C KOHEYHBIM BTOPBIM MOMEHTOM
Hazapos 3yxpuaauu

MpI uccsteryeM momyISuoOHHY 0 CIyIaifHyIo CHCTeMY, Ha3bIiBaeMyto Q-1rporieccoM. Dta CUCTeMa OMpPeIeIsieTCst
KaK BeTBsIAsCs CIydaitHasi cucrema [ajgbrona-BarcoHa ¢ TpaeKTOPUSIMU MTPOIOJIZKAIONINECS ODECKOHETHO
J0ar0. MBI BcciieyeM TOJTHOe 9HCJIO IOTOMKOB YacTHIl JI0 TEKYINero MoMenTa Bpemenn B Q-mporecce. T1o
AHAJIOTUU C BETBSIIAMUCS CHCTEMAMU, 9Ta BEJIMINHA MPEICTABJISIET OOJIBINON MHTEPEC B U3YUEHUU TJTyOOKHUX
cBoiictB QQ-miporiecca. Mbl JIOKaXKeM, 9TO €CJIU TPETUl MOMEHT 3aKOHA, IBOJIIOIUH YACTUIL B IMEPBUIHON
cucreme [anmbrona-Barcona KoHedeH, TO MOJTHOE YUC/IO MIOTOMKOB KaK CIydailHasl BEJIUINHA, AMPOKCUMUPYET
BEJIMYUHY CO CTaHJapTHLIM HOPMaJIbHBIM 3aKOHOM pacIIpe/lesIeHusd.

Kuarouessie cioBa: Berssimiasicst cucrema; Q-mpornecc, nenb Mapkosa; mponsBopsiast pyHKIWsT; TEPEXOTHBIE
BEPOSITHOCTHU; MHBAPUAHTHOE PACIIPe/Ie/IEHe; MOMEHT BBIPOXKJIEHNS; TIOJIHOE YHUCJIO IIOTOMKOB; TIOJIOYKUTETbHAS
BO3BPATHOCTD; IIEHTPAJIbHAs MPEIebHAS TEOPEMa; 3aKOH OOJIBIINX INCEJT.
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A LINEAR PURSUIT PROBLEM WITH LANGENHOP TYPE
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Abstract

This work is focused on the pursuit problem between two controlled objects(a pursuer and an
evader). The pursuit problem is formulated by linear differential equations. The objects apply
controls with the Langenhop constraints of integral type. A strategy of parallel convergence
(TI-strategy) is constructed for the pursuer that provide completion of the pursuit in a finite
time.

Keywords: Differential games; linear game; pursuit problem; Langenhop constraint; pursuer; evader;
II-strategy.

MSC 2020: 49N75, 91A24
1. Introduction

The theory of differential games were first investigated by R.Isaacs [I].Fundamental results in the theory of
differential games were obtained in the works of L.Pontryagin [2], L.Petrosyan [3], Pshenichny [4], A.Chikrii
[5], N.Grigorenko [6], N.Satimov [7]and others.

Constructing strategies for players and determining the value of the game are difficult and essential problem
in the differential games(see [§]). Among many pursuit strategies, a significant place is occupied by a parallel
pursuit strategy, which is the best strategy for a wide class of the pursuit problems. The first time (1965), in
the work of L.Petrosyan[3], a parallel approach strategy (in short, a II-strategy) for simple pursuit problem
was studied. Later in the works( B.Pshenichny [4], A.Chikrii [5], A.Azamov, [9], A.Azamov and B.Samatov
[10], B.Samatov et.al. [IT]-[16]), I-strategy was applied effectively in pursuit problems.

Linear differential games are an essential group of the differential games. In many works, linear differential
games have been studied. In R.Isaac’s book [I], linear two person zero-sum differential game was studied.
Linear differential games were studied in the first method of L.Pontryagin [I7]. Later, many researchers have
examined linear differential games (for example [I4], [I6]-[20]). Pursuit-evasion problems of linear differential
games with integral constraints were studied as a result of the work of many authors, whose research focused
on linear differential games with integral constraints (see [16]—[20]).

This work is focused on to the study of the pursuit problem for linear differential games with Langenhop
type(briefly, LT-constraint)(see [I4], [15], [2I]) constraints. This work provides a review of some basic results
on linear pursuit problem. Control functions of both players have equal constraints, i.e Langenhop type
constraints (briefly, LT-constraint[15]). The II-strategy of the pursuer is constructed to solve pursuit problem
and this strategy provides completion of the pursuit in a finite time in this work.

2. Statement of problems. Consider the linear LT-pursuit problem with linear differential system:
&= Az +u, z(0) = zo, (1)
§ = Ay +v, y(0) = yo, (2)

where x,y,u,v, A € R", n > 1; the coefficient A is n x n known matrix, x¢ and yo are n-initial state vectors ,
u(t) and v(t) are controller velocity vectors of Pursuer and Evader and they are imposed on Langenhop type
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constraint (briefly, LT-constraint[I5]):

t
lu(t)]* < p* — 21 / |u(s)|*ds, for almost every 0 <t < £, (3)
0
t
lo(t)* < o? — 21 / lv(s)|?ds, for almost every 0 <t < 7 (4)
0

¢
where, p, o, | are positive parametric numbers, ¢ = sup{t : p? — 2l [ |u(s)|*ds > 0} and 7 = sup{t :
0
¢
022l [ |v(s)|*ds > 0}. Let Urr (correspondingly, Vi 7)- the set of all admissible controls u(-) (correspondingly,
0
v(+)) for which satisfying constraint (correspondingly, (@).

Let’s see other constraints for control functions u(t) and v(¢) of the Pursuer and Evader.

Geometric constraint (briefly, G-constraint [15]):

lu(t)| < pe~", for almost every t > 0, (5)

lv(t)] < oe™ ", for almost every t > 0 (6)
and Ug (Vg)-the class of all admissible controls u(-) (v(+)) for which satisfying constraint (B])((6))

Integral constraint (briefly, I-constraint [I5]):

t
2
[luts)Pas < G-, e, (7)
0
t
2
/|v(5)|2ds < ;—l(l —e ) >0 (8)
0

and U; (V7)-the class of all admissible controls u(-) (v(-))for which satisfying constraint (7)((g))
If the Pursuer (correspondingly, the Evader) chooses the control function u(-) (correspondingly v(-))from one

of the classes Up7,Ug,Ur (correspondingly Vi, VG,Vr), then we easily can be found the trajectories of the
Pursuer and the Evader, i.e the solutions of — :

t
x(t) = eay + eAt/e_Asu(s)ds,
0
t

y(t) = eMyg 4 et / e A5y(s)ds.
0
Solutions x(t) and y(t) are real absolutely continuous n-vector.

Definition 2.1. A measurable function u(t) € U is said an admissible control of the Pursuer, if U is one the
classes Ug, Urr and Uj.

Definition 2.2. A measurable function v(¢) € V is said an admissible control of the Evader, if V' is one the
classes Vg, Vir and V.
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Definition 2.3. A measurable function u(¢,v(t)) : RT™ x R” — R" is called to be a strategy of the Pursuer

Definition 2.4. A strategy u = u(¢,v(¢)) is said completion of the pursuit in the interval [0, T'(u)], if the
following initial value problem

y(t) = Ay +o(t), y(0) =yo

has a unique solution z(¢) and y(¢) for any the Evader’s admissible control v(¢) € V and z(t*) = y(t*) at
some time ¢* € [0, T(u)].

{ &(t) = Az +u(t,v(t)), x(0) = =,

3. The motion of the Pursuer in R"

In this section we consider the motion of the Pursuer. Here the equation of motion is and the control
function of the Pursuer u satisfies the constraint .

Lemma 3.1. (B.T.Samatov et.al. [I5] ) The relations Ug C Urr C Uy for almost every t > 0 are satisfied.

Lemma 3.2. If A = 0, then the pursuer can reach any point p € R™ by the control u* = (p —

-1
7o) { 2+ (5)2 — l} at time t* = { 2+ [5)2 - l] , where x(t*) = p, |p — xo| = a and u* € ULT.

Proof. Lemma 3.2. was proved by B.T.Samatov et.al.[15].

We see the motion of the Pursuer for A # 0.

Lemma 3.3. If u(-) € Ug and || A|| <1, then for each t > 0, x(t) € S, (t). where ||A|| is norm of A matriz
and w(t) = |zo| (' + 1) + pte'.

Proof. Let u(-) € Ug , then using and @ we can obtain

t t
j2(t) — 20| = |eMo — x0 + M / e Aou(s)ds| < [|eA + (~D)llzol + ] / % Ju(s)|ds <
0 0

t
(eHAtH +1) |x0|+e\\A|\t/e\|A\|speflstS 2ol (e +1) + pte'.
0

Lemma 3.3. has been proved. |

According to Lemmas 3.1 and 3.3, the following important result is achieved.

Corollary 3.1. If u(-) € Upr oru() € Ur and || A|| < I,then Pursuer can reach any point in R™.

4. The linear LT-pursuit game.
Let’s introduce the denotations: z(t) = z(t) — y(¢), 2(0) = zo.

In order to resolve the linear LT-pursuit game, we assume that the initial positions xg, yg, constants p, o, [,
A and the Evader’s control v(t) at each time ¢ are known to the Pursuer.

Definition 4.1. A function upp(t,v) of the form

etz (v, e4

t At 2
ZO> <U,€ ZO>
bo) = o &R0 Nrr(t. o) = 22— 227 — et 9
urr(t,v) =v ATz, rr(t,v), Arr(t,v) leAt )| +\/( leAt ) ) + oe (9)

is called a ITp7-strategy of the Pursuer, in case p > o , where § = p? — 0% and (v, e

t .
z0) denotes the inner
product of the vectors v and e4tzy in R™.
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Note that for any v € S,, the equality
lurr(t,v)> = v]? +de7 2, t>0 (10)
holds.

Theorem 4.1. The Il -strategy @D guarantees the completion of pursuit in the game —@ on the time
interval [0, Trr], if and only if p > o, where

Trr = min{t| App(t) =0, t >0}, Apr(t) = 20| — VF(t) + G(t) + V/F(t)
where F(t) = 4@“ (1—e2Allt _ =21t 4 e—z(HAnmt), G(t) = W (1- e—(HAHH)t)?,

Proof. Suppose the Evader chooses an arbitrary control v(-) € Vpr. If the Pursuer apply the Il 1 -strategy,
then from , and @D, then we consider the following initial value problem

Atz

2=Az+upr(t,v(t)) —ov(t) = *M)\LT(LU% 2(0) = zo.

From @D, it follows
z(t) = eAtzoALT(t»U(')) Apr(t,o( / ‘CAS >\LT (s,v(s))ds (11)
Accordance to App(t,v(+)) is continuous and monotonically decreasing function for all ¢ > 0 we have

ALT(t U S 1-— / S, (12)
0]

where g(s) = e~ UIAIFDs 4 (s) = e!*|v(s)] and f(w) = Vw? + § — w. Since f : [0, +00) — (0,a] is a convex
t

function (f”(w) > 0) and g is integrable and [ g(s) > 0, we apply Jensen’s inequality for the integral in
0

t : [ gls)u(s)ds
/ o(5) Flw(s))ds > / glsydsf | 2 | (13)
0 0 bfg(s)ds

As a consequence , takes the form

Ar(t.0()) < 1= o [ V@) + 610 - Qo). (14)

where Q(t,v( fe IAlls |y (s)|ds

Since the function in the square bracket of is monotonically decreasing with respect to Q(¢,v(+)), by
applying the inequalities Cauchy-Bunyakovskii and @), we obtain

1
1~ c-2lAlly) / o(s)Pds < F(t

Qt,v(-)) <
By applying last inequality to we obtain Apr(t,v(-)) < App(t).

According to the conditions of Theorem 4.1., it proceeds A (Trr) = 0 and it follows that there exists some
time ¢* € [0, Tr] such that Apr(t*,v(-)) = 0. So, by virtue of (12) we conclude the equality z(t*) = 0 or

2(t*) = y(t*).
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O

Now, we show the admissibility of the strategy (9) for all ¢ € [0,¢*]. In view of (10]), for any control v(-) € Vi
of the Evader and from

¢
lurr(t,v(@®)> = Jv(t)]? + de 2 < o2 — 21/|v(5)|2ds + de 2 =
0
¢

t
P = 2k/ (Jo(s)[? + 6214 ds = p* 2;/ lwpr (s, v(s))|2ds,
0 0
which completes the proof of Theorem 4.1.

Example 4.1. Let’s consider the differential game
1
&=u, 2(0) =0, z(0) = 5
j=wv, 9(0) =0, y(0) =0,
where z,y,u,v € R?; the controls u and v satisfy the constraints and correspondingly and let given
the valuesof p=3,0=1,1=1.

Introduce (I(Oijz(o)) = (1) =2, (2%8;:5%8%) = (%) = (2(0)) = 2(0) and @ = (2) v

Z2

as a first-order differential system

(2) to write the system

[5(t)|* < 1—2 [ |#(s)|’ds, for almost every 0 < t < £,

o— .

01
where A = (0 O)’ | Al|=1, |z0| = 4.

We use the following theorem to solve this problem.

Theorem 4.2. If ||Al| <1 and |z0] < (p;”) , then the Il p-strategy @D guarantees the completion of pursuit
in the game (I)-{@) on the time interval [ZO,TLT],where

1 p—0
Trr==n|—— .
LY n(p—o—2120|>

Proof.

This proof is analogous to the proof of Theorem 4.1. So, we have

TLT =In \/§
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LANGENHOP TIPIDAGI CHEGARALANISHLI CHIZIQLI TA’QIB QILISH MASALASI
Samatov Bahrom, Uralova Saboxat

Ushbu ish ikkita boshqariladigan obyektlar (quvlovchi va qochuvchi) o‘rtasidagi quvish masalasiga qaratilgan.
Quvish masalasi chizigli differensial tenglamalar bilan tuzilgan. Obyektlar integral turdagi Langenhop tipdagi
cheklovli boshqaruvlarni qo‘llaydi. Quvlovchi uchun parallel yaqginlashish strategiyasi (II-strategiya) tuzilgan
bo‘lib, u chekli vaqt ichida quvishni yakunlashni ta’minlaydi.

Kalit so‘zlar: Differensial o‘yin; chizigli o‘yin, ta’qib qilish masalasi; Langenhop; quvlovchi; qochuvchi;
II-strategiya.
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BA,HA‘{A JIMHENHOTO IMPECJIEJOBAHNSA C OTPAHUYEHUAMN TUITIA JIAHIEHXOIIA
CamatoB Baxpom, Ypasosa Caboxat

Drta paboTa COCpeIOTOYEHA HA 3a/ade IIPECIeTOBAHUS MEXKIY JIBYyMsS KOHTPOJIUPYEMBIMU OOBbEKTaMU
(mpecieoBaTens u yoeraiomuii). 3agada npeciegoBanus GopMynupyercs JuHedHbME 1uddepeHIuaIbHbIMEI
ypaBuerusaMu. OObEKTHI IPUMEHSTIOT 3JIEMEHTHI YIIPABJIEHUST ¢ OTpaHuYeHusIMU JIaHTeHX0Ia MHTErpaJIbHOTO
tumna. Jjst peciiesioparesisi paspabaTbiBaeTcs crpaTerus napaJiensHoro coimxkenns (II-crparerust), KoTopast
obecriednBaeT 3aBepIlenne IPECJIeI0OBAHNAA B TEI€HUN OrPAHNIEHHOr0 I€PUO/IA BPEMEHM.

KmoueBbie cioBa: /luddepenunanbabie Urpbl; JIMHEHHAs Urpa; 3ajada IpecyegoBaHusd; JIaHreHXorr;
npecyiefoBaTesn; yoeratommuit; I[I-ctparerns.
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Abstract

In this note we give sufficient conditions of almost sure convergence of the series of mixing
random variables. We assume that random variables are from domain of attraction of stable
laws.

Keywords: Random series; mixing conditions; almost sure convergence.

MSC 2020: 60F15

1. Introduction and main results

Let {&,, n € Z} be a strictly stationary sequence of random variables. We consider linear processes defined as

i€z
In the case of the sequences of independent identically distributed stable random variables {£,, n € Z}
conditions of almost sure convergence of the series in are given, for instance, in [I]. Almost sure convergence

in for independent identically distributed random variables from domain of attraction of stable laws were
studied in [9]. In [7] the authors consider almost sure convergent series

Yn = Z aignfia (2)
i€z

where {§n, nez d} is a random field of independent identically distributed random variables from domain of
attraction of stable law. Remind that &; is in domain of stable law if

L
Pl >n =" 0cacs 3)
where L(z) is slowly varying function at infinity i.e. lim LL((t;)) =1 for any ¢ > 0.
i de el
&o has the characteristic function g, (t) of the form
eo(t) = exp {—ca [t|* L (1/ [t]) (1 —iB7(a, )} (4)

for ¢ in the neighborhood of zero, where ¢, > 0,

= 22
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and 8 =c" — ¢ if 0 < a < 2. Notice that 7(a,t) =0 if a = 2.
If 0 < a < 2, then

P (§ > ) + P(§ < —x) _
" 7 sctand ——=———"% ¢~ as x — oo.
P ([&]| > =) P (|&] > )
Here0 <ct <landcet+c¢ =1.
Assume
Bty =0, ifa>1, (5)
&o is symmetric, if o = 1. (6)

We are interested in limit theorems for in the case of weakly dependent random variables {&,, n € Z},
but in this note we consider the almost sure convergence in only. Namely we consider mixing random
variables. For the sequence of random variables {¢,,, n € Z} mixing coeflicients are defined as following

¢(n)=sup{|P(A/B)—P(A)|:BeF" ., AcF,, k€N, P(B)>0}—0, (7)

a(n) = sup {|P(AB) — P(A)P(B)|: A€ §* ., B€§ i, ke N} (8)

we F° is a o—field generated by &,, .., &.

We say that {&,, n € Z} is ¢—mixing (or a—mixing) if ¢(n) — 0 as n — oo (respectively a(n) — 0 as
n — 00). For the properties of mixing random variables see [4].

Now we formulate our results.
Theorem 1.1. Let {&,, n € Z} be a strictly stationary sequence of p—mizing random variables satisfying
—@ and

Yo (2h) <o (9)

k=1

Z|ai|aL< ! > < 0. (10)
icZ Jail
Zaifn—i

i€z

Then the series

converges almost surely for any fized n.
Theorem 1.2. Let {&,, n € Z} be a strictly stationary sequence of a—mizing random variables satisfying

@6, @ m ’
Za(k) < 00. (11)

k=1

> ain

i€z

Then the series

converges almost surely for any fived n.

2. Proofs

Proof of Theorem 1.1. We will use the following results.

Lemma 2.1 [5]. Assume that
P[] >2) =27L(z)

where L(x) is slowly varying at infinity.
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1. If a € (0, 2), then there exists a constant Cy depending on « and the law of &, such that

E[&1(|¢] < 2)] < Coz® *L(z), x> 0. (12)
2. If « € (0, 1), then there exists a constant Cy depending on « and the law of &, such that

B¢ I(J¢) < 2)] < Crz'~L(x), = > 0. (13)

3. If a € (1, 2), then there isxg > 0, depending on the law of £, such that

' L(z), x>0, (14)

Elel7(¢) > )] < Bl (2 < wo)] + —

where I(-) - an indicator function.

Theorem 2.1|8|. Assume that {£,, n € N} is a sequence of random variables satisfying the p—mixing
condition and (9)). If

o0
Z Varé; < oo,
i=1

then the following series converges almost surely

oo

Y (& - EG).

i=1

Lemma 2.2. Let {£,, n € N} be a sequence of random variables from domain of attraction of stable law
satisfying the p—mizing condition and @[) If for some ¢ > 0

> P (laignil > ¢) < oo, (15)
i€z
ZE |ai£n7i| I(|aZ€n72| < C) < o9, (16)
ez
ZVar |a;i&n—i| I (|ai&n—i| < ) < o0, (17)
i€z

then following series converges almost surely for any fixed n
> il i
i€z

Taking into account Theorem 2.1 a proof of Lemma 2.2 is the same as in the case of independent random
variables, see for instance [3]. Conditions (L5)-(17) of Lemma 2.2 follows from Lemma 2.1. Now Theorem 1.1
itself follows from Lemma 2.2 and Theorem 2.1. Theorem is proved. O

Proof of Theorem 1.2. In this case we use the following.

Lemma 2.3|2],[6]. Suppose that X; = ¢;Z;, i € Z where {Z;} is strictly stationary sequence of random
variables suel that |Z;| < M for some M > 0 and the following hold

> <o

i€z

Z a(i) < oo.

i=1

> Xi

i€z

oo
Then the series

converges almost surely.

Note that conditions , hold.

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2023, VOL.6, NO 4 75



Bulletin

Sharipov O., Kobilov U. On convergence of the series of weakly dependent ... ki,

Set for any ¢ > 0

Nn—i = @i§n—il (|aién—i| < c) — Ba;i&n—il (lain—i] <c).

From Lemma 2.3 we have that the series

Z 77n71'

i€Z

converges almost surely.

(16) implies almost sure convergence of series

Zaign—il (|ai£n—i| < C) .

i€z
From and Borel-Cantelli lemma we get a statement of the theorem. Theorem 1.2 is proved. O
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KUCHSIZ BOG‘'LANGAN TASODIFIY MIQDORLARDAN TUZILGAN QATORNING YAQINLASHISHI HAQIDA
Sharipov Olimjon, Qobilov O‘tkir

Bu maqgolada qorishmalilik shartlarini qanoatlantiruvchi tasodifiy miqdorlardan tuzilgan qatorlarning bir
ehtimollik bilan yaqinlashishining yetarli shartlari keltirilgan. Biz tasodifiy miqdorlar turg‘un tagsimotlarning
jalb qilish sohasidan olingan, deb faraz qgilamiz.

Kalit so‘zlar: Tasodifiy qatorlar; qorishmalilik shartlari; bir ehtimollik bilan yaqinlashish.
O CXOAMMOCTHU PAIOA CJIABO 3BABUCHUMBIX CJIYYAMHBIX BEJUYUH
IMMTapumnos Oaumrxkon, Kobusos ¥YTkup

B s10it 3aMeTKe MBI TPUBOIMM JIOCTATOYHBIE YCJIOBUSA TOUTH HABEPHOE CXOTUMOCTH PSJIa CIYUANHBIX BEJIUMIUH
¢ nepemeruBanueM. Mbl IIpejriosiaraeM, 9To CJIydailHble BEJIUYUHBI ITPUHAIJIEKAT O0JIACTU MPUTIKEHUS
YCTONYUBLIX 3aKOHOB.

Korouessbie cioBa: CirydaiiHbiil psiji; yCJIOBUS [IEPEMENTUBAHUST; TOYTH HABEPHOE CXOJUMOCTD.
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Abstract

In this work we consider one-dimensional extension of solvable Leibniz algebras whose
nilradical is null-filiform and naturally graded filiform algebras.

Keywords: Leibniz algebra; solvability; nilpotency; filiform Leibniz algebras; cental extension.
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1. Introduction

Leibniz algebras are a non-antisymmetric analogue of Lie algebras [7], which makes that every Lie algebra is
a Leibniz algebra. Since then many analogs of important theorems in Lie theory were found to be true for
Leibniz algebras, such as the analogue of Levi’s theorem which was proved by Barnes [3]. For many years,
researchers have used varios method to classify nilpotent and solvable Lie algebras and studied the problem of
classification of low dimensional Lie algebras. One of the effective method of classification of low dimensional
nilpotent Lie algebras is the method of extension. There are several type of extensions, such as trivial, central,
split and others. Central extension is very useful to the classification of finite-dimensional nilpotent algebras.

Central extensions are needed in physics, because the symmetry group of a quantized system usually is
a central extension of the classical symmetry group, and in the same way the corresponding symmetry
Lie algebra of the quantum system is, in general, a central extension of the classical symmetry algebra.
Kac-Moody algebras have been conjectured to be a symmetry groups of a unified superstring theory. The
centrally extended Lie algebras play a dominant role in quantum field theory, particularly in conformal field
theory, string theory and in M-theory.

It is well-known that all nilpotent Lie algebras of a specific dimension can be obtained by central extensions
of nilpotent Lie algebras of lower dimensions [9]. It should be noted that in [I0] by T. Sund the method of
central extension is generalized for the solvable Lie algebras. In [6] extensions of solvable Lie algebras with
naturally graded filiform nilradicals are considered and all one-dimensional central extension of such solvable
Lie algebras are found. In fact, the method of central extensions firstly is adapted for Leibniz algebras in [§].
Central extension of Leibniz algebras and superalgebras are investigated in [1], [4].

In the present paper we consider central extension of solvable Leibniz algebras whose nilradical is null-filiform
and naturally graded filiform algebras.

2. Main part
In this section we recall some basic notions and concepts used throughout the paper.

Definition 2.1. A vector space with a bilinear bracket (L, [-,]) is called a Leibniz algebra if for any x,y,z € L
the so-called Leibniz identity

[z,[y,z” = [[I7y]az] - [[‘T?ZLy]

holds.
For a given Leibniz algebra (L, [-,]), the sequences of two-sided ideals are defined recursively as follows:
L'=1L, L*'=[L* L], k>1, LW =1p, Ll =Ll LBl s > 1.

These are said to be the lower central and the derived series of L, correspondingly.
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Definition 2.2. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n € N
(m € N) such that L™ = {0} (L™ = {0}).

It is easy to see that the sum of two nilpotent ideals is also nilpotent. Therefore, the maximal nilpotent ideal
always exists. The maximal nilpotent ideal of a Leibniz algebra is said to be the nilradical of the algebra.
Definition 2.3. A Leibniz algebra L is called null-filiform if dim L = n+1—4, 1<i<n+ 1, where
n =dim L.

Definition 2.4. A Leibniz algebra L is called filiform if dim L* = n — i, for 2 < i < n, where n = dim L.
It is known that 2] an arbitary n-dimensional null-filiform Leibniz algebra is isomorphic to the algebra:

NF" :[ej,e1) =eiy1, 1<i<n-—1.

Moreover, any complex n-dimensional naturally graded filiform non-Lie Leibniz algebra is isomorphic to one
of the following non-isomorphic algebras:
le1, e1] = es,

Fl .
[ei7€1]:ei+la 3§Z§n_1

n [ei,€1]26i+1, QSZS’H—]., FS{
All solvable Leibniz algebras whose nilradical is the null-filform Leibniz algebra N F,, and solvable Leibniz
algebras whose nilradical are the naturally graded filiform Leibniz algebras F} and F? are classified in [5].
Here we give the list of such solvable Leibniz algebras. We denote by R solvable Leibniz algebra with nilradical
NF,, and by £;, and &; solvable Leibniz algebra with nilradical ! and F?2, respectively:

lei,el] =e€ip1, 1<i<n-—1,

R: | [z, e1] = ey,
[e;, 2] = —ie;, 1<i<n,
les, e1] = eiq1, 2<i<n-—1, les, e1] = eiq1, 2<i<n-—1,
e [Ivel] = —€1 — €2, ¢ [Iael] = —€1,
' [elyx]:ely : [617$]:€17
e, x] = (i —1)e;, 2<i<nmn, e,z =(i—1+a)e, 2<i<mn,
[ezael]—eiJrh 2<i<n—1, [61,61]—61+1, 2<i<n-—1,
[z, e1] = —ex, [z, e1] = —eq,
£, [e1, z] = eq, £y le1, z] = e1 + e,
e, x] = (i —n)e;,, 2<i<mn, e,z =(i+1—n)e;, 2<i<n,
[x,x} = €n, [x,x] = —€n—-1,
le1,e1] = es,
[ei,e1] = eit1, 2<i<n-—1,
n—1
£5(O£4,---,Oén) : [el,x] =ex+ Z Q€4
1=4
lei, ] =€+ > aj_ipeej, 2<i<n,
j=it2
[e1, e1] = es, [e1, 7] = —ey, le1,e1] = es, le1, 7] = —e,
[e:, e1] = eitq, 3<i<n-—1, lei,e1] = eit1, 3<i<n-—1,
(G (G} :
U0 ] = —(i = 1)es, 3<i<n, A0 o] = —(i - 1)es, 3<i<n,
[x,e1] = eq, [z,2] = aes, «€{0,1}, [z,e1] = e1, [e2, 2] = aes, o« #0,
[elael] = €3, [61,!17] = —é1, [61761} = .
[ei,e1] = et 3<i<n-—1 [ei, e1] = eia, 3sisn—l,
(2] - 1 9 = = 9 . .
s lei,z] = —(i—1)e;, 3<i<n Sala):qleia] =—(i=Dei, 3<i<n,
[x“el] =e " [62—1‘]_: (71 — ’I’L)€2 +e [x7€1] = €1, [elax] = —é€1,
’ ’ ’ w [e2, 7] = —aea, [,e2] = aea, a#0,
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[
[eis e1] = eiqa, 3<i<n-—1,
Sy qle,x]=—(—1e;, 3<i<mn,
[elvx] = —€1 — €2, [62ax] = —€2,
[z,e1] =e1+ e,  [z,e2] = e,
e1, e1] = e3, [e2, 2] = e,
[617*%.] = Z Q;€q,
i=3
Selaz,aq,...,an, A, 0) 1 < (€, e1] = €1, 3<i<n-—1,
[ei,z]: Z Qj_i42€5, 3§z§n71,
j=it1
[z, 2] = Aep, [,e2] = dea, 6 € {0,—1}.
Let (N, [—, —]) be a solvable Leibniz algebra over C and V be a vector space. The C-linear space Z? (N,V) is

defined as the set of all anti-symmetric bilinear maps ¥: N x N — V such that
1/’(% [yv ZD = 1,[)([56, y]v Z) - ’l/)([xa Z]v y)

These elements will be called 2-cocycles. For a linear map f : N — V, we define df: N x N — V by
df (z,y) = f([z,y]) and these elements is called 2-coboundaries. The set of all 2-coboundaries we denote
by B2(N,V), ie., B2(N,V) = {df | f € Hom (N,V)}. Define the second cohomology space H? (N, V) as the
quotient space Z* (N,V) /B? (N, V).

For v € Z? (N, V), define on the linear space N = N &V the bilinear product [— =]y by
[z +u,y+0], =[2,y] + ¥(z,y)
for all z,y € N,u,v € V. The algebra N,, = (1\7, [~ —],) is called an s-dimensional central extension of N by
V.
Extension of solvable Leibniz algebras

Let L be a Leibniz algebra with a basis e, es,...,e,. Then by A;; we will denote the bilinear form
A L x L — C with Ajj(e, em) = 0i16m. The set {A;; : 1 <14,j <n} is a basis for the linear space of

bilinear forms on L, so every 1 € Z?(L,V) can be uniquely written as ¢ = Z cijAij, where ¢;; € C.
1<i,j<n

Now we obtain all one-dimensional extensions of solvable Leibniz algebras SR and £;, 1 < i < 5. First, we
give the description of the group of automorphisms of these algebras.

Proposition 2.1. Any automorphism of the algebra R has the following form:

n n

b) =3 bt r, Ble) =

i=1 i=j

(@ =)
Any automorphism of the algebra £1 has the following form:

" (1)

oler) = aeq, ¢(ej):z:W i <<

d(x) =ber + (E—_li;'
=2 ’

Any automorphism of the algebra £o(«) has the following form:
(=1
(i—2)!

b le, + x.

p(e1) = aer, ¢(e2) = Z

2 c
abl_2ei7
=2
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" (1)

o@) =ber o, 9le;) =

1=j
Any automorphism of the algebra £3 has the following form:

caj_?’bi_jei, 3<73<n.

p(e1) = ae1, ¢(x) = bey + ,

n (—1)iti=2 o
P(ej) = Z Wajfnbkjei, 2<j<n.
i=j ’

Any automorphism of the algebra £4 has the following form:
¢(e1) = aer —acen, @(x) = der + c(en—1 — den) + ,

n(_1)iHi-2
o(e;) = Z ((i)ﬂ,)'aj_2dl_3bei, 2<j<n.
i=j :

Any automorphism of the algebra £5 has the following form:

pler) =er + Zai€i7 P(z) =z,
i=2

n
qﬁ(ej) = (1 + CLQ)@]‘ + Z ai—j+2€i, 2<7<n.
i=j+1
Proof. The proof follows directly from the definition of an automorphism. ]

In the following Proposition we give the description of 2-cocycles of the solvable Leibniz algebras R, £,
1<i<5.

Proposition 2.2. Any element 1 € Z?(L,C) is formed by the following, where L € {R, £;,1 <i < 5}:

w(eiv 61) - bi,lv
Z*(R,C) : Q ¥(es,2) = —2bi_11,
Y(er, ) = —Y(x,e1) = b1 ny1,

1<i1<n—-1,
2<i1<n,
Y(z, ) = bpt1n+1-

(e, e1) = bi, 2<i<n-—1,
Ylei, o) = b1, 3<i¢<n,
Z*(£1,C) : { Y(e2, ) = bapi1, p(er, ) = bint1,
¢(I761) = 7b2,n+1 - bl,n+1,
w(%x) = bn+1,n+1~
Y(e;,en) =bia, 2<i<n-—1,
Ylei o) = —bici1, 3<i<n,
YP(ez, ) = b py1, Yp(er, x) = by pi1,
77/1( lb(m,ff) = bn+1,n+1-

Y(es,er) = by, 2<i<n—1,
72(£5,C) : Yle o) = A-bi11, 3<i<n-—1,
Y(ez,x) = bany1, Y(er,x) = by,
Y(z,e1) = =bipt1,  P(T,2) = baging
Plei,er) = by, 2<i<n—1,
¢(€i,$) = i+17nb1*1717 3<i<n-—2,
Z2(£4,(C) : ¢(€2,$) = b27n_|_17 ¢(€1, Z‘) = b17n+1,
P(en, ) = bp_1,1, P(x,e1) = =bins1 + bp—11,
w(”“"x) = bn+1,n+1-
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V(e e1) = bia, 1<i<n-—1,
v(er, ) = biny1, Y(e2, ) = ba ny1,
n—1
Z2(£5(Oz47 s ap),C) w(eB’x) = b1+ i;L by,
(e, x) = bi—11+ Z oj_iy3bj1, 4<i<n,
j=it+1
P(w,e1) = bnt1,1, Y(r,x) = brt1n+1-
Proof. The proof follows directly from the definitions of the 2-cocycle. O

Now we determine the elements of the space B%(£, C). Putting

fle)) =cy, 1<i<n, f(z)=con1y,
considering

df(a7b) = f([a7b])a

we have following proposition:

Proposition 2.3. Any element df € B?(L,C) is formed by the following, where L € {R, £;,1 <i < 5}:
df(ei,el) = Ci+1, 1 SZ Sn—l,

B*(R,C) : { df (es,x) = —ic;, 1<i<n—1,

df (

x,e1) =cy.

df (e, e1) = ¢it1, 2<i<n—1,
B*(£1,C) : { df (es,x) = (i — 1)¢, 2<i<m,
df (e1,2) = 1 df (z,e1) = —c1 — co.
df(es, e1) = ciy1, 2<i<n-—1,
B?*(£5(a),C) : L df (z,e5) = (i — 1+ a)e, 2<i<n,
df(CE?el):_clu df(ehx)zcl-
df (ei,e1) = cit1, 2<1<n-—1,
df (ei,x) = (i—n)e;,, 2<i<n
B?(£3,0C) : ’ ’ ’
(€2, ) df(e1,r) = c1, df (z,e1) = —ecx,
df (z,) = ¢y,
df(ei,e1) = ciy1, 2<i<n-—1,
df (ej,x) =(i+1—n)e;, 2<i<n
B?(£4,0C) : ’ ’ ’
(£,©) df(z,e1) = —c1, df(e1,x) = c1 + cn,
df(x,z) = —Cpn-1
df(ei,el) = Ci+1, QS’L'SR—I,
n—1
32(25,C)1 df(elael) =

C3, df(e1,x) = co + > aycy,
i=4

n
df(ei,x) =ci+ Y, aj_iracj, 2<i<n.
j=ir2

Proof.

In the following theorem we give all one-dimensional extensions of the solvable Leibniz algebra R, £;,, 1<
1 < 5.

Theorem 2.1. Any one-dimensional central extension of the Leibniz algebra SR is isomorphic to the following
algebra

_ (lenel=eip1, 1<i<n-—1,
R [1'761} = é1, [I‘,IL’] =Y,
[ei, 2] = —ie; 1<i<n.
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Any one-dimensional central extension of the Leibniz algebra £;, 1 <1 <5 is isomorphic to the following
non-isomorphic algebras, respectively:

[62761]_ez+13 2S1Sn_17 [eiael]zei-f-l; QSZSn_lv
E(a) . [z, e1] = —e1 — ea, Ez(a) [z,e1] = —e1, e1, 2] = e,

[e1, 2] = eq, [z, 2] =y [z,2] =y,
lei,z] = (i—1)e;, 2<i<mn, lei,z] = (i— 14+ a)e;, 2<i<mn,
[81761]_€Z+15 2<Z<n_17 [61761]_el+17 2<7’<n_17

- [z, e1] = —ey, - [, e1] = —ey,

L3¢ [e1,x] = ey, L4 4 e, z] =e1 + e,
lei,x] = (i —n)e;,, 2<i<mn, lei,z] = (i+1—n)e;, 2<i<n,
[z,2] = en +y, [z, 2] =y — en—1,

le1,e1] = e3 + 1y,

[SC, ] - F)/an

lei, e1] = eiy1, 2<i<n-—1,
[

n—1
L5(aay -y 71,72,73,74) © 4 [er, 2] = ea + > aze; + Y3y,

=4
n
[67;,17] = €; + Z Olj_i+2€j, 2 S 7 S n,
=142
[z, 2] = nay.

the first non vanishing element of ~y1, 72,73, v4 can be scaled to 1.

Proof. We only give the proof of the Theorem for the algebra $R. Since dim Z2(R, C) = n+1, dim B2(R, C) = n
we have dim H?(R,C) = 1 and a basis of H?(R, C) is formed by the following cocycles

Hg(mv (C) = <E>7 w<x’x) =Y.

An automorphism ¢ € Aut(R) acts to the space H?(R, C) as follows:

0 0o ... 0 0 0o ... 0
0 o ... O 0 o ... O
@ e ]
0 0o ... v 0 0 ... v
where we consider the basis {e1, es, ..., e,, 2}

We obtain that orbits of (y1)) is a one dimensional vector space span{t}. Therefore, we get the algebra R.
The proof of Theorem 2.8 is complete. (|

Now we obtain all one-dimensional extensions of solvable Leibniz algebras whose nilradical is isomorphic to
the algebra F2.

First, we give the description of the group of automorphisms of these algebras.

Proposition 2.4. Any automorphism of the algebra &1(«) has the following form:

abz 2
o(e1) —a181+2 e dles) = e,

1 i . 1 i
¢(€J):Z . ,'CL'{ 1bl ]ei? 3§j§n> (b( )_b161+b262+z )b 1€l+l'.

Any automorphism of the algebra Sa(a) has the following form:

i—2

pler) = arer + Z 4 G2 d(e2) = baes,
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n

1 1 z = 1 71—
o(e;) _Zm% ]6173<J <n, ¢(x) =C1€1+2m01 e, + .

i=j
Any automorphism of the algebra S3 has the following form:
i—2

aic e
¢er) = arer + Z 171)62', $(e2) = ai ez,
" 1 -1 i—j . - 1 i—1
(;S(ej) = Z Hal Cq "€, 3<j<n, ¢($> =cie1 + Z mcl e +T.
i=j =3

Any automorphism of the algebra S4(a) has the following form:

¢(e1) = arey + Z

ayci™?

2)!

ei, P(e2) = baea,

1 i1 i . 1 i
gb(ej):z —_a] e, 3<j<n, (b(:r)—clel—i—chg—i—ZTl)czl Lo, + .

Any automorphism of the algebra S5() has the following form:

alcl

2)!

d(e1) = arer + ages + Z ei, P(e2) = baea,

n

1 1y _ =~ 1
o(e;) :chﬁ ', 3<j<n, ¢(x) 10161+6262+Zm011 e+
i=j i=3

Any automorphism of the algebra Sg(as, aq, ..., an, A\, ) has the following form:

oler) = e + E aei, P(e2) = baea,

P(ej) = e; + Z ai—jyo€i, 3<j<n, ¢(x)=cpe,+zx.
i=j+1
Proof. The proof follows directly from the definition of an automorphism. O

In the following Propositions we give the description of 2-cocycles and second cohomology spaces of the
solvable Leibniz algebras G;, 1 <1 < 6.

Proposition 2.5. Any element ¢ € Z?(6&;,1 < i < 6,C) is formed by the following:

(e, e1) =biq, 1<i<n-—1, i#2
QD(SZ, ) 7(2 — 1)bi_171, 4 S 7 S n,
22(61(04),((:) 1< ples,ent1) = —2b11, (e, e2) = (1 —a)ba o,
pler,z) = —p(z,e1) = brnt1, ¢lez, )= (1— a)bz,n+17
(T, 2) = bnt1,n+1, p(z,e2) = (1 — a)bny2.
p(es,e1) = bia, 1<i<n-—1,
plej, ) == —1)bi_11, 4<i<n,
22(62(0‘ =1),C): o(es, €n+1) = —2by 1,
p(e2, ) = bany1, o(x,e1) = bny11,
pler,z) = —bpt1, (z, ) = bpt1,n41-
(e, e1) = b1, 1<i<n—1, 1#2,
plej, ) == —1)bi—11, 4<i<n,
Z2(Gy(a #1),C) : ¢ (e, ent1) = —2b11,
ple2, ) = bant1, p(z,e1) =bny1,1,
pe1, o) = —bpi1,1, P(z, ) = bpt1,n41-
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cp(ei,el):bl-vl, ].SZSTL*L 2#2
e, ) = —(i—1)bj—11, 4<i<mn,
Z2<63,(C> : cp(eg,en_,_l) = 72()1,1,
80(627‘%) = b2,n+1a QD(.T, 61) = b’ﬂ+1,17
pler,z) = =bpy11, o(x,2) = bng1,n41-
p(ei, e1) = by, 1<i<n—1, 1#2
QD(@Z',(E) = —(l — 1)b7;,1717 4 S 7 S n,
Z2(64(Oé)7(C) : (p(e?nen-ﬁ-l) = _2b1,17 (p($,l‘) = bn+1,n+1a

p(x,e2) = —p(e2,x) = byi12,
QO(.’L', 61) = _90(617 l‘) = bn+171-

cp(ehel):bi,h 1§i§n—1, 2752

(p(&;,I) = —(Z — 1)bi_1,1, 4 S 7 S n,

Z2(G57C) : 80(637677,4»1) = _2b1,1; SO(:I:;(L.) = bn+1,n+17
90(%62) = —<,0(€2795) = bn+1,2,
oz, e1) = —p(er,z) = bpt1,1-
w(ei,e1) = b, <i<mn,

IN
IN
S

© )

)

1

(ei,2) = > aj_ivabj1, 3
Jj=i

pler, ) = b1 i1, @(x,e1) = bny1,1,
ple2, ) = ba i1, o(r,e2) = 0ba i1,
go(x,x) = bn+1,n+1~
Proof. The proof follows directly from the definitions of the 2-cocycle. O
Proposition 2.6. A basis of H*(&;,1 < i < 6,C) is formed by the following cocycle:

Z2(66(a3, gy ooy Qpy Ay 0))

e a=0, H*6:i(a),C)=([A22],[Asns1] [Ani12], [Ani1nta]),
e a=1, H*&:(a),C)=([Az,1]),

e a=1, H*(63(a),C)=([A21],[Ant1nt1]),

o a#l, H*(63(a),C)=([Ant1nt1l]),

H2(63»C) = <[An+1,n+1]>,

H*(64(a),C) = ([Ant1,n41]),

o H*(65,C) = ([Ant1n+1]),

o \=0, (a3, sy ooy an, A, 0),C) = ([Ap i1 + azAp ], [Ant1a]s [Ansint])s
e \#£0, (ag, 04, ... a0, A, 0),C) = ([Ant1nt1])-

In the following theorem we give all one-dimensional extensions of the solvable Leibniz algebra &;,1 < i < 6.

[ ]
~

H? (S
H? (&6

Theorem 2.2. Any one-dimensional central extension of the Leibniz algebra &;, 1 <1 < 6 is isomorphic to
the following non-isomorphic algebras, respectively:

[e1,e1] = es, le1, 2] = —eq, [e1,e1] = es, le1, z] = —eq,
évllz [ei, e1] = eit1, 3<i<n-—1, év12: [ei, e1] = €it1, 3<i<n-—1,

[ei,x] =—(i—1)e;, 3<i<m, e, 2] = —(i—1)e;, 3 < i<,

[z, e1] = e1, [z, 2] =y, [z,e1] = e1, [z,e2] =y,

[e1,e1] = es, le1, 2] = —ey, [e1,e1] = es, [e1, 2] = —ey,
. [ei,e1] = €it1, 3<i<n—1, . [es, e1] = eita, 3<i<n-—1,
Sy (7)< [es, ] = —(i —1)e;, 3<i<n, Sy (y):( [ei,x] =—(i —1e;, 3<i<n,

[mael] = €1, [62’33] =Y, [.13,61] = €1, [62,37] =Y

[z, e2] =y, v # -1, [, e2] = —y, [z, 2] =7y,
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€1,€e1| = €3, €1,T] = —€q, €1,€1| = €3, €1,T] = —€1,
[e1, 1] le1, z] e1, €] [e1, 2]
s [ei, e1] = eita, 3<isn—1, o |lenel] =eiga, 3<i<n—1,
S1 (71,72) : < e, x] = —(1 — 1)e;, 3<i<n, G1 (e, ] =—(i—1)e;, 3<i<n,
[!L’7€1] = €1, [62,62] =Y [.’E,el] = €1, [627.’1,'] =Y,
[1‘7 62} =My, [JC,I] =72Y, [I, 1:] = €2.
[61761] = €3, [elvx] = —€1, [elvel} = €3, [61,.’4 = —€1,
. [e:, e1] = eit1, 3<i<n-—1, L, [ei,e1] = €it1, 3<i<n—1,
2 () : ¢ les,xl = — (12— 1)ey, <i<n, 2 (v e, x| =—(—1)e;, <i<n,
S ;0 — 1 3<1 < S 1 3<1 <
[$,€1] = €1, CQ,I] = (€, [Z’,el] = €1, [eZax] = €2,
[IZ’,IL‘ =Y, [62761} =Y, [I‘,IL’] =Y,
le1, e1] = es, le1, 2] = —ey, lex, e1] = e3, ,

) leie1] = €it1, 3<i<n—1,
~ ez, e1] = eipa, ssisn—1, ~— lei,x] = —(i—1)e;, 3<i<n
Gs3: 4 e, x] = —(1 — 1)ey, 3<i<n, Gy(a): A v - =7

[1',61] = €1, [617{E] = —€1,
[1’,61]—61, [ZL’,IL’] =Y,
le2,2] = (1 — n)es + ¢ [e2, 2] = —aea, [z, e2] = avea,
27 2 ns [1.7 x} — y7 a # ()7
[61761} = €3,
€i,€1] = €i+1, 3§z§n—1,
+
& [ei,x] =—(i—1)e;, 3<i<m,
o [61,$] = —€1 — €2, [62755} = —éz,
[z,e1] = e1 + e2, [z, e2] = e2,
[IMT] =Y,
[61,81] = €3, [62737] = €2,
n
[61,x] = Z €4,
i=3
~1 e, el = eir1, 3<i1<n—1,
Ge (a3, qq,...,ap,0,N): les, e1] A
[6,’,1‘] = Z Qj_j42€5, 3§i§n—1,
j=i+1
[z, 2] = Aep, [, e2] = deq, 6 €{0,—1},
[33,61] =Y,
[elyel] = €3, [627.’3] = €2,
n
€1,T| = ;€4 ZT,€Eo| = 0€g
le1, z] 23 : [z, e2] = dea,
—~ 2 = .
66 (a3,a4,...,an,5,’y): [61,61]:(31'4_1, 3<z§n71,
n
[ei,x] = Z Qj—i42€5, 3<4 <n-— 1,
j=i+1
[ZE, 61] =Y, [l’,iL’] =Y,
[61,61] = €3, [62,33} = €2,
n
[elvx] = Z €4, [1'762} - 5627
i=3
—~3 €;, el = €11, 3<i1<n—1,
66 (()[3,0(4,...,0[7“(57’}/) : [ ' 1] ’Ln+1
[61',13] = Z Qj_i42€5, 3 < 1 <n-— 1,
J=it+1
[277 61] =Y, [en7 61] =Y,
[enax] = agy,
Proof. Now we show the proof for the algebras &;(a), Ga(a) and Sg(asz, g, ..., an, 0, A).

Extension of &;(«a). First we consider the case of o = 0. Let us use following notation
Vi=[Az3], V2=[A2n1], Vs=[Anj12], Vi=[Ani1nt1]
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Since
0 o ... 0 0 o ... 0
0 . 0 S 5
of | e T R
0 v ... M 0 7 Vi
4 4
we have that the action of Aut(S;(«)) on the subspace (3 7;V;) is given by (> v*V;), where
i=1 i=1

Y=, v =re+bv, Vi=73+bevi, Vi=a+ b7+ ba(v2 +73)
We have the following subcases:
1. if 9 = v =43 =0, 74 # 0, then we have the representative (V4);

2. if 73 =2 =0, v3 # 0, then choosing by = —3—2, we have the representative (V3);

3. if vy1 =0, 72 # 0 and v + 3 # 0, then choosing by = —wi’f% and we have the representative
(Vo +73V3)ys2-1;

4. if v1 =0, 75 # 0 and 72 + 73 = 0, then we have the representative (Vo — V3 + 14 V4);

5. if 71 # 0, then choosing by = —%, have the representative (V1 + v3V3 + 74Vy4).
Hence, we get the orbits <V4>, <V3>, <V2 + ’}/3V3>737§_1, <V2 — V3 + ’)/QV4>, <V1 + v3Vs + 74V4> and the
algebras &1, 6%, &1(7), &1(7), 67(1,72)-
Case 2. Let a = 1. In this case we have dim H%(&;) = 1 and a basis of H?(&1,C) is formed by the following
cocycles

H?(61,C) = ([A2,n41])-
—~6

By performing the same operations as above, we get the algebra &; .
Extension of G3(a). We consider following cases:

Case 1. Let a = 1, then we use the following notation

Vi= [AQJL Vo = [An+1,n+1]'

Since
0 o ... 0 0 o ... 0
o7 v 0 ... 0 b= 0 ... 0

we have that the action of Aut(Ss(«)) on the subspace (1 V1 + 12 Va) is given by (v7V1 4+ 73 Va), where
Vi =aibam, Y3 = e
Since we are interested only in new algebras, we have the following cases:

1. if 994 =0, 72 # 0, then we have the representative (V3);

2. if 41 # 0, then choosing by = —— we have the representative (V; + 12 Va).

aiv’

—1 2
Hence, we get the orbits (Vo) and (V1 + 72 V3) and the algebras Gy (o =1), Sy (7)(a=1).
Case 2. Let a # 1. In this case we have dim H?(&3) = 1 and a basis of H?(&,, C) is formed by the following
cocycles
H2(627(C) = ([An+1n41])-

~1
By performing the same operations as above, we get the algebra &5 (a) for a # 1.
Extension of Gg(as,ay, ..., an, A\, d). We consider following cases:

Case 1. Let A = 0, then we use the following notation

Vi=[sAn i1 +Annls Vo= [Ani11], Vi =[Ani1nt1]
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Since
0 O 0 o 0 ... 0
0 0 0 O 0 ... 0
L P i lo=1|... ... ... |,
o0 a3m o0 . asg
Y2 0 3 72 0 73

3
we have that the action of Aut(Gg(as,ay,...,an,A,d)) on the subspace (> v;V;) is given by (
i=1

where

3
=1

7

=71 Y =Yt v, 73 =73+ asca

We have the following cases:

1.
2.
3.

if v1 =3 =0, 72 # 0, then we have the representative (V3);
if v3 = 0, 3 # 0, then we have the representative (y2Vs + V3);
if y1 # 0, 72 = 373, then choosing ¢, = —12, we have the representative (V1 +73V3).

~1
Hence, we get the orbits (Va), (72Va + V3), (V1 + 13V3), and the algebras Gg (as,ay,...,an,d,0),

—~2

3
Gs (az,a4,...,an,0,7) and &g (a3, a4, ...,an,0,7) algebras.
Case 2. Let A # 0. In this case we have dim H?(Sg) = 1 and a basis of H?(Sg, C) is formed by the following

cocycles
H?(66,C) = ([Apt1,])-
~1
By performing the same operations as above, we get the algebra G (a3, aa, ..., o, 0, A)azo-
Like that we get extensions of &3, &4(a), S5(a) algebras. The proof of Theorem 2.12 is complete. ]
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BA’ZI YECHILADIGAN LEYBNITS ALGEBRALARINING KENGAYISHI HAQIDA
Sheraliyeva Surayyo

Ushbu maqolada nilradikali null-filiform va tabiiy usulda gradiurlangan filiform Leibniz algebralariga izomorf
bo‘lgan yechiluvchan Leibniz algebralarning bir o‘lchamli kengaytmalari aniglangan.
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Abstract

This work is devoted to the Cauchy problem for a time-fractional differential equation on
the metric graph that consists of three incoming bonds, a series of 3-bridges that connect
the consequent vertices, and three outgoing bonds. The problem is reduced to the number
of IBVPs in finite, semi-infinite intervals and the Cauchy problem on the line. We found
an exact solution to the problem in the form of integral representation via given data. The
uniqueness of the solution is proved using a-prior estimate for the solution.

Keywords: Fractional derivatives; Fractional PDE; subdiffusive equation; time-fractional heat equation;
integral representation of the solution.

MSC 2020: 35R11
1. Introduction

Fractional partial differential equations have become more popular over the years. In particular, initial-
boundary value problems (IBVP) and Cauchy problem for time fractional differential equations are studied
with great interest. There are works (see [11 2, B, 4]) showing that models of anomalous dispersion and
diffusion processes can be constructed using a fractional-order equation. In |5l [6] was considered the Cauchy
problem for the time-fractional diffusion equation with the general Caputo-type differential operator proposed
by Kochubei and was proved the existence and uniqueness theorem. In [7] was proved the uniqueness and
existence theorem for an initial-boundary value problem for a fractional diffusion equation with Caputo
time-fractional derivative. In [8] was constructed the fundamental solution of the subdiffusion equation with
Dzhrbashyan-Nersesyan fractional derivative.

Branched thin structures and metric graphs are widely used as a model in theoretical research on applied
problems. They are used in the study of many complex systems from physics, biology, ecology, sociology,
economics and finance [9, [I0]. In particular, ladder-type graphs can be used as a mathematical model in the
theoretical study of RNA chains [I11, [I2]. It is also known that the initial and initial-boundary value problems
on metric graphs are used for the theoretical study of diffusion processes in branched structures and networks
[13, (14}, [15].

In this paper we consider the time-fractional subdiffusion equation on the metric graph in the form of
three incoming semi-infinite edges followed by a series of bridges and three outgoing bonds. Each of the
bridges consists of three equal, finite-length edges. On the branching points (vertices) we use d— type gluing
conditions, which guarantee flux conservation in subdiffusive process. Such kind conditions also called to be
Kirchhoff conditions at the vertex points [I4} [I5]. We notice, that the subdiffusion equation on such a graph
is not considered due to the present time.

The main purpose of the work is to construct an exact integral representation of the solution, which gives
us more precise understanding on the scattering at vertices (branching points of the graph). We found a
transformation that separates the part of the solution that corresponds to the transmission via bridges and
the part that stay on each bridge series continuing the diffusion process isolated in it. It is clear that such
kind of solutions are powerful tool to understand diffusion processes in branched structures that give an
opportunity to understand scattering processes in more general types of branched structures.
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2. Preliminaries

In modern mathematics, fractional derivatives are introduced in different ways. For example, the derivatives
of Hilfer, Dzhrbashyan-Nersesyan, Caputo-Fabrizio, Atangana-Baleanu, Riesz, Davidson and others are known
[2, B]. In this paper, we use the Riemann-Liouville fractional integral is defined by the expression

t
—a, oy L u(é)
Dy u(t) = e / |t—£|1_ad£’ 0<a<l
0

The Riemann-Liouville fractional derivative is defined by

t
o Lod [ ud)
Dotu(t)r(l_a)dto/|t_§ad§, 0<a<l

and Caputo fractional derivative is defined by (see [16])

t ’
a1 u (§)
Ogru(t) = F(l—a)/|tf§|ad€7 0<a<l,
0

where I'(x) is the Gamma function. The function

n

,u6

z
€, , a>0,a> 0.
E:ran+m T = fn) v
is called Wright type function [I6]. Wright type function can be represented by the integral
1 a 1
w8 _ ty—6 3. _ b
ea’ﬁ(z)—2m, / e't Eé(zt su)dt, 1 wﬁ>2, 2<w§1
~(e,wm)
where integral is taken along the Hankel contour [I6].
Now we give some results from [16].
Lemma 2.1. (see [I6]) If 6 > 0, then for any positive x the inequalities
e15(-2) < Cuels(~) < Croxp(—a™7 8757 (1 - 3)) M

where C,, and n € N U {0} is selected from the condition § + n(1 — 8) > 1.

n koK
=5 L
= TEHE(I=F))
The solution of the Cauchy problem for the time-fractional diffusion equation.

Theorem 2.1. (see [I6]) Let n — 1 < a < n, n € {1,2}, 7e(x) € C(R), 1 < k < n, y"~“f(x,y) € C(D),
f(z,y) satisfy the Holder condition with respect to the variable x, and the relations

2z . o 2
lim 7 (x)exp(—plz|T==) =0, Uim y"~“f(x,y)exp(—p|z|Z==) =0, (2)
|z]— o0 || =00
=
where p < (1 - f) (%) , and the convergence in (|2)) is uniform on the set {y € (0;T)}.Then there exists

a regular solution to equation (u(,y))ze — Df,u(z,y) = f(z,y), in the domain R x [0,T] satisfying the
boundary conditions lin%) Dg‘;ku(gc, y)=7k(x), 1 <k <n,n-—1<a<n and it has the form
Yy—

1T v —

ég/Eim )y Ry T (= )ds + @), 3)
N k=1 y?

where
L 2
_ xr— S
D(z,y) 7/ /f '8 le}’g( )d dt.

20 ) Tyt
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Theorem 2.2. (see [16]) Let 0 < a < 1, y' %o (y), y' ~*p1(y) € C[0;0] ,7(x) € C[0;a],y' = f(x,y) € C(D),
f(x,y) satisfy the Holder condition with respect to the variable x, and the matching conditions are met

. a—1 _ . a—1 _
;g% Dg, poly) = 7(0), ;13% Dg, p1(y) = 7(a).
Then there is a unique regular solution to the equation (u(x,y))z. — D§,u(z,y) = f(z,y), in the domain
[0, a] x [0, b] satisfying the boundary conditions u(0,y) = ¢o(y), u(a,y) = ¢1(y),0 <y < b, lirr%) Dg;lu(x, y) =
Yy—r

7(2),0 < z < a, po(y),1(y), 7(x)— preset functions. The solution has the form
y

u(z,y) =/wo(y)Gg(x,y,Om)dn—/wl(y)Ga(w,y,a,n)dn
0

0
a

Yy a
+/ﬂ0%@w@®@!!¢@mem%@m@m7

0
where 4 N
(y—n)"" ~ | 1.5, |z =&+ 2na| 1.8, |7+ &+ 2na
G(z,y,&,n) = —7— X egl————5 ) —egl-————5—
2 n§%> o w-n) 2 -
and f =%

3. Formulation of a problem

Let the graph consist of three incoming edges, in which the coordinates are set from —oo to 0, a series of loops,
each of the series is associated with segments [L;_1; L;], ¢ = 1,n — 1, respectively, and outgoing edges where
coordinates are set from L,,_; to co. The edges of the graph are denoted by B;; = {z;; : Li—1 <z < L;},

i=0,n,j=1,3, where Lo =0, L_; = —oc0, L, = +oo (see Fig. 1). Further, we will use z instead of
Tij, = 0 n,j = 1,3. On each bond B;; of the graph we consider the time fractional subdiffusion equation
Dgyuij(z,t) — (ugj(x,t)),, = fij(x,1),0 <t <T, x € Bj;,0 <a <1, (4)
with the following initial conditions
%gn D& uij(z,0) = wij(x), 2 € By, (5)
asymptotic conditions at infinity
xgmoo ug;(x,t) = xlingo Unj(x,t) =0, (6)
and the following gluing (Kirchhoff) conditions at the vertices
wij(Lit) = wit16(Liyt),t € [0,T],5 # k=1,3, (7)
3 3
Z uir(Liy 1)), (wis11(List)),,i=0,n—1,5=1,3. (8)
=1 k=1

Problem consists of finding the regular solutions of the equation @, satisfying conditions - . By the
regular solution we mean the solution that has enough smoothness to satisfy the equation, initial, boundary,
and vertex conditions).

nl
By

I~

. \ o~

Figure.l. Metric graph in the form of a series of bridges.
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4. Uniqueness of the solution

u = (ui_])l Om,j=1,3" f= (fij)izﬁ7j:ﬁa Y= (‘Pz]) i=0,n,j=1,3 "

We define the norm of a matrix function on the following form

a2 Zz/ufjdx.

1=0 j= 1B

Theorem 4.1. Let @;;(z) € C(Byj), fij(x,t) € C%1(B;; x [0,T]). Then the considered problem has at most
one solution which satisfies the following a-prior estimate

D8 u||” < Ba(t®) - |0l +T(a) - Eaa(t®) Dy | |Dg £

Proof. Let
ﬁij (:17, t) = Dg‘fluij (m, t).

For these functions
0805w, 1) — (V45 (x, 1)), = DG fij(w,8) = fij(w, 1), @ € By, 0 <t <T
holds true. Considering the next inequality (see [17])

ﬁl]aot iy = aOt ZJ ’

2
/8 19 dSL’< /(219ij(19ij)zx+219ijfij>dx: 219ij(19ij)x iz_l — / <aaxl9”) d$+2/19”fl]dl'

z] 5 ij

we get

Further, summing over all indexes, using the conditions @ - and Cauchy-Bunyakovsky-Schwarz inequality,
we obtain

2
D3 191> < 19 + || |-
Taking the last inequality into account and using Gronwall-Bellman inequality [I7], we get the inequality
D6 ul|” < Ba(t®) - [loll + T(@) - Eaa(t*) Do || D5 fI]™ (9)
The uniqueness of the solution follows from @D

5. Existence of the solution

Theorem 5.1. Let functions ¢;j(z) € C*(Bi;),i = 0,n,j = 1,3, fij(z,t) € Cy?Y(By; x [0,T]) are bounded
functions which satisfy conditions (@ (@ Then the solution to the considered problem has the following form

Uij = / (G = GT)pizdé + / (G~ — GT) fiydédr+

Bij Bi]‘ X[O,T]
1 1 .
+§ G (i1 + piz + wiz)d€ + 3 GT (fir + fiz + fiz)d&dT+
Bij B”X[O,T]

n

+5 Z/G (Pr1 + pr2 + pr3)dé+ Z / Gy (frr + fr2 + frs)dédr

= 1By = 1By; % [0,T]

forie{0,n},j=1,3 and

) ) 1 )
uij = / Gl d + / G? f,;dedT + 3 / G (i1 + @i + piz)dé+

Bij Bin[O,T] Bij
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—1% / G*(fi1 + fio + fi3)dédT + é Z / G~ (pr1 + vr2 + @r3)dé+

B;; x[0,T] kZOBkj

1 n
Jrgz / G (fr1 + fro + fra)d€
k=0p, . x[0,11

fori=1n—-1,7=1,3.

Here
G =G -&t), Gr=Ga+&1),G] =Gz - &6t—71), GT =G+ &t —1)
and
Gh = Gi(x,t,ﬁ,O) = Z [G(I — f + 2p(Lz — Li_l),t) — G(IE + f + 2p(Ll — Li—l) — 2Ll,t)],
p=—00
p=—o00
Here ) "
a_1 1,% T
G(z,t) = 5t 161%(*@)

s the fundamental solution of the equation .
Proof.
1 -1 0
We define ’LNLZ = Aui, where U; = (Uil,uig,uig)T, ’L~L1 = (ail,ﬂig,’[biyg)T, A= 1 0 -1 .
1 1 1
Similarly, we put f; = Af;, ¢; = Ap;.

We find the solution in two steps. In the beginning we will find unknown functions @;;(z,t), i = 0,n, j =1,2,3.
Further, by solving the system of equations 4; = Au; we will find the solution to the considered problem.

Obviously that functions a;;(z,t), i = 0,n, j = 1,2,3 satisfy the equation @ in corresponding intervals
of the coordinate and 0 < t < T. We explore several cases with respect to indices and find each of these
functions on these cases.

Case 1. Let i = 0,5 € {1,2}. We have the following boundary value problem on the semi-line.

Find the solution for the equation
Dgt’ﬁoj(l‘,t) = (ﬂoj(a?,t))m + foj(ﬂ?,t), —o<r<0, 0<t<T,
satisfying initial condition
lim D~ o (2, £) = Goj ().

and following boundary condition

lim ﬂOJ(I,t):O, OStS,T

r——0

xgrzloo g (x,t) = 0.

Let function ¥(x,t) be the solution to the Cauchy problem for the equation
Dgu(x,t) = ugy(x,t) + F(z,t)

with the following initial condition
PH(I) D u(z, t) = ®(x).
=

The solution to the Cauchy problem was constructed in the [I6] and given by .

The following lemma directly follows from the even parity property of the function G(x,t) with respect to x.
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Lemma 5.1. If functions ¢(z) and f(x,t) are the odd (even) functions by the variable z, then function
I(x,t) is the odd (even) with respect to the variable x for every fixed t.

We define functions

. _ <
B(z) = gaoz(x), oo <x <0,
—poj(—z), 0 <z < o0

and

ran={ e S
for every fixed j = 1,2. Then
“+o0 0 “+o0
[ ca-cv-a@i= [ G-en-au@d- [ G- pul-o
—00 —00 0

0

- / (G(z — &,t) — Gz + &,1)) - poj(€)dE

and T +4oc0 T 0
/ / Gla— &1 — 7)-F(E, 7)dédr = / / (Gla — &t —7) = Gl + &1 —7))-foy (€, 7)dedr.
0 —oo 0 —oo

Taking the above relations into account we obtain

0
oy (1, 1) = / (Gl — £.1) — Gla + £, 1) G0y (€)de+
T 0
n / _ 4 (Gla— &t —7) — Glo + &t — 7)) foy (€, 7)dédr.

Case 2. Let i = 0,n,j = 3. In this case combining all intervals into one (—oo, c0) we get following Cauchy
problem for the equation.

Find the solution for the equation

Dz, t) = (i(x,t),, + flz,t), —oco<z<+oo, 0<t<T

Satisfying initial condition

where
ups(x,t), —oo <z < Ly,
uiz(x,t), Lo <a < Ly,

U;lg(l',t), Ln—l <z< +00,

wos(x), —oo <z < Ly,
N v13(x) , Lo <a < Ly,

on3(x), Lp_1 << 400
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and ~
f03(x7t)7 _OO<$§LO7

fla,t) = .fl?’(%t)’ Ly <z <L,

f;,:;(l?,t), L, <z < +o0.

It is easy to see that the functions @(z) and f(x,t) are continuous functions on the on their domains and
tend to zero for x — +o0. From the vertex conditions it follows that @(z,t) and its derivative with respect to
2 should be continuous functions. Moreover, from the results in [I6] it follows that the solution is regular.
This solution has the following form.

0 T 0

u(x,t) = / G(x — &, t)po3(§)dE+ / Gz — &t —7)fos(€, 7)dEdT+
—00 0 —©
n—1 Ly n—1 T Ly

+Y° / G(m—ﬁ,t)@kg(f)dé—kZ/ / Gz — &t — 1) fas(&, 7)dEdT+
k=1p7 k=10 17,
“+o00 T +oco
d / Gl — £, pna(€)dE + 0/ L / Gl — &,t — 7) fusl&, 7)dedr

It is enough to take the restrictions of the function @(x,t) to the corresponding domains to get the functions
ﬁig(.’[,t), = O,TL.

Case 3. Let i = 1,n — 1,j = 1,2. We consider following initial boundary value problems on the segment.

Find the solution for the equation
Dgt’l]ij(l‘,t) = (’l]m‘(.%‘,lf))xi + fij(l‘,t), Li s <x<L; 0<t<T,

satisfying initial condition
lim DG, s (2, ) = Goj ()

and the following boundary condition
ﬂij(Li—la t) = QNI,ZJ(L“ t) =0.
The solution to the problem has the following form [16]

L; t  L;
fiyj = / Gl 1,6, 0)3 (€)dE + / / Gl t,€.0) Foy (€. m)dédn.
L;_y

0 Li1

Case 4. Let i =n, j = 1,2. In this case, we consider the following boundary value problem.

Find the solution for the equation

DSyt (x,t) = (lnj(2,1)),, + faj(@,t), Lnoi <@ <400, 0<t < T

that satisfies the initial condition

i D (.8 = 3l

and boundary condition

:L’EI}rloo Unj(z,t) =0.

This case is similar to the Case 1. The solution has a form
+oo

us(ot) = [ (Gl =€)~ Gla+ € 0)pus (O

Ly
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T +oo
[ [ Ga-gt-n) -Gt ol e
0 Lnfl

Further, solving the equations u; = Au;, we get solution of the — .

iy = / (G~ — G )piyde + / (G~ — G) fyydedrt

Bij Bi; X[0,T]

1 1
+§ / Gt (i1 + @iz + @iz)dé + 3 / GT (fir + fia + fiz)dédr+
Bij B;; x[0,T]
1 n 1 n 3
+§Z / G (pr1 +<Pk2+<ﬁk3)d§+§z / Gy (frr + fr2 + frs)dédr
k=1g, . k=1p, . x[0,T]

for i =0,n,5 = 1,3 and

. , 1 ,
Uij = / GYpijdE + / G?' fi;dédr + 3 / GY(pi1 + iz + piz)dé+

Bij Bi]‘X[O,T] Bij

1 : IR
+3 / G*(fir + fio + fiz)dédr + 3 > / G~ (pr1 + pr2 + pr3)dé+
Bi; x[0,T] k=08,

1< -
+§Z / Gy (fe1 + fra + fr3)d€
k=0p, ; x[0,T]
fori=1,n—-1,j=1,3.

The uniform convergence of the integrals in the above expressions and their derivatives, which needed to
satisfy the equation , directly follows from the estimate and the theorems from [16] that was listed in
preliminaries section of the present paper.

6. Conclusion. We investigated the Cauchy problem for the time-fractional wave equation in the graph,
which has n consequent vertices, and in each vertex, we have three incoming and three outgoing bonds. Each
pair of consequent vertices (i — 1,4), ¢ = 1,n, connected by three edges (bridges). We constructed an exact
integral representation of the solution in terms of given data. From the constructed solution one can see
terms that correspond to reflected and transmitted flow at each vertex point. Such a form of solution gives a
big advantage in understanding diffusion processes in branched structures and scattering processes in more
general types of metric graphs.

7. Acknowledgments. This research is partly supported by a Grant from the Ministry of Innovative
Development of the Republic of Uzbekistan (No:F-FA-2021-424).
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KO‘PRIKLAR SERIYASIDAN TASHKIL TOPGAN METRIK GRAFDA SUBDIFFUZIYA TENGLAMASI UCHUN KOSHI
MASALASI
Sobirov Zarifboy, Saparbayev Rajapboy

Ushbu maqolada metrik grafda kasr vaqt hosilali issiqlik tarqalish tenglamasi uchun Koshi masalasi korrektligi
tadqiq gilingan. Bunda graf ketma-ket joylashgan nuqtalar va ulardan har ketma-ket ikkitasini tutashtiruvchi
uchtadan girralardan, birinchi nugtada uchta kiruvchi yarim cheksiz qgirralar, oxirgi nuqtada uchta chiquvchi
yarim cheksiz girralardan tashkil topgan. Masalani yechish jarayonida u chekli va yarim cheksiz oraliglardagi
boshlang‘ich-chegaraviy masalalarga va to‘g‘ri chiziqdagi Koshi masalasiga keltirilgan. Masalada berilgan
funksiyalar orqali yechimning aniq integral ifodasi topilgan. Masala yechimi yagonaligi energiya integrallari
usuli yordamida isbotlangan.

Kalit so‘zlar: Kasr hosila; xususiy hosilali differensial tenglama; subdiffuziya tenglamasi; vaqt bo‘yicha kasr
tartibli hosilali issiqlik tarqalish tenglamasi; yechimning integral ifodasi.

BA,HA‘{A Komn AJId YPABHEHUSA CYBAU®PY3NN HA METPUYECKOM I'PA®E COCTOHLU,I/II/UI 13 CEpPUU
MOCTOB
Cobupos 3apudboii, Canapbaes Pa>kanboit

B namnoit pabore paccmarpuBaercsd 3ajada Komum juia guddepeHnnaibHOro ypaBHEHUS C JIPOOHOM
MIPOM3BOIHON IO BpEMEHEM Ha METPUIECKOM rpade, COCTOSAIIIN U3 TPEX BXOAAINX pebep, cepuu 3-MOCTOB,
COEIMHSIIONINX TIOCJIEIYIONINE BEPIINHBI, U TPeX HCXOAAIMX pedep. 3ajada CBOAUTCS K HECKOJbKUM
HaYaJIbHO-KPAEBBIM 33J1aM B KOHEUHBIX, 110JIyOeCKOHEUHBIX MHTepBajiax u 3ajade Komm Ha npsmoii. Mol
HAIIJIM TOYHOE MHTErPAJIbHOE IIPEeACTaBICHIE PEITeHUHN 110 3aJaHHbIM JAHHBIM. EIMHCTBEHHOCTD PEIeHUsT
JIOKA3bIBAETCs C IIOMOIIBI0O METO/a MHTEIPAJIOB SHEPIUU.

KimroueBbie cioBa: /[pobHOe IPOU3BO/IHOE; YypaBHEHNE B YACTHBIX ITPOU3BOJIHBIX; ypaBHeHUe cyOauddysun;
yPaBHEHHUE TEILIONPOBOIHOCTH C JPOOHOI MPOM3BOIHO 110 BPEMEHH; HHTEIPAJIBbHOE IPEICTABICHIE PEIICHIA.
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KAHOHUYECKUE BU/bl JUOGOEPEHLINAJILHBLIX YVPABHEHUN
C HACTHBIMU TTPOMSBOAHBIMHU ITATOI'O ITOPAIKA C
KPATHBIMU XAPAKTEPUCTUKAMMU

AGnykonupos AGayparui
QaxyIpbTeT MATEMATUKU U HH(MOPMATUKA
DepraHcKuil TOCYIaPCTBEHHBIN YHUBEPCUTET
Q®eprana, ¥Y30ekucran
abdurashid1976@mail.ru

AnnoTarus

B nmannoil pabore, nmpuBeieHbl KAHOHUYECKHE BB I DepeHInaIbHbIX YPABHEHU [IsITOr0
MIOPSIJIKA € JIBYMsI HE3ABUCUMBIMU IIePEMEHHBIMU C KPATHBIMU XapaKTePUCTUKAMU.

Kuarouesbie cioBa: Kanonmueckuit Bum; nuddepeHimaababie ypaBHEHNST ¢ YACTHBIMA TPOM3BOIHBIMIE;
XapaKTEPUCTUKA; XapPaKTePUCTHIECKOe YPaBHEHNE.

MSC 2020: 35G05, 35A25
1. BBeageunue

B pa6ore [I] HaiizeHbl HEOBXOAUMOE U JJOCTATOYHBIE YCJIOBHSL JIJIsl TOrO YTO0bI 1uddepeHIuanibsHoe ypaBHeHne
MIATOrO IIOPgA/IKa B YaCTHBIX IIPOU3BO/IHBIX UMEJIO HeKpaTHbIe XapaKTePUCTUKH, a TaKxKe, IPUBE/ICHbI KaHO-
HUYeCcKue BUIbI UM (MEPEHITNATBHBIX YPABHEHUN IATOTO MOPSIIKA C JABYMSI HE3ABUCUMBIMU IIEPEMEHHBIMU C
HEKPATHBIMU XapaKTEPUCTUKAMU, & B [2] n3yvueHbl HEKOTOPBIE BOIPOCHI TIPUBEIEHAS K KAHOHUIECKUM BUIAM
nuddbepeHIMAIbLHBIX YPABHEHUN B YaCTHBIX IIPOU3BOIHBIX IIPOU3BOJILHOIO 7 —0ro (n > 6) mopska.

B nannoit pabore, mpuBeIeHbI KAHOHUYECKHE BUJIbI TUMDPEPEHITNATBHBIX YPABHEHUH TISITOTO MTOPSJIKA C JIBYMS
HE3aBUCUMBIMH MTEPEMEHHBIMU U C KPATHBIMHA XapaKTEePUCTUKAMMU.

2. OcHoBHag 4yacThb

B nekoropoit obactu 2 miockoctu xOy paccmorpuM JudpepeHiprabHOe YPABHEHNE B YaCTHBIX TPOU3BOIHBIX
IISATOr0 MOPAJKA C JIByMs HE3aBUCHUMBIMU II€PEMEHHBIMHY, JUHEHHOE OTHOCUTEIBHO CTAPIINX ITPOU3BOIHBIX:

u
L[U]:ZAkW:F, (1)

k=0

rae Ay (k=0,5) - 3ananHble HenpepbIBHbIE (DYHKINM, 3aBACSINNE OT & U Y, a F - HenpepbiBHAsT DYHKIWS,
3aBUCAIIALA OT X, Y, U U €€ JacTHBIE IPOU3BOHBIE IO Z,Y JI0 Y€TBEPTOTO MOPSIKA BKJIIOUNUTEIHHO.

C nomorpio npeobpazoBanusg nepeMennnix & = £(x,y), n = n(x,y), J0IycKaIomero obpaTHoe npeobpasoBanue,
TO ecTb BbINOJHAONIEe ycaoBue J = &1y — &y 7# 0, u3 [I0JIyJaeM HOBOe ypaBHEHUe

> Pu
Mlu] = Zak Rk I, (2)
k=0

rae I - dyukius, 3apucsmas ot &, 7, u 1 €€ YaCTHbIE IPOU3BOIHBIE 110 &, 7) 10 Y€TBEPTOTO MOPSIKA BKJIIOYU-
TeJIBbHO, & ai, k = 0,5- HoBbIe KO3ddULMenTsl, JuHeino 3apucammue or Ay, k= 0,5.

Eciu BBecTu obo3nadenne

f(zg,2,) = Agz> + Alzizy + Agzizj + AgZiZS + 14142“%2;L + Aszz‘;’,
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ro Ko burments! ai(k = 0,5) ypaBHeHus , MOKHO HAINCATh B BUJIE
1 0 o \" 1 ERY

Hano Beibupars HOBBIE TIepeMeHHBIE £, 1) TaK, YTOOBI ypaBHEHHE B HEKOTOpOIT Touke P obiactu 2
nMesIo KaHOHWYecKnii Bujt. B cuity HenpepwisHOCTH byHKIMM Ag(2,y), Kak u B padore [1] , 6e3 orpanndenns
OGIIHOCTU MOXKHO CYUTATDH, YTO B JIOCTATOYHO MAaJIOi OKpecTHOCTH TOYKU P BoinosHsercs ycaosue Ag > 0[1].

Kaxk u B pa6ore [1], BOCHIOIB3YEMCS CIIEYOIIUMI JIEMMAMBI.

JIemma 2.1. Qynryus z = ©(T,y) ABAAEMCA PEUWEHUEM YPABHEHUS

Ap2d 4+ Arztz, + Agzgzz + Agzizg + A4zl.z,3 + A5z2 =0, (4)
mozda u Mmoavko mozda, Kozda coomuowenue ©(x,y) = const npedcmasasem cobol obwul urmezpan
06v1KH08EHH020 JuPdepentuanviozo YpasHeHUs

Ao(dy)® — Ay (dy)*da + As(dy)®(dx)? — As(dy)?(dz)® + Audy(dz)* — As(dz)® = 0. (5)

Jlemma 2.2. Ecau p(x,y) = const npedcmasasem coboti k-xpamuwd (2 < k < 5)obwudi unmezpan ypashenus
B, mo npu z = o(x,y) Pynruuna f(z,,z,) u eé 6ce npoussodnvie no z,, z, do (k-1) nopadra exaowumeENLHO
DPABHBL HYAO.

Jlemma 2.3. Ilpu npeobpa3o8aruu nepemerHbr, Jonyckaowezo o6pammoe npeobpasosarue, HUci0 U Kpam-
HOCTML JeTUCMBUMENOHVIT U KOMNAEKCHOIT KOPHET YPAEGHEHUS,

Aot® — Aytt + Agt® — Ast? + Ayt — As = 0, (t = dy/dx). (6)
UHBAPUAHMIHLL U uMeem mecmo modicdecmeo D = J20D.
Ilycrn, B obmact Q Ay, = const, k =0, 5.
BameTum, uTo cornacHo dopmystam Broera [3] aust ypasuenns (6)), mmeror mecro pasencrsa
Ay As

Ay
t Aty 4oty = o0, titg + bty 4o A taty = ) o, by = = 7
1 2 5 AO 162 143 405 AO 1 5 AO ()

Ha ocnoBanmm (]'__FD, YPaBHEHUIO MOXKHO HaIlICATh B BHU/IE:

A {85u 9%u 9%u

AM+A+ A3+ A+ A MA2+MA3 4+ oo+ M Xs) 7 + -
925 + (A + A2+ A3+ Ay + 5)81:48y+( A2+ MAz+ o+ A 5)3x33y2+

85
.+ ()\1/\2/\3/\4)\5) TUJ = F:| .

Orcroma nmeem

o o\ (0 o\ [0 o\ [0 d\ (ou o
A= +h— ) [+ do— | [+ M=) ([ =+ M) [+ A= | =F.
’ (396 +A13y> (3w +A28y> (3w +A38y> (590 +A43y) (596 e 3y) ®

CupaBeninBo Cjieayomast
Teopema 2.1. ITycmsd ommocumesvho ypashenue (@ CNPAGEINUBO 00HO U3 CALOYIOULUT YMEepatcoernul:

1) umeem odun S-kpammuwvil deticmeumenvholll Koperv; 2) umeem odun 4-kpamuod u 0dun npocmots ded-
cmeumenvhuli Kopens; 3) umeem odun S-kpamnovild u odun 2-kpamuvil deticrneumenvrolli Kopens; 4) umeem
0dun S-kpamuw u 06a pasaudrulr Jeticmeumenbrolr Koprel; 5) umeem oduk S-kpamuwd u 084 KOMNAEKCHO-
CONPAACENHBIT KOphs; 6) umeem 06a passusnux 2-kpammuoid u 0dun npocmoti deticmeumenrvhvil Kopens; 7)
UMEETM 068G PABAUNHBIT, 2-KPATMHBOLT KOMNAEKCHO-CONPAACEHHUT U 00ut delicmeumensvhuill Kopeny; 8) umeem
00un 2-kpamnsil U Mmpu Passushur deticmeumenvrovill kKopens; 9) umeem odun 2-kpammvil, odur npocmot
deticmeumesdbHull Kopens U 064 KOMNAEKCHO-CONPANCEHHDIT KOPHEU.

Tozda 6 obaacmu € ypashenue MODHCEM, OBIMD NPUBEIEHO COOMBEMCMEBEHHO K 00HOMY U3 CACOYOULUT
KAHOHUMECKUT 6UO:

0 0 o*u
Duggeee = Fo; 2)ugeeen = Fo; 3)ugeenn = Foi4) 9s T 91 ) Bears — 1
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O [(0%u  D%*u o 0 0%y
%) 55 (a * 875) = 15:6) (a + m) astoE ~ 1
92 92\’ 0u o 9\ [0
7 (a * at) 75~ w8 (a *“m) <8t - 6528752) =
0 0 Oty o*u
9) (a + m) <a * c’)s?at?) =¥

2de a € R, a Fy, F3-6noane onpedesennvie GyHKuuy, 3a6UCAWAA 0M S, t, U U U3 HACMHBLE NPOUIBOIHDBIE NO
5,t do uemeepmozo nopAIKa GKAOUUMEALHO.

Hokazatenscreo. 1) Ilyers ypabHeHne @ UMeeT OJUH MATUKPATHBIN TeHCTBUTEIbHBIN KOPEHDb: 1 = 1.
Torna, ypasuenue ([5)) umeer opus ngaTukpaTHblit o6umii uarerpai- ¥1(x,y) =y — Az = const. Iomoxum
& =¢&(x,y), n=11(z,y), rue &(x,y)- mobas byrkws, He 3aBucsimast or 1 (2, y). Torma B cuity JileMMBbI
2 U paBeHCTBa , ap =0, k=1,5u ag # 0. [losromy ypasHeHuEe IpUHUMAaeT BUJ Ugeeee = I, rae
FQ == F]_/ao.

2) Ilycts ypaBHEHHE @ UMeeT OJMH YeThIDEXKPATHBIA KOPHs {1 = A U OIMH UPOCTOil (HEKpaTHBIN)
JIeHCTBUTEILHOTO KOPHS to = Ao. Torma, ypaBuenue UMeeT OJIMH YeThIPEXKpATHBIH 1 (x,y) =y — A& =
const u ofuH TpocToit Yo (2, y) = Yy — Aex = const obmme uaTerpasl. [omoxum € =n = 1(x,y),; Ya(x,y).
Torna, B cmiry JieMMBI 2.2 1 DABEHCTBa , ar =0, k=0,5, k#1wua; #0, B cuny 9ero, ypaBHeHue
HOPUHUMAET BUJ Ugeeen = Fa, e Fy = F1/a.

3) Ilycrb ypaBHenue @ UMeeT OWH TPEXKPATHBIN KOPHS t1 = A1 W OJIWH JABYX KPATHBIN AEHCTBATEILHOTO
KOpHs to = Ag. Torna, ypaBHeHnue UMeeT OJIMH TPEXKPATHBIN (x,y) = y — A\1& = const U OIUH JBYX
KpaTHblil 9 (z,y) = y — A2z = const obmue unrerpassl. [lomoxkum 7 = ¥1(x,y), & =(x,y). Torua, B
CUJIy JIEMMBI 2.2 U PABEHCTBA , ar, =0, k=0,5 k#2muay #0, B cuny 4ero, ypapnenne [IPUHUMAET
BUL Uggenn = FQ, rjae F2 = F1 as.

4) Ilycrs ypasaenune @ HMeeT OJINH TPEXKPATHDIN t1 = A1 U JIBa PA3JINIHBIX Ly = Ao, t3 = A3 I€HCTBUTEIHLHOTO
kopHsi. Torna ypaBHeHHE UMeeT OJIMH TPeXKPATHBINA 11(Z,y) = y — \ix = const U JBa Pa3INIHBIX
Yo(z,y) = y — Aoz = const, Y3(x,y) = y — Asx = const obume unrerpassl. Kpome Toro, B 9ToM citydae,
YPABHEHUIO , TO €CTh yPaBHEHUIO MOXKHO HAIUCATH B BUJIE:

3
(ot () ()
U3 Bcex BO3MOXKHUX 3aMEH IIEPEMEHHBIX, PACCMOTPUM 3aMeny 1) = ¥1(x,y), £ = oz, y).
ToacraBigs 3TH BbIPAKEHUST %I/I a% B ypasrenne (J) nveem:
0*u

0 0
()\3_)\2)8754—()\3_)\1)5777 @ZFM (10)

rae F1 = 7F/AO ()\2 — )\1)4.

s manbHERIero yrupolieHusl ypaBHEeHUsT BBegeM 3ameny t = (A3 —A1)& s = (A3 —A)n, J =
sety — spte # 0. Torma, yuurniBas a% =se X +te 2 = (N5—A\p) 2, 6% = sy +tyd = (N3 —Ag) &, u3
yPaBHEHUS [OJIy9MM HOBOE yPABHEHUE B BUJIE

0, 0\ P,
ds ' ot) osot3

<

2 4
rae F3:F1/ {(}\3—/\2) (/\3—>\1) ]
5) HyCTb YpaBHEHUE @ nMeeT OJUH TpeXKpaTHbeI ,ILeﬁCTBHTeHbeIﬁ " JBa KOMIIJICKCHO-COIIPAXKEHHBIX

KOpHell: t1 = A1, t4 = a + Bi, t5 = o — fBi. Torga ypaBuenue uMeeT OJUH TPEXKPATHBIN JIeICTBUTEIbHBIN
Y1(x,y) =y — A\ix = const u ABa Pa3JIMIHBIX KOMIJIEKCHO-CONPSIKEHHBbIX ©(T,y) = y — ax — ifx = const,
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o x* (z,y) =y — ax + ifx = const obuwme uaTErpaAIH, TIE ) , S, A € R u S # 0. Kpome Toro, B aTOM Ciyuae,
YPABHEHUIO , TO €CTh yPABHEHUIO MOKHO TIUCATH B BUJE:

o a\° [ 0%u 02u 02u
Ag | — — — 4+ 2 2 HZ ) =F 11
0(8x+/\18y) <8x2+ aax8y+(a +0 )8y2> (11)

13 Bce BO3MOXKHMX 3aMEHBI TIEPEMEHHBIX, PACCMOTPUM 3aMeHy & = y — ax, n = px. Torga

‘9_5 N a__g+ﬁaa E
ox ot Moy T g

o o .
[Toncrapnsast 9TH BbIpaXKeHUs 71 5y B ypasHeHnue (11) umeem:

2 2
(A1 >§+ﬁ@} (g;ﬁ ) F, (12)
rae ) = F/AOBQ.

93 2 2 J— R
Ecmn A\ = «, Torga ypaerenue (12) nmeer Bu; ad—ng (% + 2712‘) =Fs ,rme Fy = F/A055.
[Iycts A1 # . Jyist nanbheiimnero ynporenust ypasuenus (12)) BBejeM 3ameny nepeMeHHbIX

s =s(§,m), t =t(¢, 77) (13)
- _ 0 _ g, 0 o2 9
npudeM J = s¢t, — syte # 0, Torma pg = S¢ps T te 5y s 9 = Snos as + t,7 5+ Y IUTBIBAs 3TO, U3 yPABHEHUE
[IOJIy9MM HOBOE yDaBHEHWE B BUJIE
Bl 01° 0u 0u N
(= ayse + 5,) o+ (O =)+ 1) 5| |62+ DT+ 2(sete + syt g+ @2+ T = P
(14)
YrobbI ypaBHEeHHE nmesio 6ojee TPOCTOit BU, B KAUeCTBE 3aMEHY GepeM s = (A1 —a) &+ B, t =
BE — (M — a) n (mpuden,J = sety, — spte = — (A1 — a)® — B2 #£0).

5
Torpma, ypaBHenue HMeeT BHJL (%33 (% + %273) = F3, rne F3 = Fg/ [()\1 - a)2 + B2
6) Ilycrs ypasHeHHE @ UMeeT JIBa PA3JMYHBIX £] = A1 U ty = A9 JABYKPATHBINA U OJUH NPOCTOI (HEKPATHBII)

ts = A3 IeHCTBUTEIHLHOTO KOPHSI.

Toryma ypasHenue uMeeT JBa pasaudHbX Y1 (x,y) =y — Mz = const u Yo(x,y) = y — Aox = const aByx
KpaTHBIA U OAUH IPOCToii (HeKparHblil) Ys(z,y) = y — A3z = const neficrBuTeabHbIE OOIIME MHTEIPAJIBL.
Kpowme Toro, B 3ToM cityuae, ypasaenuio ([§)), o ects ypasuenmo (1) Moo nammcars B Bue:

2 2
(2 Y (2 a2 ) (2 ) -
3 Bcex BO3MOXKHHX 3aMeH IE€PEMEHHBIX, paCCMOTpI/IM 3aMeHy n = P1(x,y), & = Pa(x,y). Torga 2 50 =
gwag+77wan )‘265 )\187]’63; Eyag+77yan ag+an'
HO,D;CT&B.H?IH 9TH BbIPazKE€HUA %I/I % B ypaBHEHHE nMeeM:
o] ot
13}

()\3_)\1)677

[@3 ) o -, (16)

3
rae Fg = Fl/ (AQ — )\1)4.

JlJist masibHERIIero yuponeHus: ypaBHeHUsT BBejieM 3aMeHy ¢ = (A3 — A1) &, s = (A3 — A2)n (upuuem
J = Sgtn — Sntf = — ()\3 — )\1) ()\3 — )\2) 7é 0

Torna, yInTeiBag 8% = 55% + t,g% = (A3 — /\1) 5 3n = 57,3s + tn 5 = (A3 —A2) %, U3 ypABHCHUS
[IOJIyYrM HOBOE yPABHEHHUE B BUIE (% + %) as2at2 = F3 ,rne F3 = Fg/ {()\3 — )\2)3 (As — )\1)3]
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7) Ilycrs ypasHeHue (@ UMeeT JIBa PAa3JIUIHBIX, JBYKPATHBIX KOMILIEKCHO-CONPSI?KEHHBIX U OJIUH JIeii-
CTBUTEJILHOTO KOpHs: t1 = « + Bi, to = a — Bi u t3 = A3. Torma ypasuenue () umeer nBa pasjUIHBIX
KOMIIJIEKCHO-COTIPSI>KEHHBIX U OJIMH JIefiCTBUTENBHBIN 00mume nHTerpais: (T, y’ =y — ax — iffx = const,
px(x,y) =y — ax+1ifx = const u Y3(x,y) = y — A\sx = const, rue o, B, A3 € Ru B # 0.

KpOMe TOT'O, B 9TOM CJiy4ae, YPaBHEHUIO , TO €CTh YypaBHEHUIO MOZKHO IIMCaTh B BHJIE:

02 o? 0? ou ou
Ao [ == +2 48— =F. 1
0(8x2+ a8x8y+(a +5 )8y2> <8$ Agay) (17)
U3 Bcex BOSMOXKHBIX 3aMEH MEPEMEHHBIX, PACCMOTpUM 3ameny & =y — ax, n = Bz. Torga
9 0 0 0 0 0
Oz fm D¢ + 77:1: == é. + 5877 a gy o€ + Ny o 676

1%} 1%} .
IMoacrapnsst 3TH BbIpaXKeHUud -1 §y B ypasHeHue nMeeM:

2 92\ ou ou
= —a) =+ B—|=F 1
(3 ) |- 5 +o5e] = (19)
rae F1 = F/Aoﬂ4
Ecim \; = «, Torna ypasHenue nMeeT BUI: (aa—; + 68722> =F, , rtne Fy = F/A()B5

IIycts A1 # a. st panbheiimero ynpouenus: ypastenus (I8), ananoruuno B ciyuae 5), BBeleM 3ameHy
s=M—-a)f+0n,t=P0E— (M —a)n (mpudeM, J = s¢ty,;, — spte = — (A1 — a)2 — % #0) u u3 ypasHeHns

5
(18) mosyuum HOBOE ypaBHEHUE B BUJIE: (852 + atg) =F3 ,tne Fs = F2/ [(/\1 _ a)2 —|—ﬂ2} .
8) Ilycrb ypaBuenue @ UMeeT OJIWH t1 = Ay JABYKPATHLIA W TPHU ty = Ao, t3 = A3, t4 = A4 IPOCTOI
(HeKpaTHBIi) JeHCTBUTEIBHOIO KOPHSI.

Torna ypasHeHnue umeeT oauH Y1 (x,y) = y — A\1& = const IByX KPaTHbIH U TPU NPOCTOi (HEKPATHBIIA)
Yo(x,y) =y — Aox = const, Y3(x,y) = y — Asx = const, Y4(x,y) = y — A& = const geficTBUTENbHBI ObIIIE
unrerpassl. Kpome Toro, B aTom ciyuae, ypasuennio (8), To ects ypasnennio MOZKHO HAIIUCATh B BUJE:

B N>/ o B B '\ [ 0ou ou
9 9) (2 9V (2 e Y YR 1
10 (g +hg) (5 o) (3 +ogy) (3 + ) =7 19

PacemorpuM 3anmeny 1) =y — Az, £ = y — Aox. Torma -2 B =¢2 5 T2y, Bn o2 3 -\ 2 B ay fy o Ty 877
) )
9e T oy -

IloacTaBisis 9T BbIpasKeHUs %I/I 8% B ypasrenue ((19), nmeem:
0 0 0 0 Bu
{()\3 —X2) o + (A3 — A1) 377] [()\4 —X2) 57 D¢ + (Mg — )\1) oe2m = by, (20)

e Fy = Fl/ 2 — M2

g majabHERIero yIupolneHns ypaBHEeHN BBeJieM 3aMeny t = (A3 —A1)E&, s = (As—A2)n, J =
sety — syte # 0.

9 __ 9 o __ le) 9 _ le] 9 _ 9
Torpma, yunTbiBas 56 = Seps T leg = (A3 = A1) 575 By = Snps T inm = (A3 = A2) 57, u3 ypasHeHus
il O\ (2%u 9w ) _ — Qu=29)(As=A1) —
(20) mosyunM HOBOe ypaBHEHHE B BUJIE (85 —|—aat) 52913 asgatz) = I3, tne a = (}\47)\1)()\37>\2)7F3 =

Fy
[(As=22)*(Aa=A1)* Aa—A1)]”

9) Ilycrb ypasHeHue @ uMeeT OJuH t; = A1 JBYKDATHbIA U OJUH ty = Ay IPOCTOI (HEKPATHBII) JeHCTBUTE b
HOT'O KOPHS U J[Ba KOMILJIEKCHO-COIIPSI?)KEHHBIX KOpHel t4 = a + (i, t5 = a — PBi. Torga ypaBHeHue nuMeeT
OJIMH JBYKPATHbIH 1 (2,y) = y — A& = const u ogun npocroii (Hekparubiii) Yo(z,y) = y — Aox = const
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JeHCTBATENbHBIM U JIBa Pa3JIMYHBIX KOMILJIEKCHO-COIIPAXKEHHBIX olr,y) = y — ax — ifx = const,
p* (x,y) = y — ax + ifx = const obuue unrerpainl. Kpome Toro, B 3roM ciyuae, ypasaenuto (8), To
€CTh YPaBHEHUIO MOKHO HAIIUCATh B BHUJIE:

02 02 02N\ [0 O\’ (Ou . Ou
4 (G 2y 5p) (55 v (G ovg) -2 e
Pacemorpum zameny € =y — az, n = fx. Torma
0 8 0 o 0 0 0
72 = G+ = g+ v =

9 1o} .
IMoacrapiss 5TH BbIpaXKeHud 71 5y B YpapHeHue (11), mmeem:

2
0 0 %u  0%u
A A =F 22

-0 g+ i) [0e-a) g +ag] (5 + 5 ) =R (22)
rae F1 = F‘//l()ﬁ2
Ecau Ay = o mwum Ay = «, Torga ypasHenne NMeEeT BUJL:

2
f5) d 9*u *u = il d u =

(“a*ﬁ F)(W +BT4> = Fz nm (“a*ﬁ 677) (352677 + o ) = F,
rue g = % Ui 6 = O‘l‘%a), Fy=F /B

IIycte A1 # «. s pasbHeiinero promeHI/IH ypaBHeHI/IH BBe,aeM 3aMeHy nepeMeHHbIX § = $(&,n), t =
t(&,n), npuaem J = sety — syte # 0, Torma 85 = S¢5. 63 —I—tg 5 617 = Sn35, 65 +t77 %7+ YUUTbIBasd 9TO, U3 yPaBHEHUA

IIOJIyYUM

d a1° o o
(= s+ 5,) 2+ (O = )t +8t) 5] (O = ) + o) 57+ (02 — e+ t,)
d*u 0%u 0%u
[(sg + 53’)7832 + 2(s¢te + 8,ty) 5o 9501 (tg + t2) 8752} =F,. (23)

Ecsin, B KauecTBe 3aMeHy IlepeMeHHBIX OepeM s = (A — )&+ On, t = B¢ — (A — a)n (upuyem, J =
Sety — spte = — (A1 — a)2 — B2 #0), Torma, ypapHeHue “MeeT BUJ (a% + %) (gs“j + B?th?) = F3, rae

a = ((kz—;c();;\i;?))-kﬁz), F3 = Fg/ {(()\1 — a)2 + 52)35(/\2 - )\1)].

Teopema 2.1 mokaszano. O
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AnHoTanua

Hacrosimmee ncciretoBanme MOCBAIIEHO K U3YIEHUIO 2-TOKAJIBHBIX IUMPEPEeHINPOBAHAIN Ha
arebpe Oxky6o. /lokazano, 4To Jiroboe 2-jokajibHOoe auddepennupobanue aaredbpsr Oky60
aBjsgercsa quddepeHnupoOBaHIEM.

Kmrouessbie ciioBa: Asrebpa Oky6o; nuddepenimpoBanne; 2-10KajibHoe TuddepeHimpoBatue.
MSC 2020: 17A35, 17A36
1. BBeneunue

B 1997 r. II. Hlempa [12] BBen nonsarus 2-iokanbuoro auddepeHnupoBanus u 2-JI0KaJIbHOro aBroMopdusma.
Orobpaxkerne A : L — L (He obsi3aresbHO JinHEiHOE) Ha anrebpe L HasbiBaeTcs 2-J0KadbHbIM judde-
PEHIIMPOBaHNeM, €CJIN JJId BCAKNX T,y € L cymectByer muddepennmposanne D, , : L — L Taxoe, 9T0
D,y (z) = A(z) u Dy y(y) = A(y). Tonsitie 2-10KaIbHOTO aBTOMOP(MU3MA OLPEJIE/IAETCH AHAJIOTTIHBIM
obpaszom. s mamnoit anredpsl L OCHOBHAs 3a/1a49a, CBA3aHHAS C STUMU IIOHATHASIMUA, COCTOUT B TOM, ITOOBI
JIOKA3aTh, YTO OHU ABTOMATUIECKH SIBJISIIOTCS nddepeHInpoBansMi (COOTBETCTBEHHO, aBTOMOPMU3MAaMN )
WU TIPUBECTH IPUMEDDI 2-JI0KAIBHBIX JuddepeHnnpoOBaHNT WK ABTOMOPMU3MOB Ha L, KOTOPBIE HE SBJISIOTCS
nuddepeHIMPOBAHIAMI I aBTOMOP(MU3MAMU, COOTBETCTBEHHO.

Perrene sToit 3aga4un 11t KOHETHOMEPHBIX ajaredbp JIu Haj aaredOpam<decKu 3aMKHYTBIM IOJEeM HYJIEBOM
xapakTepucTuku 6pu1o noJydeno B pabdorax [Il Bl [II]. B wacruocru, B pabore [3] mokazamo, uro kaxioe
2-oKasbHOE JnddepeHImpoBanHne Ha TOJIYIpocToi aaredbpe JIu aBisercs muddepeHnnpoBaHueM U TITO
KaKJiasl KOHEYHOMEPHAsT HUJIBIIOTEHTHAasT ajirebpa JIu ¢ pazMepHOCThIO GOJIbITE YeM 2, COJIEPKUT 2-JIOKAJTbHBIE
g depeHInpoBaHsi, KOTOPbIE He sIBJIsIIOTCs JuddepennupopannemM. J1jisi 2-JI0KaIbHBIX aBTOMOP(MOU3MOB
B pabore [II] aBropsr mokazasu, uro eciu L — nupocras anrebpa Jlu tuna A;, D) wiu Ey, (k = 6,7,8) nan
ajrebpamvyeckKu 3aMKHYTBIM II0JIEM HYJIEBOI XapaKTEePUCTUKU, TO KaXKJIbl 2-JI0KAJIbHBI aBTOMOpdU3M L
SIBJISIETCST aBTOMOP(MU3MOM. AHAJIOTHIHBIE PE3YIbTAThl OTHOCUTEJIBHO 2-JI0KAIHHBIX jiuddepeHInpoBaHuii u
aBTOMOP(MU3MOB Ha POCTHIX ajrebpax Jlehbuuma 6pim nosydenst B [2]. A B padore [I] III. A. Aronos u K.
K. KynaitbepreHos o6o0mmmm pe3ysasrar, moayaennsiii B pabore [11], n mokasanu, 9To KaxKaplii 2-JI0KATbHBIH
aBTOMOP(}U3M KOHETHOMEPHO MTOTyIpoCcToil ayredpsl JIu Haj anrebpanmdecKn 3aMKHYTBIM [TOJIEM HYJIEBOH
XapaKTEPUCTHUKU SIBJIsIeTCs aBTOMOpdu3MoM. BoJiee Toro, oHI TOKa3aJIu, 9T0 KayKias HUJIBIOTEHTHAS aJiredpa
JIu KoHeuHOI pasMepHOCTH BOJIbINE YeM 2, CONEPKUT 2-JOKAIbHbIE ABTOMOP(MU3MBI, KOTOPbIE He SIBJISTIOTCS
aBTOMOP(MHU3IMAMH.

B pa6orax |5l [6], [13] 6p1mm nsyuensr 2-mokambabie quddepeHnmnpoBannsa 6eCKOHETHOMEPHBIX anreOp JIn mas
[OJIEM HYJIEBOI XapaKTEPUCTUKM U JOKA3aHO, 9TO BCe 2-JIOKaJbHbIe quddepeHnnpoBanus ajredpsl Burra
aBsgorcs (ry1o6abHbIME) TUddEPeHIPOBAHUSMA U YTO KaxKioe 2-jokajbHoe auddepeHiiupoBanue Ha
asrebpe Bupacopo asiserca nuddepentuposanuem. B padore [4] aBropsr gokazanm, 4To KaxKi0e 2-JI0KaabHOe
nuddepenrpposanne 06061enHol anrebpsl Burra W (F') Haj BeKTOPHBIM IpocTpaHcTBOM F), aBisercs
nuddepennupoBanueM, riae F — moje HyJIeBoil XapaKTepUCTUKH.
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Tlocsieinue roabl BHUMaHWE OBLIH OOPAIEHBI K U3YYIE€HUIO JIOKAJBHBIX U 2-TOKAJbHBIX JuddepeHrinpoBannm
KOMIIO3UITHOHHBIX aJre0p M CUMMETPUIHBIX KOMITO3UIIMOHHBIX AJIredp.

B pabore [7] Gblim n3ydueHsl JOKaJbHbIE U 2-I0KaJIbHbIE quddepeHnupoBanust aareGpbl OKTOHIOHOB. [IpuBejeH
obmmumii BUJ JIOKaJIbHBIX JuddepeHnupoBanuil Ha BerecTBeHHol anredpe okroHnoHoB Og. V13 3roro onucanus
CJIEJIyeT, 9TO MPOCTPAHCTBO BCEX JIOKAJbHBIX auddepentuposanuit Ha O, cHabkeHHOE CKOOKOM JIu, m30-
Mopduo asrebpe JIu s07(R) Beex BelecTBeHHBIX KOCOCUMMETPUYECKHUX 7 X 7-MaTpull. A Tak:Ke pacCMOTPEHbI
2-j10kasibHbIe TuddepernnpoBanns Ha ajaredpe okrornonos OQp Has asrebpandeckKu 3aMKHYTHIM mojieMm F
HYJIEBOI XapaKTEePUCTUKH U JOKA3aHO, YTO Kazkjoe 2-jioKajbHoe juddepennupopanne Ha Op siBiisiercs aud-
depenmuposanueM. Jaiee ObLIM IPUMEHEHDBI 3TH PEe3Y/ILTATH K aHAJOTMYHLIM 3a4adaM JJIsd IPOCTOi 7-MepHOi
asirebpel MasibiieBa. B kadecTBe cjie/IcTBUs [TOJIyYEHO, UTO BelllecTBeHHas ajirebpa okTonnonoB Qg u anredpa
MauibiieBa M7 (R) gBIIslIOTCS IPOCTBIMU HEACCOIUATUBHBIMU AJIrebpaMu, JOMYCKAIONIMMU YUCTO JIOKAIbHbBIE
audHepeHInpoBaHns, T. €. JOKaJIbHbIE TuddepeHIuPOBAHNS, He ABJsIomnecs Tud(OepeHIInpOBaHUIMU.

B pa6ore [14] 6butn usy4enst gokaababe quddepennuposanns anrebpbl OKy6o n JOKA3aHO, ITO KaxKI0e
JiokasbHoe uddepentmpoBanus aaredbpbl Oky0o HaJI T0JIeM XapaKTePUCTUKNA OTJIMIHOTO OT 2, 3 sIBJISI€TCsI

uddepeHInpoBaHuEeM.

B macrositeit pabore uzydarorcs 2-mokaibable quddepernupoanust agaredbpel Oky6o.

2. llpenBapuresabHbIEe CBEIEHUS

B srom pasgesie npuseemM HeOOXOAMMbBIE ONPEIEIEHUSI 1 HEKOTOPhIE U3BECTHBIE PE3YJIbTaTHI.

Omnpenenenue 2.1. Komnosuruonnast ajrebpa S ¢ yMHOKEHUEM * U HOPMOW 7. HA3BIBACTCS CUMMEMPUUHOL,
ecJiu moJisipHasi (popMa HOPMBI aCCOIMATHBHA!

n(xxy,z) = n(z,y * 2) (1)
JIJISL JIOOBIX T, Y, 2 € S.

Onpepenenne 2.2. Cummerpuynas KoMmnosunuonnas ajiredbpa (O, *,n) naspiBaercs aszebpot Oxybo nan F
(xapakrepucTuku # 3).

,HJISI IIpuBeaecHUA HeO6XO,HI/IMI)IX CBOICTB CUMMETPUYIHBIX KOMITO3UITUOHHBIX aﬂre6p HaM CHa4aJia HOHaﬂO6I/ITCH
cireaymoimad JeMMa.

JIemma 2.1 [9]. ITyemo (S, *,m) — anzebpa, chaborcernnas nesuposcdennots keadpamuurol gopmoti n. Tozdan
MYALMUNAUKAMUCHA, 0 €€ NOAAPHAA POPMA ACCOUUAMUBHA MO20G U TMOALKO Mmozda, Kozda ok ydosaemeopaem

(@xy)xx =n(x)y =xx(yxz) (2)
oas nbvix x,y € S.

IIpusenem koucrpykimio ajaredbpsl Oky6o wa mosiem F, charlF £ 3, 6oJiee GIM3KYIO K UCXOJHOMY OIPEIEJICHUIO
u3 [10]. Pacemorpum anre6py 3 x 3 marpur; R = M3(F) u npennosnokum, aro F comepKuT npuMUTHBHbIE
KybmdecKne KopHE w,w? w3 1. OmpemesnnM Ha §l3 yMHOMXKEHWe II0 TPABILLY
w— w?
Txy = wry — wlyr — Ttr(my)l. (3)

JIpyruMu CIIOBaMH, T * i — 3TO TIPoeKTHs wry — w?yz Ha sl3(F) orHocHTe bHO pasaoxenna R = F1 @ sl3(F).

IIpousBonbHLI 3j1eMeHT * € R ynoBaeTBopseT ypaBHenuio Kanu-lamuabrona

2% —tr(z)a? + s(x)x — det(x)1 = 0,
1
rue s(z) — kBagparuunas dopma. Eciau char F # 2, 1o s(z) = 3 (tr(z)* — tr (2?)), Tak uro ecim s(z,y)
SIBJISIETCsI TIOJISIPHOM hopmoit s(z), T. e. s(z,y) = s(x +y) — s(x) — s(y), 1o s(x,y) = tr(x)tr(y) — tr(zy). 1o
CIIPaBE/JIMBO JaKe I XapakTepucTuku 2. B uactnocru, s(x,y) = —tr(zy) s mobeix x,y € slz(F). Tax
kak Qopma ciena HeBbIpoXKIeHa Ha sl3(F), To KBagparndHas dbopma $(2) HEBBIPOXKIEHO.

Torma j71st MOGHIX 2,y € R BhIpaskenue (z * y) * x asagercs npoekrmeit Ha sl3(F) w(x * y)z— w?z(z *y), T e.

IPOEKIIUS
2

w—w

tr(xy)l) z —w?x <wxy —w?yxr —

3
(w—w?)’
3

“’_“’ztr(xyn) —

w (wxy — wiyr — 3

tr(zy)x = — (a:Qy + TyT + yx2) —tr(zy)z.

= (w+w2) TYyx —ym2 —x2y —
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Ho s moboro x € sl3(F), 2®+s(z)—det(x)1 = 0, nosromy st mobbix x,y € sl3(F), B cury muneapusarueit
nosydaem 2y + zyx + yr? + s(z,y)x + s(x)y € F1. Tax xax s(z,y) = —tr(zy), To 3aKm09aem

(zxy) xx = s(x)y,
u Takke T * (y x x) = s(x)y. [losromy, mo semme 2.1 (sl3(IF), *, s) sBIsIETCS CAMMETPUYHON KOMIIO3HUITHOHHOM
anre6bpoii. C apyroii cTOpoHBbI, Jist JH00bIX Z,y € $l3(F) MBI UMeeM & % y = y * & TOIJIA U TOJBKO TOIJIA,
KOTJIa Wy — w2yr = wyr — w2ry, W 9TO BBHITIOJHAETCA TOTJa W TOJLKO Torja, Koraa ry = yx. Ho sl3(F)
uMeeT TPUBHAJBHBIN IeHTp (MBI npeanosaraeM, 9ro char F # 3 ), mosromy (sl3(F), *, s) — BocbMumepHasi
CUMMeTpUYECKast KOMIIO3UIMOHHAS aaredpa ¢ TPUBUAJILHBIM KOMMYTATHBHBIM IEHTPOM, & 3HAYHUT, ajrebpa

Oxky6o0.

Ypasuenue MOKa3bIBaeT, uTo Beskoe nuddepennuposanne d anrebpbr Oxy6o (O, *) npuHAIIEKAT
OpTOroHaJIbHOM asirebpe JIu orHOCHTEIBHO ee HOpMBI n. Ecim xapakrepuctuka F orimmano or 2, 3, To
n(z,y) = —tr(zy) nous moboro x,y € O = sl3(F). Torma us caeayer, ato, ecau Mel pacumpum d 10 M3 (F)
¢ nomomipio d (1) = 0, To nonyunm guddepennuposanue Mz (F), u naobopor. Besikoe nuddepennmposanue
Ms (F) nmeer Bug ad, @ y — [2,y] = 2y — yz s ssnemenra x € sl3(F).

Teopema 2.1 [8]. ITycmov F — nose xapaxmepucmuku omauunot om 2, 8. Tozda Der (O, x) usomopdro
anzebpe sl (F):
Der (O,x) ={ad, y—z*xy—yx*xz):z € O}.

Teopema 2.2 [14]. Hycmo O — anzebpa Oky6o 1nad nosem F xapaxmepucmuru # 2, 3. Toeda ecaxoe aokarvhoe
dugppepenyuposarue arzebpu, O asasemes duddepenuuposaHuem.
3. 2-nokasbuble auddepeHmpoBanus ajareoposl OKy60
B sTom pazzeste Mbl u3ydnm 2-yiokajibubie guddepernupoanust aredbpbl Oky6o.
Ecmu xapakrepucruka nose F orymano ot 3, To busmuHeitHoe hopma mMeeT BU
n(x,y) = tr(z +y)
g Begroro x,y € O = sl3(F).
1 0 0 0 0 1
Bosbmem asementor z = [0 w0 |, y=(1 0 O0|. Torna 6ununeitnas gpopma
0 0 w? 010
0
w
0

1
n(x,y) =tr (a:Ty) =tr| |0
0

) 10 0\ /0 01
tr(r*y) = tr 6(3+V_3) 0 w O (1 0 O>—|—
00 «2/\0 1 0
) 00 1\ /1 0 0
+ -B-v=3) (1 0 0][0 w 0]-
01 0/ \o 0 w?
) 10 0\ /0 0 1 100
— —|tr|l0 w O 1 0 O 01 0
3 00 «2/\0 1 0 00 1
) 0 0 1\ 0 0 w?
= tr|=@3+v=3)|w 0 0|+=3-v=3)[1 0 0]-
6 0 w 0] 6 0w 0
) 0 0 1 100
— —ltrlw 0 O <010>=0
3 0 w2 0 00 1

JlemmMma 3.1. ITycmov A— 2-ao0xasvhoe dupdepenvyuposarue na arzebpe Oxybo. Tozda A sasasemcsa MuHETHBIM.
Jokazatenscteo. Cuauasa nokaxem tr(A(z) xy) = —tr(x * A(y)). HeiicrBurennno
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tr(A(z) sy +zxAly)) = tr((zxa—axx)xy+az*x(yxa—axy))

= tr(z*x(yxa)—

CuenoBarennuo, tr (A (x) xy) = —tr (z + A (y)).
st mpon3BoOJIbHBIX a, b, ¢ € O obo3HauuMm = = a + b, y = ¢. MbI umeem, 910
tr(A(a+b)xc) = —tr((a+b)*A(c))
= —tr(axAc)) —tr(bxAlc))
= tr(Aa)*xc)+tr(A)x*c)
= tr((A(a)+A(D))*c).
- tr(A(a+b) %) = tr (A (a) + A (b)) ).

Tak kak ¢ € O IPOU3BOJIBHBIN 3JIEMEHT, TO OTCIofA oiayanM, 9rto A(a + b) = A(a) + A(b), Te. A sBisiercs
AJINTUBHBIM.

Tenepnb mokaxkeMm, uro A omgHopojaHo. eficTBurenbro, st kaxkgoro x € O u gasa A € C cymecrByer
muddepennuposanus Dy y, Takoit, 910 A (z) = Dy () 1 A (Ax) = Dy xe (Az). Torma
A (Ax) = Dy re (Ax) = ADy s () = AA (2) .

CrenoBarensio, A onnopomubim. Takum obpazom, A sBisiercs auHeiHBIM onepaTopoM. Jlemma 3.1 mokazaHa.

(I
Cretytommast TeopemMa SIBJISIETCS OCHOBHBIM PE3YJIbTATOM JIAHHOM PabOTHI.

Teopema 3.1. ITycmov O anzebpa Oxybo nad nosem F xapaxmepucmuku # 2,3. Tozda xascdoe 2-roxanvroe
dugppepenyuposarue A : O — O asasemca Jupdeperuyuposaruem.

[Jokasatenscteo. B cuty Jlemmbr 3.1 2-nokanbaoe muddepentuposanne A sipisiercs: guHeinbiM. Tormaa B
cuny Teopema 2.2 A sapnsiercss nudpdepennupoanuem. Teopema 3.1 jnokazana. (|
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AnnoTarus

B pa6otre ucciemyorcs crieKTpaabHbIe BOIPOCHI OJHON HECAMOCOIIPSI?KEHHOM 3a/1a91 TUTIA
Bunanze-Camapckoro. Haiiierbl coOcTBEHHBIE 3HAYUEHUSI, COOTBETCTBYIOIINE COOCTBEHHBIE
dbyHKINN, a TaKXkKe HailJIeHbl YCIOBUsI CyIIeCTBOBAHUS MPUCOeMHEHHbIX dyHKImi. Takke
MU3YUAIOTCA CIIEKTPAJIbHBIE BOIIPOCHI CONPs2KEHHON 3a1a4uu. Jlasree, JOKa3bIBAETCs MIOJIHOTA, a
TakxKe 6a3ucHOCTh Pucca cucreM KOpHEBBIX (DYHKIINAN ITHX 337144,

KuaroueBbie cioBa: 3ajaun tuia bunagze-CaMapckoro; HecaMOCONpsiKeHHasT 3ajlada; COOCTBEHHbIE U
MIPUCOeINHEHHbIe (DYHKIINM; MOHOTA; basuc Pucca

MSC 2020: 34B05, 34110
1. BBegeHue u nocrtaHoBKa 3adavu

Kak uzBectHO, mpumenenue metosia Pypbe B pellieHnn KPaeBbIX 3324 /I YPABHEHUI B 9YaCTHBIX IPOU3BOIHBIX
[IPUBOIUT K 3aJ/1a9e Ha COOCTBEHHBIE 3HAYEHUsI M OCHOBHOE MECTO B 9TOM 3aHMMAET BOIIPOC O PA3JIOKUMOCTH
POU3BOJBHON (DYHKIMU B GHOPTOrOHAJBHBIN Psifl 110 CHCTeMe COOCTBEHHBIX (M IIPUCOEMHEHHBIX) byHKINIA
9T0# 3ama4uu. I3BecTHO, 9TO B CIydae CaMOCOIPS?KEHHOIO OIlepaTopa CUCTeMa COOCTBEHHBIX (DyHKIHI BCeraa
ofpa3yeT OPTOHOPMHUPOBAHHBIH 6a3KC U B 9TOM CJIy4ae BbIIIEyKa3aHHasl IpobseMa Teoperndecku perena [I].
A dgTo KacaeTcst HeCAMOCOIPSI)KEHHBIX OTIEPATOPOB, TO PEIIEHNE BBIIEYKA3AHHOM TPOOIeMbI, HEOTHO3HATHO
(M., manpumep [2]). Kak ussectHO, cucreMa coGCTBEHHBIX (DYHKIMHA B 9TOM CJIydae MOXKeT OKA3aThCsl JIazKe
HEIIOJTHON ¥ BO3HUKAET IPOoOJIeMa UX JOIOJHATh TaK HA3BIBAEMBIMU ITPUCOEINHEHHBIMU (DYHKITUSIMU.

Hano ormernThb, 9T0 crcTeMa COOCTBEHHBIX M MPUCOEIUHEHHBIX (DYHKIUH HECAMOCONPSXKEHHBIX OMEPATOPOB
OTIPEJIEJISIETCST HEOMHO3HAYMHO, TO €CTh CYIIECTBYIOT PA3JIMYHBIE IOJIXO/bI MOCTPOEHUsI CUCTEM COOCTBEH-
HBIX U [IPUCOEIMHEHHBIX (DYHKIUI HECAMOCOIPSIZKEHHBIX oneparopoB. Ormerum ussecruble paborst [3], [4]
M.B.Kempiina, riae 6bLIa IOCTPOEHA TEOPHSI PUCOEINHEHHBIX (DYHKINN U JI0KA3aHA MOJHOTA CHCTEMBbI
COOCTBEHHBIX ¥ ITPUCOEIMHEHHBIX (DYHKIIHI IITHPOKOTO KJIACCa HECAMOCOIPSIYKEHHBIX JTuhdepeHITnaTbHBIX
ypasuenuii. Takxke ormerum pabory [B] H.M. MonkuHa, rie npemioxkeH Apyroii crocod moCTpOeHus! IIpH-
COeIMHEHHBIX (DYHKIUI HecaMOCONpPsXKeHHOro auddepeHnuaisHoro oneparopa. B.A. VibuHbIM yKasaH
KOHCTPYKTHUBHBII METOJI IIOCTPOEHUSI TaK HA3bIBAEMON MPUBEIEHHON CUCTEMbI COOCTBEHHBIX U IIPUCOEINHEH-
HBIX (PYHKIHH OOIIEro HECAMOCOIPSI?KEHHOTO OOBIKHOBEHHOTO MU @MEPEHIINATHLHOIO OIEPATOPa, & TaKXKe
JIOKA3aHbl HEOOXOIUMBIE U J0CTATOYHbIe ycjoBug ee Gazucuocru [6]-[7].

Ormernm padors! [8]-[10] M.Camubexosa n C.Capcentu, rje npe/ararorcst 1 000CHOBBIBAIOTCST HOBbIE (hOPMy-
JIBI TIOCTPOEHUS IENOYEK TPUCOETNHEHHBIX (DYHKIIUN HECAMOCOIPKEHHBIX T dEePEHITHATBHBIX OIEPATOPOB.

B npeanaraemoit pabore nccieryioTcest ClieKTpasbHble BOIPOCHI O/IHON HEJIOKAJIbHON 3ajadu Tuia buraize-
Camapckoro. 3ajada TaKOro TUIA JJI SJUIAIITHIECKOro JindDepeHInaaibHOro ypaBHEHUsT, BOZHIUKAIOIIAST
B TEOPHHU IIa3Mbl, BliepBble ObLia copmyupoBana u ucciaegosana A.B.Bumaaze u A.A.Camapckum [11].
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B nporecce ucciemnosanus JaHHOR 3a/1a49U, HaliIeHbl COOCTBEHHBIE YHCJIA, IOCTPOEHLI COOTBETCTBYIONIUE
cobcTBeHHBIe (DYHKIUN 3TOH 3aa9H, a TAKXKe CONPSAKCHHOM 33191, NCCIeI0BAHA UX IIOJTHOTA U GA3MCHOCTD.
Ormerum Takzke paborst [12], [I3], rae ucenenopanucs aHATOrMIHbIE 3a/1a4N.

PaccMOTpUM ClIEKTpaJIbHYIO 3a/1aMy:
—X"(z)=XX(x)=0,0<z <1, (1)
X'0) =0, X(1) = X(z0), (2)
re A - CHEKTPAJIbHBIN ITApaMeTp, o - AeHCTBATEIbHOE IucyIo n3 naTepBata 0 < xg < 1.

HeobxomumocTs n3yvueHns: Takux 3a7a9 BOSHUKAET P UCCJICJOBAHNN KPAEBbIX 3a/ad JJIs yPABHEHU B 4acT-
HBIX IPOU3BOJHBIX CIIEKTPaJIbHBIM METOJ0M, KOTrJla OTHOCUTEJIBLHO OJHOI U3 IIPOCTPAHCTBEHHON IepeMeHHOit
3a/1al0TCS YCJIOBUSA BHU/JIA .

2. UccnepoBanue 3aga4m -

Haxonum coberBennble 3uadennst A u cobersennbie dbyukmuu X (x) 3amadn —. IIpu A < 0 3ama49a —
UMeeT TOJIbKO TPUBUAJIBHOE DEIleHNe, II09TOMY paccMoTpuM ciyd4ail A > 0. B atom ciaydae nmosrydum, 4To
paccMarpuBaeMast 3a/a9a UMeeT COOCTBEHHbIE 3HAYEHHUST BHJIA,

omr \2 2%kr \?
= nl = P 9 = PR s Tl N7
Ao =0, 1 <1—|—m0) Ak2 (1_%) n,k € (3)

KOTOPBIM COOTBETCTBYIOT COOCTBEHHBIE (DYHKITHI

Xn1(x) =1, Xp1(x) = cos v/ A1, Xgo(x) = cos v/ Agax,n, k € N, (4)

[IpuYeM, HETPY/IHO BUIETDH, UYTO 3TH COOCTBEHHbIE (DYHKIIUU HE SIBJIAIOTCS OPTOIOHAJIBHBIMA.
Hasee, monpoOyeM OTBETUTDH Ha CJIEIYIONIAE BOIPOCHL:

1) CymecrByer jin 3HaUeHUs k U N IIPU KOTOPOM COOCTBEHHBIE 3HAUCHUS U3 COBHAAIOT?!
2) YTo MBI MOXKEM CKA3aTh O IIOJHOTE TOJIYyIeHHON CHCTEMBI?

OTBer Ha TEPBbI BOMPOC MOJOKUTETLHBIH. JleficTBUTEIbHO, TPUPABHUBAST TIOCJIE/IHAE JTBA BHIPAYKEHUS U3
(), mosmyunm, aTO COOGCTBEHHBIE 3HAYEHUSI MOTYT COBIIAJIATH DU CJIEJYIONMX YCIOBUSIX HA k U n:
—k

n
Ak,n:Io,Ak7n:m7ﬂ>k,k7n€N. (5)

OTBer Ha BTOPOIi BOpoc, B 00IeM, orpunarebubii. [loroMy 9T0, U3 IpeapIIyIero myHKTa, CJIEIyeT, 9TO
cucrema (4f) He GymeT 1M0JIHOI IPU BBITIOJTHEHUN YCJIOBHS , TakK KakK, B 9TOM CJIyJae YMEHbBIIAeTCsT KOJTMIeCTBO
coOCTBeHHBIX (DYHKIMIT U 3/1€Ch BOZHUKAET IPOOJ/IeMa HeXBATKU COOCTBeHHBIX (yHKIui. [losromy BhICHUM,
KOTJIa. KOPHEBOE NIPOCTPAHCTBO (IPOCTPAHCTBO COOCTBEHHBIX M NPUCOEIMHEHHBIX (hyHKIuil) auddepenim-
aJbpHOTO oneparopa —X | coOTBeTCTBYyIOmMEe 3amade — COCTOUT TOJIBKO U3 CODCTBEHHBIX (DYHKITUH, WU
KOIJ[a CYIIECTBYIOT IIPUCOeMHEHHbIe (DYHKIIUU ITOrO OIIepaTopa.

JIlemMma 2.1. V cucmemnt cyuecmayom npucoeduHermnsie GYHKUUL MOALKO OAf MET COOCMBEHHBIT
BHAYEHUT Apyy Mgy, Ny k € N 3adavu , , 05 KOMOPHLT UMEET, MECTIO COOMHOUEHUE . s xaotcdot
makol nape (n, k) cywecmeyem moavko 00Ha NPUCOCOUHEHHAA PYHKUUA.

HokasaTenscTeo. ITocrpoum pesosbBenTy oneparopa —X | cooTBeTCTByIOMEH 3ama4e , , T.e. HAXOJIUM

pelenne ciaemyromeit 3a1a4um
—X"(z) = \X () + f (=), (6)

X'(0) =0, X(1) = X(z0), 0 < @ < 1, (7)
rie \ - KOMIJIEKCHBIHN ImapaMerp.

O6H_Le€ pelienue OJITHOPOJIHOTO ,HI/I(beepeHH,I/IaJIBHOI‘O YpaBHEHUsI, COOTBETCTBYIOIIIECE @ nMeeT BUJ
X(QS) = Cle (I) + CQXQ(I’)7

rue Cp, Co - npousBoJibHBIE AeficTBUTENbHBIE Yucia, 4 = v/ —A, X1(x) = ishum, Xo(x) = chpzx - bynnamen-

TaJIbHad CHUCTEeMa pemeHHﬁ YpaBHEHUA @
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OrMeTuM, 9TO MBI PYHIAMEHTAJIBLHYIO CUCTEMY PEIIeHUil MoA0UpaJ/Ii CIEIUaIbHO TAKIM 00Pa30M, UTOOBI
YUUTBIBATH U cirydait A = 0, Tak KaK MMeeT MeCTO lir% X1(z) = =, lin}J Xo(x) = 1.
n— =

Jlnst HaxoXkK1eHns OOIIEro pelreHus HEOJHOPOIHOIO YPaBHEHH @, MbI IDUMEHUM M€TO/I BapUallu IIOCTOAH-

ubix, tae Cp(x), Co(x) - dyukiuu aprymenra x. Torma obriee peinenue ypaBHeHust AMeeT BUJ,
shux 1
X(z)=0Cy - + Cy - chpx — m ft)shu(x — t)dt. (8)
0

Hauee, ynosirerBopsist hopMyJIoi KpaeBble yCJIOBHS @, HETPY/IHO IIOJIyYUTh PE30JIbBEHTY B BH/JIE
X(J?):Fl(l,)\)—Fl(l‘(),)\)—FQ(J},)\), (9)
e
chux

ﬂquVMmM_mmw/}@watMu
0

Py, \) = i / F(#)shu(z — t)dt.

OHpe,H‘eJII/IM 0CcoObIe TOYKH PE30JIbBEHTHI @ KaK (l)yHKLLI/II/I KOMIIJIEKCHOI'O IIE€PpEeMEHHOI'O Au OolrpeaeJiuM THUIL
9TUX TOYEK.

Oyukuusa Fy(xz, \) He nMeer 0cobbix Touek, kpome A = 0. Paziaras dbyukuuio shu(x — t) B pax Teitnopa
B OKPECTHOCTHU 3TO¥ TOYKHU, HOJIydUM, 9TO ToukKa A = ( gBisgercsa ycrpanumoit ocoboil Toukoil dpyHKIUN

F2(3]‘, A)

Pacemorpum dysknuo Fy(1, A). Kak u B cayaae Fa(z, \), pasnaras dbyskimo chur — chuzg B psa Teitnopa
B OKPECTHOCTH TOYKH A = () HETPY/HO YyBUIETH, YTO TOYKA A = () SIBJISIETCS TOJIOCOM TEPBOTO MOPSIIKA
dyukuun Fi(1, \). Ilycrs teneps A # 0. Torpa, yaurbiBas hopMyJibi

V=X =1V, shiz =isin z,chiz = cos z,

HAXOZUM, ITO B 9TOM CJiydae 0coObiMu ToukaMu GyHKmu Fi(1,\) sIBIASIOTCS BEleCTBEHHbIE TI0J0KUTEIbHBIE
quCaa BUAA Ap1, Ap2, N € N u3 , IIpA 3TOM:

1) amcsio Ao = 0 sBJISETCS OJIIOCOM PE30JIBLBEHTHI [IEPBOIO TOPSIKA.
2) uncna Ap1, A2, n, k € N, it KOTOPBIX Ay, 7# X0, SABJAIOTCH IOIIOCAME PE30JIbBEHTHI IEPBOTO HOPSIKA.

3) umcsa Ap1, Ag2,n, k € N, 1yist KOTOPBIX UMeeT MeCTO COOTHOILEHHE , SABJISIOTCS TTOJTIOCAMHU PE30ILBEHTDI
BTOPOT'O TOPSIIKA.

Orcroza ciemyer, 9To B HEPBBIX JIBYX CIydasix COOCTBEHHBIE YMCJIA ABJISIIOTCS IIPOCTBIME, KAXKJIOMY U3 HUX
COOTBETCTBYET TOJILKO OJHA COOCTBEHHAs (PYHKIINSA, & B TPETHEM CJIydae CYIIEeCTBYIOT IIPUCOEINHEHHDBIE
dyHKIMK, TprueM KomaecTBO Takux MYHKIMI s Kaxk 1o dukcupoanHoit nape (n, k) pasro 1 [3].

TlepexoanM K MCC/IEIOBAHUIO TTOJTHOTHI COOCTBEHHBIX M MTPUCOEIMHEHHBIX (DYHKIHI 3a1a< 1 —. Hutst sTOrO
PacCMOTPUM CJIEAYIONLYIO 3a1ady

—X"(z) = f(x),X'0) =0, X(1) = X(z0), (10)
rae o € (0,1), f(z) € L2(0,1).

Hasee, Beném omepartop Lo, onpenenennsiii pasercteoM Lo X = — X" ¢ obmacteio onpenenernem D(Lg) =
{X(z) € C*[0,1] : X'0) =0, X(1) = X(x0)}. [Tycrs L - oneparop, noyIeHHbI 3aMbIKaHIEM OlepaTopa Lo,
B HOpMe Lo(0,1).

HNwmeer meco:
Teopema 2.1. Cucmema xopreswx dynruyuls onepamopa L noana 6 La(0,1).

IIpu moxazarenbcTBe 3TOM TEOPEMbBI UCIOMB3YEeM CAEIYIONINit KpUTepuit 0 6a3uCHOCTH, TIOJYIEeHHON B padoTe
[14]:
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Teopema 2.2 [14]. ITyecmov A - samrnymod aunelino onepamop, 3a0arnvill Ha 6C100Y NAOMHOM AUHEAAE 6
2unavbepmosom npocmparcmee H, pesoaveenma xomopozo Ry 6noamne Henpepuieen, u nycmsv cyu,ecmsyem
naommuoe muodicecmso S npocmparncmeo H u nocaedosamervrocms oxpyoicrnocmeti Iy, ¢ uenmpom 6 navane
K00pAUHAM, 00AA0AOWUT CACIYOULUMU CEOTICTNEAMU:

1) na Ty, nem cobemeennoix 3navwenuti onepamopa A.
2) paduycor oxpyorcrocmeti I'y, neoepanuvenno 6ozpacmaem npu A — 0o.

3) das mobozo eexmopa f € S pesoaveenma Ry ydosaemeopsem ycaosuio: max IRA S|l = 0 npun — oo.
er,

Tozda cucmema cobemBentbir U NPUCOCIUHEHHBIT 8eXMOPo8 onepamopa A noana 6 H.

[Jokazatenscteo Teopemsl 2.1. Pacemorpum 3azaday (10)) u mocrponm pesosnbeenty R(L, A) aroro oneparopa B
sABHOM Bujie. HeTpynHO yBUAETH, UTO €€ sS/IpO MOXKHO IPEICTABUTDH B BUJIE

(Baf)(x) = (Rof)(x) + (Raf)(), (11)

rze szpa oneparopos B npasoii uactu (|11) umeror Buj

chux
R t,\)=G(z,t,\), R tA ) =—"""— -G t, ). 12
1(17 3 ) (Ia ) )v 2(177 ) ) [Ch,U/x_ChM.'I}O] ('IOa ) ) ( )
3aech 12 = —\, A - KOMILJIEKCHOE {HCJIO,
1 chux - shp(l—1t), 0 <z <t
G(z,t,2) T ch,ux{ chut - shu(l —z),t <ax < 1. (13)

Pacemorpum cayuait Im A # 0. 13 (12), (13) HenocpeacTBEHHBIM BBIYUCIEHUEM IIOJYIUM, ITO (DYHKIUS
Ri(x,t,\) aBisiercsd pe30JbBEHTON CJIEAYIONIEH CAMOCOIPAKEHHON 3a/1a4u

=" = My(@) + f(2),4'(0) = 0, y(1) = 0. (14)

Torna nyist Ry u3 [I5] caenyer coemyromas oneHka

< —- 1
||R1HL2(Q) = |rsin<p|’ m)\;é[),

rue v = |\|, o = arg \.

Tak kak Im A #£ 0 < sin @ # 0, u3 9T0i OIEHKHU CJIEYeT, YTO max HR1||L2(Q) — 0 mpu n — 00, U MPU ITOM B
n

KadecTBe OKPYKHOCTH, YIOMSHYTOI B TeopeMe 2.2 MOYKHO B3STh JIIOOYI0 OKPY?KHOCTb.

ycrs Tereps ImA = 0 & sing = 0 & |\ = r, u = £ivVA = |u| = /7. Yaurssas u (13)), ouennm HOpMy
Ry

|R11[7, 0y < //IG(x7t,)\)|2dmdt.
Q

WMurerpan B npaBblit 9acTy BBIYUCISETCS B ABHOM Buje. JlefiCTBUTENBHO, YAUTBIBAsI, ITO (i - MHUMOE YHCJIO,
a Takke (pOpMyJIbI
shz = —isiniz,chz = icosiz,

II0CJI€ HEKOTOPBIX HECJIO2KHBIX BI)I‘{PICJ'IG‘HHﬁ, IIOJIY9IHUM, 9TO

2 -~ 1 1
//|G(m,t,>\)| dadt = 15— (1+ Mj).
Q

Taxkum obpazom Jjst Ry OIy<IUM OIEHKY

1 1 1
R < — =14+ —.
171 fllza (@) < 2| cos/r| \[ T ( + 2\/17)

Tax Kak 9uCaO Hysell (GYHKIUM COS+/T CYETHO, TO BCErJIa CYNECTBYET MOCJEIOBATEILHOCTD HYUCE]T
{rn}% 1,7 — 00, JII KOTOPOI 3HAYEHHWE MPABOIl YaCTH IOCJIEIHETO HEPABEHCTBA CTPEMUTCH K HYJIIO,
u 3HauuT ||Ry||p,) = 0, A = 00, A€y = {A: [N =7y}
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AnaslornaHpIM 06Pa30M MOIYIUM CJIEIYIONLYIO OIEHKY JIJisi HOPMBI orteparopa Ro:

C
[R2l|y0) < —= & |Rallry0) < —=
2(2) Jr 2(2) mv
rme A € [, - mocrarouno GosbIoe mo Moy o dncyio, C' > 0 - KOHETHOe YUCIIO, 3aBUCSINEe OT A U Tg. U B
arom ciydae ||Roxl|[p) = 0, =00, A€ Ty = {A: |X| =7y}

Takum 06pa3oM, TIOCIEI0BATENLHOCTE OKPYKHOCTEH [, 0bnasaronmx cBoicTBAMY, TPUBEIECHHON B TEOpEMe
2.2 cymecrsyer, npu atoM ||Ry(L)|| La(e) — 0 mpu r — oo. Orcrofa ciejyer, 9To cucTeMa KOPHEBLIX (hyHKIUH

oneparopa L mosnHa B Lo(0,1).
Teopema 2.1 mokaszana. O

Teneps HAXOIUM Te 3HAYCHUS T, IPU KOTOPBIX COOTHOIICHUE nMeer Mecto. IlyeTh T¢ pamumoHaIbHOE
qucno u3 uarepsasa (0,1), Te. xg = % € (0,1) u (p,q) = 1. Orcroga Jierko cjejyer TaKOH TPUBUAJIBHBIN
dakT, 9To q + p U ¢ — p OJHOBPEMEHHO JMOO YeTHOE WJIM HEeYEeTHOE. Y UUTHIBAs BCE 3TO, JIETKO J0KA3aTh, ITO
HIMEET MECTO:

p
q 7
HAMYPALLHLIE Yucaa, npudem p < q. Tozda cywecmeyem cuemmoe wucao 3navenuti n u k, maxue, wmo 08yx
ceputi cCoO6CMBEHHBIT HUCEA U3 uMeem Mecmo A1 = Ag2, npuvem k u n umerom eud k = s(q —p) u
n = s(qg+p). 3decv s € N, xo2da ¢ — p newemnoe u 2s € N, koeda ¢ — p uemnoe.

Jlemma 2.2. [Tycmo xo payuonaavroe wucao ud (0, 1), mo ecmv o = 20e D U q 83GUMMHO NPOCBLE

13 sTo0it IemMBI, & TakzKe TeopeMbl 2.1 ciemyer, 9TO

Cuaexncreue 2.1. Ilycrs 2 uppannonanssoe gnciao u3 (0,1). Torga cobcTBeHHBIE 3HAUEHUS 33,1491 -
MIPOCTBIE, UMEIOITNe B , a cucreMa COOCTBEHHBIX (DYHKITHH noana B Ly(0,1).

Caencrsue 2.2. [Iycrs xg panuonaibaoe uuciao us (0, 1), To ectb xg = %, rae (p,q) =1ug—p=1,2. Torga
JUIS ABYX MHOXKECTB COGCTBEHHBIX dncest {An,1 102, u {Ag2}22 | us UMeET MECTO CJIEYIOIIee BKIIOYEHNE
{2}ty C{An1}02, T.e. MHOXKECTBO COOCTBEHHBIX THCET { Ak2 } oo COTEPIKHUTCS BO MHOMKECTBE {A,1 102 ;.

Hapsny ¢ sanaueit (I)-(2), Takxe pacemorpum sazady, conpsizkeHHyio K 91oii 3agade. HerpyaHo onpeeuts,
9TO COMPSI?KEHHOM K Hell OyIeT cieayiomast 3a1atda,

—Y"(z) = XY (z), z € (0,20) U (20, 1), (15)
Y'(0) =0, Y(1) =0, (16)
Y(l‘o + 0) = Y(J)o — 0), Y’(l) = Y’(Z‘O + O) — Y’(JZO — 0) (17)

Ormerum, uro perenue ypasaenus ((15)), yaossiersopsitoniee yciosusim ((16)), , HAXOIWUTCH OJHO3HAYHO, T.
€. paccMaTpuBaeMas 3aJ1a49a He MMeET JIONOJHATEILHBIX YCJIOBUil. DTy 3a/a9y MOXKHO pacCMaTpUBaTh Kak
JIBe KpPaeBbIe 3aJIa9N C YCJIOBUsIMA CKienBanust suza (17).

Teneps, yanrsiBas gemmy 2.1 u ciepcrBus 2.1 u 2.2 HaxoauM KOpHEBble (DYHKIMHA STUX 3aa4.

PacemorpuMm ciygaii, Korma xg upparuonanbHoe uncso u3 (0, 1). B sToM cirydae mosydum JiBe cepun
COOCTBEHHBIX YHCEJT BUA , KOTOPBIM COOTBETCTBYIOT COOCTBEHHBIE (DYHKIINU BUIA @7 IIPUYIEM BCe 3THU
(bYHKIMM pa3HBIE U HE OPTOrOHAJIBHBIE.

Banaua (15)-(17) Taxsxe mmeer cobersennbie unciaa suga (3)). Pemas sty sanady, HeTpyaHo BHgETH, 4TO
coOCTBEHHBIE (DYHKITUNA UMEIOT BH

{Yo(2); Yo1(2); Yna(z)},n € N, (18)
rie
2 2 e (0,2
, L , L0y
Yo(a) ={ 1H™ ,
= x%(l — ), x € [zg, 1],
4

cos v/ Ap1x,x € [0, z0],
1
Yo(z) =4 1 T70

(14 20) sin v A1

)

sin \/An1(1 — ), T € [0, 1],
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0,z € [0, zg],

(1 — xo) sinv/Ano

Yng ((E) =

sin v/ Apa, & € |20, 1],

Hmeer mecrto

Jlemma 2.3. Cucmemost pyrxuu @ u (18) seastomes 6uOPMO2OHAAPHVMU, O ECNG UMEET MECTNO

(Xo(x)’yo(m))Lg(O,l) =1, (Xni<$)ay<)($))L2(o,1) = (XO(w)vYni(QU))LQ(o,l) =0,1=12,

1,k=n,j=1, 1,k=n,j =2,
(Xkl(x)vynj(x))LQ(OJ) = { 0,k # nJJ: 1,2, (XkQ(x)aYnj(x))L2(o71) = { 0,k # n’j: 1,2,

JloKa3aTeabcTBO JIEeMMBI 2.3 MPOBOJMUTCS HEMOCPEICTBEHHO C ITOMOINBIO BBIYUCJICHHUST COOTBETCTBYIONINX
UHTErpaJIoB.
Iepeiinem K u3y4ueHUIo 6a3UCHOCTU CHCTEM u ([18]). Mmeer mecro:

Jlemma 2.4. Iycmov xy uppayuonarvroe wucao. Toeda cyuwecmsyrom nocaedo8amesbHoCmu Ny U Nom, OAL
womopwiz ||Ya,,,, (€)1, 0,1y = 00,4 = 1,2.

im

IIpn mokazaTeabCTBE JIEMMBI HCTIOIB3YEM CJIEAYIONLYIO TEOPEMY O MPUOIMYKEHNN HPPAIIOHATBHBIX IUCET C
panmonagbHbIMEA Yncaamu [16, [17].

Teopema Hdupuxie. [Tycmov a-deticmeumenvhoe wucao, a t-namypasvroe wucao. Toeda cyuecmsyrom yenvie
YUCAA P U ¢ MAKUE, YMO BHNOAHAIOMCA HEPABEHCTNEA,

1
_P <—,0<qg<t.
qt
Tax xax q < t, omcroda maxorce caedyem, 4mo
1
a-— p‘ <5 (19)
q q

[Jokazatenbcteo nemmsbl. Jlokaxkem jemmy npu ¢ = 2. st yaoberBa 3ammcu, BMECTO Ny MCIONb3yeM n. Ilycrs

1—2xg ™ 2
r= —5 IJle Zo- UPPAIMOHAJIBHOE YUCIIO, TOLA Ay, = Ap, = (—) . Kak cienyer u3s (|19)), HepaBencTBO
r
n .
r——| < nMeeT OECKOHEYHO MHOTO PEIIeHUil, KOTOPhie 0D03HAYNM UEPE3 Ny U Sp,. LaKuUM 00pazom
S

52
‘r — | <« L Orcrona
Sm

Sm

Ny, T TSm Nyn, TSm 1 ™
— MTSm| = — I 77 = —.
r r Sm T S84, TSy
YYuThiBasg 3TO MOy ITUM
. oMy .o T 1 1
sin® —— < sin"—— = —— —5——— — 00, M — 00.
r TSm sin“ = sin® =
Tak kak 4
1Ya,, ()] =~
2s L5(0,1) 2 mngy
sin”

OTCIOJA U CJIEJIyeT JOKA3aTeIbCTBO JEMMBI B cilydae ¢ = 2. AHAJOrmIHBIM 06PA30M IMTOJIyUIUM JIOKA3ATeIHCTBO
JIeMMBI TIpH ¢ = 1. O

W3 sTo0it IeMMBI cieryeT

Cuaexncrsue 2.3. Ilycrs xg — s1060e uppaimonasibaoe qucso u3 uarepsaa (0, 1). Torna cucreMbl KOpHEBBIX

(coberBennbix) dyHKIMIE 33189 — u — He obpasyior 6asuc Pucca B Ly(0,1).
OrmernM, uTo Gostee mozgpobHyo nHGOpMaImo o 6asucax Pucca MoxHO Hafitu B pabore [I§].

PacemorpuM Temeps cayvait, Korja xg panuonanbHoe uncyao u3 (0, 1). C yuerom gemmbr 2.1 u caenctsus 2.2
n3ygaeM ciaydail ¢ —p = 1. Coyqait ¢ — p > 2 uccienyercss aHAJIOTHIHO.
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IIycts ¢ — p = 1. B atom ciydae, permas 3a1ady -, [IOJIy4aeM, YTO COOCTBEHHbIE 3HAYUEHUS STOU 3a a4l
UMEIOT BUJ

2
2
Mo =0, An, = (prZ) Ay = (2kqm) n,k € Nyn # k(g +p),

UM COOTBETCTBYIOT COOCTBEHHBIE (DYHKITUN , a TakrKe JIsl KaXKJIOrO 3HAUYEHUS \g, CYIIECTBYIOT IIPUCOEIH-
HeHHble GYHKIMYN BUsa Xpo () = @ siny/Ag22. Takum ke 06pa3oM HAXOJUM COBCTBEHHBIE W [IPUCOE [MHEHHBIE

dyukimu conpskennoit 3agaqu (L5)-(17) B ciaygae g —p = 1. Ilosnyuennble pe3yJbTaThl IPUBEIEHBL B TabIUIe
1.

Tabmma 1
No.| Cob6crBennnie uncia | CobcrBenHble u npucoeuntaeH- | CoOGCTBEHHbIE W HOPUCOEANHEHHDBIE
Hble PYHKIIMY OCHOBHON 3aa- | QYHKIINHN COIPSI>KEHHOM 3a/1a4u
qu
2
B B | e 03]
1 MAo=0 Xo(.’lf) =1,x¢€ [0, 1] YQ(SL’) = 2(17_;;»)71‘ c [.%‘0, 1]
1—xg
porm\ 2 7“011;\"”@ € [0, x0]
2 Anl = (qqﬂ)) Xn1(x) = cosvVAniz, x € [0,1] Yo1(2) =< ogin \/)\07(1_98) v € w0, 1]
n#k(q+p), k,ne N (14z0) sin vVAp1’ ’
4 cos/Anpax
2 - —omt x € [0, mo)
3 >\n2 = (2(]717'&') , n e N Xng(l') = COS v/ )\n2$a x € [07 1] Ynz = { 4(1—2?2052\/)\n2x = [(EO 1]
1—x3 ) )
5 0,2z € |0, 29
4 Any = (2qnﬂ')2, nenN Xng(x) = xsiny/ A, x € [0, 1] Yn2<-'17) = { 4sin \/)\ETx 1]' c [730 1]
1—a2 ;

Tenepr n3ydaem 6a3uCHOCTH HANJEHHBIX CHCTEM KOPHEBBIX (DYHKIIAN.

Jlemma 2.5. ITycmo x¢ ar06oe payuorasvhoe wucao u3 unmepsaaa (0,1), maxoe wmo ¢ —p = 1. Toeda
cucmemyvl KopHesux Pynruyul 3a0ay — U — obpasyrom 6azuc Pucca 6 Ly(0,1).

IIpu noka3aresbCTBE JIEMMBI BOCIIOIB3YEMCS CIIEYIOIIEl TeOPEeMOil.

Teopema 2.3 [19]. ITycmv H - 2uavbepmoso npocmpancmeo. Caedyrougue mpu ymeepicoerus yK6UBLACH-
HbL:

1) cucmema {p;}7° obpasyem basuc Pucca 6 H;

o0 o0 o0
2) cucmema {p;}° murnumanvrna u noana 6 H, cucmema {p;}° u 6uopmoeonasnan cucmema {1;}3
beccenesa 6 H;

3) cucmema {p;}3° pasromepro munumasvha, becceresa u eunvbepmosa 6 H.

JokazatensctBo nemmbl 2.5. Kak caemyer m3 m.2 Teopembl 2.3, 1jisi JoKa3aTeabcTBa Oa3ucHoctn Pucca
cucreM {Xo(2); Xni(2); Xno(z)} u {Yo(2); Yni(x); Yao(z)}, i = 1,2 mocraTouso ycTaHOBUTH MUHUMAJIBHOCTD 1
nosroTy crerembl { Xo(x); Xpi(z); Xpa(z)}, i = 1,2, a taxske GeccemeBocts obenx cicren. I1oHOTa crCTEMBI
cienyer U3 TeopeMbl 2.1, a MUHMMAJIBHOCTD CJIe/lyeT U3 TOil ke TeopeMbl U JeMMbl 2.3. BeccesleBocTh aTHx
cucreM creayer u3 becceneBocTr cucreM tuna {sin(an+b)x} u {cos(an +b)x} Ha IIOGOM KOHEIHOM HHTEPBAJIE
Jytst moboro sermectserHoro a # 0,b ([19], crp.36). AHasornuHoO 1O0Ka3bIBaeTCs GA3UCHOCTH KOPHEBBIX (OyHKIMIT

3a1ad — u — B ciIydae q — p > 2. O
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IKKINCHI TARTIBLI ODDIY DIFFERENSIAL TENGLAMA UCHUN BITSADZE-SAMARSKIY TURIDAGI MASALA

Kadirkulov Baxtiyor, Ergashev Okiljon

Magolada Bitsadze-Samarskiy turidagi o‘z-o‘ziga qo‘shma bo‘lmagan masalaning spektral muammolari
o‘rganilgan. Qaralayotgan masalaning xos giymatlari, ularga mos xos funksiyalari topilib, ergashuvchi
funksiyalarning mavjudligi shartlari aniglangan. Shu bilan birga qo‘shma masala ham o‘rganilib, topilgan
o‘zak funksiyalar tizimlarining to‘ligligi va Riss bazisi bo‘lishligi isbotlangan.

Kalit so‘zlar: Bitsadze-Samarskiy turidagi masala; o‘z-0‘ziga qo‘shma bo‘lmagan masala; xos va ergashuvchi
funksiyalar; to‘lalik; Riss bazisi.
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ON A PROBLEM OF THE BITSADZE-SAMARSKII TYPE FOR A SECOND-ORDER ORDINARY DIFFERENTIAL
EQUATION
Kadirkulov Baxtiyor, Ergashev Okiljon

The paper investigates the spectral questions of a non-self-adjoint problem of the Bitsadze-Samarskii type.
Eigenvalues corresponding to eigenfunctions are found, and conditions for the existence of associated functions
are found. Spectral questions of the adjoint problem are also studied. Next, we prove the completeness and
also the Riesz basis property of the systems of root functions of these problems.

Keywords: Bitsadze-Samarskii type problem; non-self-adjoint problem; eigenfunctions and associated
functions; completeness; Riesz basis.
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Anboramnusa

[Momyuena acummrorraeckas (popMysia Jjis KOJUIECTBA MIPEICTABIEHUH TOCTATOIHO OOJIBIIO-
ro narypasabHoro N B Buze bipy + beps + bsps = N ¢ ycioBusmu

N
bipi — 3‘ < H,  H>(bibybs)3 N3(InN)%, b; < (In N)Pi,

rje b; — HaTypaJibHBIE YnCa, by, b bz, N monmapHO B3auMHO pOCThie, B; — IPOU3BOJIbHBIE
dUKCUPOBAHHBIE MTOJTOXKUTEIHHBIE TUCTIA.

K.HIO“IeBbIe CJIOBa: TepHapHad Hp06.ﬂel\la FOJIB,[L6aXa; IIOYTHU paBHBIE CJIaracMbI€; KOPOTKasd TPUT'OHOMETPU-
YeCKad CyMMa C IIPOCTBIMHA YUCJ/IaMHU; MaJlad OKPECTHOCTDL IEHTPOB 6OJ'II>I_HI/IX AYT.

MSC 2020: 11D85

1. BBeaenue

Obosnavwenus. N > Ny — HATypajbHOE YHUCJIO, € — IIPOU3BOJIbHOE IIOJIOXKUTEJIBHOE YUCJIO, HE [IPEBOCXOJIAIIEe
0.00001, ordy(n) — HaHOOJBINAS CTEIEHD IIPOCTOTO IHCIA P, AEJISMIErO IeJIOe THCJIO 71, TO €CTh pordp(n) [Im;

S(a,q) = i e (a?n) (N, y) = /(::e ()x (x— % +yu)n) du.

m=1 -

ITo reopeme dupuxiie, Kaxkaoe o u3 orpeska [0, 1] MOKHO IIpeJICTaBUTh B BH/IE

a 1
a=-+X (a9=1 1<g<7, Al<—.
q qaT
C nomomipio M(P) 0603HAIMM Te IUCIIA (v, JJIg KOTOPBIX BBIIOJIHsIeTC yeaosue ¢ < P, P < @), a ¢ IIOMOIIbIO
m(P) obozuaunm ocrasibusie . M(P) nu m(P) cooTBeTCTBEHHO Oy/ieM HA3BIBATH GOIBITIMI U MAJILIME JyTaMH.

.M. Bunorpagios [1, 2] 8 1937 rogy mocrpous MeTO| OLEHOK TPUTOHOMETPHUYECKUX CYyMM C HPOCTBIMU
YHUCJIAMUA, OCHOBY KOTOPOT'O COCTaBJISIOT pelrieTo BuHorpagoBa M METOJI CIVIaXKUBAHUS JIBOMHBIX cyMM. B
YaCTHOCTH OH BIIEPBBIE ITOJIYYWI OIEHKY JIMHEHHON TPUTOHOMETPUIECKON CYMMBI, TO €CTh npu k = 1
HETPUBHUAILHYIO OIIEHKY CYMMY BHJIA

Se(a, N) = > A(m)e(am*),

m<N
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B Masbix jyrax m((In N)®) u eMy yianoch BBIBECTH acCHMITOTHYECKYIO (DOPMYJY IS YHMCIIA MPECTaB/Ie-
Huit HewéTHOro N B BHJE CyMMBI TPEX IPOCTBIX YHCEJI, Y9TO SABJIAETCS PEelleHHeM TePHAPHOH mpobJIeMbl
Tonbabaxa. KopoTkyio uHeliHy0 TpUroHoMeTprdecKyio cyMMmy Lepmana Beiiis ¢ mpocTbiMu duciaMu BuIA
S1(a;x,y) Buepsble Havan ucciaenosarb V.M. Bunorpagos [I]. On, BoCHoIb30BaBIIMCH CBOMM METOJOM
OIIEHKU TPUTOHOMETPUIECKUX CYMM C MPOCTBIMU YHMCJIAMHY, TIO/IYIH/I HETPUBUAIBHYIO OLEHKY B MAJIBIX JyTax
m(exp(c(Inlnz)?)), 7 = 3 npu yeaosmu y > 237, K.B. Xasenrpos [3] ars cymmsr Sy (o 2, y) momydm
HeTPUBHATLHYIO OTeHKy B Masbix myrax m((In N)?) u dopMymy ¢ 0CTATOIHBIM 9I€HOM B GOJTBITHX JTyTax
9M((In N)®) npu ycnosun
y>af, 0= 63 +e.
64

TTo/Ib3ysICh ITUMU PE3YJIBTATAMHU €My YAJI0Ch PENIUTh TEPHAPHYIO 3a7ady [oJibadaxa ¢ MOYTH PABHBIMEA
cJTaraeMbIMU, KOHKPETHO [T KOJIMYEeCTBa pelenuii 1uodanToBa ypaBHEHNS BUIA

p1+p2+p3=N,

N
pi3‘§H, H >N’ (1)

HANIET ACUMITOTHIECKYIO (hOpMYyITy.

IMan Yen-non u [Tan Yen-6bs10 [4] Ha Gase MeToma ONEHOK TPUTOHOMETPHUYECKAX CYMM C IIPOCTBIMU IHCIAME
.M. BunorpamoBa n HOBBIX T€OPEM O IUIOTHOCTU HyJsieil L-psimoB dupuxie B y3KUX MPIMOYTOJBHUKAX
KPUTUIECKOI OJIOCHI, PAa3paboTain HOBBII METOJI, ¢ TIOMOIIBI KOTOPOTO JIOKA3aJIM it CyMMbl Buza S(a; 2, y)
HeTPHBHAILHYIO OlleHKy B Masbix gyrax m((In N)?) u dopmyiry ¢ 0cTATOYHBIM 9I€HOM B GOJIBIIHX JIyTrax
M ((In N)®) npm yemosum

2
y>a? 0=3+e

B 1991 r. T. 2Kan [5], ucnons3ys meron ITan Yen-gona u ITan Yen-6650 u onenxky M. FOust [6] o werséprom
MomeHTe L-dynkimit JTupuxie, 3aMeHmI okasaTesb 0 Ha

o
—+e.
8
Hawyummit pesyabraT B 9T0# 331a4e npuaaeskut 2K. Yaoxya [7]. O mokasasn, aro qmodaHTOBO ypaBHEHHE
Pa3PEIINMO C HOKA3ATEIEM
7
0=—+e.
12
A. Baker [8] mokazai: ecau A1, Ay, \3— nenyaesvie deticmeumenvrvie wucia, He 00H020 3HAKG, NPUHEM TOM

Ot 00HO U3 OMHOWERUT ;[ N} UPPAUUOHAALHO, T020a 0As 100020 HAMYPAALHOZO TV CYULECBYEM, OECKOHEHO
MHO20 NPOCTBIT YUCEA P1, P2, D3, YOOBAEMBOPAOUWUTL HEPABEHCTNEY

|A1p1 + A2p2 + Asps| < (Inp) ™", p = max(p1,p2,P3)-

OH B mporiecce JI0Ka3aTesbCTBA 9TOr0 PE3yJIbTaTa BOCIOJL30BABIINCH KPYTOBBIM METOJOM U ITOBEJICHHEM
JIMHEWHBIX TPUIOHOMETPUYECKUX CYMM BHJIA

Si(biar, N) = Y~ e(biap)

p<N

KakK B OOJIBIINX TaK U B MAJIbIX Ayrax, IIpyu BBIIOJTHEHUN OIIPEJIE/ICHHBIX yCJ’IOBI/Iﬁ uccjea10BaJl pa3penimMoCTb
YpaBHEHUA

bip1 + bapa + bzps = N, (2)

B IPOCTBIX 9HUCIAX P1, P2, P3, Tae by, by, b3 1 N — 1esble 9ucia.

OCHOBHBIM PE3YILTATOM 3TOM PabOTHI sABJIsieTCst Teopema 1.1 06 acuMITOTHYIECKO hopMyJIe i KOJIUIECTBa
pertienuit quodaHTOBO ypaBHEHIE IIPU yCJOBUM, UTO cjaraeMble b;p; TMOYUTH PABHBI, a KOIDDOUITHEHTDHI
b1, ba, b3 He TPEBOCXOIAT TTPON3BOIBHON (PUKCHPOBAHHON MOJIOKUTEIBHOM cTemeHn Jiorapudma oT qaucia N.
Teopema 1.1. ITycms by, by, b3, N nonapro 83aumro npocmuie namypasousie vucaa, N > Ny, By, By, Bs
npoussovhvle Burcuposanvie nosoxcumenvrvie wucaa, b; < (In N)Pi I(N, H) wucao pewenuti duoganmo-
6020 YPABHEHUA

bip1 + bapa + baps = N,

N
bipi — —| < H,
p 3’_
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B IIPOCTBLIX YMCIaX P, pe U p3. Torma mpu H > (blbgbg)%N %(ln N)80 cripaseymaBa acuMIITOTHYECKAS
dopmyita:

I(N,H) =

36(b1,b2,b3,N) H2 HzlnlnN
b1b2b3 (h’l N)S b1b2b3 (h’l N)4 ’

& (b1, bo. b, N) = [ | (1+ @_11)3> I1 <1 - p2—31p+3> '

P plb1babz N

C momompo KPyroBoro mMerona Xapau, Jlurtnsyna, Pamanymkana B popMe TPUTOHOMETPUIECKAX CYMM
1. M. BunorpaoBa jioKa3aTeibcTBO TeopeMbl 1.1 cBejleHO K TPEM CJIEIYIONIMM 33/1a4aM, KOTOPhIE PEIleHbl B
Teopemax 1.2 m 1.3 u 3aKTI0YAIOTCS B CJIEIYIONIEM:

® JICCJICAOBAHUA IIOBEACHUA CIICITIAJIbHBIX KOPOTKHUX JAHENHBIX TPUTOHOMETPHUYICCKUX CYMM C IIPOCTBIMHA
qUCJIaMM1 BHIa

Sy(ba;x,y) = Z A(n)e(ban),

r—y<n<z
B MAaJIbIX OKPECTHOCTSIX IleHTpa 6osbimx gyr M ((In N)°);

® HAXOXKJICHUE HETPUBUAJIBHBIX OINEHOK 3THX KOPOTKHUX TPUTOHOMETPHYECKHX CYMM B OOJIBIINX JIyrax
M((In N)°') KpoMe MaJIbIX OKPECTHOCTEH! UX IIeHTPOB;

® TI0JIyYeHNe HETPUBHAJBHBIX OIeHOK cymM S (ba; 2, y) B Masbix ayrax m((ln N)et).

Teopema 1.2. [Iycmv x > xg, A, B, ¢1 U c3 — abCOAOMHBIE NOCMOAHHBIE YUCAA, Co < €1, b — HamypasvHoe

wucno, b < (Inx)B,

a 1 X Y
=—4A =1 Al — 1<q¢<h h=(nx)* = ——.
« q + ) (%CI) 9 ‘ | = q7'7 = q = ) (nx) 1) T I(IHCC)C2

5
Tozda npu y > x8bh(Inx)%2>4+8L cnpasedaueo pasencmeo

Sy(basz.g) = H (ﬁ) sinzl;\)\ye (b)\ (x _ %)) +0 (y(nz)™4).
o)
8

2
Teopema 1.3. ITycmv x > x9, A — abcomommasn nocmoannas, y > br3(Inx)s4+52 b — namypaarvroe
YUCAO,

2] 2
a=242, (a9=1, bIna)*2 <g< Ly 2 <1
qa g €z
Tozda cnpasedausa ouenra
S1(bas x,y) < W.

2. BcnomararejibHbIE JIEMMBI

JIemma 2.1. [9]. ITycmo Xg — npumumusrull xapaxmep no modyao q. Tozda

(e Xa() = mi_lxq(m)e (=),

q
2de
! m
) = 3 xlme (2. )l = v
m=1
JIemma 2.2. [I0]. ITyemwv 2 < Ty <z, p= L+ iy — nempusuaavrvie Hyasu Pynxyuu L(s, x). Tozda
xf z(lnz)?
@D(%,X):onf Z 7+R(I’,T0,X), R($,T0,X)<< %7
0

[7I<To

2de By =1, ecau x = xo; Eo =0, ecau x # xo-
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JIemma 2.3. [9]. [an aw6oz0 € > 0 cywecmeyem ¢ = c(g) makoe, wmo ecau x1 — 0eGcmeumesvuvil
xapaxmep no modyaro q u B — deticmeumenvhot nyav L(s, x1), mo

51§1*®-

qE

JIemma 2.4. [II]. Hycmw deticmeumenvras dynruus — f(u), u monomonnas dynryus — g(u) ydossemso-
parom yeaosuam: f'(u) — monomonna, |f'(w)] > my > u|g(u)| < M. Tozda cnpasedausa ouerika:

b
M
[ stwetrndu < -
a m1
JIemma 2.5.[12]. IIpu nodrodswem ¢ > 0 dynryua L(s,X), s = o + it He umeem nyaeld 6 obracmu

c

o>1-90(q,t), 6(q,t)= ,
Z Lo, et = e T+ 3) ¥ n(jt] £ 3))

das ecex xapaxmepos X no mod ¢, 3a UCKAIOUEHUEM, DBIMb MOIHCEM NPOCMO20 JEUCMEUMENLHO20 HYAA (1
y L—ynryuu, onpedesernoti UCKAOUNUMENOHOM TAPAKMEPOM X1 -

JlemMma 2.6. Ilycmo £ cKkoad y200Ha MAAAA NOAOHCUMEALHAA NOCTNOANKAA, A — NpoudsosvHoe Gurcupo-
T A
sanmnoe noaoscumenvuvie wucao, T227¢ < H < T uq <In” T, mozada cnpasedruev, ouenxu

> (N(u,T+H,x) = N(u,T,x)) < (¢H)“*~) (IngH)**,

x mod q
— 1 2 5 . _ 8 2 5
2de ¢ = 2,4, ecnu§§a§§ uﬂuggagl, uc=g3, ecru 5 <a<g
Sra JeMMa JT0Ka3bIBaeTCs MeTo0M padoTsl [13]
Jlemma 2.7.[14]. Ipu x > 2 umeem
k_
ZTf(n)<<x(lnx)r ' k=1,2.

n<x

JIemma 2.8. [15]. Ilpu sewecmeennom o, noOHUHERHOM YCAOBUAM

0
OéZEJriza (a,q)zl, 1§‘I§N7 |9|§1a
q q
a) 0as cymmoy
g+q’ 1
vV, = min(U,>, ¢ <q, U>0
=2 o]

UMECM HEPABEHCNEO
Ve < U +qlng,

1
V=2 el

0<2<0,5q

6) a das cymmo

uMeeM HEPABEHCTMBO
V < qlng.

JIemma 2.9. [16]. Iycmo f(n) — npouseoavran komnaekcnodnaunaa Pynryus, vy < z, r > 1,
|
k 7l _
d\n, d<ui

Toz0a umeem mecmo mostcdecmeso:

T

SAm ) = S DFCE ST ) S umi) S-S g fmang - ) +

n<z k=1 mi<ui mp<ui ni
My Mpny--Ng T
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Z A(ny) - Z)\nr ZA nem).

ni>u Ny >Up
mi-mEnynE<T

7
JIemma 2.10. [Tycmov y > x12 78, moeda cnpagedsusa acumnmomuseckas Gopmyaa
)

ﬂ(m)—w(x—y)=y+0( Y )

Inx In® x

3. HOBeﬂeHI/Ie CIiell1aJIbHBIX KOPOTKHX JIMHEeMHbBIX TPUTOHOMETPpUYIE€CKUX CyMM C
IIPpOCThIMM YMCJIaMM B 0O0JIBLIIINX Aayrax

B 3TOM IIyHKTE JIOKa’KeM TeOPEMY O MOBEJICHUN TPUIOHOMETPHUIECKOH CyMMbI
Sy (bas x,y) = g A(n)e(ban),
r—y<n<lz
B Gosprmx jgyrax M((Inz)), 7 = y?z~H(lnz) =2, tae ¢, c2 — TPOU3BOIBbHBIE (BUKCHPOBAHHBIE MOJIOKUTEIb-
HBIE YHCTIA.
JokazaTenbcteo Teopembr 1.2.

He orpanuuunBas obrmrmocTn 6yaeM CIUTATD, ITO

oolut

y = x8bh(Inz)>25A+8L (3)

4 b

" = —
(ba) ' (ba)
b:bl(b7Q)7 q:ql(baq)a 1§Q1 Sqa (bl,(h):l-

Ilonb3ysich CBOICTBOM OPTOrOHAJIBLHOCTU XapaKTEPOB, 3aTeM JeMMOil 2.1, Haxomum

Sl(ba;x,y)zie(“blk> 3 Aln)e (brn)

k=1 o r—y<n<z

;2 > x (bk) > Ax(me(vrn) +0((nr)?) =

X mod g1 k=1 o rz—y<n<zx

= o) Yo xlab)r(x) Yo Alm)x(n)e(bin) + O((lnz)?) (4)

st ymobeTBa ¢ TOMOIIBIO 0003HAMEHUH ¢ = quces ¢ u b mpeacTaBuM B BUIE

Y X(k)x(n) +0((lnz)*) =

x mod q1 rz—y<n<lzx

IIpumensis npeobpazoBanue Abejisi B MHTErpaJIbHON (bopMe, uMeeM:

> A(n)x(n)e(brn)

r—y<n<x
1
Houbaysics semmoit 2.2 npu Ty = (zy~' + |bA|z) ¢f (In2)A+3, naiinenm

z P
An e(bAn / Eou — ) de(bru)+
> A N A U O FECY

z—y<n<x

+e(bAz) | Eoz — Z > —e(bA(z —vy)) | Eo(z —y) — Z M

<t P <z P
- / R(u, Tp)2mibAe(bAu)du + e(bAx)R(x, Tp) — e(bA(x — y))R(z — y, To).
~y

Ipumenss K nepBoMy HHTErpay (bOpMyJly MHTETPUPOBAHMS [0 YaCTIM M, [OJIb3YsICh OLeHKOM g R(u, Tp)
U3 JIEMMBI 2.2, HaXOIUM

> Am)x(n)e(brn) = EO/: bAudufZ/

r—y<n<z |v|<To

e(bhu)du + O (y> -

2 (In 2)A+1
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- Eo%e (b)\ (m— %)) - Y I(p.bN) + 0 <q1(y> ,

Iy |<To In z)A+1

I e L .
(p, bA) /m_yu e (b)\u + 5 nu) du

Orcrona u u3 st Sp(ba; x,y), HAliEM CJIe/yIolee BhIparKeHHe:

S1(ba; ,y) = #ay) sin by (b)\ (:U - %)) — W(ba;2,y) — ExWi(bos z,y) + O(y(Inz) =), (5)

e(q)  wbA
1 _
W(ba;l‘,y):m > xlab)r(x) Y I(p,bA),
P\ mod o, [vI<To
p#B1
x1(ab)7(x1)
Wi (ba; z,y) = =———==—1(f1,bA),
o(q1)
e Ey = 1, eciiu o MOMYJIIO g1 CyIIECTBYeT JeiiCTBUTEILHBIA Xapakrep X1 Takoi, uro L(s,x1) umeer
JIeliCTBUTEJIbHBIN HYJIb 31,
fr>1- .
Ing’

u F1 = 0 B IPOTUBHOM CJIydae.
3.1. Ounenka |W;(ba;x,y)|

Bocrios1b30BaBIINCh TPUBHAJILHBIME OlleHKaMu cyMMbI 7(x1) u unrerpana I(81, A), naitgem

) [© uw!
<,O(Q1)/I B e(bAu)du
1

Corutacuo nemme 2.3, umest B Bugy, 4to ¢1 < ¢ < (Inz)®, upu € = (2¢1) "', umeem

271 — exp ((B1 — 1) Inz) < exp (-c(g)h“”) < exp (-C(E) lnf) — exp(—c(e)VInz).

0 (Inz)®

—1

Wi (b z,y)| = < yﬂcﬂl

CuleoBaTeabHO
(Wi (ba )| < yexp (—e(e)Vin) < y(inz) . (6)

3.2.IIpeo6paszosanue |W (ba;x,y)|

Ilepexomst K oneHKaM, UMeeM

1
W (ba; 2, y)| < @ S r@Iw®dA X)L wdAx) = Y [1(pbN)] (7)
Yl x mod q1 [v|<To
p#B1

rje 31 — JeHCTBUTENbHBIN HyJb, €CIM TI0 MOJYJIO ¢ CYIEeCTBYeT JICHCTBUTEILHBIN XapaKTep Y1 TaKoOii, ITo
L(s, x1) nmeer meiicrBuTe bHBIA HYJIb f1 > 1 — ﬁ. Cymmy |W(a; 2, y)| onennm B caygae A > 0. Coayuaii
A <0, cBomuTes K citydaio A > 0 ¢ TOMOIIBIO COOTHOIITEHUST

w(bA, x) = Z ‘I(p, b)\)‘ = Z / uPte <b)\u - ;Tylnu) du
z—y

IYI<To Iv1<To
p#B1 p#B

S P, =N = D [T(p,—bA)| = w(=bA,x),
IyI<To IyI<To

p#£B1 p#P

Bocnosbsosasimch jgemmoit 2.4, ipu M = P71 f(u) = blu + 5= Inw u m; = min f'(u), onennm
rTpuronomerpuueckuii unrerpas I(p, bA). Haitnem

zh-1 P Yy 2nkbAu

e Stp ~ mntertr T o T o
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Orcrojia ¥ U3 TPUBHUAJIBLHOI OIEHKH

x
O e e
T—y

[IOJLY YUM

1
I <PBmnl? >+ )
[1(p,bA)] < 27 min (a:’min|xf’(u)>

DTy OIEHKY, MOJIb3ysCh COOTHOIIEHUEM

1
lzf'(u)] = |y + 27rk‘b/\u|ﬁ > %h—i— 2mkbAul,

pPEeCTAaBAM B BHUJIE

1
I % min (£ :
[H(p:bA)] < & min <m’min |"y+27rkb)\u> ®

IToxcraBiisist 9Ty OLEHKY U OLEHKY CyMMbI T(X) B @, a 3aTeM I0JIb3ysICh cooTHomeHneM ¢1/¢(q1) < Inlngy,

TIOJIY IUM Ja : (1 )
q1 n(lnx
<P(Q1)Xn%;ql va X%ql

Bce nerpusnasbable Hyaun p = ( + iy byaxmun L(s, x) ¢ yeaosuem |y| < Ty pasobbéMm Ha MHOXKeCTBA

(W (ba; z,y)| <

Dl:{ﬂ¢ —T0§7<—27Tb/\x—z},
T T
DQ:{p: —27rb)\x—<'y<—27rb)\(x—y)+},
Yy Yy

D; = {p: —27rb/\(x—y)—|—§ <7§T0}.
Yepes w;(bA, x), j =1, 2, 3 obosuauas unrerpain I(p, bA) o HyIsM p, IPUHAIIEKAINIM MHOXKeCTBY D; 1
upegcrasum cymmy w(bA, x) B B BHJIE:

3.2.1.IIpeo6pa3zoBanue wi (b, x)

Ko Bcem wienam HepaBeHCTBa, ¢ IIOMOIIBLIO KOTOPBIX OIPEIEIeTCs MHOXKECTBO D1, IpubaBiids caaraemMoe
2mbAu, x —y < u < x, TOJIyIuM

D, = {p © Ty + 2mbAu < 4 + 27bdu < —2mbAx + 2mbAu — “T} .
y

Oyuknus 2rbAu B uaTepBajie £ —y < 4 < & MOHOTOHHO BO3DACTAET, IOITOMY JIJIsl [IPABON I'PAHUIIBI MHOYXKECTBO
D1, umeem

T x
—2mbAx + 2wbAu — — < ——.
Y Y
CiemoBaTesibHO, ecii p € Dy, TO BBINOJHSIETCS HEPABEHCTBO Y + 2mbAu < —%, [I03TOMY B HHTEpBAJIE
r —y < wu < T Ui MOHOTOHHO BO3pacTatolieil GyHKI ¥ + 2rbAu cripaBe[JIntBO COOTHOIIEHNE

min |y 4+ 27bAu| = — max(y + 27bAu) = —y — 2wbAx > E, ecim  p € Dy.
Y

Orcrona u u3 Bropoit ouerxu (), naiinem

B

x

b\ E _—

wi (A, x) < — — 27bA\x
pED1

Bcee HETPpUBUAJIbHBIC HY/JIX B MHOXKECTBE

Dlz{p: —T0§7<—27rb)\x—§}:{p: §§—7—27rb)\x<T0—27rb)\x},
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pazobeéM Ha Kiaaces Di1, ..., Di,., r < Tox "'y, B kaacc D1, OTHECEM Te HYJIH p, /st KOTOPBIX BBIIOJIHSAETCS
yCJIOBHE:

bhx
nH < —y —2wbdx < (n+ 1)H, H=—, 1<n<r
a1y

CileoBaTeabHO

P
10X\ x) < - <
X) Zzy%mf Ly — <
n=1pEDin n=1p€Din,
(Inx) (Inx)
< max 2P < max zP.
- H 1<n<r - H |1I<T Z
pED1, T—-H<~<T

3.2.2.IIpeo6pa3zoBanue ws(x, bA)
Ko Bcem wienam HEepaBeHCTBA, C TTOMOIIBIO KOTOPBIX OIMPEIEIIeTCsT MHOKECTBO D3, TpubaB/isis cjiaraeMoe
2mbAu, x —y < u < x, HOJIyIUM

D3 = {p : 2mbAu — 2wbA(z —y) + Lo v+ 2mbdu <Tp + 27Tb)\u} .
Y

Oyuknnsa 2mbAu B orpeske  — y < u < & MOHOTOHHO BO3PACTAET, IOITOMY HA JIEBOI I'DAHUIIBI MHOXKECTBA
D3, nMeeT MECTO HEPABEHCTBO

T _
2rbAu — 2bA\(x —y) + — > —.

Yy Yy
Orcrona ciemyer, uTo ecau p € D3, ToO UMeeT MECTO HEPABEHCTBO Y + 2mwbAu > % CienoBaTeIbHO B OTPE3KE

z —y < u < T UIss MOHOTOHHO BO3pacTaroiieil GyHKmun v + 2wbA\u CripaBejInBO HEPABEHCTBO

min |y 4 27bAu| = min(y + 2wbAu) = v + 27bA(z — y) > £7 upu  p € Ds.
Y

Orcrofia 1 U3 BTOPOU OIEHKH , HaXO/IIM

w3 (X, bA\) < Z

pEDs3

P
v+ 2mbA(z —y)

Bce HeTPpUBUAJIbHBIE HYJIN B MHO2KECTBE

Dg:{p: ;jgfy+27rb)\(x—y)<TO+27rb)\(:c—y)},

pazobuéM Ha Kiaaccel Diy, ..., Ds., r < ToH ™!, B xmacc D3,, OTHeCEM Te HYIH p, 1JIS KOTOPBIX BEIIOIHSAETCS
yCJIOBUE:

bhx

nH <~y+21bA(z —y) < (n+1)H, H=—, 1<n<r

a1y

CueoBaTesIbHO
B r B
x 1 x (Inz)
b\) <« < —= — < max zP.
w3 (X, Z Z v+ 21Nz —y) ~ H Z n — H |T<T, Z
n=1 p€Ds, n=1 pEDs, T—H<~<T

3.2.3. IIpeoGpazoBanue ws(bA, x)

IIpencrasmisiss MmHOKecTBO Do B BHE

Dy = {p: —27rb)\a:—g§7§ —27rb)\(gj—y)+za;} —

2
:{p:Tl—waAy—xg—'yng}, T1:27rb)\a:+£§T0,
Y Y
1 y?
U uMesl B BUJY, YTO Jisd JJIMHBI MHOXKecTBa, Do 1pu [A| < —, 7 = ———— u ¢o < ¢1, BBIIOJHAETCS
QT x(Inz)es
HEPABEHCTBO
2 2 2 2 1 2 2
9bAy L2 7rby+i:: mbha (Inx) +7x<<@:H7
y T oaTm oy a1y h y o qy
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U TIOJIB3YsICh TPUBUAJIBHOMN OIEHKOI TpuroHoMerpuyaeckoro uarerpasia I(p,bA), To ecTb mepBoil omeHKo 7
Oy 9UM

y
wa (DA, x) < Z\Ip,b/\|<<72xﬁ§fmax Z ? < 2 max Z zP.
pEDs pED; TITISTo p g yer TITISTo p per

3.3. CBexenune ouenku W (bo; x,y) kK muanMmusanuu A; u A,

Hozcrasisst nomydennsie onenkn st wi(bA, x), wz(x,bA) n ws(x,bA) B (10), a morom B (9), a 3arem
BOCIIOJIL30BABIIICH COOTHOIICHHEM

Inlnz (lnw y) Inlnx (qllnx
42 =
i Jai \ bh

1 2
+1)<<y(nmfr)7

H x

HaXOJUM

. In(lnz) (Inzx y(Inx)?
Wbz )] < U (5 + L) wor0 < "2 e v, (7,10), (11)

v, (T,U) = > > AP, U<T.
x mod g1 T-U<~<T

Cymmy vy, = vg, (T, U) omeHEM, BOCIOIb30BABIINCH TEOPEMOIL O IJIOTHOCTU HyJelt Hyseil L-panos dupuxie B
Y3KHUX [IPAMOYTOJbHIUKAX KPUTHIECKOI mmosiockl. Vmeem

>y <lnx/oﬂx“du+l> lnx/ SO wr Y% =

x mod q1 T-U<~<T x mod q1 T-U<~<T x mod q1 T-U<~<T
B>u

lna:/ > (N@.T,x) - N@wT-Ux)du+ » (NT,x)=N(T-Ux)).
x mod g1 x mod q1

Herpusunanpubie Hyn p = 8 + iy pacrojoKeHbl CUMMETPUYHO OTHOCUTEILHO KPUTHIECKON psiMoii o = 0.5.
Bocnosib30BaBImes 3TuM CBOMCTBOM HYJIEl, IPABYIO 9aCTh MOCJIEHEIO PABEHCTBA [IPEJCTABIM B BUIE

1
vql(T,U)Slnz/ Z N(u,T,x) = N(u,T = U, x)) du+

x mod g1

H(YEE) X VT - N - U0 <

x mod g,
< u - -
x mod g1
1
T (M " 1) S (N(Tox) — N(T - Uy) <
2 x mod q1

< u - — .
< 21nx1ga0f<5x z; (N(u,T,x) — N(u, T —U,x))
X mod q1

Cormtacuo nemme 2.5 dyukuua L(u + it, x) He uMeer myseil B obaacru
€3

max (ln q1, (In(t+3)Inln(t + 3))%)

U21—5(Q17t); 5(qlat):

Y

JUIST BCeX XapakTepos X mod ¢p, 38 HCKJIIOYEHHEM, ObITh MOXKET IIPOCTOrO JEHCTBUTENLHOTO HyIst £1 y L-
yHKIMY, OIpeIeIeHHON HCKIIFOYNTEBHBIM XapakTepoM Y1. [losromy umest B Buay, uro 6(q1,T) > §(q1, Tp),
Hai1eM

vy (T,U) <2lnz max z“ Z (N(u,T,x) — N(u, T -U,x)). (12)

0,5<u<l—6
x mod
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Ioacrasmsist mpasyto 9acThb 3roro Hepasercrsa npu U = H B ([11)), umeem

y(lnz)? w
Wasn)l < M0 e max ot Y (N T0 - N (0T - o).
=70 o= X mod g,

2
Y
0t Ty, A< —r=—2 _u@),
3 onpenenennst napamerpa Tg, yeaosus |A| < o T=- nz)= u HAXOM
3
x 1 bz
(QIy) (q + i >(1nx)A+3=

T _ Tolqry)® _ (qy)’® (= 1 1 A
_ hdl baZ |\ 1 +3 < p)
yql + q{ | ‘x (n‘r) — (bxh)?’ 1 qu

H3 = (bzh)3 — (bzh)?

3,5 92 2,5 c 0,5,,2 c:
@’y | g y(nx)* h%Py®  y(Inw)e
< 1 1 ( ) ) (lnx)A+3 < ( =3 T (1n.’L‘)A+3 <1.

b3x2h3 b2xh3
1
Takum oOpazom, B rocseiHeit cymMe 1o Y mod ¢; BBIIOJIHSAETCS yCIOBHE % > T3, u K 9TOil CyMMe MOXKHO

[IPUMEHUTH TEOPEMY O [JIOTHOCTH HyJIel B y3KHUX IPSIMOYTOJbHBIX KPUTHYECKOH 110JI0Chl (JeMMy 2.6).

CoryracHo 3TOIt JIeMMBI, IMeeM
c(1—u)
. y(hl’l})g uw c(l—u) 33 y(lnx)gﬁ u bhi —
(W2, )] < = oslax @ (@ H) (IngH)™ < =——— L T =
36 [ bha et w(l Y\
= bh(lnx) Y pslax (%) < A+ Ay + Az, (13)
w Y )2,4u
—— 0
(s) >0

1,4
Ay = bh(Inz)3° (b}f) max fi(u),  fi(u)==

u

wloo

3.4. Onenka A;

Bocnoubsosasumcs yeaousivu q; < b, h = (Inc)®2, 1 <b < (Inz)? u (@), nmeem

Fl(u) = fi(u) (lnx +2,41n (%)) = 2,4, (u)In (bhifz

10 ecThb f1(u) MOHOTOHHO BO3pacTalommas (GYHKIUS, [I09TOMY [I0Jb3YCh OUSATH YCJIOBUEM , nMeeM

4
) bh 1,4 9 ébh 1 2,25A+481 \ °
Ay = bh(Inz)3" (;) fi <3) =y (xs ( nmy) > xf%(lna:)fl’SA*QS’s < y(nz)~A.

B

)

3.5. Onenka Aj

IMosb3ysich Kak B ciaydae orneHkn Aj, MOHOTOHHOCTBIO yHKIMHA fi(u), a 3areMm ycaosusvu b < (Inx)

h = (Inz)% u (3), naxomum
z3bh(In )

1,4
Az = bh(Inz)3° (bm) (=68 =y (
Y Y
< yz~ O (In )36,

2
Bocmosbzosasmucs yemopusamu [A| < — 7 = y—h, b<(Inz)?, h=(Inz)* u @), nmeem
QT x

12
2,254481\ ° J
x—O,lé(lnm)36—54A6—194,46 <

1

3 h 2 1 c1 h 2
1o = T bz q%(lnx)A%’ < ¢~ fE (Inz)4+3 < z(lnz)* 4 (Inz)A+3 < 2,
y Yy ooqry y Y
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IMosb3ysich 9TUM HEPABEHCTBOM OLEHNM CHu3y mapamerp d = §(q, Tp). Umeem

C C
6(Q7TO) = > &

— > —~ > cy(lnz) 076,
max <1n g, (In(Tp + 3) Inln(Tp + 3))1) max (b In(lnz), ((Inz)n(In ac))z)

TIosTomy
As < yexp(—0,16(Inz)) - (Inz)3¢ <« yexp(—0,leg(Inz)>?*) - (Inz)%0 <« y(Inz)~4.
3.6. Ouenka A,

Bocrosmzosasrmuch yeaosusayu ¢ < b, h = (Inc)*t, 1 < b < (Inz)? u , nMeeM

f3(u) = Folu) (m +omn (M{E)) = (bhig) > S fa(u)ln (@) -0

10 ecThb f1(u) MOHOTOHHO BO3pacTaomas QyHKIHUs, II0ITOMY II0Jb3YHACh YCIOBUEM , nMeeM

5 z 2254181 ©
Ae=n (M) (may®s, (5)y<x bhiln ) ) (Ine)~ < y(ina) .
Yy

6 Yy
Toacrasnsas HaiieHHBIX ONEeHOK Jyist cymMm Ap, As u Az B (13), maxomum
W (ba; 2, y)| < y(lnz) =
I/I3 HoﬂyquHOf/'I OLCHKU 1 OHeHKH@ umesi B BUAy IIOJIYIUM YTBEP2KJICHUE TEOPEMBI. I:l

4.0].[eHKa CIie1aJIbHBIX KOPOTKHMUX JINHENHbBIX TpUroHomMeTpmeCcKux CyMmm C IIpo-
CTbIMHX YHCJIaMH B MaJIbIX Jdyrax

OrnennM cHavgaIa CHEIUAIbBHBIX KOPOTKHUX JIMHEHHBIX JBOWHBIX TPUTOHOMETPUUECKUX CYMM C “OJIM3KUMU’ 110
MOPAJKY CyMMaM#, KOTOPbIE BO3HUKAIOT IIPU OIleHKe ClIeNMaJIbHBIX KOPOTKUX JINHEHHBIX TPUIOHOMETPUYECKUAX
CyMM ¢ IpocThiMu guciaamu Buga S1(ba; z,y) B MajbIX jiyrax .

4.1. OneHkKa crienuajJbHbIX KOPOTKUX JIMHENHBIX JIBONHBIX TPUTOHOMETPUYECKUX
CyMM C “Oau3KuMu’ MO IOPSJKy CyMMaMu

JIemma 4.1. ITycmos f(m) u g(n) — npousdeovibie KOMNACKCHOZHAUHBE GYHKUUL, D — HAMYPAALHOE HUCAO,

¢ — abcomomnas nocmosnnas, | f(m)| < 1.(m), |g(n)| < m(n), y < x(lnx)~ 1,

W = Z f(m) Z g(n)e(bamn), a=2 + %, (a,q) =1, 6] < 1.

M<m<2M N<n<2N q
rz—y<mn<zx

Tozda npu

(V)

2 2
b(h’l x)4c+2r +2k*+4k—2 S q S

be

g[S

(IHJJ) 4e—2r°—2k 4k+2,

(1n$)2c+r2+k2+2k—1 <N< Q(ln x)—4c—2r2—2k2—4k+2

)

(=

CNpasedausa oueHKa
[W| < y(lnz)™c.

HokasaTtenbcteo. Jlaaee st y1obcTBa He OTpaHUYINBasg OOIIHOCTH, OyaeM cauTaTh, 9To M N =< x. Bo3Boas
cymmy W B KBajpar, npuMeHsisi HepaBeHCTBO Kormm u jjemmy 2.7 | mOJIy UM

WE< > fmP Y Y g(m)e(bamn)| <

M<m<2M M<m<2M | N<n<2N
r—y<mn<x

< Y Bm X S gim)gtn)e(bam(ng —m) <

M<m<2M M<m<2M N<n<2N
z—y<mni,mnz<x
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< M(lnx)Tz_1 Z g(n1)g(ng) Z (bam(ng — ny)).

N<ny,n2<2N M<m<2M
r—y<mni,mns <z

PazbuBas npoiinyio cymMMmy o n; U Ny Ha TPU YACTHU, JJIsI KOTOPBIX COOTBETCTBEHHO BBIITOIHSIIOTCS yCJIOBUS
ny < N2,M1 = N2, N > Ny, ¥ BOCIOJH30BABIINCH COOTHOIIEHUEM

S S £ X s 5o

M<m<2M N<n<2N r—y<t<zr mn= r—y<t<z
r—y<mn<zx M< m<2M
- N<n<2N

a TaK2Ke uMesl B BULY, YTO MOAYJIM CYMM COOTBETCTBEHHO C YCJIOBUAMU 1 < Mg U N1 > N9 PABHBI, IIOJIyIUM

W* < M(lnx)Tz_1 Z g(ny) Z g(n2) Z e(bam(ng —ny))| + yM(lnx)T'2+k2+2k_1.
N<ni1<2N 0<ng—n1<2N—ny M<m<2M
z—y<mni,mns<x

ITonoxkum t = no — ny U Ny = n, TOrJA IpaBasi YacTh ITOCJIETHENO HEPABEHCTBA, TPUHUMAET BU]L

W <« M(h1:c)7"2_1l/l/1 + yM(lngc)’“z""kz"‘Qk—l (15)

Wy = Z T (n) Z Te(n +t) Z e(batm)| .

N<n<2N 0<t<2N-—n M<m<2M

z—y 2
N3 yenosus = < m < 45 HaXOAUM

x T xT—y
t<——n<—— =
m

Y <
m m m

Y
M
C y4€TOoM MOCJIeTHErO HEPABEHCTBA, CYMMUDPY 110 1, HAIEM

W, <« Z Tk(n) Z Tk(n+t)m1n<y ||a1bt|>

N<n<2N o<t<4

IIpumensst nBakapl HepaBeHncTso Ko u stemmy 2.7, Hailaém

i . (y 1
W< Nma) 1 Y [ % Tk<"+“mm(zv’||abt||) <

N<n<2N \o<t<4

2
N T S Y (e
<57 (Inx) min <N’ |abt|>

N<n<2N 0<t< &

Yy 2k2_2 . Yy 1 37/21‘v 2k2_92 . Yy 1
= (Inx min [ —, ——— Z—(In min ( =, —— | .
< v ( ) 1 < , H bt”) < ( :z:) 1 , ” tH

b
4.1.1. Ouenka W} npnu My > 0.5¢

b
Pasz6uBas naTepBas namenennus t Ha << T\y/[ naTepBanos suna g < h < g+¢', ¢ < g, upuMensis yTBepKAeHIE
q

a) JeMMbl 8, HaiijeM

2 4 3
s YN o2 by (Y by by’ N 2k2 -1
We < oA (Inz) oM (N +qlnq) < (qM2 + e (Inz) )

Toncrasigas sty onenky B (L5) 1 BocnosbzoBaBmmcs coornomenuem MN X x, a TakKe HEPABEHCTBOM
4k% — 24k + 69 > 2k? + 2k, a zarem ycnopuamu ([14)), momyanm

|W|4 < M2(ln x)zr%lez + yQMQ(ln x)2r2+2k2+4k72 <

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2023, VOL.6, NoO 4 133



Bulletin

Paxmonos 3., Annakos U., Abpaes 5. O606uieHune TepHapHoii npobnemsl Monbabaxa ... ki,

by* n by3N
qM? M?2

< M2(1n x)zr%z ( ) (mw)zk?q + yQMZ(IHx)2r2+2k2+4k72 <

b 4 . 2,.2 .
< <Z + byBN> (In x)zrz+2k273 + g M(In x)zrz+2k2+4k72 <

N2

b bN 132 2 2
4 2r®+2k% +4k—2 4 4c
+ + 1 1 .
<Ly <q ” "> 2>(nx) <y (lnx)

b
4.1.2. Ouenka W} npn My < 0.5¢q

Ipumensis yreepxkaerue 6) semma 2.8, Hafimem

2 2
y N 222 y“Nq k21
W? < Inx glng < Inx .
i1 < (Inz) ¢lng < =—(lnz)
Toncrasmgs ary onenky B (L5) u BocnonbzoBasmmcs coornomenunem MN X z, a 3aTeM yCJIOBUIME ,

IOJIYy9IUM

|W|4 < M2(ln x)zr%zwlz + y2M2(1n x)2r2+2k2+4k72 <

222 Y°Ng

- (In x)2k271 + y2M2(ln x)2r2+2k2+4k72 <

< M?*(Inz)

2,.2
x
< y?zq(ln x)2T2+2k273 + 1z —(In :v)2’“2+2’“2+4k*2 <
2
T T :
< y4 (yg + 72/2 2) (ln x)2r2+2kz+4k*2 < y4(ln 93)746-
Jlemma nokaszana. O

Temepb mONB3ysACH ITOM JIEMMOii, HalileM HETPUBUAIBLHYIO OIEHKY TPUTOHOMETPHUIECKON CyMMBbI
S1(b0{;.13,y) = E A(n)e(bom),
r—y<n<z

B MaJIbIX Jyrax m (b(ln :c)4A+82), 7 =9y?2 Y (Inz) 44782 e A — npoussobHOE (GUKCHPOBAHHOE TOJIOMKH-
TEJIBHOE IHUCJIO.
4.2. JlokazaTrejabcTBO TeopeMbl 1.3

OTMeTHM, 9TO OLEHKH CyMMBI Buzia S1 B 00mieM ciydae umerorca B pabore 1. Ajutakosa [I8], 31ecs pacemar-
pHBasi KOPOTKHE MHTEPBAaJIbl OJIyIaeM bosiee TouHble oreHKn yeM B [I8§].

Nmeem g
S1(ba;z,y) = Z A(n)e(ban), o= g + Z (a,q) =1, 6] < 1.

rz—y<n<z
B stevme 9 BO3bMEM 7 = 3, Uy = T3 1 f(n) = e(ban). Nmeem

3
Si(ba;,y) = > (~1)FCE S (ba; 2y, k),

k=1
S1 (b x,y, k) = Z w(my)--- Z w(mg) Z e Z Innye(baming - - - mgng) (16)
mi<up my<uy ni Nk
r—y<mi---mgni--ng <z
Pazobém B S1(ba; x, y, k) obiacTu n3MeHeHust KasKJIoro my, - -+ , My, Ny, - - , Nk Ha He 6oiee (In ) uarepaion
Buga M; < mj; <2M;, N; <n; <2N;, j=1,--- k. lomyanm
(In )2k
Si(bosz,y, k) = Y Si(M,N), (17)
Sk(M,N) = Z ulmy) -+ Z p(my) Z Z lnny e(baming - -mypnyg) =
My<mi<2M;  My<mp<2M Ny <ny <2N; Njp<nj<2Nj

r—y<my---mgni-nE <z
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2N,

= / E pwlmy) - -- g w(my) E e E e(baming - - -myng)dInu.
1M1<m1§2M1 My <mp <2Mj, max(u,N1)<n1§2N1 Np<np<2Nj
r—y<myi---mpni-ngp <z
Yepes U; = max(u, N1) 0603HaIUM TaKoe UHCJIO U, IPU KOTOPOM MOJYJIb HOJBIHTErPAIbHON (DYHKIMN
IPUHUMAET MAKCUMAJIbHOE 3HAYEHUE, TOTJIA
|Sk(M, N)| < (Inz)|S(M, N, (18)

rie

Si(M,N) :Z wlmy)--- Z w(mg) Z Z e(baming - - - mgng), N; <Uj <2Nj.

My <mi1<2M; M <mp <2MU1 <n1 <2N1 Up <np <2Nj
r—y<mi---mEni--NE<T

Toxncrasngas (18) B (17), a 3arem u (L6]), momyanm
3
S1(bas x,y) < (1111")7Z:maudSk(M,N)\7 (19)
k=1
Cymmbr Sg(M, N), k = 1,2,3 onenuatorcst noutn oguHakoso. OcraHoBuMcs Ha orieHke cyMMbl Sz3(M, N) u,
HE OrPaHMYMBasi OOIIHOCTHU, OyIeM CUMTATh, YTO BBIITOJIHSIIOTCS yCJIOBUS:

ac% > M1 2 M2 Z Mg, N1 Z N2 Z N3, M1M2M3N1N2N3 =x. (20)

Onenka S;(M, N). Paccmorpum ciiesryiornue BO3MOXKHbIE CIydan 3HadeHuil napamerpa Ni:

Ny > 4bxq™

bry ' (Inz)24+39 < Ny < dbxg™!;

N; < bry Y(Inz)?A439) NNy N3 < bry~(Inz)2B+H37, My M,y < yb~t(Inz)~4A-T4,;
Ny < by~ H(Inz)?439, Ny NoN3 < boy~ ! (In2)2437 My My > yb~H(Inz) 44~
Ny < by H(Inz)?439 bry ! (In2)2A+37 < Ny NoN3 < yb~!(Inx) 44774,

Ny < by H(Inz)?439, Ny NNz > yb~ ! (Inx)~44-7,

S Uk W

Has pacemorpenus ciydaes 1 u 2 cymmy S3(M, N) Heckosnbko npeobpasyem. st 91010, BBOjs 0003HAUEHUS

Fom) = 3 alm) 3 uma) S uma) Y S L [fm)] < m(m),

Mi<m1<2M; M2<m2<2M> M3z<m3z<2M3 Uz<n2<2N3 U3z3<n3z<2N3
mimamanang=m

pas3buBast nHTepBas cyMMupopanus M MoMsUsUs < m < 2° My My My Ny N3 Ha, HHTepBaJIBI BHIA
M < m < 2M, nosiyanM KOHEYHOE YHCJIO CYMM BHIA

W= S fm) Y elamn),

M<m<2M U;<n<2N;
rz—y<mn<zx

U IIpeJCTaBUM 3TU CyMMBI B BUJIE

W = Z f(m) Z e(bamn),

M<m<2M 1 —y1<n<z1
1 = min <£,2N1) , Y1 = min (272N1) — max (E — E,Ul) < Y. (21)
m m m m m
N3 ycnoBusgs M Ny < x u 4M N7 < © — y caeayer, 94To
x T —y
— < <M< — 22
5Ny 4N, = T Ny (22)

B W cymmupyst BHYTPEHHIOIO CyMMY TIO 71, BOCIOJIb30BaBIuch yeaosusvu (21) u (22]), waitgem

w = — .
< Z 75(m) min <M’ |abm|> < Z 75 (m) min ( o ||abm>

M<m<2M e <m<3E

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2023, VOL.6, NoO 4 135



b i
Bulletin
of the Institute

Paxmonos 3., Annakos W., Abpaes 5. O6obuweHmne TepHapHoii npobnembl lonbabaxa ... orsemenstic

IIpumensisg nepaserctso Kormu, 3atem jgemmy 2.7, Haiiaém

2
2 2 . (yNy 1
WP< > 7Z(n) Y. min (m||abm||> <

A‘,L‘l<m§]%,—“; Ni‘l<m§]%,—’i
. (yNy 1 24 . (yNy 1
< y(Inz)** min < > < y(lnz) min | &¥——, —— ] .
2 (T g 2 T T
Ny =N Ny STEN

Cayuait 1. N > 4bxq~1.
U3 ycIoBHs pACCMATPUBAEMOTO CIyHdasi, IMeeM

2bx

—4A—-82

[IpumeruM yTBep:KeHne 6) JeMMbl 2.8, 3aTeM BOCIOIb30BaBIICH yetosueM ¢ < y2x~!(Inx) , Hafinem

1 y?
%% 2 24 E 24 25 25 _
2 y2

. Y Y
- ’ < (In x)2A+14'

(Inz)2A+1% " (In 7)2A+43
Caywuait 2. bry '(Inz)?4+39 < Ny < 4bxq~!.
U3 yciIoBHS PACCMATPUBAEMOTO CIIYHAsI, HMEeM
2bx

— >0, 5q.
Nl_aq

Pas6uBast mHTepBan nsMenenns m Ha < br(gqN;) ™! mHTepBanos Bua g < h < g+ ¢, ¢ < ¢, npuMenHsa
YTBEPKJECHHUE &) JIEMMbI 2.8 , BOCIOJIb30BABIIUCH YCJOBUAME PACCMATPUBAEMOrO CJIydasi, & UMEHHO YCJIOBUEM

N; > bry~!(In x)2A+39, q > b(ln x)4A+82,

Haiijiem

b 9% N1 bay(Inz)2t [yN
W < y(lna:)24~—x Zmin (yl, ) < zy(Inz) (y ! —|—qlnq) <
z ' |lam]| qN1 T

2

b bry! y
2 (7 1 25 .
<y (q + N ) (Inz)” < (Inz)2A+14

Cayuaii 3. Ny < by ' (Inz)?4+39, NyNyN3 < bey ! (Inz)?A37, My My < yb~ ! (Inz) 447,

U3 (20) u yciaoBus paccMaTpuBaeMOro Cirydasi, HaXOJAUM

R z 3 y 3
MiMy > (MiMoMs): _ > ——2 =
1My 2 (MM M)7 > <N1N2N3> —<b(lnz>2A+37)

_ b—x(lnx)z“”?ﬂ- ( Y ) > b—x(lnx)ZA+37
= e )
Yy bxs (In 2)2A4+37 Yy

B cymme S3(M, N) BBous 0603HAYEHUS MMy = N U M3N1NaNg = M, & 3aTeM pa3buBas UHTEPBAJ CyMMU-
POBaHUSI 110 M U N COOTBETCTBEHHO Ha mHTepBaJbl Bija M < m < 2M u N < n < 2N, 10JiyduM KOHETHOE
YUCIIO0 CyMM BHUJIA

W= 3 fm) Y gm)elbamn),  |fm) <nlm),  |g(n)] < ra(m).

M<m<2M N<n<2N
rz—y<mn<z

wlot

J71s 9TOit CyMMBI BBIIIOJIHSIETCS HEPABEHCTBA

2
bry ™~ (In x)2A+37 < N <yb H(lnz)~ 44T, b(lnz)*B+™ < ¢ < y—(ln x) AT (23)

T
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siyistroruecst yeaosusivu (|14)) semmer 4.1 ipu r =4, k =2, ¢ = A+ 7, u coriacHO KOTOPOI#i TIOJTyIiM

Y

W< s

Cayuait 4. Ny < bay~ (Inw)***3, NiNoNy < bay ™ (Inw)*4 57, MM > yb~! (Inz) ~44-™,

U3 (20) u yciaoBus paccMaTpuBaeMOro ciydasi, HaXOIUM

My > /MMy >y

N

3
bx 2 bx
b_%(lnx)_“_?ﬁ _ 7(1nx)2A+41 . ( _ Y _ ) > 7(1nx)2A+417
y brs (Inx)54+52 Yy
y x%b(ln CC)4A+82 _ y
b(ln $)4A+82 Y - b(ln $)4A+82 :
B cymme S3(M, N) BBoJsE OGO3HAYEHUS My = N U MaM3NiNaNy = M, a 3aTeM pa3buBas HHTEPBAJI CyMMU-

POBaHMUS IO M U N COOTBETCTBEHHO Ha MHTepBaJbl Buja M <m < 2M u N < n < 2N, nojiyauM KOHETHOE
9HUCI0 CYMM BHUJIA

M, < a3 =

W= > fm) Y  ulnelbamn),  |f(m)] < 75(m).

M<m<2M N<n<2N
rz—y<mn<z

JIJ1st 9TOit CyMMBI BBITIOJIHSAETCS CJIEIYIONINE JIBa HEPABEHCTBA,

2
bry t(Inz)* 4 < N < yb~(lnz) 44782 b(Ilnz)* 4482 < ¢ < y—(ln x) 4482
T

KOTOpBIE gBJstioTcs yeaosusamu (14) memmbr 4.1 ipu r =5, k =1, ¢ = A 4 7. CoryiacHo 310ii JieMMe uMeeM

Y
W€ ———.
< (Inz)A+7
Caywaii 5. Ny < ey H(Inz)?4+3, bry =1 (In2)24+37 < Ny NoN3 < yb~!(Inx)~44-74,

Cymmy S3(M, N) upeoGpasyem. st 9T0ro, BBOJs OOO3HAUYEHUsI M1MaMs = M U NiNgN3y = N, a 3aTeM
pa3buBasi MHTEPBAJ CYMMHUPOBAHUSA 110 M U N COOTBETCTBEHHO HAa mHTepBaJbl Buga M < m < 2M u
N <n < 2N, noJiy9uM KOHEYHOE YUCJIO CYMM BUJIA

W= > fm) Y gelbamn), [f(m)|<ms(m), |g(n)| < T3(m).

M<m<2M N<n<2N
z—y<mn<z

st 910t cymMMbl BbinosiHsiercst cootHomenus (23) apssomuecs upu r = 3, k = 3, ¢ = A + 7 ycaoBusmu
JieMMbI 4.1, COTJIaCHO KOTOPOH TOJIydnM

Y
W« ———.
< (Inz)A+7

Caywuait 6. Ny < bry ! (Inz)24+39, Ny NoN3 > yb~ ! (Inx) 4474,

U3 (20) u yciaoBus paccMaTpuBaeMOro Cirydasi, HaXOJAUM

2 5
2 Y 3be 2A+37 Y B be 2A+37
Ny 2 (40NN 2 (o) = 0 eeyscrrrey) BRI CL

b(ln $)4A+74 Y )4A+74 !

Cymmy S3(M, N) upeobpasyem, mjist 3TOr0 BBOJsI OOO3HAYECHUSI N1Ny = N U MoMaeM3Ns = M, U pa3buBas
WHTEPBAJIBI CyMMHUPOBAHUS 110 M U 1 COOTBETCTBEHHO Ha mHTepBaJsbl Bujga M <m < 2M u N <n < 2N,
[TOJIy9MM KOHEYHOE YUCJIO CYMM BUIA

W= % flm) Y gmelbamn), |[f(m)]<7(m),  |g(n)| < m2(m).

M<m<2M N<n<2N
z—y<mn<z

bx%(lnx)w% ’
N1N2 < Nl2 < b2x2y72(1nx)4A+78 — i ( ) = b(ln+
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Jist 97108 cyMMBI BbImOJHsIETCsT cooTHOIeHust ([23)) siBysttonuecst npu r =4, k =2, c = A+ 7 ycnosusivu (|14))
JeMMbl 4.1, corTacHO KOTOPOi mMeeM

)
w .
< (Inz)A+7

Orcroia u U3 BCeX OIEHOK, MTOJIYYE€HHBIX B IIPEIBLIYIINX CJIydasX HaiIeM
|S3(M, N)| < y(Inz)=477.
U3 nonyvennnix onenok Sk(M, N), k = 1,2, 3, Beugy uepasercrsa ((19), nosyunm yreep:kaenue Teopembr 1.3.
([

5. Acumnrorndeckas popMyJia B 0000IIIeHIE TEPHAPHOU ITpobJjeme
Tonpabaxa ¢ moYTU paBHBIMH CJlaraeMbIMU

JokaxkeM cHa4aJa JiIBe BCIIOMOTATe/IbHbIE JIEMMbI, KOTOPBIMHU BOCIIOJIB3YEMCS IIPU JOKA3aTEIbCTBE
TeopeMbl 1.1.

Jlemma 5.1. ITycmv b — namypaavroe wucao, N — docmamouno 604buL0e HATMYPAALHOE YUCAO,

S1(ba; N, H) = Z e(bap), S1(basx,y) = Z A(n)e(ban).
|bpr— & |<H z—y<n<z

2
Tozda npu VON (ln %) < H<L Nl_%, UMEETT, MECO COOMHOWEHUE

) N  H 2H e
ba: N.H) = —— ba; o + —, —— PNIn X |-
sosr ) = Ly (i 4 520 ) 0 ()

n 3

HoxkazareapcTBo. OTPE30K CyMMUPOBAHUS |bp — %| < H B cymme S;(ba; N, H) 3aMeHUM Ha MHTEPBAJ BUA
r—y <p <z Umeem
Si(ba; N, H) = > e(bap) + O(1).

N H N H
e <p<fH+E

Jlorapudmupyst HepaBeHCTBO % — % <p< % + %, 7 BOCITOJIb30BaBIHUCH (POPMYIION

N H N 3H N H

HOJIy49HM, YTO IIPH % - % <p< % + %, BBIIIOJIHAETCS COOTHOIIECHHE
N H
Inp=In—4+0{—]).
np=mg (N)
Toub3ysice dopmyuoit cymmy Sq(ba; N, H) BbipazkaeM depes cymmy Buga Si(ba; z,y). meem
1 N H 2H Inp k H?
Si1(ba; N H) = —=51 [ bo; =+ —, — | — E b O — 1.
1(bas N, H) 13{\21<a3b+b b) o kNHha%e(ap)+ (leng{Vb
N _H <N _ H
3% <kp>2_ wtD

O603Ha"ast TOCJIEIHIO CYMMYy Uepe3 Ry U OleHUBasi TPUBHUAJIBHO YUCJIOM CJIAraeMbIX, U BOCIIOJIb30BABIIUCH
dopmyitoit

(1+u)" =14 pu+ O(u?), lu] < 0,5,
uMeeM
1 1
N N H 2 N H 2 H N H2
R < Z 1<<1n<<+) —(—) —|—1><<ln<<N.
N_H_ kN H 30 \\3b b 3b b VON 3b T bNIn i
k>2

JIlemma 5.2. I[Tycms p — Heuemmoe npocmoe “ucio, p"rdp(N)HN, moada 0as cymmo, Pamarnydorcana

= 3 ¢ (5¢).

a=1
(a,p)=1
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cnpasedausa Hopmyia

Cpk

(N) = { e(p"), ecau k < ord,(N);
po e Ny (pE=orde (N ecau k > ord,(N) + 1.

[JokasaTenscrso. Ilpu k < ord,(IN) yTBepKaeHue JeMMbI TPUBHAJIBHO U CIEAYET U3 OMPEIeIeHNs CyMMBI

Pamanymxkana
k

P
= 2 l=¢l
a=1
(a,p)=1
ITpu k > ord,(N) + 1 noas3ysch npencrasienueM Nq = N, p_(”"dP(N ), a 3aTeM II0JICTAHOBKOIA

a=a+ a2pkfordp(]\7)’

rIe a1 U g He3aBHCHUMO Ipoberaror 3HadeHus aq = 1,2, ... k ordy(N) a9 =0,1,. pOTdP(N) — 1, mosyuanm

pl—ordp(N) pordp(N) _y

k
P k—ord,(N)
Nia Ni(ay + azp »eV)
epr(N) = 3 e (pk—d(N)) Z >, e ( F=ord, (V) -

a=1 as=0 p
(a,p)=1 (a ,p) 1
prordp(N) N
_ordy(N) 141 ordy(N) , ( k—ord,(N)
- p z:l € <pk:—()7'dp(N) ) p /’[’(p )
(a,p)=1
O
okazareabcTBo Teopemsr 1.1
st yiobeTBa BBEJEM CJIEIyIONNE 0OD03HAYUEHUSI:
N H N
£=1 £;i=In— fx £ < £ 24
n(3b3+b3>’ n3b < £ < (24)
He orpannuusas obniHOCTH OY/I€M CYUTATH, YTO BBIIOJHSIOTCS CJIELYIONIUE YCJIOBUS
= (bababs) s N5 £, by < by < bs, (25)
a TaKKe IIyCThb L = 7_1, rae
12H2 21nb1+21nb2
- e £02 — b2b2£94 — 94 i ——— 26
T (N +3H)bs £ 2, * In £ (26)
meem
1—¢
I(N,H) = /]F( N, H)e(—aN)d
e
3
F(a) =F(o; N, H) = [[ Su(bios N H),  Si(bkes NH) = Y e(biap).
=1 bip—§[<H

Cortacuo Teopeme upuxiie o npubJinKeHun JIeHCTBATEIBHBIX YUCET PAIMOHATBLHBIME YUCIAME, KaXKI0e (v
U3 IPOMEXKYTKa [—t, 1 — ¢] IpencraBuM B BUIE

a 1

=—+A (a,q) =1, l<g<m, Al < —. (27)

q qT
B srom npeacrasienun 0 < a < ¢ — 1, npuuém a = 0 gums nupu ¢ = 1. Hepes 9 obosnayum Te «, ajs
KOTOPBIX
21nb1 + 21Db2 +lnb3

In £ ’

g<h, h=£7=b13b3L% =94+ (28)
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B npezcrasiennn (27)), yepes m — obosHaunm ocrasruecs . MuOX)ecTBO 90T COCTOUT U3 HEIIEPECEKAIOTIUXCSI
oTpe3koB. Pa3obnéM mHOKecTBO 9 Ha MHOXKecTBa, Ny 1 Mo:

\/b by £3
9)?1 = q o€ Qﬁ, >~ ! 21 )
g Hb;

D10y £3 1
Youba£Z || } _

Hb; q qT
O6osnaunm uepes I(9My), I(9M3) u I(m) coorBeTcTBEHHO MHTErpasbl 0 MHOXKecTBaM My, Ny u m. Byuem
nMeThb

93?2—{01: a €I,

I(N,H) = I(My) + I(9My) + I(m). (29)

B nocnenneit bopmyiie nepsbiit wien, To ectb (), mocTaBIgeT TJIABHBIA YIEH aCUMITOTUIECKOH (hOPMYJIbI
mst I(N, H), a I(9My) u I(m) BXOJAAT B €ro OCTATOUHBIN WIIEH.

5.1.IlpeoGpa3oBanue unrerpasna [ (M)

ITo oupenenenuio unrerpasa I (M) numeem:

I(Eml):/IF(aNH) —aN)d :ZZ (a,q), (30)

My = a2

I(a,q) = e (—?) / F (Z LN, H) e(—AN)d. (31)

IA|<V/brbabs £3H 1
K cymmanm Sy (b N, H), i = 1;2; 3 npumensist aemmy 5.1, u moab3ysick hopMyIioi , IIOJIY 9UM

1 N H 2H H?
Si1(bja; N, H Si(b (0] . 32
(bia; N, H) = £11(a o bl)+ (biN£) (32)
A remepn K cymmam Sq (bioz; % + bﬂi, QbIL{), 1 =1,2,3 B upumenum teopemy 1.3, mosiaras,
N H 2H
il TR R A £4 = b1 0by b3 £192. (33)

ITpoBepHM BBIIIOHEHHE YCIOBUIT TeOpeMbl. BOCIIONB30BABIINCH 3HAYSHUSIME T1apaMeTpoB b u A, 3arem
4 2
coornomenneM H > (b1babs)3 N5 £50) mveem

5 5
N  H\? 1 H\® = 9 9 1 s
(3b +b> bohg2®A+st - L (1+3 ) b5 03Ehs L2 (b3 0£1%) " N =
3 3

bibobs)3 N3 £60 2 3H bibobs)s N3 £60  H
= 1+ 2= < —
N 2b3 3% - 2b3 B 2b3 ’
Taxkum oOpazom ycaoBre TeopeMbl 1.3 BBIOJTHSAETCS, CJIEI0BATEIBHO COIVIACHO ITON TeopeMme, U popMyIIe ,
HaXOIM

N H 2H sin2nAH (AN He19 w(w)
bi =Bi(¢)——~—e| = —r 1= | Bilg) = ———=.
51 ( ETH > Bl 6( 3 )+O (bibi"5b§’5b§> il

W3 sroii bopmysst u (32) u umest B Bumy, uro H < Nb1_4’5b2_4’5b§3£_192, HaJIEM
H£-193

B;(q) sin2nrAH (AN
Si1(bio; N, H —e| = Ry; Ry € —557=—=- 34
1(bjo; N, H) = b £; 7\ < 3 >+ Li, 1 << bib‘f"r’bg’sbg (34)
BocmomszoBasmucs dbopmyitoit , a Takxke coorHomenueM (24)), u umest Buy, uro
sin2rAH (AN H H
Bi(g) 2 (25 ) < 2 |6y (g N, H)| < ——, 35
@R () < 1 S ] < (35)
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Haf1éM
S1(b10; N, H)Sy (boo; N, H) = (2L S2IAH (AN g ) 8 (bas N, 1) =
b1.£1 7T>\ 3
B1(q) sin2nAH (AN [Bs(q) sin27AH (AN H?£~194
= e AT (21) 4R R
e, o\ 3 ) e, 3 ) TR O e

_%1(q)s32(q)sin22mﬂe 2\AN Lo H?£~194
 bibo L Ly m2N2 3 b2°b3 03 |

—

YMHO)Kas mosTydeHnoe HepaseHcTBO Ha Sp(bsa; N, H), u umes B Buny, 1to F(a) = [ Si(bia; N, H), a 3atem

BOCITIOJTHb30BABIIHUCEH (POPMYIAMU u (35)), mHaxomum

F(a) = B1(q)Ba(q) sin’ 2mAH (20N
- b1b2£1£1 71'2/\2

=1

) ~81(b3a;N,H)+R2 =

3

B1(q)B2(q)Bs(q) sin® 2rA\H H3£-19

= : AN) + R R, <« 2%

bibobs £1£1£3 5y ¢(AN) + R, 2 < T

THoxncrasngas suavenue dbyuximu F(a), To ecth npasyio gactb nociaenneil popmyint 8 (31), naitném
aN B1(q)B2(q)B3(q) sin®27\H
Ha,q)=e{ ==~ - AN) + Ry ) e(~AN)dA =
(aaQ) 6( p / ( bibabsds £1£5 3\ 6( )+ 2 e( )

IA‘S\/b1b2b3£3H_l

_ e( aN) B1(q)B2(q)B3(q) - J(H) + R,

q bibobs L1 L1 L3
.3 3 2 p—192
sin® 2rAH Vbiba £ H*£
J(H) = ———d\ R Ry -
(H) / wias h SR T T S g

[N|<v/brbabs £3H—1

Toncrasmss mosyuenHoe 3Havenne narerpana I(a,q) B (30), a 3aTeM BoCIOIB30BABIINCH SBHBIM 3HAYEHUEM
napamerpoB h u A coorBercrBento u3 dbopmyi (28) u (33)), momyanm

rom) = Y Z ( (_aN) B1(q) B2(0)Bs(q) J(HHRS) _

q<h a=0 q b1b2b3£1£1£3
(a,9)=1
J(H)
= e 2 Bi(@Ba(@)Balg)eg(—N) + Rs, 26
s £y 2 OB Bl (N) 4B (36)

R hQR b4b4b2£188 H2 H2
4 < 3 < 1v2%3 : b?bgbgi’lgz - blb2b3£47

rae ¢g(—N) — cymma Pamamymxana. Cymmy mo g B (36) 3amerss 6iu3kuM K Heil 6eCKOHETHBIM PSIIOM, He
3aBUCSIIUM OT h, TO ecThb

Z SB1(q)%?(q)%3(q)cl1(_]\/v) = G(blvan b3a N) - R(blv b27 b37 N)a

q<h

&(b1, b2, bs, N) = > B1(q)B2(q)Bs(q)ce(—N), (37)
qg=1

R(b1,ba, b3, N) = > B1(q)B2(a)Bs(a)ce(—N),
q>h

TTOJTY 9UM
 (&(by, by, bs, N) — R(by, ba, bs, N)) J(H) H?
1) = brbabsl1 £1Ls O\ oabett ) (38)
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5.2. Beraucsenune unrerpana J(H)

Bocmosib30BaBINCh 9€THOCTHIO TOJUHTErPAIHHON (DYHKIINA U CIEIaB 3aMEeHY IePEeMEHHBIX HalIeM

Vbibabs £3H 1

.3 2 .3
sin® 2n AH 8H sin® u
J(H)=2 / G d\ = - / 3 du.
0 [u|<27mv/b1b2bs £3

3ameHnM HOC.HG,H,HI/Iﬁ nHrerpaJi 1mo u OJIM3KUM K Hemy HecoOCTBEHHBIM UHTErpaJioM, HE 3aBUCAIIUM OT £7 u
TOJIB3YACH COOTHOIMECHUEM

7 sin® u 1
3 du < G ,
u (b1b2)™ b§£9
27T\/b1b2b3£3
TIOJTY IUM
8H2 . 3 x° -3 8H2 <. 3 H2
J(H) = 22 /Sln3udu— / = zi/smgudwro — .
s U U s u (b1b) ™ b§£9
0 271/b1babs £3 0

Bocmosnb3zosasimucs dopmymnoit ( em. [I9] crp. 174 )

o0

sin™ mu Tm™1 n n(n—1)

du = o -2t (-4 ]
/ ur T on(n — 11 {" TR (n ="+

upu m =1 un = 3, HaligEM

8H? 3rm H? H?
JH) =— —+0| ——=—7— =3H2+O<). 39
( ) T 8 <(b1b2)1,5 bgﬂgg) £ ( )

5.3. UccaenoBaume ocoboro psaa S(by,bs,bs, N)

Dyukuun B;(q), ¢ = 1,2,3, B dopmyse (37) siBisiBImecs: Npon3BeeHAAME MyJIbTUIIMKATUBHBIX (QYHKITHT

“((bf@)’ (S”((biq,q)))l’

caM¥ SIBJIAIOTCS MYJIbTHILIMKATHBHBIMU, MYy/JIbTHIIHKATHBHON sBJsieTcsd U cyMMa Pamanypkana cq(—N).
Haiinem 3nadenne stux dyukimit npu ¢ = p¥. CoryacHo jieMme 5.2, nmeeM

e(p”), ecmn v < ord,(N);
e (=N) = { Pt (N) py(pr=orde(N)Y e v > ord,(N) + 1. (40)
OTcrofia B 9aCTHOCTHU CJIEIIYET, UTO
cpr (—N) =0, ecn v > ord,(N) +2. (41)
BoCIIosmb30BaBIIACH COOTHOTIIEHUSIMH
B.(p") = 7 (ﬁ) (b = { Y, ecim v < ordy(b;);
’ © (U)pi;')) 7 v por () ecom v > ord,(b;),
Haiiém Tounoe 3uavenue dyuximu B;(p”). Umeem
B,(p¥) = Z(i; =1, eciu v < ordy(b;); (42)
i (pr=ord®) —L, ecnu v = ord,(b;) + 1;
Bi(p')=—F i = p—1 (43)
s ) 0, ecuu v > ord,(b;) + 2.
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Just Boraucienne suavenue B1(q)B2(q)Bs(q)cy(—N) upu g = p” ¢ nomomsio Gopmys (40), (41)), u
MHOKECTBO P — MHOKECTBO BCEX IPOCTHIX YUCEJ B 3aBUCUMOCTH OT IPOCTBIX YHCEJT SBJISIONIICCS JeTHTeIsIMI
qucaa b; ¢ = 1,2,3, ¢ y9éTOM yCaI0BUS

(bi,bj) =1, (b, N) =1, 1<i<j<3, (44)
paSO6BéM Ha B3aMMHO HeEIIePECEKAIOMINXCA ITOAMHOZKECTB CJICAYIOIIUM 06pa30M
P = P(bl) UP(bg) UP(bg) UP(El,Z_?Q,Z_)g), (45)

rye P(b;) — MHOXKECTBO MPOCTBIX UHCEN SABJIAIONHecs Jeautensmu quciaa b;, P(by, by, bs) — MHOXKeCTBO
[IPOCTBIX UUCEJI HE SIBJISIFOIINECS] JIeJIUTessIME ducest by, ba u bs. U3 yeaosust (b;, N) =1, 1 <14 < 3 cuenyer,
9T0

P(b;)NP(N) =2, (46)

3necb P(N) — MHOXKECTBO HPOCTBIX YHCEN sIBJISIOIMecst Jienrensyu dncaa N. Takoe paBeHCTBO Jijist
mMHOKecTBO P (b1, ba, b3) HE BBINOJIHSETCS, TO €CTh OHO MOXKeT uMeTh ¢ P(N) Hemycroe 1epecevenue.

5.3.1. Beruuciyenue B;(p”)B;(p")Br(p”)cr (—N) npu p € P(b;)

Ecim p € P(b;), T0 u3 onpesesennst sToro Maozkecrso 1 u3 dopmyaust ([46)), mmeenm
ord,(b;) > 1, ordp(b;) =0, ord,(by) =0, ord,(N) =0,

a us cbopMyn, u , HAXOINM, UTO

B =1 B0 =B = AL e =)
ITosTomy .
——, ecmu v =1;
Bi(p")B;(p")Br(p”)cpr (—N) = (p—1)? (47)
0, ecan v > 2.

5.3.2. Boraucaenue B;(p”)B;(p")B(p”)cyr (—N) npu p € P(by, by, b3)
Ecrmm p € P((by, ba, b3), TO COTIIACHO ONPE/IE/ICHHTIO, IMeeM
ordy(by) = ord,(ba) = ord,(bs) =0,
a u3 d)opMyn, u , HAXOIUM, UTO
p(p), ecu (N,p) = 1;

B1(p”) = Ba(p”) = B3(p") = Mpy)v cp(—=N) = {

e(p”) ¢(p), ecou (N,p) =p.
TlosTomy

1

———, eumv=1u(N,p)=1;

(p—1)° (N.)

By (0) B2 (0)Ba(p e (“N) =0 L (Nop) = (48)
(p—1)°

0, ecan v > 2.

5.3.3. Tounas dopmyna ajst ocoboro psiga S(by, by, bs, N)
Takum obpa3zom u3 HailIEHHBIX POPMYIT @ u CJIEJTYET, YTO

B1(p")B2(p")Bs(p")cpr (=N) =0, npu V22, (49)
1
m, €CcJIm (bleng,p) = 1,
B1(p”)B2(p”)B3(p”)epr (—N) = 1 (50)
v _W7 ecn (NJ?) =pu (blbzb&p) =1,
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CuleoBaTeabHO

S(N, b, b2, bg) = > B1(9)B2(a)Bs(q)cg(—N) = [ (1 + B1(p)Ba(p)Bs(p)cy(—N)) =

) 1;[ <1 + (p_ll)g> p|b11;[bgzv (1 B p2—31p+3> ' (51)

5.4. Onenka ocraro4Horo 4ieHa R(N)

N3 dopmy , u caepyer, aro B R(N, by, bs, b3) COCTOUT M3 CyMMBI CJIAraeMbIX
B1(q)B2(q)B3(q)cq(—N) mmeromux BuL

B1(q)B2(q)B3(q)cq(—N) = 11 : II =

(p—1)3
plg plg
(p,b1babzN)=1 (p,b1b2bz N)=p

IpUYEM ¢ — YUCJIO CBODOJHOE OT KBa/[PATOB, IIO3TOMY

R(N,bi,bobs) = > w(q) ][] (p—11)3 I (p:ll)Q.

q>h pla P
(p,b1b2bz N)=1 (p,b1b2bz N)=p

Ilepexonga x ormenkam, Haiigem

R(N,bhbzabS)SZf(Q)H( Z’u H 1 2 S
a>h plg q>h plq (1 - %)
q>h q>h

rie w(q) — YHCJIO PA3JIMYHBIX ITPOCTBIX ,[Le.HPITeJIefI YucJjia q, 1 BOCIIOJIb30BaBIINCH U3BECTHBIM HEPABEHCTBOM

cwlng
<
wig) < Inlnq
[TOJTY 9UM
M c,1n4 Cw1n4 1 1
N.b.b b lnlnq < lnlnq = r 92
R(N, by, by, b3) E q < hl—e (b%b%b3£94)176 < £’ (52)

q>h q>h
rJae € — CKOJIb YI'OJHO MaJlio€ IIOJIOZKHUTEJIbHOE ITOCTOAHHOE.

5.5. BeiBog acumnrorudeckoii dpopmysibr aist 1(9)

Toncrasnsist 3nadenne J(H) u G(N) coorBercTBeHHO 13 (HOPMYII u , a TakKKe OIEHKY B ,

Halizem
1 1 , (H? o\
L) = by a4 (G(M +O <£>> (3H o <£>) o (blbzb3£4> -

_36(N) H? o2
—MW(W : (53)

5.6. Ouenka uaTerpasa (M)
nmeem ,
I(M3) = /Hsl(bia;N, H)e(—aN)da.

My i=1
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Hepexo;r‘ﬂ K OIl€eHKaM, a 3aT€M BOCIIOJIb30BaBIINCH HEPABEHCTBOM Kormu JJId UTHTETPpaJIoOB HaXOJIUM

Lo
IM,y) < Iax |S1(bsa; N, H |/H|Sl(bia;N,H)\da:
o =1

2

2
= max |S1(bsa; N, H) ] ] /\51 (bia; N, H)|Pda | =
=1

Nl

2

= Inax |S1(bsa; N, H) |H Z 11 =

i=1

2
N H
= Si(bsa; N, H
ma 18, (b0 N, )|i1:[1<ﬂ<3b+b)

2H 1 N H 2.33
722(511)2)%(,;]\7%,5 — by (36 + ) FLYSS ; S >
3 o 0+ )
N  H\? N H\TEtE
> b | — + = £§A+52 D A
=7 <3b3 + b3> ’ — \ 3b3 b3
gemmy 2.10, HaIEM
N + — A N_H < il i=1; 2
- _ = _
3b b; 3b; b b £’ '
CileqoBaTeabHO
H
I(MNs) < . S1(bsa; N, H)|. 54

Ipumensist k cymme Sp(bsa; N, H) nemmy 5.1 BeipazkaeMm ee depe3 cymm Buza S1(bs; z,y), u uMes: B BULLY,
aro H < N(blbg)’%i”‘l, IIOJTY 9I1M

N H 2H H?
Si(bsa; N, H) < — |54 (bga + = >’+<<

£ 3b3 b3’ bs bsN £
<Ll (bga; X H2HN A (55)
- ar —— o2t -
R i T WA Vb1babs £
Onenum S;(bsa; N, H) i o m3 muokectBa Mo, Eciin o € My, 10
b1y £3 1
a=24x  (aq=1 2T n<—,
q Hbg qT
12H?
< h= £ = bbby £ = £02 = b2 £%4,
qg=> 19293 ) T (N+3H)b3£627 1Y2
K cymme Sy (bga; % + %7 %) puUMeHUM Teopemy 1.3, mosaras
N H 2H 11
b=b =_— 4= = £4 =b2bZ £3.
35 z 3b3+b3’ Y by’ 102

IIpoBepuM BBIIOJIHEHHUE YCIOBHII TEOPEMBI. BOCIOIb30BABIINCH 3HAYCHIAME IIapaMeTpos h u A, 3aTem
4.2
cootnomernneM H > (b1babs)3 N5 £50) meem

5 5
N H\38 1 H\3 3 T s
(3b3 + b3> bsh £3254F81 = (1 + 3N ) by - bbb £7* - (b b3 ,53) N¥ =

3%
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(bibabs)i N3 £60 2 SH\® s s oy (byboby)SN3 LSO g
- 2 (142D pEpdipa N < <L
2bs A BCE 2bs = 20,

Taxum 06pazom ycaoBue TeopeMbl 1.3 BBIIOJIHAETCS, CJIEIOBATEIFHO COTVIACHO STOH TEOPEMBbI, HAXOIIM

Sy (bsas - 4 2 22 ((b;q)) Sin(?ﬂé’zH)e MY o — )<
3; 3bs b3’ bs 0 ((bqq)) A 3bs bg£3+l“b21f;i‘ b2
3
H < H
b3/b1bo £3 b3\/b1ba £3°

<\

Hozncrasnsgs sty ouenky B (58)), Haitném

H
Ss(a; usN, H)| €« ———.
N T
Hozncrasnsgs noxydennyto onenky s |Ss(a; usN, H)|, a € Mo, B , TIOJTY UM
H H H?
I1(9M,) < . < . 56
M) € P00 E by oty 1 brbaby 25 (56)
5.7. Ouenka maTerpana [(m)
Nmeem
m) = /Sl(bla;N, H)S:(ba; N, H)S: (bsa; N, H)e(—aN)do.
Ilepexomst K OlleHKAM ¥ IIOCTYIas aHAJIOIUYIHO Kak upu ouetke I(9Ms), umeem
H
I(m) < ax |Sy (bsa; N, H 57
(m) < i max S, (b0 N, H)|. (57)

Cymmy Si(bsa; N, H) npu nomoru jgemmy 5.1, Bblpaxkast yepe3 cyMMbl Buua Ss(a;x,y), a TakKe UMes B
Buay, aro H < N(blbg)f%.ﬁ"l, ITOJIY IUM

1 N H 2H H?
S1(bsa; N, H — 151 (b —
1bsas N, H) < <3a3b3+b3 bg)‘+bgzv£
<<1S<b N+H2H)+ il (58)
= &gt || ==y
£177 7T 3b by by Vbibabs £
Onenum Sy (bsa; N, H) ngist o u3 muokectBa m. Eciu o € m, To
a 1
O‘:7+>‘a (a7Q):17 |)‘|§7a h<q§7_7
q qT
12H?
h = £ = b2b3bs £94 =— £ = p2p2 £94,
1255 TN £ 3H)bs £ 102
K cymme Sy (bga, 305 T by %) IpUMeHnM Teopemy 1.3, moJrarast
N H 2H In bl + In bg
b = b y = — —, = —, A = 3 _—
3 v 3b3 + bg Y b3 + 2In £

4 2
[IpoBepuM BBINOHEHTE YCIOBHI TeopeMbl. 1losmb3oBasmuch cootromenneM H = (b1babs)3 N5 £50
3HavYeHueM mapamerpa A, nmeem

2
N H wisy PP sH\? H 3H
- N . 1+ — = 1+ —
b3 (363+63> L3 = (b1bab3)3 N3 £ 3§b3 + i > + N

b3£4A+82 b2b2b £94 £ — h

o

H
< b
= by
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2
(2TH> 12H? 12H?
3 —4A-82 272 94)—1
/g R L . S
% + % (N +3H)bs ( ) (N + 3H)bg Le2
TakuM 06pa3oM ycaoBue TeopeMbl 1.1 BBIIOIHAETCA U CONTIACHO STOH TeOPeMbI, HAXOIHIM
s (b N n H 2H < H H
i e = :
AP 30 T by by b3£A  \/bibabs £3

TloncraBnisist Oy 9€HHYIO OIEHKY B , a 3areM B , [IOJTY IUM
H H H?
< . - . (59)
Vbiba £  /bibabs Lt brbabsL£O
5.8. Acumnrorudeckass dopmyna nist [ (N, H)

Toncrasiss naiijgennsie ouenku s I(9y), [(Ms) u I(m) coorsercrsenno uz dbopmya (53), (56) u (H9) B
(129), a 3arem BoCHONIL30BaBIIUCH hopmyItoii (24) u coorHOmEHMEM

3
1 1 In 3b; 1 Inln N
= I I 1 = Rl
£1£5£5  (nN)3 L1 ( TN ln3bi> ey O ((lnN)4) ’

I(m)

[TOJTY 9UM
I(N H) . 36(1)1,1)2,[)3,]\7) H? H? B 36(b1,b2,b3,]\7) H2 M
T bybobg£1 £ L5 bibobs£1 )~ bibybs(In N)3 bibabs (N N)T )
Teopema joka3aHa. O
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(GOLDBAXNING TERNAR MUAMMOSINI DEYARLI TENG QO‘SHILUVCHILAR BO‘YICHA UMUMLASHTIRISH
Rahmonov Zarullo, Allakov Ismail, Abrayev Baxrom

Ushbu shartlarni qanoatlantiruvchi

N
bip; — 3‘ <H, H > (b1b2b3)%N%(lnN)6O,bi < (ln]\])Bi7

yetarlicha katta natural N sonni bip; + baps + bsps = N ko‘rinishda tasvirlashlar soni uchun asimptotik
formula olinadi bunda p; tub sonlar, by, by b3, N — juft-jufti bilan o‘zaro tub natural sonlar, B; — ixtiyoriy
fiksirlangan musbat son.

Kalit so‘zlar: Goldbaxning ternar muammosi; deyarli teng qo‘shiluvchilar; tub sonlar bilan gisqa trigonametrik
yig‘indi; katta yoylar markazlarining kichik aylanasi.

GENERALIZATION OF GOLDBACH’S TERNARY PROBLEM WITH ALMOST EQUAL TERMS.
Rakhmonov Zarullo, Allakov Ismail, Abrayev Baxrom

An asymptotic formula is obtained for the number of representations of a sufficiently large natural IV in the
form bip; + bops + bgps = N with the conditions

4
3

N3 (InN)% b; < (InN)P,

N
bipi — 3’ <H, H > (b1babs)
where b; — natural numbers, by, by b3, N are pairwise coprime, B; — arbitrary fixed positive numbers.

Keywords: ternary Goldbach problem; almost equal terms; short exponential sum with primes; small
neighborhood of centers of major arcs.

ITonyueno: 03/07/2023
IIpunsaro: 02/10/2023
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Anboranusa

B nanHoit pabore B MpsIMOYTOJIBHOI 00JIACTH UCCIIEYETCsT HAYaIbHO — PPAHUYHAST 38298,
JUIST BBIPOZKJAIOMIETOCsT TupDePEeHIIMaIbHOTO YPABHEHUS YETBEPTOTO TOPSIJIKA, COIEPIKAIIETO
unTerpo-auddepeHaabHbIi onepaTop ¢ dyukiueit Beccenst B siype. Ilpu aTom, npume-
HEHMEM METOJIA Pa3JIEJIeHNs] IEPEMEHHBIX K U3y4IaeMON 3a/1a4€e, TOJIydeHa CIeKTPaIbHAs
3aada 11 OOBIKHOBEHHOTO fud depennuaabHoro ypasuenus. Jlasee, mocrpoena dyHKIMsT
I'puna cniekTpaibHON 33441, ¢ IOMOIIBIO Yero OHA SKBUBAJEHTHO CBEJIEHA K MHTErPAJbHO-
My ypaHenuio OpearosbMa BTOpOro pojia ¢ CAMMETPUYHBIM siJIpOM. Perenne u3ydaeMoit
3818491 BBIIIUCAHO B BUJIE CyMMBbI psiyia Pypbe 10 cucreMe cOOCTBEHHBIX (DYHKIHI ClIEKTPaJIb-
uoit 3agaqun. [loydyena oneHka Jiis pelneHus 3aJa9u, OTKYIa CJIEyeT ero HelpepbiBHAas
3aBUCHMOCTD OT 3aJIAaHHBIX (DYHKITHIA.

KoroueBble ciioBa: BBIPOXKIAIOIEecs ypaBHEHNE; HAYaJIbHO-IDAaHNYHAS 33/1a4a; dyHKnus Beccess; naTerpo
- mudepeHnnaIbHbIN OIepaTop; CIeKTPaIbHBIN MeTo; MyHKIus ['prHa; MHTerpaJbHOe ypaBHEHHE.

MSC 2020: 35R11
1. Beenenune. IlocranoBka 3agaun

N3BectHO, uTO Teopus apobHOro mHTErpmpoBanus u AuMOEPEHIINPOBAHNS SBJISETCH OIHAM U3 HOBBIX
paszesios Maremartudeckoil Hayku [1], [2], [B]. K macrosimemy Bpemenu npoGubie naTerpo-iuddepeHimaibHbe
onepaTopsl B cmbiciie Pumana-JInysuinsg u KamyTo, a Takke nuddepeHimaabubie ypaBHeHNs, B KOTOPBIX OHU
y4acTBYIOT, u3ydueHbl MHOrUMHU uccaenosaressimu [4] - [23]. B nociesaee Bpemst HAGIIOMA€TCsT TOBBIIEHHBII
WHTEPEC K M3YyYEeHUIO JIPOOHBIX HHTErpO-TuddepeHITaIbHBIX OMEePaATOPOB CO CHENUAIbLHBIMEA (DYHKIUAMA B
spax [24], [25], [26]. Vsydenune KpaeBbix 3aa4 JJIsi TAKUX yPaBHEHUiT umeer GOJIbIIOE 3HAYEHNE He TOJBKO C
TEOPETUIECKON TOUKHU 3PEHHsI, HO U ¢ IPAKTHIECKOil, MO0 Takue YpaBHEHUsI U 3a/1a49H JjIsl HUX BO3HUKAIOT TIPU
MaTeMaTHIECKOM MOJIETUPOBAHUN MHOTHX 33J1a4 TEOPUH I'a30-U TUIPOIMHAMUKY, TEOPUH MAJIBIX U3rHOAHUN
[TOBEPXHOCTEl, MATEeMAaTHIECKON OMOJIOTHY U JIPYTUX PA3J/IeJ0B HAyKH.

B nannoit pabore B npsimoyrosbuoil obiactu 2 = {(x,t) : 0 < 2 < 1;0 < ¢t < T} paccMOTpuUM cilefyroliee
BBIPOXK/IAIONIEECs yPABHEHUE YeTBEPTOroO MOPSIIKA

DS (z,t) + bu (z,) + [g;a(l — ) e (x,t)} = f(z,1), (1)

T

rie u (z,t) - Hem3BecTHAsT DYHKIWS,

1
DYy L —
c Otu('r?t) 1—\(2_6)

(1= Tasye by 0= 2] (5 72 ) (o) ds @)

S—_ .
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- npobublit muddepennuanbubiil oneparop tuna oneparopa Kamyro ¢ dyukunueit Beccens B siape [27] or
dyukuun v (z,t) no aprymenry t, J, (2)- byuxnus Beccens - Kiuddopua, onpeneisgemas paBescrsam

TN o G ) I 7
To(z) =T (v +1) (2/2) Jy<>—k§j:0 T

3)

(2),, - cumBos Ioxrammepa, I'(x) - ramma-dynkius Diinepa [28], J, (z) - dynxuusa Beccens mepsoro poga
nopsizka v [29], a a, 8, v, §, b - 3ananHbIe HeficTBUTENBHBIE Yncya, Tpudem 0 < a <2, a #1,0< 8 < 1,
1 <9 <2,b>0. OueBupno, 9To ypaBHeHUE BIOJb JuaWid © = 0 U £ = 1 BBIPOKIAETCH.

VceresyeM CrielyIomyio Haua bHO-TPAHIIHYIO 3aj1ady st ypasHenns ([T)).
3amauya B. Haiitu dyukuuio u(z,t), obuagarwomiyio ciemyonmmu csoiicrBamu: 1) w(xz,t) € C (Q),
up (z,8) € C(QU{z =1}), |ug (0,)] < o0, 2%(1 — 2)’uzy € C(QU {z = 0}), [xau—x)%m (x,t)} €

CQU{z=1}), u € C(QU{t=0}), cD5u(z,t) € C(Q), [xa(l . x)%m} € C(Q);2) s o6act O

ynosaeTBopsier ypasrenuto (1); 3)Ha rpanune obaactu ) BBIIOJHSIOTCS CIEIYONE HAYATIbHBIE U TPAHIIHBIE
YCJIOBHS:

u(z,0) =1 (),z €[0,1]; us(x,0) =2 (z),z € (0,1); (4)

U(O,t) =0,t¢€ [OaT]v uz(lat) =0,t € (O7T)7

22(1 = 2)Puge (, t)} —0, [za(1 — )P (a, t)} (5)

=0,t€(0,7),

=0 zlr=1
rie @1 () u 2 () — 3anaHHBIE DYHKIUH.
2. UcciienqoBanue CrieKTpajibHON 3asa4u

IIpu dopmambsaOM puMenernn MeToa Pypbe K MOCTABIEHHON 3a/a9e BO3HUKAET CJIEAYIONAs CIEKTPAIbHA
3ajiada; HAUTH Te 3HAYEHUs [TapaMeTpa A, IIPU KOTOPBIX CYIIECTBYIOT HETPUBHUAJbHBIE PEIeHUs YPaBHEHUSI

Mv = [m“(l—x)ﬂv"(x)}”zz\v(a:), 0<z<l, (6)
YVIIOBJIETBOPSIIOININE CJIETYIONTUM yCJIOBUSIM:
v(z) € Cl0,1],v' (z) € C(0,1], v (0)] < 00, 2%(1 — 2)°v" (z) € C[0,1), [xa(l — )P (x)]/ € C(0,1];
v(0) =0, v' (1) =0, [m“(l —z)" (:c)}

=0, [:E‘X(l — )" (IE)}/ =0.

=0

=1
(7)
JIlemMma 2.1. 3adaua {@, @} UMEEM CUEMHOE YUCA0 cobemeernbr 3naverutl 0 < Ay < g < ... < A, <
..y Ak = 400, a coomsememeyrowue um cobemeenmvie dyrkyun vy (), ve (), ..., vk (). .., obpasyrom
OPMOHOPMUPOBAHHYIO cucmemy 6 npocmparcmee Lo (0,1).

JokasaTenbcTBo. YMHOXKUM 00€ 9aCTH yPABHEHUS @ Ha GYHKIUIO v () U IPOMHTErPUPYEM 10 T Ha CEIMEHTE
[0,1]. Barem, npuMeHsis IPABUIO WHTEIPUPOBAHUS 110 YaCTIAM JIBAXKJbl K UHTETPAJLY, CTOSIIEMY B JIEBOI
YaCTH, U yIUTHIBAS YCJIOBUS @), nMeeM

/1;100‘(1 — )’ (2)]Pdx = )x/va (x)dx.
0 0

Orcroma, npu v () # 0 ciegyer A > 0. Eciim A = 0, To u3 nocnennero pasencrsa caenyer v (z) = 0,
0 <z < 1. Torma v(z) = Cox + Cy, xz € (0,1), orkyza, B cuy ycaosus v (0) = 0, v/ (1) = 0, noxyaum
v(z) =0, 0 < < 1. CrenosarensHo, sagada {(6), (7)} mMoxer nvers HerpuBHasIBbHBIE pemeHNs TONBKO IIpH

A > 0.

CyurecTBoBaHme COOCTBEHHBIX 3HAYEHUN 3aa9Un {@, } JIoKaxkeM MeTojoM pyHKImit ['puna. 3mech HyHK-
mus 'puna G (z, s) 1omkHa 006/10aTh CIIIYIOIUMA CBORCTBAMU:

1) G (z,5), Gy (2,5), 2*(1 — 2)° Guy (2, s) HenpepbIBHEL 111 Beex T, 5 € [0, 1];
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2) B kaxxaoM u3 uHTepsasos [0, s) u (s, 1] cymecTByeT HenpepbIBHAS IIPOU3BOIHAS [xa(l - x)ﬁ Gy (2, s)} ,a
x
IIpu & = S UMEeeT CKA4oK 1, T.e.

[xa(l — )Gy (x, s)}

:1'

b
r=5—0

- {xo‘(l — )Gy (x, s)}

zlz=s+0 x

3) B unrepasax (0,s) u (s,1) byukuua G (z,s), paccmarpuBaemMasi Kak QyHKIUS OT &, YIAOBIETBOPET
ypassaernio MG (z,s) = 0.

4) BBIIIOJIHAIOTCA I'PaHUYIHBIE YCJIOBUSL:

G(0,5) =0, Gy(Ls)=0, xaa—x)ﬂa(x,s)] =0, se(0,1);

=0, [2°0 = 0)"Guu (a,5)]

=0 rlrx=1
Tlosb3ysich npejcrasienusaymu obmero pemenns ypasuenus MG (x,s) = 0 B nupomexyrkax (0,s) u (s,1),
HeTpynHO ybeauThbes, uro dyHKIms G (z, s), 06agaionas IepeIncJIeHHbIME BBIIIE CBOHCTBAMU, CYIIECTBYET,

€IMHCTBEHHA 1 UMEET BHJL

T 1 s
—/(a:— 2) 271 = 2) Pdz + as /zfo‘(l —2) Pdz+ 2 /zlfo‘(l —2) Pdz, x < s;
0 s
G (z,s) = ) . (8)
7/(s—z)zlfa(lfz)_5dz+xs/270‘(1—,2 deJrs/ (1= ) Pdz, o> s.
0 T 0

Ouesngno, uro G (z,s) = G (s, x)
Meronom, npumenennsiM B [30], sierko ybeaurnbes, 9To 3a1ada {@, } 9KBUBAJICHTHA CJIEIYIOMIEMY WHTE-

IPAIBHOMY YPABHEHHIO C CAMMETPHYHBIM fiapoM G (z, s):

v(x) = )\/G (z,8)v(s)ds. (9)

Tak kak si1po G (x, $) HEUPEPHIBHO, CUMMETPUYHO U IIOJIOKUTEIBHO (T.e. A > (), TO B CUJly 9KBUBAJIEHTHOCTH
ypasrenus (9) u 3anaqan (6f) — (7)), corstacso Teopun naTErpasbHBIX ypasHennii [31, cipasemBo yTBEpK IeHNE
JeMMBbI 2.1.

Jlemma 2.1 mokazaHa. O

JIemma 2.2. [Tycmo gymnryus h (x) ydosaemsopaem ycaosusm:
h(z),h (z) € C[0,1],

2 (1= 2 W (@), [22(1 = 2) 1 ()] € Clo,1),
h(0)=0, h'(1) =0,
(=00 @] =0, s (x)]/

Mh (x) € Ly (0,1). Tozda, ee moscrno pazaoocums wa ompeske [0, 1] 6 abcoarommo u pasromepHo crodauudics
pad no cucmeme cobemeennuz Pynkyuts {vy (x)}r- |, 3amaum 7.

[JokasaTtenscteo. B cuny cpotictsa dyukimit G (x,s) u h (), cupaBeyIinBbl paBEeHCTBA

=0,

z=0 z=1

1
G (z,8) Mh(s)ds = /G (z, ) {so‘(l —5)n (s)}”ds =
0

o—__

(1R (5) Ga (o 8)| T 4 (1 — )W (5) Gas (m9)| T —

s=0 s=0

(1= 5)"1" (5)| € (w,5)
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s=1

+
s=x+0

~ h(s) [sau — )G (z, s)]

S

88

+/h(s) [sau—s)BGSS (x,s)] ds = h (z).

CiietoBaTeIbHO,
1
1
= /G(I,S) {so‘(l —5)n” (s)] ds
0

r.e. h(z) — ecrb dyuKus, npeacraBumag depes sapo G (z, s).

Kpowme sroro, B cuity HenpepsisHocTH dyukimu G (2, 8) B {(z,$) : 0 < z,5 < 1} uMeer MeCTO HEPABEHCTBO
/G2 (z,8)ds = A(z) < Cy = const < +o0.

Torma, corsacuo teopeme 'mibbepra — [IImuara |31, cupasemiuBo yrBepaeHue jJeMMbL 2.2.
Jlemma 2.2 moka3aHa. O
3. BcrnomorarenbHBIC JIEMMBbBI

B aroM myHKTE mpeanosaraercd, 9ro Ag u vy (), k € N moHumaroTcs coOCTBEHHbIE 3HAYEHUsI U COOCTBEH-
Hble (DYHKIME 331291 {@, @}, a nox hy — koadduiment Pypoe 3ananH0i byHKIUM h () Mo cucreme
1

cobersennnx bynxmmit {vy, (£)},55, Te. hy = [h(x) vy, (z)dz, k € N.
0

JlemMma 3.1. (O cxomumoctu GuimHeRHbIX psanoB) Caedyrowue psadol CLOOAMCA PAGHOMEPHO HA CE2MEHTNE

[0,1] :

) CXCI) WIS R EXTRONS) K e (14)
k=1 k=1

Dokasatensctso. Tax kak sipo G (, s) uHTerpasnbHoro ypassenus () cuMMeTpUTHO, ONOKHUTEIBHO (T.€.
A > 0) u menpepbiBHO B { (z, 8) : 0 < x, s < 1}, 10 Ha ocHoBanuu reopembl Mepcepa [31], 310 sapo npecrasiero
o0

Z v () vy (s)

Syam— Orcrona, B 9aCTHOCTH,
k=1 ’

abCOJIFOTHO M PABHOMEPHO CXOJAIIMMCsI OrIMHERHbIM pajgoM G (z, s) =

)

oo 2
upu & = s caenyer, aro G (z,x) = Z " < C3 = const < +00, T.e. nepsbiii pax B (14) pasaomepno

cxoauTest Ha otpeske [0, 1].

B cuiy @D u @, AMEIOT MECTO PaBEHCTBa

1 1
x) = )\k/GI (@, 8) vk (s)ds = /GI (z,5) [sa(l — )", (s)}ﬂds.
0 0

()TCIOA&7 NIpuUMeEHds IIPaBUJIO HHTETPUPOBaHUS 110 JaCTAM JIBa Pa3a, a 3aTeM IIpUHNMasl BO BHUMaHHE YCJIOBUS

/
[sa (1-s)’ v (s)} \ =0 [sa (1—s) o (s)} =0 u Gy (2,0) = 0, Gy (2, 1) = 0, mOMY I
S= s=1

1
/ (1 — 8)"Gass (1, 8) V"1 (8) ds.
0

Ciie1oBaTEIBLHO, CIIPABE/JINBO PABEHCTBO

, /2 /2,1
V' () _ /so‘/2(1 _S)ﬁ/szs (2, 5) {s 2(1 —S)'B v k(S)}dS. (15)

o
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Jasee, ¢ TOMOIIBIO IPABUJIA UHTEIPUPOBAHUS 110 YACTSIM U PABEHCTB @, @, HaXO/IUM

1 / " ! /
/ s (1= 5)"v"x (s) ") () go — 2 [30‘(1 — )"0 (s) ') (8)’0 - [3a<1 =) (S)} v (5)
0

1

+

\/)\k/\l Vv )\k)\l

0

! 1—8 (s) vl 1. k=1
+o/ VAN Yas _\/>/v’“ Jul {0 k#L 1o

+oo
CuaeoBaTesnbHo, {s“/2(1 - S)B/zv”k (s) /\F)\k}k — OPTOHOPMAJIbHASI CUCTEMA.
=1

Us (15), B cury (16), cuenyer, wuro o'y (z)/ VA, — ectb koaddurment Pypve  pyHKIMI
5%/%(1 = 8)"/?Gss (w, 5) 1O cucTEME {50‘/2(1 —5)P20" (s) /\fk} . IToaTomy, cormacHo HepaBeHCTBY Bec-
=1

cens [31], umeem

k=1

- 1
Z /8 1—5)7[Gpss (z, 5)]ds. (17)
0

TTonwzysick hopmyitoit , HETPY/IHO yOeuThest, uro mHTerpas B (|17]) pasHOMepHO orpanmyen. Ilosromy psi
B (17), T.e. BTOpPOIi psiz B CXOJIUTCA PaBHOMEPHO.

AHaJIoruyHO JOKa3bIBAETCS CXOANMOCTD OCTAJILHBIX PAIOB.
Jlemma 3.1 mokasaHa. O

Huke moxaxkem psiz jiemm o mopsijike koddduimentos Oypoe.
Jlemma 3.2. Ecau dynxyus h (z) ydosaemeopaem yeaosuam (@), (II), »*/3(1 )’G/Qh” (x) € L2 (0,1), mo
CNPasedAuBo HEPABEHCTNEO
+oo L 9
> Aehi < /x 1—2)° [0 (2)] dz, (18)
k=1 4
6 %acmHOCMU, A0 6 AL60T YACTU CTOOUMCA.

JokazatensctBo. U3 dopmyibr koadbduimenta hy, B cuiy ypaBHeHUs @, cJleJlyeT paBeHCTBO

1

1
1
)\,16/2 2/h x)dr = _1/2/h (1 — )"0, (w)} dx.
0

0

Tlpumensig IpaBUIO UHTEIPUPOBAHUS 110 YACTIM JIBA pa3a U yIUTbiBad cBoiictBa dyuxuuii h () u vy (),
IIOJIYy YUM

1
1/2 / a/2 ﬁ/2h// (z )} {)\;1/2:10“‘/2(1 _ x)ﬁ/QU”k (m)} da.
0

Orcroa ciieayer, 9To 9uciio )\l1€/ hy, — ectn K03 dhurmeHT (Dypbe (’pyHKuI/H/I /2 (1 — :U)B P2 () no oproHOp-
MUPOBAHHOII cucreMe OyHKITHIA {xa/ 2(1- :E)B/2 " (2)/V Mk } . Torpa, coryiacno HepaseHcTBY Beccens
[31], cupaBeyuBo HEepaBeHCTBO .

Jlemma 3.2 moxkaszana. OJ

JIemma 3.3. Ecau dynryusn h (x) ydosaemeopsem ycaosuim aemmovs 2.2, Mo cnpasediuso HEPaseHcmeo

+oo !
SRR < / (M (2)]2da, (19)
k=1 0
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6 HYacmrocmu, p.ﬂ() 6 Ne60T 4acmu Crodumca.

JokazaTenscteo. U3 dopmysbr koadbdunmenta hy, B Cily ypaBHEHUI @ u @D, CITPABE/IJTIBO PABEHCTBO
1 1 1
1
Aok = A / h (@) v, () do = / h () Mo (z) dz = / h(a) 221~ )" ()] da.
0 0 0

ITpunMeHsist IPABUIIO HHTETPUPOBAHNUS 110 YACTSIM YeThIpe pa3a M yunThiBasi coiicTsa dyHKImit h () u vy (),

IIOJIYy YUM
1 1

el = / [ = 2)"n" (@)] " (@) do = Ay = / (M (2)] v () da.

0 0

Orcrona ciestyer, 910 9ucio Aphy — ectb koabdurment Pypove dyukuuun Mh () 110 OPTOHOPMUPOBAHHON

cucreme byuruuii {vg (x)}fiol Torga, corsacuo HepaBeHcTBY Beccens, cupaseiymso nepasenctso (|19)).
Jlemma 3.3 moxkaszana.

Anajiornyno jiemMam 3.2 u 3.3, JIOKA3bIBAIOTCs CJIEIYIOIIUE JIEMMA.

JIemma 3.4. Ecau dynwyus h (x) ydosaemsopaem ycaosusm - , a dynryus Mh (x) ydosaemeopsem
yeaosusm ([10)), u /2 (1 — x)ﬁ/Q [Mh (x)]" € Ly (0,1), mo cnpasedauco nepasencmeo

+oo P
N o ang < /ac (1 —2)°{[Mh (2)]"} da,
k=1 0

6 YaACmHOCTU, PAOD 6 N80T HACMU CTOOUMCA.
4. Cy].[IeCTBOBaHI/Ie, € IMHCTBEHHOCTDb 1 yCTOﬁ‘II/IBOCTb pelmieHnnd 3aa4n B

®opmasbaoe npuMmenenne Merona Oypbe IPUBOAUT K CIIEAYIOMIEMY IIPEJICTABIEHUIO PEIIeHNs 3aJaNn:

+oo
t)=> ux(t)vy (z), (20)
k=1

rie
wr (t) = o1Es 1, (—1/2) [~ (A + 0)t% 7] + partEs 212 [— (A +b) 05 9¢] +
t
4 [ (6= Basoonya [~ a4 8) ¢ = 25y (- 9] fe2)ds (21)
0
TIe V1, Yok, fi (t) - Koadbdunuenrsr ypobe byuriwmit o1 (), @2 (), f (x,t) B cucreme cobcTBEHHBIX (DYHKIMI

{ve ()13,

+oo n
T —
Ea, .0 [T39] = nz:; mJan/2+0 (y) - (22)

OueBnjiHO, 9TO ects dynkius tuna dbyaknun Murrara - Jleddmepa [32]:
ok

Eo 5 (2) = kZ:O T(ank+B1) (23)

Herpyaso nokazars, uro npu o > 0, 81 > 0, 6 > (—1/2) pan CXOIUTCsT AOCOTIOTHO U PABHOMEDPHO TIPH
—oo <z, y<+4o0.

Jyst dyuknun (22)) cnpabeyiuBb! ciieayomnme paBeHCTBa,
1 - 1

WJG (¥)s Eapol0;0] = o7 (24)

Ea,ﬁ,e [ZL'; O] = Ea,ﬁ (I)v ]Ea,ﬁ,e [Oa y] = F( )
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u ciaeayiomue hopMmysbl auddepeHITnpoBaAHUT
d — « (07
%Ea,l,(—l/Q) [7)\58(1;,_)/1,] = —Az® 1]Eoc,a,(oc—1)/2 [7>‘$ ,’YI] - ’YQIEO&72,1/2 [7)“: 7’756} 5 (25)

d _ « _ a
e {2 Bap,5-1)2 [-Aa% 2]} = 2P PEq g1, (5-5)/2 [~ Ax¥;72] , B # 1. (26)

Teopema 4.1. Ecau dynruyuu @1 (), w2 (x) ydosaemsopsaiom yceaosuam aemmove 3.4, a dynryus f(x,t) €

C (Q) ydosaemsopsaem ycrosuam aemmov, 3.4 no apeymenmy T pasromepro no t, mo cymma pada (20)
onpedeasem eduncmeennoe pewerue 3adavu B.

HokazatensctBo.  [jas  joKasaTesbCTBa — CyNIECTBOBaHHWS  pellleHus  JOCTATOYHO  JI0Ka3aTh,
aro  pax  (20) w  page;,  coorBercrByOmme  MYHKIUAM Uy (T,1), x*(1— a:)ﬂum (z,t),
[ma(l - ac)Bum (a:,t)} , CXOIATCS pABHOMEDHO B (), a Db cDg’tA’u (z,1), [wa(l - x)Bum (a?,t)}

CXOIATCS paBHOMepHOaCHa JoboM xKommakTe D C €. o

Cuauana pacemorpum pag (20). Tak xax [27]

T
lu ()| < Cylprr| + Cs |pax| + Cﬁ/ |fr (2)|dz, Cj =const >0, j=4,5,6, (27)
0
TO CHpPaBEJJINBbI HEPABEHCTBA
u(z, )] =
+oo +oo +o0 A
=Dk o (@) <D Ju @) g (2)] <Y Calornl + Cs |z +06/ [fe (2)[dz o |vk ()] (28)
k=1 k=1 k=1 0

Ha ocuoBanuu HEepaBeHCTBa I{OI_[II/I—]SyHSIKOBCKOI‘O7 nmMeem

+oo +oo Uk (.’17) +oo +oo U2 (.’17) 1/2
. _ by . < by 2 k ,7=1,2,
kz::l |<ng| vk ()] ; ’\/ k@gk’ Nows L; k%k; A ] J
400 I +00 A 400 T 400 9 Yz
2 d — A 2 d Uk ('T) A 2 d Uk (Z‘) _

1/2
+oo 9

T 4o
= /Z)\kf,?(z)dzzm
o k=1 =M

Psappl, crosiue B paBoii yacru, B cuiy jemM 3.1 u 3.2, cxongarcst pasaomepHo 1o z Ha [0, 1]. CuemoBaresbHo,
PsiJI, CTOSIIUI B JIeBOI 9acTH, CXOAUTCs paBHOMepHO 110 2 Ha [0, 1]. Orciona n u3 (28) cremyer, uro ps ([20))
CXOJUTCsT aDCOJIIOTHO U PAaBHOMEPHO B ().

Pacemorpum psijt, COOTBETCTBYIOMMN (DYHKITUH [xa(l — x)B Uz (T, t)} . B cuy , u3 (20) cremyer Hepa-
xrxr
BEHCTBO

o0 T "
-] | <X { Culon 4 Colgul + G [ 10N [0 - @] | o)
k=1 0

Orciona, B Cuily ypaBHEHHS @ Ha JioboMm komuakre D(C Q) umeem

+oo L
Hxa(l—x)ﬁuw (a:,t)}m < Z Ak $ Cu|oik] + Cs [par +C6/ |fx (2)| dz p vi (z)].
k=1 0
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O4eBHIHO, YTO

+oo 1/2
Z |>\kS0jkvk (ﬁ) = ) - 1727
k=1
T 1/2
S v (@)
zAk 2z o ()] = Y (Y LD~

b PsIZIBI, CTOSIIUE B MPABOl 9acTH, B ciity jeMMm 3.1 u 3.4, CXOIasiTCsi pABHOMEDHO II0 T H . Tor,
Snec , CTO e aBoil 9acTu, B C emM 3.1 m 3.4, cxondATCA paBHOMEPHO TIO a [0,1]. Torma
pasHOMepHO 10 2 Ha [0, 1] cxomurest u psin, crosimuit B aepoit dacru. CrenoaresbHo, psaj (29) cxomures
abCOJTIOTHO W PABHOMEPHO Ha KoMIakTe . AHAJOMMYHO JIOKA3BIBAETCSA CXOIUMOCTD M OCTAJIBHBIX PSIIOB.

[Mycrs dbynkuus u (x,t) - ecTb peienue 3aga4u B ¢ OJHOPOIHBIM YPABHEHUEM U OJHOPOJHBIME YCJIOBUIMU
@, . Paccvorpum ero kosddunmentsr Pypbe 1o cucreme cOOCTBEHHBIX (PYHKITUI 33181 {@, @}

1
/uxtvk )dx.
0

Torga, B cury hOpMYJIBI up;r=0,j=1,2 ke N, umeem uy, (t) =0, k € N.

CoruacHo cpoiicrBam dyukiu I'puna n reopeme Mepcepa [31], nmeror mecto ciepyromue paBeHCTBA:

SS

/1G *(1- s)ﬁuss (s,t)} ds =
0

0 1

AL o= s (5] s = 322 o [s20= 9)w s00)] .

55
1 k=1 0

Mg

1
0
Orcrosa, TpUMeHsIsi TPABUJIO WHTEIPUPOBAHMS [0 YACTAM HETBIPDE Pa3a W yIUThIBas CBOHCTBA (hyHKIMit
u(s,t), vg (s) n ypasuenne (6]), nomyamm

ol
Il

u(z,t) = Z Uk)\(; /u s, t) —5)*0" (s))ds = ka (x) /u (s,t)vg (s)ds = Zuk (t)vg (x) =0,
k=1 5 k=1 ) k=1
mockombKy Uy (t) = 0, k € N. Cnemosaremsno, u (z,t) = 0, (x,t) € Q. OTciona creayeT eIuHCTBEHHOCTD
pettenus 3aga4u B.
Teopema 4.1 mokaszana. O

Teopema 4.2. Ilycmv vinoamenvs ycaosusa meopemovs 4.1. Toeda daa pewenus 3adavwu B cnpasedausovl
caedyrouyue OuenKU:

82
I (@, Olloqay < Crlle"s @), 0 + Cslle”2 @)1, 0. + Cs | 55 F (@) ,
z L. ()
1 1/2
20e [l (2, 1)l ) = sup [ (@, D), g (@)1, 0, = [f dx] (@) =ao(1—2)’.
Q

Ora TeopeMa JOKAa3bIBACTCS TaK XKe, Kak B [20].
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YADROSIDA BESSEL FUNKSIYASI QATNASHGAN INTEGRO—DIFFERENSIAL OPERATORNI O‘Z ICHIGA OLUVCHI
BUZILADIGAN TO‘RTINCHI TARTIBLI TENGLAMA UCHUN BOSHLANG‘ICH-CHEGARAVIY MASALA
Usmonov Doniyor

Ushbu magqolada to‘rtburchak sohada yadrosida Bessel funksiyasi qatnashgan integro—differensial operatorni
o‘z ichiga oluvchi buziladigan to‘rtinchi tartibli tenglama uchun boshlang‘ich-chegaraviy masala tadqiq
etilgan. O‘rganilayotgan masalaga o‘zgaruvchilarni ajratish usulini qo‘llash orqali oddiy differensial tenglama
uchun spektral masala hosil qgilingan. Spektral masalaning xos giymatlari va xos funksiyalari sistemasinig
mavjudligi isbotlangan. Berilgan funksiyani xos funksiyalar sistemasi orqali tekis yaginlashuvchi qatorga
yoyish haqidagi teorema isbotlangan. O‘rganilayotgan masalaning yechimi spektral masalaning xos funksiyalar
sistemasi orqali Furye gatorining yig‘indisi sifatida yoziladi. Masalaning yechimi uchun baho olingan, undan
yechimning berilgan funksiyalarga uzluksiz bog‘liq ekanligi kelib chiqadi.

Kalit so‘zlar: buziladigan tenglama; boshlang‘ich chegara masala; Bessel funksiyasi; integro - differensial
operator; spektral usul; Green funksiyasi; integral tenglama.
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INITIAL-BOUNDARY VALUE PROBLEM FOR A DEGENERATE FOURTH-ORDER EQUATION CONTAINING
FRACTIONAL ORDER INTEGRAL-DIFFERENTIAL OPERATOR WITH BESSEL FUNCTION IN THE KERNEL
Usmonov Doniyor

In this work, in a rectangular domain, we study an initial boundary value problem for a degenerate fourth-order
differential equation containing an integral-differential operator with a Bessel function in the kernel. Applying
the method of separation variables to the considered problem a spectral problem for an ordinary differential
equation has been obtained. The existence of eigenvalues and the system of eigenfunctions of the spectral
problem were proved. A theorem is proved for expanding a given function into a uniformly convergent
series with respect to the system of eigenfunctions. The solution of the considered problem is written as
the sum of the Fourier series with respect to the system of eigenfunctions of spectral problem. An estimate
for the solution of the problem is obtained, from which follows its continuous dependence on the given functions.

Keywords: degenerate equation; initial-boundary value problem; Bessel function; integral-differential
operator; spectral method; Green’s function; integral equation.

ITonyueno: 22/07/2023

IIpunsaro: 02/10/2023

Cite this article

Usmonov D. Initial-boundary value problem for a degenerate fourth-order equation containing fractional
order integral-differential operator with Bessel function in the kernel. Bull. Inst. Math., 2023, Vol.6, No 4,

pp- [[A9T59]

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2023, VOL.6, NO 3 159



b i
Bulletin
Innm Institute
of Mathematics

LWamcuaguros H. AHopoe O. KeagpaTuuHble CTOXaCTUYECKUE ONEpaTopbl NOPOXKAEHHLIE ...

KBAJJPATUYHBIE CTOXACTUYECKUE OIIEPATOPKI
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AnHoTanua

B 3t10it cTaThe MBI CTPOMM KBaIPATUYHDBIE CTOXACTUIECKIE OIIEPATOPHI, MTOPOXKICHHbIE KOHEY-
HBIM PErYJISIPHBIM Pa3dMeHneM CIETHOTO MHOYKECTBA COCTOSIHUI, U JIOKA3bIBAEM, UTO TAKUE
OTIEPATOPBI ABJISIOTCSA PETYJIAPHBIMU TPEOOPA3ZOBAHUSIMU.

KutroueBbie ciioBa: abCOIOTHO-HEIPEPhIBHAS Mepa; pacipeenenue [lyaccona; konedHoe perysspHoe pa3om-
€HUe; PeryJisipHoe peobpa30BaHuE.

MSC 2020: 37N25, 92D10.

1. BBenenue

TlonsiTne KBaJIPATUIHOIO CTOXACTUIECKOro oneparopa (K.c.o.) 6bu10 BBegeno C.H.Bepuurreiinom [I|, upu
U3yYeHNN HEKOTOPBIX MaTeMaTHIECKUX IIPOBJIeM CBSI3aHHBIX ¢ Teopuel HacseacTreeHHocTH. B |2] nonsitue
K.C.0. OBLIO 0OODIIEHO CJIETYIONNM 0OPa30M.

Ilycrs (E, F)-u3MepuMoe IPOCTPAHCTBO, IJe - HEKOTOpoe (DUKCUPOBAHHOE MHOXKECTBO u F-o - ajrebpa
noMHOXKecTB MHOXKecTBO E. ITosoxkum S(E, F')-MHOXKECTBO BCEX BEPOSITHOCTHBIX MeD OIPEIe/IEHHBIX Ha
usmepumoM npocrpancrse (E, F). Iycrs {P(x,y, A) : x,y € E, A € F} cemeiictBo dbyHKIMI OlIPeIeIEHHBIX
na FEXFEXF u yIoBIeTBOPAIONINX CJICIYIOMINM YCIOBUSIM:

1) auis r06bIx bukcupoBaHHbIX T,y € E,

P(z,y,) € S(E, F) (1)
2) nuist r060oro GbUKCHPOBAHHOTO M3MepUMOro MHoxkecTBa A € F orobparkeHue
P(x,%,A) = (2)
SABJISIETCS] M3MepUMOit (DyHKIHEHl 1BYX IePEMEHHBIX,
3) st o6bix dukcupoBannbix ¢,y € Eu A € F
P(z,y, A) = P(y,z, A) (3)
N3 ycnoBus cJIeIyeT, 9TO
P(z,y,E)=1,Vz,y € E. (4)

Omnpepnenenne 1.1. Orobpaxkenune V : S(E, F) — S(E, F) nasbiBaercsd KBaIPaTUIHBIM CTOXACTUIECKIM
o1epaTopoM (K.c.0.) MOPOXKIEHHBIM CeMeCTBOM IIepexoHbIX BepositHocreit { P(z,y, A) : x,y € E, A € F}
YIOBJIETBOPSIOIIMX YCJIOBHUAM —, ecam Uil Ipom3BOsIbHON Mepbl A € S(E, F), eé obpaz X = VA
OIIPEJIEJISIETCS PABEHCTBOM

/\':/E/Ep(x,y,A)d/\(x)d/\(y) (5)
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JIJTsl TIPOM3BOJILHOTO M3MEpPUMOro MuoKecTBa A € F.

Ecim E = {1,2,...,n} -KOHEYHOE MHOXKECTBO U F'- MHOXKECTBO BCEX HOJMHOXKECTB , TOTJA
n
S(E,F)=8""Y = {2 = (21,20,...,2,) € R" : ; > O,in =1} (6)
=

n K.C.O. nuMeeT BUJI
n

Z 4., ki ‘TJ (7)
i,j=
rae P = P(i,j,k). OueBumuo P(i,j, k) = (],z,k) P(i,j,k) > 0 u u3 ycuaoBus @ CJIeJIyeT, 9ITo

Zm L Pijr =1, nos mobeix 4, j, k € E.

TakuM 06pa30M, €C/IM - KOHEUHOE MHOXKECTBO, OIIPEIE/ICHNE K.C.0. JAHHOE BBIIIE COBIAAACT C OLUPEIE/ICHUEM
K.C.0. ipuBeEHHBIM B [1].

Omnpenenenne 1.2. Ksanparudnsiit croxacrudeckuit oneparop V' Ha30BEM JTUCKPETHBIM, €CJIM MHOXKECTBO
He 60Jiee €M CUETHO U B IIPOTUBHOM CJIyUae - HEIIPEPBIBHBIM. /{MCKpeTHBI K.C.0. OTIPEJIEIIAeTCs KyOMIecKoit

varpuneit { Pk} —q wim {P; k355 g

Onpegnenenne 1.3. JluckpeTHblil KBaIpaTHIHbIi croxacTudeckuii oneparop V ([b) HazoBeM BOJIBTEPPOBCKHM,
ecmn P, =0mpu i # k u j # k. B pabore [6] BBeneno crenyiomee

Onpenesnenne 1.4. K.c.o. oneparop V Ha30BeM abCOJIFOTHO HEMPEPBIBHBIM, €CJIN sl JIIOOOH Mephl
A € S(E,F), mepa V\ aGCOJIIOTHO HENPEPBIBHA OTHOCUTEIBHO MephI A. T.e. VA < A. Tam xe mokasaHa
CJIETY TOTIIA S

Teopema 1.1. Juckpemnviti k.c.0. V' abcorromno nenpepuieer mozda u moasvko mozda, kozda V. aeasemcs
BONLMEPPOBCKUM ONEPATNOPOM.

B ciyuae 6eckoneunoro F 0CHOBHAs TpoGJIeMa TIPH TIOCTPOCHUT KCO — OMPEIETNTh CEMEHCTBO TEPEXOIHBIX
BepositHocreit {P(z,y,A) 1 x,y € E, A € F} ynosnersopsiomux ycaosusiv ([))-(3).

B pab6orax [7]-[13] mpemmaraercsa ciemyromuii mOAX0 TOCTPOSHAST CEMEHCTBA TIEPEXOTHBIX BEPOATHOCTEH
{P(z,y,A) 12,y e BE,A€ F}

YAOBJIETBOPLAIOMINUX yCJIOBUAM —.

Iycrs £ = {4, As, As, ..., A, } KOHeuHOE M3MepuMoe pasbuenue npocrpancrsa F, 1.e.A; € F nyst Beex
i,Al' ﬁAj = @ opu ) #] u U?:lAl' =F.

Ha mpocrpancrse E x E ompefenuM cooTBercTBylomee pasbuenne ( = {B;; : i,j = 1,2,...,m} , toe
Bj; = AjxA;uB;j = A;xAjUA; x; upn i # j. Beueanm cemeiictsa BeposiTHOCTHBIX Mep {jt;5 1 4,7 = 1,...,n}

Ha (E, F') Takoe UTO [i;; = ft;j; U OIPEIEHM IEPEXOAHYIO BEPOATHOCT P(x,y, A) ciaemyomum o6pa3oM: Iis
upoussosbaoro A € F, P(z,y, A) = pi;(A) ecu (x,y) € B;j. B arom cirydae Kco CBOIUTCSI K KCO C
KOHEYHBIM uucaoM cocrostauit [7]-[13]:

// (z,y, A)d\(x)d\(y

onoxum z; = AN(A;),i = 1,-++ ,n, te (z1,T2,+ ,xn) € S" ' u pijr = pij(Ax). Torma ko MOZKHO
HepenucaTh Kak

Z// (z,y, A)dA(x)dA(y Z/‘w A)dN(A;).

7,7=1 1,7=1

(W(E)k = Z Pij,ka;iwj. (8)

i,j=1

2. ,Z[I/ICerTHbIe K.C.0. CO CYETHBIM YHCJIOM COCTOSIHMIA.

IIycts E = Z, =0,1,2,...- MHOXKECTBO HEOTPUIATEIBHBIX IIEJIBIX YHACEI.
Onpenenenue 2.1. Pasbuenne { = {A;, Ay, ..., A,} mHOXKecTBa E Takoe uro Ay, = {z € Z; : x =
k(modn),k =0,1,...,n — 1} Gynem Ha3bIBATH PEryJsipHbIM pa3bueHuem.

B sroit pabore mbr Oyiem usydars [lyaccoHOBCKHE KCO MTOPOXKIEHHBIE PETYISAPHBIMEA PA3OUEHUSIMU.
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HamomuuMm 4T0 KCO HasbiBaeTcst IlyaccoHoBckum eciwm {f;; : 4,7 = 1,...,n} sBisercs cemeiicTBOM
ITyacconosckux Mmep [7].

st npousBosibHoit Mepbl Ilyaccona p ¢ napamerpom A u peryiasipaoro pasbuenus & = {A1, Ag,... Ay}
onpenemum p(A;) aist 1o6oro i.

IIycTs

Torma

Anitk

Homoxum Y ooy it = Jx (A).

)\k )\nJrk )\2n+k )\3n+k )\ni+k

N =t e T e TG T i T

Torma npoussomuble dbyukuuu fi(A) onpenesorcs cIeayonuM 06pazoM

)\k—l )\7z+k—1 )\2n+k—1 )\3n+k—1 )\ni-{-k—l
JACYES + + + ot
k=1 (n+k-1)! (n+k-1) Bn+k—1)! (ni+k—1)!
/,()\) _ >\k72 N )\n+kf2 N /\2n+k72 N )\3n+k72 N N )\ni+k72 N
RV k=2 T (k=2 2n+k-2) " Bn+k-2) " T (ni+k-2)! """
2n 3n ni
Mgy =g A AT AT A
RN =14+ Gy Tt
( 1) /\n+k7n+1 )\2n+k7n+1 )\3n+k7n+1 )\niJrkfl
TN = it 4 ...
fe ) (n+k—n+1)! + (2n+k—n+1)! * (3n+k—1)! ot (ni+k—1)! +
(n) >\n+k7n )\2n+k7n )\3n+kfn )\ni«kkfn
(A = T S — =
e (n—l—kj—n)!Jr(2n—i—k—n)!+(3n—|—k:—n)!Jr Jr(m'—l—k—n)!
)\k )\n+k )\2n+k )\3n+k /\ni+k
= — et ———+ ... = A
PR s T G epy s T ¢ ey T vp TR L1QY

[ocnennee paBeHCTBO OmpeesisieT OHOPOoHOE AuddepeHITnaabHOe YPABHEHHE N-T'0 MOPSIKA, ¢ TOCTOSHHBIMA
KO3 purmenTaMu

) = fe(N)

¢ HadasHbivMu yesosaamu (A = 0)
fe(0) = 0, £1(0) = 0, fP(0) = 1o, fi7(0) =

Pemas saTo ypaBrHenne HaxoguMm 9410

lu(Ak) = eikfk()‘) (k = Ov 1723 ey — 1)

[Iycrs n = 2 . Ionaras f/(\) = fx()\), Bumam k* = 1 u k = +1.
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I f1(A\) = Cre* + Coe™ u ucxons us mavambubix yeaosmit f1(0) = 1 u f](0) = 0 maxomum s3nauenne C u
Cs.

fl(O) = C’leo —|—C2€0 =Ci1+Cy=1m f{(O) = 0160 —0260 =Cy—-Cy=0.

Ci+Cy=1
Ci—Cy=0

Ci = %, Cy = % Orcrona fi1(\) = %eA + %e_)‘
Hnst fo(\) = Cre* + Cye™? mexons uz nagambubix yestosnit f1(0) = 0 1 f1(0) = 1 maxomum snauenne Cq u Cy.
f1(0) = 0160 —|-02€0 =C1+Cy3=0mu f{(O) = 0160 — 0260 =C;—Cy=1.

Ci+Cy=0
Ci—-0Cy=1
C1=1%,Cy=—3%. Orciona fo = (\) = 2e* — e

CirenoBare/ibHO,

A = X100 = S5 w p(As) = S fa()) = S5

B srom ciyuae nepexonubie BepositHoctu P(i, j, A) OUpPeAesAoTcs cieLy oM 00pa3oM:

@146_75;& ecin (i,7) € By,
P(i,j,Ar) = { €2 ™ ecau (i, ) € Boa,
exz—gif;kg ecJin (Z,]) € Bis
n
% ecim (i,7) € Biyy,
P(i,j,As) = ‘%75;2 eciu (i,5) € Baa,
@Zif;h ecau (i,7) € Bia

B srom ciygae KBaIpaTHUHBIN CTOXACTUYECKUIT OIIEpaTOP @ AMeeT CJeJIYIOIUNA B

A —A A —A Asg —A

’ 1 1 9 2 2 9o 3 3
r] = ¢ ;erfl x7+ £ ;erfz x5+ £ ;&Z T2

A A A —A A —A

/ et —e” M9 et2—e" "2 9 e’3—e” "3
Ty = ST+ S ¥ + T

HpI/I n=3 IIOBTOPsIs NPEAbILAYIIINE PACCY2KIACHNA MOXKHO IIOKa3aThb 9TO

1 12 sy V3
n(Ar) = ejfl()\) =3 + 3¢ 008(7)\)
1 11 sy V3 I sy V3
w(Asz) = ef/\fz()\) =3 3¢ *eos(5 )+ \/ge sin(——M\)
1 11 sy V3 1 gy V3
u(As) = e)‘fB()\) = - — 36 cos 5 A) — \/36 sin( 5 A)

% + %6*%1505(?)\1) ecau (i,7) € By,

% + %e_z’\%os(\/jg)\g) ecim (i,7) € Bag,

Plij Ay) = i+ 26—2/\3005(§)\3) ecin (i, j) € Bss,
»Jr A1 % 4 %@*%A4cos(§)\4) ecau (i,7) € Bia,
i+ %67%)‘5COS(§>\5) ecau (i,7) € Bis,

i+ %6_%AGCOS(§)\6) ecin (i,5) € Bas.
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P(i,j, As) u P(i,j, A3) BEIYMISETCS aHAJIOTHIHO.

B Takom caydae KBaApaTHIHBIN CTOXaCTUIECKUN OIIEPATOP @ UMeeT CJeAYIONTA BUI:

1 2 _: 3 1 2 3
vh=(3+ ge‘%MCOS(gh))ﬁ +(3+ 56_3“008(*\2[/\2))553Jr
1 2 3 1 2 3
+(§ + 56_3“008(%/\3))9@ + 2(5 + 36_%&608(%)\4))%@#

—
[\)

: 3 1 2 _: 3
+2(= + *6_%)\5008(§)\5))$1J}3 + 2(§ + 36_%AGCOS(§)\6))!IJ2$3,

1 1 1 3 1 1 3 1 3
rh = (3—36_3’\1003(\;)\1)4—\/ge_ghsin(\g)\l))x%—i—(g—36_3)‘2005(\2[&)4-36_3’\251'11(\?)\2))1‘%—#
1 1 1 1 1 1
Jr(gfge 2A3cos(\g§/\3)+3@2)\357;77,(\25/\3))1'§+2(33e3A4005(\é§>\4)+\/§e%A45in(\g§)\4))$1m2+

1 1 3 1 3 1 1 3
+2(§—36_%’\5cos(%)ﬁ)—i——e_%’\5sin(i)\5))x1x3+2(f—fe_%’\ﬁcos(i)\(;)—&—

—3 X6 o ﬁ
2 5 373 5 e 20 gin( 5 X6))xaxs,

Sl

1 1 1
zh=(s—-e 2’\1005(—/\1)7—e*%’\lsin(ﬁ)\l))x?r(ffge*%)‘%os(é)\g)f—e*%)‘Qsm(é)\z))x%Jr

2 3 2 V3
1 V3 1

1
67%>\33in(§/\3))$§ +2(§ - 567%A4008(7>\4) - 7@7%>\43in(§)\4))$1$2+

2 V3
1 1 s V3 1 sy V3 1

1 1 _s 3
+2(f—§e_5’\5cos(—)\5)——e 2 5Sin(ﬁ)\5))$1$3+2(§—56_§>\GCOS(7/\6)—76_§>\65in(ﬁ/\6))$2$3.

2 V3 2 2 V3 2

s KBaAPaTUYIHBIX CTOXACTUIECKAX OIEPATOPOB, MOCTPOEHHBIX TAKUM 00Pa30M, UMEET MECTO CJIEILYIOIast
TeopeMa:

Teopema 2.1. Jlan scex \; > 3n, mpaexkmopus 410607 mowku cumnaerca S(2,F) crodumesa x mowke
(1/n,1/n,...,1/n).

B sroit pabore cIpaBeIIMBOCTDL 3TOrO yTBEPXKICHUS IIPOBEPEHO IPUMEHEHHEM YHCJICHHBIX pacdeToB. B
nocJieAyIonux paborax 6yaeT IPUBEIEHO aHAJIUTUIECKOE JT0KA3aTEIHLCTBO.
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SANOQLI HOLATLAR TO‘PLAMNI REGULYAR PARCHALANISHLARDAN HOSIL BO‘LGAN KVADRATIK STOXASTIK
OPERATORLAR
Shamsddinov Nasriddin, Anorov Obidjon

Ushbu maqolada cheksiz sanoqli to‘plamdagi regulyar parchalanishlar orqali kvadratik stoxastik operatorlar
qurilgan va ushbu operatorlar regulyar akslantirish ekanligi isbotlangan.

Kalit so‘zlar: absolyut uzluksiz o‘lchov; Puasson tagsimoti; chekli regulyar parchalanish; regulyar akslantirish.
QUADRATIC STOCHASTIC OPERATORS GENERATED REGULAR PARTITIONS OF A COUNTABLE SET OF STATES
Shamsiddinov Nasriddin, Anorov Obidjon

In this paper, we construct quadratic stochastic operators generated by the finite regular partition of a
countable set of states and prove that such operators are regular transformations.

Keywords: absolutely continuous measure; Puasson distribution; finite regular partition; regular
transformation.
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