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SOLVABILITY OF INVERSE PROBLEM FOR
INTEGRO-DIFFERENTIAL HEAT EQUATION WITH
PERIODIC AND INTEGRAL CONDITIONS

Jumaev J.J.

Abstract. In this paper, we consider inverse problem of determining u(z,t) and k(t) functions in
the one-dimensional integro-differential heat equation with the initial- periodic boundary and overde-
termination conditions. The unique solvability of the direct problem are proved. To investigate the
solvability of the inverse problem, we first consider an auxiliary inverse boundary value problem, which
is equivalent to the original one. Existence and uniqueness of the solution of the equivalent problem
is proved using a contraction mapping. Finally, using the equivalency, the existence and uniqueness
of classical solution is obtained.
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1. INTRODUCTION

Periodic boundary conditions (PBCs) are a set of boundary conditions which are often chosen
for approximating a large (infinite) system by using a small part called a unit cell. PBCs are often
used in computer simulations and mathematical models. The topology of two-dimensional PBC is
equal to that of a world map of some video games; the geometry of the unit cell satisfies perfect
two-dimensional tiling, and when an object passes through one side of the unit cell, it re-appears on
the opposite side with the same velocity (see [21]).

The periodic boundary conditions arise from many important applications in heat transfer, life
sciences [20], [1], [15] [16].

In the papers [20} [IJ, 15, [16], it was prove the existence, the uniqueness and the continuous de-
pendence on the data of the solution and the numerical solution of diffusion problem with periodic
boundary conditions.

The paper [17] investigated the inverse problem of finding a time-dependent diffusion coefficient in
a parabolic equation with the periodic boundary and integral overdetermination conditions. Under
some assumption on the data, the existence, uniqueness, and continuous dependence on the data of
the solution were shown by using the generalized Fourier method.

The problem of determining the kernel k(¢) of the integral term in an integro-differential heat
equation were studied in many publications [3[-[I0], in which both one- and multidimensional in-
verse problems with classical initial, initial-boundary conditions were investigated. The existence and
uniqueness theorems of inverse problem solutions were proved.

In the present work, one-dimensional integro-differential heat equation is used with periodic bound-
ary condition for the determination of kernel. The existence and uniqueness of the classical solution
of the problem — is reduced to fixed point principles by applying the Fourier method.

2. FORMULATION OF PROBLEM

We consider the initial-periodic boundary problem for the heat equation with a convolution-type
integral term on the right-hand side

Up — Uy = /Ot k(t — u(z,7)dr, (x,t) € Dy, (2.1)
u(x,0) = p(x), (2.2)
u(ovt) = u(17t)7 ua:(o')t) = uac(Lt)v ()0(0) = 90(1)7 90/(0) = 90/(1)7 (23)

T is arbitrary positive number and Dy := {(z,t): 0 <x < 1,0 <t <T}).
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The problem of determining a function u(z,t), (z,t) € Dr, that satisfies (2.1)-(2.3) with known
functions k(t) and ¢(z) will be called the direct problem.

In the inverse problem, it is required to determine the kernel k(t),t > 0, of the integral in
using overdetermination condition about the solution of the direct problem —:

/0 w(z)u(x, t)dx = h(t), z € (0,1), (2.4)

where w(x), h(t) are given functions. In heat propagation in a thin rod in which the law of variation
h(t) of the total quantity of heat in the rod is given in [I1]. This integral condition in parabolic
problems is also called heat moments which are analyzed in [12].

Definition 2.1. The pair {u(x,t),k(t)} from the class C%(Dz) N C°(D7r) x C[0,T] is said to be a
classical solution of problem (2.1)-(2.4), if the functions u(z, t) and k(t) satisfy the following conditions:
(1) The function u(x,t) and its derivatives u;(z,t), u,.(x,t) are continuous in the domain Dr ;

(2) the function k() is continuous on the interval [0, T7;
(3) equation and conditions (2.2))-(2.4) are satisfied in the classical (usual) sense.

We introduce the notation
W, t) = uy(x, t)

and obtain the following equivalent problem with respect to function ¥(z,t):

9y — 0y, = / k(r)9(x,t — 7)dr, (2.5)

9(z,0) = " (z), (2.6)
9(0,t) = 9(1, 1), ﬁm(O,t) = 9,(1,1),

/0 (@), t)dz = B (8). (2.8)

Let C™ (O; l) be the class of m times continuously differentiable with all derivatives up to the m—th

order (inclusive) in (0;) functions. In the case m = 0 this space coincides with the class of continuous
functions. C™*(Dy) is the class of m times continuously differentiable with respect to ¢ and k times
continuously differentiable with respect to  with all derivatives in the domain Dr functions.

The functions ¢, w and h satisfy the following assumptions:

(A1) p(x) € 04[0 1; @O (x) € Lof0,1]; ¢(0) = ¢(1);¢'(0) = ¢'(1);¢"(0) = ¢"(1); ¢®(0) =

PD(1); o (0) = pD(1);
(A3) 'h(t) € 20, T} n(o) #
(43) w(z) € 0, 1); [y w(w) o ede — 0 - Jo w(@)p(a)dz = h(0) #0.

3. DIRECT PROBLEM

As we shall use separation of variables methods, let us denote by ), its eigenvalues and eigenfunc-
tions by X, (x), i.e
X(z) + XX, (z) =0, x € (0,1),

X,(0) = X,(1), X.(0)=X'(1),n=0,1,2, ....
In [2] , it is known that the system
1,cos Az, sin Az, cos Ay, sin Ao, ..., cos A\, &, sin A, x, ... (3.1)

where A\, = 2mn(n = 0,1, ...), is a basis for L,(0,1).
Since the system . ) form a basis in Ly(0, 1), we shall seek the J(x,t) of classical solution of the

problem (2.5} in the form

= Z V1 (t) cos A + Z Vo (t) sin Ay, A = 27n, (3.2)

n=1
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7.910 /19331:

V1 (t) = 2/ Yz, t) cos \,zdz,
0

where

1
Von(t) = 2/ I, t) sin \,zdz.
0

Then applying the formal scheme of the Fourier method, for determining of unknown coefficients

V10(t) and 94, () (i := 1,2;n = 1,2, ...) of function ¥(z,t) from (2.5) and ({2.6)) we have

t
90(8) = k() pro + / k(F)0ho(z, t — 7)dr, (3.3)
0
1910(t)|t:0 = Oa (3-4)
t
I (1) + A2 () = k(E)psn + / k()00 (2,1 — 7)dr, (3.5)
0
Yin(B) im0 = —N2@ipn, i=1,2, n=1,2,.., (3.6)

where

1
o= [ ez,
0
1
P1n = 2/ o(x) cos A, xzdx,
0

1
Pon = 2/ o(z) sin \,zdz.
0
The solutions of problems (3.3))-(3.4) and (3.5)-(3.6) satisfy the following integral equations
V10(t) 9010/ k(7)dr +/ / k(a)1o(T — a)dadT (3.7)

and .
Din () = —Npme 5t 4+ o0 / e NI (r)dr+
0

t T
+/ e / k()0 (T — a)dadr, (i=1,2, n=1,2,..) (3.8)
0 0
Estimating the functions ¥ (t), 9, (t) we obtain the following integral inequality
1
wmmgu%mw+mw/hma—ﬂm, (39
[9in ()] < A2]@in| + M"‘ 1kl + HkHt/ [0 (t — T)|dr, (i=1,2, n=1,2,..) (3.10)

where ||k|| = max;ejo.7 |k(2)]. Applylng Gronwall’s lemma, we obtain the following estimate

[910(t)] < tlprol K[|,

(0] < (ol + E21 11 ) et

n

Using equalities (3.3) and (3.5]), we obtain estimates for 9,(¢), v, (t) :

19,0(8)] < lowol ||| + 2] pr0] | ]| 2! IF1,
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19, ()] < (A2 + t]1k]) (Aiw 1 pul ||k:||) 1 4 e 1K

Thus we have proved the following lemma:

Lemma 3.1. For any t € [0;T] and for sufficiently large n, the estimates are valid

[010(t)] < Chlpaol, [916()] < Calprol
[0 ()] < CsA2]pikl,  [05,(£)] < Cadyl@inl-

here C; are positive constants.

Formally, from (3.2) by term-by-term differentiation we compose the series

= Z 91, (t) cos A,z + Z ¥y, (t) sin A, x, (3.11)
= n=1
Vor(, 1) Z X201, (t) cos Az + Z A2, (t) sin A\, (3.12)

In view of Lemma , the series . -, and - ) for any (x,t) € Dr
Cy Z )‘i ‘ Pin ‘
n=1

We hold the following auxiliary lemma.

Lemma 3.2. If the conditions (A1) then there is equality

1 .
Pin = 75%253, (i=1,2) (3.13)

where 1 1
o =2 [ o) cos huada, ) =2 [ oO@)sinade
0

0
with the following estimate:

Z e 17 < el paony, (i =1,2). (3.14)

If the functions (p( ) Satlsfy the conditions of Lemma 3.2, then due to representations and
series - 3.9) and (3.10) converge uniformly in the rectangle Dy, therefore, functlon 19(3: t)
satlsﬁes relations ([2.5) .

Using the above results we obtain the following assertion.

Lemma 3.3. Let k(t) € C[0,T],(Al) are satisfied, then there exists a unique solution of the direct
problem (2.5)-(2.7) ¥(x,t) € C*'(Dr) N C*(Dr).
4. SOLVABILITY OF INVERSE PROBLEM

In this section it is studied the inverse problem as the problem of determining of functions ¥(z, t), k(t)
from relations (2.5)- .
Let us multiply (2.5) by w(z) and integrate over = from 0 to [. Taking into account conditions

(2.6)-(2.7) and using (3.2)), we obtain the relation

K(t) = 5 (n(0) - / k)W (¢ = 7) dT—Z@?ln / () cos Anda+

+ i Vo (t) /01 w" (x) sin )\na?dx), (4.1)
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where © = fol w(z)p(x)de.
The following lemma plays an important role in studying the uniqueness of the solution to problem

2.3)-23):

Lemma 4.1. If ¥(x,t), k(t) is a solution of (2.5)-(2.8), then the functions

1910 /ﬂxt

1
V1, (t) = 2/ I(x,t) cos A\, xdx,
0

1
Vo (t) = 2/ Y(z, t) sin \,zdx
0

satisfy system (3.8)), (3.9) on the interval [0,T].

Now, consider the space B3, consisting of functions of the form ¥(z,t) in domain Dy, where the
functions 9, (t)(n =0,1,2,. ) Vo, (t)(n = 1,2,...) are continuous on [0, 7] and satisfy the condition

e 1/2 e 1/2
[910@)llcwom + (3O Bllcon)?)  + (3 O2WanBllcom)?) < +oo.
n=1 n=1
The norm in the space B3 ;. is

0 1/2 0 1/2
19, D)llz., = [F10®llcwn + (A2 M0m@llcomn)?) ~ + (A2 M0a®llcom)?)
1

We denote by E7, the Banach space B3 ;. x C[0,T] of vector functions z(z,t) = {d(x,t), k(t)} with
norm

l2(z, )|z, = 19(z, V)l Bz . + [IEE) [l clo,7)-

Now we consider the operator
AW, k) = {A1(0, k), A2(D, k) }
in the space EZ%, where
Ay (9, k) Z D1at) cos M + > Do (t) sin \uz,  Ao(9, k) = k(t)
n=1

and the funct1ons 510( t), 9; 2(t)(E=1,2;n = 1,2, ),E(t) are equal to the right-hand sides of (3.7)),
and (4.1) respectively.

Usmg snnple transformations from (3.7 and (| we obtain following estimates
1910l < lewollkllonnT + Ikloomn 0@ lleonT? <
< lellzaoulklconT + klcon 19, )5, T? (4.2)

0 1/2 0 1/2
(29 ®llcom)?) < (D bleil + X2 lkllow.m 9l T + X2lIE oo mleiml T2)2) T <

- *fé(”'“’m’) )" vs (ZWI!k!\C[oTllﬁzniT) )" +@(iuiukrC[O,Tnsomr:rz)?)lm <

< V3l Ly0 + V3l o 9P| oo T + V3|Ell oo 19| 5z, T (4.3)



Solvability of inverse problem... 115

h h 3w
nwmﬂ<5+]Twa 2 9l g, (4.4
where hy := maxteca 0 |, wo = max,ec2p,1 |w(z)]|.
Then from (4.2} we ﬁnd that
||19HB§T < A (T) + Bi(D)[kllcro,my + CLDF| B2, + Di(T) |kl ol B2, (4.5)
[kllco,r) < A2(T) + Bo(T) |kl o) + Co(T)|9l 52, + Da(T) Kl co,m 19]] 52 . (4.6)
where
A(T) = V3D L1, BiT) = 19l app T + V3102 | ooy T
Ci(T) =0, Dy(T)=(1+V3)T?,
h h 3w
AT =g, BAT)=gT CAT)="3 DyT)=0.
From (4.5)-(4.6) we conclude that
19118z, + Ikl < A(T) + B(D)kllcp,m + C(T)9 52, + D(T)|kllcrom 952, (4.7)

where

A(T) = Ai(T) + Ax(T), B(T) = Bi(T) + Bo(T),

C(T)=Cy(T) + Cy(T),D(T) = D:(T) + Do(T).
Theorem 4.2. If conditions (A1)-(A83) and condition

(B(T) + C(T) + D(T)(A(T) +2)) (A(T) +2) < 1 (4.8)
hold, then problem (2.5)-(2.8) has a unique solution in the ball S = Sg(||z||lgs < R < (A(T) +2)) of
the space E3.

Proof. In the space EZ consider the equation
z2=®z, (4.9)
where z = {19 k}, the components ®;(9,k)(i = 1,2), of operator ®(1J, k), defined by right side of

equations (3.2]) and (| .

Consider the operator ®;(9,k)(i = 1,2), in the ball S = Sy from E7. Analogically to (4.7)), we get

that for any z;, z, € Sy the following estimates are valid:
122z < 19]Bz, + l|Ellcp,m <

A(T) + B(D)[Elleom + C(D)[9]l 53, + D(T )\IkIICOTIIﬂIIBgT_
< A(T) + (B(T) + C(T) + D(T)(A(T) + 2)) (A(T) + 2) < A(T) +2. (4.10)

[ @21 — P2a|lmz <

B(T)|lks = kallcoa + C(T)1r = allsz , + DR (b = kollpory + 193 = dallsz, ) (4.17)

Then taking into account in and , it follows that the operator ® acts in the ball
S = Sk and satisfy the conditions of the contraction mapping principle. Therefore, in the ball S = Sy
the operator ® has a unique fixed point {¢, k} that is a unique solution of equation .

In this way we conclude that the function 9(z,t) as an element of space B3 ; is continuous and has

continuous derivatives ¥(z,t) and ¢, (z,t) in Dr.
From (3.5)) it is easy to see that

) ) 1/2 )
(Z(An||19m(t)||c[o,:r])2) <V2(1 + [[klloo.nT) Y _(XelPllcor) = V2(1+ [EllconyT) 19 52
n=1

n=1
Thus J(zx,t) is continuous in the region Dr.

Further, it is possible to verify that equation and conditions are satisfied in the
usual sense. Consequently, {J(z,t),k(t)} is a solut10n of (2.5)-(2.8) by Lemma 3 2 it is unique. O
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Remark 4.3. Let the assumptions (A1) - (A3) are satisfied. Then we will derive from (2.5)-(2.8) the
equations (2.1)-(2.4). By denoting u,(x,t) = ¥(x,t), we obtain

u(z,t) = p(z) +/0 I(x,t)dt.
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