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A quadratic operator corresponding to a non-stochastic
matrix on 2D-simplex
Xudayarov S.S.

Abstract. In this paper, we consider a quadratic non-stochastic operator mapping
two-dimensional (2D) simplex to itself. We find all fixed points and invariant sets of
the operator. Moreover, we study behavior of trajectories generated by the operator.
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1 Definitions

Non-linear dynamical systems arise in many problems of biology, physics and
other sciences. In particular, quadratic dynamical systems describe the behavior of
populations of different species (see [1]-[7] and the references therein).

Let E = {1,2,..,m}. A distribution on the set E is a probability measure
z = (Z1,..., &), i.e., an element of the simplex:

S'""={2:ER"'::¢20,Z::.=1}.

i=1

In general, a quadratic operator V : z € R™ — 2’ = V(z) € R™ is defined by:
m
V: 7= Z Pjizizi, k=1,..,m. (1)
1=1
The following theorem gives conditions for coefficients of V' to preserve the simplex.

Theorem 1.1. (7] For a quadratic operator V, given by (1), to preserve a simplez
S™=1 it is sufficient that

T

$)\ 35 Pge=71, ' trgi=15
famg}

i) 0 S Pl 4k =T eism;

i) ==\ /PusPik < Py <1+ V(L= Pui)(1 = Pj).
and necessary that the conditions i), i) and

1i’) —/PixPijk < Piyp <14 /(1 = Pax)(d = Pijx)

are satisfied,

Definition 1.2. [7] A quadratic operator (1), preserving a simplex, is called non-
stochastic (QuSO) if at least one of its cocfficients Pk, i # j is negative.
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In this paper, we study (see Remark 2.2 in [7]) the following example of QnSO on
the 2D-simplex S*:

’

z'=3(z—9)*+ J2(y +2)

Voi:{ vV =3(—27+3yz+2) (1.1)

d=3y-2)+ (x4 y).

Let 53 be a permutation group of order 3. We define the action of s3 on 87 in the
following way: if g € 83, 2 € S and M C §?, then

9(x) = (Zg01), Tg(2)s Tais))y 9(M) = {g(z) : z € M},
The action of s3 on the operator Vi is defined as follows:

(gVo)(x) = g(Va(x)).

2 Fixed points

Lemma 2.1. If x 1s a fired pomnt of the operator Vy, i.e., Vi(x) = z, then for any
g € sa, the point g(z) is also a fired point.

The fixed points are solutions of the system
r=3(z-v)*+ 32y +2)

v=3(-2)2+3y(r+2)

z=ty-2)*+ 3z(z +y).

Subtracting from the first equation Sl_;COnd one we get
(z—y)1 - %(2z-y—z)— g—z]=0.
From this equality weget ) 2 =y,2) z =L,z # yz+y= i
1) Case: z =y. In this case we get z = %:(1 — z), consequently, z=0and z = -:';.
2) Case z = %,x #y,7+y = 5. In this case we have y = i —;— —y- %)’+ %y(l—y).
Conscquently, we obtain » = 0 and 2 = }.
Therefore, by Lemma 2.1 we get the following fixed points:

1
2

Definition 2.2. [2]. A fixed point 2* of the operator V is called hyperbolic if its
Jacobian J at =* has no cigenvalues on the unit circle.

) i ¢ 1 1 1 11
al—(0-§)§)r a’-!—(arovi)s 03—(51 !0)- a\\—( |’§l§)- S

Wl

Definition 2.3. [2]. A hyperbolic fixed point z” is called:

i) attracting if all the eigenvalues of the Jacobian J(x*) are less than 1 in absolute
value;
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it) repelling if all the cigenvalues of the Jacobian J(z*) are greater than 1 in absolute
value;

iii) a saddle otherwise.
To study lhc': type of cach fixed point rewrite operator (1.1) (using z = 1 —y — )
e W;{ 3= {(1-z - )" + Jo(1 - )
V=50 -1+ + 3yl —y).

Note that W maps the set K = {(z,y) € [0,1)*: 0 € x + y < 1} to itself.
The Jacobian of W at point (z,y) is

y—2r+3 224+4dy-2
dr+2y -2 21—2y+% d

(2.1)

J“’(a‘-l y) = (

For each fixed point we have the following cigenvalues:

Caseu;: /\1=%, t\z=—%.
Cascaz: M =—%, =41
Case as: z\1=—%, A= %

Case aq: M2 = %

Thus a1, a2 and a3 are saddle points, but a4 is an attracting fixed point.

3 Invariant sets
Let s3 be a permutation group of order 3.

Lemma 3.1. If M 1s an invariant set of the operator Vo, defined Vo(M) C M, then,
Jor any g € sn, the set g(M) is also an invariant sel for Vg.

Introduce the following sets (see Fig. 2):
M ={(z,4,2) €S :2>y>z>1/6}, Mo = {(£,,2) €SP :2>z> y > 1/6},
Ms={(z,9,2) €S :y>2>z2>1/6}, My ={(z,y,2) €S2 :y>z2>z> 1/6},
M;={(z,9,2) €S* 12> 2>y >1/6}, Mg = {zyy,2) €S*:2>y>z > 1/6},
H={(r,yz) €8 :2>z>yz<1/6), 1= {(z,y,2) € 8 : z < 2 < 1/6),
{(zy,2) €SP :z2< tz>y> hK={z,p,2) € S*:z < Hy> >}
{(z.y,2) €8%: 2<2<1/6}, N={(z,5,2) € 8%:1/6 >z >z},
{(@r2)eS:y>r>t:<},Q=(zp2) €S :z>y> < i)
D = {(z,y,2) € $*:1/6 >y >z}, E = {(z,y,2) € §? : y<z<1/6}, F=
{(zy,2) € S?:2>2>ty< i}, G={zp2)es: 2>z > v < 1},
Iy :={(r,y,z)esz:z=y,z+y+z=l}.lz :={(.‘r,y,:)€S’:z=z,r+y+z=1},
ly:={(z,y,2) €S*:y=z, z4+y+2=1}.

o
L
P
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Pute. 2: The 2D-simplex and invariant sets of Vj.

Theorem 3.2. The sets M,,i = 1,2,3,4,5,6, 1, 3=1,2,3 are invariant with respect
to the operator V.

Proof. We show that M is invariant. Let (z,4,2) € M5, i.e, > 2>y > 1/6. From
formula of Vj we got

WY -z' =1z-z)(6y—1)>0=2 >z

b) 2 —y =2z-p)bz-1)>0= 2>y

oa' —y =z —y)(6:-1)>0=12' >y

From a), b), ¢) we get 2’ > 2’ > 3.

Now we shall show that 1/ > :—_ This follows from

1

min (- 2 ~
. (ey.2)ED 2 4

=2+ Julet2) = =
Where D = {(z,1,2) € Rtz y+2=12>2>y> t}. Thus M is an invariant.
By Lemma 3.1 we get that M, Mz, My, My, Mg are invariant sets too. From a), b), c)
it follows that if z = y then 2’ = Y, therefore each median ! 5y 3 =1,2,3 is invariant.
O It is casy to check that sets H-G, introduced above, are not invariant. Indeed, for
example, we show that / is not invariant, By b) we have

1
z'—y'=§(z—y)((i:t—-1)<(]=>z'<y'.

Thus /1 is not invariant. Similarly for @ by a), b), ¢) we get ' > 2/ > e, Gisnot
an invarant.
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4 Trajectories
For v'% € §? define its trajectory {u"‘)},’,‘;m with respect to operator Vp, as
"(mH) = Vo("(")): n= 0, 1'2‘ .5
Let p(z,y,2) = |z - y|ly - 2||z = 2|, v = (z,y,2) € S*.
Lemma 4.1, For any v\ € §? the following holds
lim (u™) = 0.
n=oc
Proof. We have
|z(m+1) _ )| - %w"’ — ™16z — 1,

oY gy %MI(") — 26z — 1],
|omH1) _ lnt)) %’zw - z™|j6g™ = 1).
Therefore,
p(2(H) D) S(ne1)y %p(z("),y("),z(")) ™,y ™, 2|,
where f(x,y,2) = (6z —1)(6y — 1)(6z — 1). It is easy to see that the function satisfies
|f(@v.2) €5, Yz, y,zz € 5%
Consequently, p(z!" ", 4+, z(“'”)) < §¢(z("’.y("),z(“)), where
o = (z(“), y™, z(")).
Thus
0<p(o™) < ("o,

This completes the proof. (]
From this lemma it follows that any trajectory of the operator Vy will be mainly
close to mediaus of the simplex.

Lemma 4.2. For cachi = 1,2,3, k € N the equation Vo“‘)(v) = a; does not have
solution ezcept .?olulions v=e¢; and a,.

Proof. By symmetry of the operator it suffices to prove for i = 1. Take first &k = ¢
then V4 (v) = a; is reduced to

3= = )(5 - 6z — 6y)

=]
|

R
I

7' -y = j(z—y)62-1)

y -2 =Y=-2)e=-1) ¢ TT1=3=2)6z-1)

0-3=30Cz—1+y)(6y-1)

=

g' =2 =Yz -2z)(6y-1)




A quadretic non-stochastic operator on two-dimensional simplez. 145

%: %(y—:)(61—1)=>1=% or z=1~-2y.
Consider z = } atd x = 1 — 2y scparately:
1) Case: z = £. We have

ik
2

(y—%)(4—Gy)=l=:-36y2-—30y+10=0=>’D<0.

(I—Gy)(%-1+1/)=l=18y1—15y+5=0=>‘D<0.

1

Thus the system has no solution in case = = ¢.

2) Case: x = 1 — 2y. In this case we have
By-1)6y-1)=1=un=0, yz=%='n1=1, z2=0.

(-6 -%)=12n=0m=;=>n=11=0
Thus, for k = 1, the system has solutions ¢; = (1,0,0) and ay = (0, 3,3) only. We
note that
Voler) = a1, Vo(v) # e, forall ve 52

Assume k > 2 and that the V*)(v) = a1 has some solution different from €, and ay
then

Vit (v) = VoV (v)) = Va(®) = ax. (4.1)
Since v # e, a1 we have 4

. 7=V V) £ e,

This by (4.1) contradicts to the result of k = 1. O

Lemma 4.3. Let M = |J{_, M. For any initial point 2 e M, the trajectory has the
following limat :
lim VW@ =2 11y
Jim ViU 0M) = (3,33
Proof. It suffices to prove this lemma for M. Take (x,y,2) € M, since My is
invariant we have

z™ >y 5 2™ 5 %

Thus z(™ is minimal coordinate of the vector v™ for each n > 1. Moreover; z(™ < 3
Because if 2 > 1 then we have 2™ > 1 y™ > 1 and so 2™ ¢ §% Now we shall
show that 2™ is an increasing sequence:

1
T = 2y -2 + g-z(")(l -z > -Z-z(")(l — 2y o,

Here we used that the function f(z) = 32(1 — 2) satisfies f(z) > z forany 0 <z < §.
Thus, z™ is monotone increasing and its limit is é as a4 is an attracting fixed point:

: (n) l
Jooa g
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Now we show that 2™ has a limit too. Assume it has not limit, then there are sub
sequences {nx} C N and {7im} C N such that
lim 2" =@, lim (") =g,

koo M- o

where a # 3.
By the third equation of the operator (1.1) we get

St _ %(21"‘*"+ 2w )2 4 gz"‘"’(l — gy,

taking limit for k — oo we obtain

similarly for 7, we have

STmt1) %(szm) +x0m) _1y2 4 %zm...)(l — 2y,

and taking limit for m — oo:

1 A8 i Bhn 0 Y
3—2(3 2B)+3=¢B—3

Thus, a = f = § which a contradiction to a # 3. Consequently,

lim 2™ = Lm 2™ =
n=o0 n—roo

W=

Now by z(™ 4+ y'(") +2"™ =1 we get

0

lim y"™ =

n-soc

Ll

0O Denote

Q={@v)eQ:ze P2 1) qep,1).

Lemma 4.4. If (z,y,2) € Q) then Vo(z,y,2) € Ms.

Proof. Let (z,y,2) € Q, ie, x>y > 1/6,z < 1/6. From formula of V; we get
¥ >z’ > 2. Now under conditions of lemma we show that 2/ > 1/6. Indeed,

Ok T 8 i
1—2(y ;c)+2A.(:t+y)>6 >

By—2) ' +91-z-p)z+y)>1

' =22y +2* + 3x + 3y - 327 + 2ry + ) > %
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Then o
2(x + y)* +Azy - 3(x + ) + 3 < 0.

1 1
WAz +y)* +dzy —3(z+y) + 3 <3(z+y) -3z+y)+ 3 =

Therefore it is sufficient to show that

z+v) =3(=+y)+ % <.

Denoting z +y =t = 1 — = [rom the last equality we get z € ["—‘ﬁ{—’:. B 0

Lemma 4.5. For cach (z,y,z) € Q there ezists a natural number n such that
Vu(")(:z, v, z) € Ms.

Proof. For the subset Q) C @ mentioned in the previous lemma we have n = 1.
Denote g(z) := 3 — /9 — 4z. Consider trajectory

bogr =g(bn), bo=1, n2 1
Now we take (z,y,2) € Q and by :=g(1) € [0,1) with 2z < 961. By formula of Vp we get

v’ >z’ > 2. We show that 2’ > %

ok 3 b
2 =-2-(y—z)2+32(3:+y)> =

o
6
(1/—1')2+3(1—I-y)(x+y)>%' “

b

3/2—‘21y+12+31+3y—3(r’+21y+y2)> 3"

Then
. 2 7 by
= 2(x+7) +Ala:y—-d(::+y)+§<0

2(:+y)’+4fy-3(z+y)'+% 53(z+y)2—3(z+y)+%‘ o

Therefore it is sufficient to show that
3(x +y)? = 3(x +y) + %‘- <0.
Since z+y=t=1-z we get

3(1—;)’-3(1-:)#%‘50

—3:+f—;50 =

2

32

o [%' m@], where bz = g(by).
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Thus if = € [9,}, 5,}] then 2/ > %} Conscquently, any point (z,y,z) € Qs, after
second iteration of V goes to My, ie., n = 2. Using induction one can show that if

(z,¥,2) € Qp, then ¢ > ta e, Volz,u,2) € Qu,. ., Therefore, we conclude that

V" (z,,2) € Qi and V™V (z,,2) € Ma, O
Denote
ar={(z,p,2) € $*:z > §+6—\/5}
3 { 4
Qo= ((Ily:z) € Sq Yy > +6\/;}1
2a={(z,9,2) €S :2> 8 +6\/5}.

Lemma 4.6. If (z,y,2) € U}, : then

3
Vo(x,y,2) ¢ U A .
=1
Proof. Take z > —+—£ Since £:C EUD we get y < 25 and z < =43
Therefore,

1 o3 1,2 2y, 3 ol 2.3 2
==(z—- - = - - pest — Gt A -
T =5(z-9) +2r(y+z) 2(z 22y+y’)+5(e )L 3 +Y)+5e-27) <

3 - f 2 _ 4-6/5
<2(( ) podl)=——rogn (.z- %) <
<M-6/6 3 3+\/' s+\/5) 14 -6V5 3‘(3+f)(3—\/‘)_
ST 216 6 3 T3 36 n
_14—6\/§+§_i_20—6\/5<3+\/5
=5 e 2736 86 Gy
Now

fes e g8t o A f B il
y—2(:¢: z) +2y(.r+z)—2(:r z)+2(1 z—-2)(z+2z2)=
S TORMNA e G 2
=3@-9"+ 3w+ -datay=
=-;-[z’-23,'z+22+3x+3z—3::’—62':—34:2]=%[—2x7—2:2-812+31+3z]=
= %[—2(2 +2)* +3(z +2) —422] < %[—2(1 +2)* +3(x+2)) = %[—2!2 +3t] <

1% o i 8 % 08 8. 11 8 Ty g 8
Spt g st = o n s

Similarly one can show that
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Thus

A+v5

z' < 2

Y < 3__?.0)/_7‘ = (2’1, 7)) a1 U B2U Bs .
zl < 31516

Lemma 4.7. If (z,y,2) € EUD with z € [, :‘i‘r_‘c] then, Va(z,y,2) € M.

Proof. This is similar to the proof of Lemma 4.4." 0O Summarizing from above
proved lemmas we obtain

Theorem 4.8. For the operator Vi, for any v\ € S\{ay, e 1 i =1,2,3)} the following
holds 111

tim V() = lim o™ = lim (%5, 2 = (5,3.3). (42)
Proof.
1) If o € U_, M; then (4.2) follows from Lemma 4.3;

2)If v’ € QUPUFUGUJUK then (4.2) follows from Lemma 4.5 and Lemma
43. .

3) The case :
v € {(z,y,2) e EUD : < 3—.+——\/5-}U{(r,y,z)€HUI:zS

6
U2 e LuN 1y < 325,

3+v5
6

u

follows from Lemma 4.7,

4) If v € U, A; then Vo(v') € S U\{DS*UL, Ai}).

5) If v{® € 88%\{a;, e, : i = 1,2,3}, then Va(v'?).€ intS?. Therefore (4.2) holds.
a
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