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Abstract.  This article is concerned with the study of the unique solvability of inverse boundary value problem for integro-
differential heat equation. To study the solvability of the inverse problem, we first reduce the considered problem to an auxiliary
system with trivial data and prove its equivalence (in a certain sense) to the original problem. Then using the Banach fixed point
principle, the existence and uniqueness of a solution to this system is shown.

INTRODUCTION AND FORMULATION OF PROBLEM

Mathematical physics usually studies well-posed problems, that is, the problems that have solutions which are unique
and stable to small changes in the data in suitable functional spaces. Such problems, as a rule, are called direct
problems. In this case, it is assumed that a differential equation is specified, as well as certain initial and boundary
conditions. However, in applications there are interesting problems, where the differential (or integro-differential)
equation is only partially specified, namely, some functions that are part of the differential equation (either in the
right-hand side, integrant in integro-differential equations or the initial and boundary conditions) remain unknown.
The problems, in which these unknowns are to be determined on some information about the solutions of direct
problems for differential equations, are called inverse problems.

Inverse problems are widely used to solve practical problems in many branches of science and engineering. The
study of inverse kernel determination problems for hyperbolic and parabolic integro-differential equations with an
integral term of convolution type is very interesting from both the practical and theoretical viewpoint. Such equations
in the case of a parabolic equation arise in problems of heat propagation in media whose state at a given time instant
depends on their state at all previous time instants.

The inverse problem finding coefficient for parabolic and hyperbolic equations is studied in the works of many
authors; a detailed bibliography can be found in [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. In last articles are proved that the
problem is locally solvable in time or in the case where the norms of its data are sufficiently small.

In[12, 13, 14, 15, 16, 17, 18] papers are considered inverse problem for a fractional diffusion equation determining
the reaction coefficient depending of the spatial variable and on time. Local existence and global uniqueness, a
stability theorems are proved.

Inverse problems for integro-differential equation of multi and one-dimensional parabolic type are investigated by
many author with initial, initial-boundary, overdetermination conditions (see [19, 20, 21, 22, 23, 24, 25, 26, 27] ). As
a result, is proved the global unique solvability of the inverse problem and obtained a stability estimate of a solution
of the inverse problem.

Inverse problems for integro-differential equation of parabolic type can be found in papers [28, 29, 30, 31, 32, 33,
34, 35, 36, 37, 38, 39, 40, 41] and the problems studied in them are close to the problem considered in this article. In
the above papers, the existence and uniqueness theorems were proved for the solution of the problem of finding the
kernel for various overdetermination conditions.

In the present paper, we investigate the inverse problem of the simultaneous determination of two unknowns: the
coefficient a(r) and the heat relaxation function k(z) in the integro-differential heat equation. For this, two simple
observations are given at two different points.
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Consider the problem of determining of functions u(x,t), a(t),k(t), from the following equations:

e u—/k(t Yu(x,7)d7, (%) € Dr, (1
-0 = (). x€0.1], @
ul—o = ul=1 =0, @(0)=¢(1)=0, 1 €[0,T], 3

1 -1
o) = ko), [ ulre)dx =m0, x0€ (0.1), 9l0) =ho(0), [ plx)dr=hi(0). @

where Dy = {(x,t)]x € (0,1), 0 <t < T}, T > 0is arbitrary fixed number.

In equation (1) on the left side there is a heat conduction operator acting on the function u(x,t), and on the right
side there is a convolution type integral. In fact, if @ and the kernel k of the integral are known in equation (1), then the
problem of finding the function u from equation (1), based on conditions (2), (3) is called the direct problem. Note
that direct problem in this case is initial-boundary problem for the equation (1).

Since after finding functions a and k the solution of the direct problem becomes known, it is convenient to call the
solution of the inverse problem (1)-(4) the problem of finding functions u, k, a.

In the inverse problem, it is required to find @ and the kernel k of the integral in equation (1) if the additional
conditions (4) are known with respect to the solution of the direct problem. The functions ¢ in condition (2) and the
function A; in (4) are called the data of the direct and inverse problems, respectively. The last conditions in (4) are
matching conditions for given functions.

INVESTIGATION OF DIRECT PROBLEM

Before we proceed to studying the inverse problem, let us show that the direct problem has a unique solution.
Let a(t), k(t) € C[0,T], T > 0 being some number. Then the direct problem (1)-(3) is equivalent to the problem
of determining the function u(x,#) from the equation

U — Uy = / kot 7)U (x, T)d, )
0

U|I:0 = (P(X), (6)

U|x:0 :OaU|x:1 :07 (7)

where U (x,1) = e~ 0004y (x 1) ko(t, ) = k(1 — T)e~ Jea(@de

Lemma 1. If¢(x) € C(0,1), k(t) € C([0,T]), @(0)= (1) =0 then there is the unique classical solution U (x,t)
to the problem (5)-(7) of the class c! (Dr

C*>!(Dr) is the class of twice continuously differentiable with respect to x and once continuously differentiable
with respect to 7 in the domain Dr of functions. In what follows we also use the usual class C(Dr) of continuous in
Dy functions.

Proof. Problem (5)-(7) is equivalent to the integral equation

Uxt) = /01 Glx, &1 — ) p(E)dE +/(:/01 Glx,E,1—1) /()Tko(t,r)U(é,a)dadéjd’c, )

where
Gx,§1—1)=2) e~ (T =7) sin (7né ) sin (7nx)
n=1

is the Green function of the initial-boundary problem for one-dimensional heat equation.
Let us denote the sum of the first one summand on the right-hand side of (8) by ®(x,t), for this equation, we
consider in the domain Dy the sequence of functions

U,,(x7t):CID(x,t)—i—/ot/OlG(x,é,t—T)/()Tko(t,T)Un,l(é,(x)dadédf, n=1,2,.., ©)
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where Uy(x,t) = 0 for (x,t) € Dr. If the conditions of Lemma 1 are fulfilled, we have that ®(x,t) € C>! (Dr) [42].
Then, it follows from (8) that all U, (x,¢) in Dy possess the same property.

Denote Z,(x,t) = Uy(x,t) — Uy—1(x,t) and &y = ||®@||¢(p,). According to the formula (8), we estimate Z,(x,t) in
the domain Dr:

|Z1(x,1)] < Po,

2zl < [ar [ Gl —7) [ lho(r.)]|21(E, )| dadt <
0 R~ 0

2

t
< Dokokoo =, ko = max |k(l)‘, koo = e“OT,ag = max \a(t)|,
2! t€[0,7] t€[0,T]

1Z(x,1)| < /O’/Olc(x,g,r—r)

l4
« / ko (%, )] 122(&, 7 — )| dadEd < B kokoo) -
/ .

Thus, for arbitrary n = j, we have
20-1)

. < Jj—1 )
|Z](x,t)‘ 7(1)0(]{0]{00) Z(j—l)!

It follows from the above estimates that the series

oo

Y [Un(x,1) = Upei (x,1)]

n=1

converges in D, and its sum U (x,) belongs to the functional space C>! (D7) . Since the sequence U, (x,), determined
by equality (9) converges to U (x,¢) uniformly in Dr, then U (x,¢) is a solution of equation (8).

Now show that this solution is the only one. Suppose that there are two solutions U (x,¢) and U?(x,t). Then their
difference Z(x,t) = U?(x,t) — U!(x,1) is a solution to the equation

t 1 T
Z(x,1) = 0/ O/G(x,g,t—r) O/ko(r,a)z(g,a)dadgdr.

Let Z(t) denote the supremum of the module of the function Z(x,?) for x € (0,1) at each fixed ¢ € (0,T). Then we
have the inequality

t
2(1) < kokooT / Z(v)dt, 1 € [0,T].
0

Applying the Gronwall lemma here, we obtain that Z(t) = 0 for ¢ € [0,T], which means that Z(x,t) = 0 in Dr, i.e.
U'(x,t) = U*(x,t) in Dr. Therefore, equation (8) has a unique solution in D7. The lemma is proved.

AUXILIARY PROBLEM

Suppose that the data of problem (1)-(4) are sufficiently smooth functions. The degree of smoothness for each function
will be determined later.

The following assertation is true:

Lemma 2. Problem (1)—(4) is equivalent to the following auxiliary problem of determining functions u(x,t), k(t),

a(r):

0~ 0u+d (09"() +d () [ 0 DdT+a0() = k09" W)+ [ K@owi—Ddr, () €Dy, (10
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ol—o = o) (x) —a(0)¢’ (x), x € [0, 1],
®|—0=0,0|,—1 =0, 1€]0,T],

Mmm=h&0+dﬁﬂdﬂ+dﬂ%0%%UW@w—A%@WMkﬂﬂﬂIEDJm

/0 006, 1)dx = (1) +d (6 (1) + ale ), (1) — k(1) (0) — /0 KD, (— D)dr, 1 [0,T),

where ®(x,1) = Uy (X, 1),

(p(’ V) is the fourth derivative of the function o(x).
Proof. By setting ©(x,7) = u,(x,t) and differentiating in ¢, we reduce (1)-(4) to the problem

% — O +d (1) /Of B(x,T)dT+d (1) Q(x) +a(t)O(x,1) = k() p(x) +/Otk(17)19(x,t —1)dt, (x,t) € Dr,

Bi—o = ¢"(x) —a(0)g(x), x € [0,1],

Vy=0=0,8],=1 =0, t € [O,T],

1
B (x0,1) = Wy (1), / B(xt) = H (1), t€[0,T).
0
From condition (17) and (19), requiring the matching condition at the points (0,x) we obtain

a0y — 20 =0 _ ¢/(1) = 9'(0) 1y (0)

¢ (x0) Jo @(x)dx

Y

(12)

(13)

(14)

15)

(16)

7)

(18)

19)

Hence it follows that if (u,k,a) is solution of problem (1)-(4), then (16)-(19) has a solution (¥, k,a) with the same k,a

as well. Let us prove the converse. Let (¥, k,a) satisfy relations(16)-(19), then
u(x, 1) = /Otﬂ(x,r)d‘ch(p(x).
Let us show that relation (1) holds. It follows from (16)-(19) that
Uy — ey +a(t)u — /; k(i — T)u(x, 7)dT =
= 0(w0) — [ Bl )= ¢ (0)+al0) [ 05, D +a()p(x) —
- /0 k(%) OH B (x, o) dadt — /0 k(D)o (x)dT =
= [ [l m) = vutnr) +d (@) [0 @pda-+a(2)9(5, 1)+ (1)) k(D)) -
- /Ork(x, o) (x,T— a)da} dt=0.

This completes the proof of the equivalence of problems (1)-(4) and (16)-(19).

Now consider the second auxiliary problem. It is obtained from problem (16)-(19) for the function p(x,#) = Y (x,1),

040011-4
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t

Pr— P +d (1) (/Orp(x, 1)dt+d ()9 (x) +a(t)p(x,t) = k()9 (x)+ [ k(t)p(x,t—1)dT, (20)

Jo
Pli=o=¢" (x) —a(0)¢'(x): 1)

Pxlx=0 =0, pxlx=1=0; (22)

Prliesy = (1) + (o(o) + a(0)i(o) — k(1) p(x0) — /’k(r)hs(r ~7)dr, 3)
/ pr(t)dx = H! () +d () () + a(e) I, (1) — /k O —© 24)

The derivation of the equations in the 0pp0$1te way under the matching conditions

9")(0) —a(0)9"(0) = ¢")(1) —a(0)9" (1) =0,
h(0) +a'(0)ho(0) + (0) 0(0) —k(0)p(x0) = 9" (x0) — a(0)9" (xo),
e (1) = !1(0) +a(0)(¢'(0) = ¢'(1)) = h{ (0) + (0)1 (0) +a(0)k; (0) —k(0)h1 (0),

which follows (21)-(23), can be proved by complete analogy with the previous case.

Therefore, if the problem (16)-(19) has a solution (¥, k,a), then the problem (20)-(23) has a solution (p, k,a) with
the same k,a, moreover, p(x,1) = U;(x,). Conversely, let (p,k,a) satisfy relations (20)-(23).

Hence it follows that

X t
950 = [ p(r.0)dy = [ (¢"(3) = a(0)9/ )y = 9" (x) ~ a(0)p(x):
i.e., condition (17) is satisfied. It remains to show that equation (16) holds. It follows from relations (20)-(23) that
t
B — z?xera'(t)/ B (x, 7)dT+d (1) (x) +a(t)d (x,1) / k(7D (x,1 — T)dT =
0
X t
= / pe(0,1) = pyy(v,0) +d (1) / p(,0)dt+d (1)¢'(v) +-a(t)p(y1) —

/k Pyt = T)dz|dy+d (1)9(0) — k(1)@(0) = 0.

We have thereby proved the equivalence of problems (16)-(19) and (20)-(23). In similar way, one can show that
problem (20)-(23) is equivalent to problem (10)-(13) for the function @ = p,. This implies the equivalence of problems
(1)-(4) and (10)-(13). The lemma is proved.

FORMULATION OF MAIN RESULT AND ITS PROOF

In this section existence and uniqueness for the problem (10)-(13) is proved using the contraction mapping principle.
The idea is to write the integral equations for unknown functions @(x,t),k(t),a(t) as a system with a nonlinear
operator, and prove that this operator is a contraction mapping operator for sufficiently small 7. The existence and
uniqueness then follow immediately.

From problem (10)-(13), we obtain

o(x,1) = ao(x,1) +/'/1 Gx, &1 — T)k(f)(p(é)dédf—/t/l G(x,E.t — T)a(t)0(E, T)dEdT —

// )d'(7) d‘:dT—/ / G(x ()./Ora)(é,a)dadédr—i—

+// G(x ét—r/k (&, T— a)dadédr, (25)

040011-5
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where

anen) = [ 6o £.0)(0™) (&) ~al0)/(€)dE.

By setting x = x¢ in integral equation (25) and and integrated over x from O to 1 in equation (25) by taking into
account condition (13), for the functions k(z),a’(r)), we obtain the integral equations

o) = [t >( (x0.)~H4(0)) ~ho(0) | (e 0)] +
3 [ [ 060,80~ 9 K06 - a(00(6. 1)~ d (9l ~d (@) [ 0l 7 - a)da]agas -
I/ / H(OG(E.1— 1) [HD)9(E) (D0 (E,7) ~d (©)p(E) ~d(0) [ 0(f 7— a)daddrax-

_% (i (O)Ho(0) = o)1 (1)) + % /0 (x) (i (0)Ho(e = 7) — o0}, (¢ = ) ), (26)

where

A= /’ll(O)ho(t) — (p()C())hl (l‘)

1 1
d(0)= [h1<o><wo<xo )= () = 9lo)( [ onr)dr—1(0)] +
A / ()Gl &1~ ) k()9 (&) —alD)0(E,7) —d (9(8) ~d(7) [ (&, - a)dar]ataz -
I / PLr0)G(x. 8.1~ ) [K(F)9(8) ~a(D)o(E. 1)~ (F19(8) ' (¢) [ (&7 a)da]dgdnar-

_%(mm)ho( 0 (xo)H (1 A/ O)lf (1 = ) = @(xo)H; (r — 7)) . @7

— a(0) + /0 " (vt (28)

Equations (25)-(28) form a complete system of integral equations for the unknown functions w(x,t),k(z),d’(t),a(z).
We represent this system in the form of the operator equation

Vv =Ay, (29)

where = (1. Y. Y. ¥a) 1= (@(x.0) k() + al0) (1) (1) +a(0)(0).a(e)). (B(6) = (i (00hlo) oo (1)) 10) =
1 (h] (0)h(t) — @(xo)H) (t)) ) is the vector-function and unknown functions are represented by functions Y1, Y2, W3, Yy
as follows:

o(x,1) = yi(x,1), k(1) =ya(t) —ya(0)B(t), d'(t) =ya(t) —ya(t)y(t), alt) = ya(r).
A= (Ay, Ay, Az, A4)isdefined by the right sides of equations (25)-(28):

) = ante) + [ [ 60809 (va(0) - va(0B(0)) (&) -

_/0/0 G(x,8,t —t)ya(t)yi (&, 7) d&dr—/o/o Gx,é,t—r)(%(r)_1,/4(1)7(7))(,,(5)61&1,5_
_/AI/IG 5t—r w3 (1) — 4(r)7(r)) /OTV/1(§,Oc)dad§dr+

+// G(x,8:1 — T/ v2(a) — ya(o )ﬁ(@)%(é,f—a)dadédr,

040011-6
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(AW)2(0) = 1 [0 (0x0.1) ~0) o) | onCs)ax )] +

i1 [ [ m06E.8 - (Wz(r)—w( B(1)9(&) ~ ya(x)w (£ %) -

~(w(@ - vz ))«p(é)—(w() (1) [ il T apda]dgdr-
[ [ [ mistegi—o <)—w(r)ﬁ(r))w(é)—wr)wl(é,r)—

~(ys(®) ~ wa((®) ) 9(8) (%( ) w(@®) [ wig T apda]dgdud+

45 [ (w0 - v B (Ot — )~ oy~ ),

(Av)s(r) = 4 [h1<o><wo<xo ) H(0) ~ 9L [ ol 0] +
i [ 00600859 (v(0) - (DB @) 0&) ~ wa(Dwa(6.7) -
~ ()= v (1) 0(&) — (vo(D) ~va(O¥(®) [ (&7 c)da] agde -
L ottt (w0 - w(@©) 0@ - wiewi(&.n -
- (- w10 98) — (ws(0) ~ va(o¥(®) [ (&7 - anda]dgdzax—
5 [ (w0 - v (9B (O~ ) 9ol — ),

=a0)+ [ (ws(0) - va(oy()ae

Let wo := (Wo1, Wo2, Vo3, Wos4), where

o1 = @u(e 1) vz = [1n0) (00x0,0)~H(0)) —~ holo) [ (e )]

1
Vs = 5 [ I (O)(@n(ro,1) = H5(0) ~ @) | @ulx)x — 1) vos = a(0).
Theorem 1. If the conditions @(x) € C*(0,1), hi(t) € C*[0,T],i =0,1, ¢@(0)=¢(1) =0, ¢(x) =
ho(0), fol @ (x)dx = h1(0) are met, then there exists sufficiently small number T* € (0,T) that the solution to the
system of integral equations (25)~(28) in the class of functions ®(x,t) € C*' (Dr), k(t) € C(0,T], a(t) € C'(0,T]
exists is unique. Thus, there is the unique classical solution to the problem (1)-(4).
Proof. Consider the functional space of vector functions ¥ € C(Dr) with the norm given by the relation

vl —maX{ xfgg%T\l/fl(x,t)lvtg&;}ll/fz( B max, lys ()], ,2}&’}]“”4(’)'} =

= max { |yl Iyal. lysll, lyal .

In this space, by B(Wp, || yo||) we denote the ball with center yp and radius ||y, i.e. B(yo, ||woll) ={v: |lv—wl <
[wol[}. Obviously, [yl < 2o

040011-7
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Let us show that A is a contraction operator in the ball B(yy, ||yo||) provided that T is sufficiently small number.
For simplicity, we denote

ho :=max q sup |h;(1)], sup. Hi(0)], sup |B(1)] p,i=0,1, B= max |B(r)], V= max [7(1)]
{te(O;T) te(0,T | | 1€(0,T) | | t€[0,7] (t)elo, 1]

%:max{ sup |o()l, sup |@'(x)], sup |<p"<x>|}.

x€(0,1) x€(0,1) x€(0,1)

Let us verify the first condition of a fixed point argument [43]. Let y € B; then ||y < 2||yp]|- In addition, for
(x,1) € Dr, we have estimates

1AY)1 —vor|| = sup [(A)1 — Y| <

xt)GDT

[ [ 6.0 (wei0) - wop (@) o 1agas +

sup
x Wt EDT

+ sup
xt GDT

[ [ 6te—omme, naga +

+ sup
xt GDT

// Glx %( )= / vi (&, a)dadédt| +

A / G(x.&.1 =) (yale) - W4(f)7(f))¢(é)dédf+

Sllp
X t EDT

+ sup

xteDT// Glx,G 1 = /o ( 2(@) = ya(a )ﬁ(a))llfl(f,f—a)d(xd&dr <

<2T[|wol {2+ B+V) oo+ wol (1 +2T +TB +T7)].

[(Ay)2 — w2l = sup [((Ay)2 —w)| <
1€(0,T)

< %”‘I’()”(%(2+ﬁ+y)+||%||(1 +2T+TY+TB) +ho(1+P)):

[(Ay)3 — wos|| = sup [((Aw)s —o3)| <
t(0,T)

< TP (21 p ) 4ol (1427 + Ty 7B) + ho(1 4+ B):

|(Ay)s — youl| = S(I(J)P)\((Alll)zﬁ Voa)| < 2lwol|T(1+7).
te(0,T

Denote 71 = min{7}y,T12,713,T14}, where Ty;,i = 1,4 are the positive roots of the following equations, respectively

272+ B+ V)0 + Iyoll (1 +2T +TB+T7)] =1,

4T hg

A

2T(1+y) =1

(@02+B+7)+yoll 1427+ Ty+TB) +ho(1+B)) =

If we choose T so that T < T, then Ay € B(yo, ||wol)-

040011-8
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We now check the second condition of a fixed point argument

[y — Ay < sup / [ 6t -0 (W) - (0] - WD) - DIB@) oEaar| +

(x,t)eDr

+ s | [ Gt - DI E D - V@R (& Dlaar] +
+ s /t / G(x,é,t—r>([w§<r>—w%(r)]—[wi(r)—wf(r)]y(r))qa(é)dédr +
+(x5;3)T// Glx.&r—) [ W (v (1) - V(& VR (ldadEdt| +
s [ [ 6gi— [ wwl o) - viE wwielnedadzar +

(x,t)eDr [/0 JO 0
+ / ’ / Gt —7) JA (& T (@) — YE(E, T — a)yi()]dadEdr| +
" / / &) [ (&7 vl (@) - VA&t - V(@B (@) )daddr.

The integrand in the second integral can be estimated as follows:
lvawi —viwi| =1[(va —wd)wi +vi(yi —vi| <
< 2y =y max ([fwi ], |vall) < 4llvollf[v" =2
Therefore,
Ay —Ay?)il| < lly' = w2 (2 woll2+B +7)T> +((2+ B+ V)0 +4] wol)T) :

The next components can be estimated in a similar way,
1 2 2ho 2 1 2
Iy —A4v2)a] < = ((2+ B+ 1)+ ho(1+B)+ 4ol T +20woll2+ B+ NT2) [y — 2]l

Ay —Ay?)s]| < %‘p" (@+B+7)@+ho(1+B)+4[vol) T +2llwo |2+ B +1T?) v — v

Ay — Ay )] < 1+ 7)Ty' —?|l.
Denote T = (Tr1, T2, Th3,Tr4); where ;i = 1,4 are the positive roots of the following equations, respectively

2lyoll (2+B+7) 7%+ ((2+B+V)go+4llwol ) T =
2h0
A

20 (24 B+ r)gn+ o1 +B) + 41wl ) T+2 ol 2+ B+ P77) =1,

(147)7=

Therefore, if the number 7* is small enough to ensure that condition 7* € (0,min(71,72)) is satisfied, then A is
contraction operator on B. Then, by the Banach principle, integral equations (25)-(28) has a unique solution in B.
Theorem is proved.

If we put the coefficient a(r) and the kernel k(¢) to the problem (1), get the direct problem (1) - (3). In this case, the
function u(x,7) is defined as uniquely.

((@+B+n@0-+ho(1+B8)+4Iwol) T +2]yoll 2+ B+7T?) =1,

CONCLUSION

In this work, inverse problem was considered for determining the coefficient a(¢) and the kernel k(¢) included in the
equation (1) with by using overdetermination conditions (4) of the solution of problem with the initial and boundary
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conditions (2), (3). Sufficiently conditions are obtained for given functions, under which the inverse problem have
unique solutions for small interval.
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