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EXACT AND NATURAL SCIENCES
UDC 517.98

DYNAMICS OF A COOPERATIVE SYSTEM WITH ORDER ONE IN THE PLANE

Absalamov Akmal Tolliboyevich,

Samarkand State University, Samarkand, Uzbekistan,
absalamov@gmail.com

Khudayarov Sa’nat Samadovich,

Bukhara State University, Bukhara, Uzbekistan
s.s.xudayarov@buxdu.uz

Abstract. In this paper we investigate the dynamical systems generated by cooperative discrete system
with order one in the plane. For the cooperative discrete system, we find all fixed points and their types.
Moreover, we study limit points of the trajectories of the corresponding dynamical system.

Keywords: Cooperative system, fixed point, trajectories, limit point.

JJAHAMHUKA KOOINEPATUBHOM CUCTEMBI IEPBOT'O MOPSIJIKA HA INIOCKOCTH

Aunomauyusa. B oaunou cmamve Mmbl ucciedyem OuHaAMuYecKue CUCEMbl, NOPOAHCOEHHbLE
KOONepamueHol OUCKDEMHOU CUCTHEMOU NePE020 NOPSOKA HA NIOCKOCHU. s KOOnepamueHol OUCKpemHoU
cucmemuvl HAlOeHbl 6ce HeNOOBUIICHbIE MouKu u ux munvl. Kpome mozo, mvl usyuaem npeoeivbHvle MOUKU
Mpaexmopuii COOmeemcmayioujelt OUHAMUYECKOU CUCHEMDL.

Knroueswle cnosa: Koonepamusnas cucmema, Henoo8UdICHAs MOYKA, MpPAeKmopuu, npedeibHas
mouxd.

TEKISLIKDA BIRINCHI TARTIBLI KOOPERATIV SISTEMANING DINAMIKASI

Annotatsiya. Ushbu maqolada biz tekislikda birinchi tartibli kooperativ diskret sistema tomonidan
hosil qilingan dinamik sistemalarni o'rganamiz. Kooperativ diskret sistema uchun barcha qo’zg’almas
nugtalarni va ularning turlarini topamiz. Bundan tashqari, garalayotgan dinamik sistema trayektoriyalari
limit nugtalarini o'rganamiz.

Kalit so'zlar: kooperativ sistema, go'zg'almas nugta, trayektoriyalar, limit nugta.

In this piece of work, we consider the cooperative discrete system

b k
x’=ax+%
v y (1)
' gy 4 X
Y YT+ xk

where all parameters a,b,c,d are positive real numbers and the initial conditions x,, y, are
nonnegative real numbers. In this system k is called the order of cooperative discrete system (1). We
describe the dynamics of this system when k = 1.

The main problem for a given operator V and for arbitrarily initial point s(®) € R? is to describe the
limit points of the trajectory {S(m)}::l:o’ where

sM =ym(sO) =y W(.V(s®)..)

m

Definition 1. A point s is called fixed point of the operator V if V(s) = s. The set of all fixed points is
denoted by FixV.

For the fixed points of the given nonlinear operator V' when k = 1 we have the following theorem.

Theorem 1. If a=1ord =1o0ra,d € (0,1) and bc < (1 — a)(1 — d) holds then the nonlinear
operator V has a unique fixed point which is

s; = (0;0).

If a,d € (0,1) and bc > (1 — a)(1 — d) holds then the nonlinear operator V has two fixed points

which are

s1=(0;0) and s, = (xo; ¥o)-
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where
_bc-(1-a)(1-4d) _bc-(1-a)(1-d)
T T —d+o’ T U-dA-a+b)
Proof. In order to find fixed points of the given operator VV we have to solve the following system of
equations for (x, y):

by
1-ax=——
A-dy= 1+x
It is obviously that if either a > 1 or d > 1 holds then system of equations (1) has a unique solution
(x,y) = (0,0).

Let a,d € (0,1) then from the first equation of the system (1) we find x = Substituting this

value to the second equation of the system (1) we get following equation:
bcy
1-d)y=
A=dy = A —oa+y)
which under the condition bc > (1 — a)(1 — d) gives two fixed points
S1 = (0; 0) and S, = (xo; yo)

__ by
A-a)(1+y)’

where
bc—(1-a)(1—-4d) bc—(1-a)(1—-4d)
T —-d+o’ T A-dA-a+b)
Theorem is proved.
Definition 2. A point s of the operator V is called hyperbolic if its Jacobian J at s has no eigenvalues
on the unit circle.
Definition 3. A hyperbolic fixed point s is called:
i) attracting if all the eigenvalues of the Jacobi matrix J(s) are less than 1 in absolute value,
ii) repelling if all the eigenvalues of the Jacobi matrix | (s) are greater than 1 in absolute value,
iii) a saddle otherwise.

In order to find the type of the fixed points of the operator (1) when k = 1 we consider the Jacobi
matrix

b
(1+y)?

a
Js) =]y = c

(1+x)?
and the corresponding characteristic equation det(J(s) — AI) = 0. The characteristic equation has

the form

bc
2 _ A d— =0
A (a+d)A+a AT 021+ )2 ,

Teorema 2. When k = 1 for the type of fixed points of the operator V the following statements are
hold:

syisa/an
attractor, ifa,de(01)andbc<(1—-a)(1—-4d)
saddle, ifa,de(0)and (1 —-a)(1-d)<bc<(A+a)(1+d)
repelling, ifa=z1lord=1orade (0,1)andbc> 1+ a)(1+d)
non — hyperbolic, if a,de(0,1)andbc=(1—-a)(1-d)orbc=1+a)(1+4d)
s, isa/an attractor, if a,d € (0,1) and bc > (1 —a)(1 —4d).
The proof of the theorem 2 based on finding A from the characteristic equation at the find points and
using definitions 2 and 3. Thus the proof of the theorem 2 remains for the readier.
For the limit points of the given operator V when k = 1 we have:
Teorema 3. If a,d € (0,1), and bc < (1 —a)(1 —d) hold then for any initial point (x,y) €
A= {(x,y) € R?: x = 0,y > 0} for the trajectories of the operator V the following holds
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T{inolo V™(x,y) = s; = (0,0).

Proof. For any initial point (x,y) € A= {(x,y) € R?>:x > 0,y > 0} we obtain:

, by , by
x'=ax +-—— -+ -a)x=——
cx
"=dy+—— " — 1-d)y=
y' =dy+ — O =y)+( =T

=[x -0)+A-ax][(' =)+ (1 -d)yl < (1—-a)(1 - d)xy
=@ -0 -N+A-Dyx'-0)+A-a)x(y'—y) <0
= eitherx' —x<0ory' —y <0
= either {x(”)} is monotone decreasing or {y(")} is monotone decreasing
and both of them are bounded from below.
We know that if the operator is a continuous map and the trajectories of the operator are convergent
then the set of limit points of the operator should consist of the fixed points. Thus
{ Y@+ _ gy ()
x™ —
c— y(n+1) + dy(n)
x(n+1) _ ax(n)

y(n) =
\ b — x(D) + gx(®

and
lim V" (x,y) = lim (x™,y™) = s, = (0,0).
This gives the proof of the theorem.
Now let us make the notations i.e. we consider the subsets of the set A= {(x,y) € R?>:x >0,y > 0}:
A={(x,y) ER?%: 0<x<x,, 0<y<yo}
A,={(x,y) ER?: 0<x<x, Yy = Yyo}
A={(x,y) ER* x=x5 ¥ 2y}
A= {(x,y) € R%: x = x,, 0<y<yo}
where
bc—(1-a)(1—4d) bc—(1-a)(1—-4d)
T —d+o’ T U-dA-a+b)
For the limit points of the given operator V when k = 1 we have:
Teorema 4. If a,d € (0,1), and bc > (1 —a)(1 —d) hold then for any initial point (x,y) €
A, U A, for the trajectories of the operator V' the following holds
Tlll_a}o V' (x,y) = 55 = (X0 Yo)-

Moreover we have
V(Ay) € Ay and V(A3) C A,
i.e. A; and A5 are invariant sets respect to the operator V.
Proof. Let (x,y) €A, . If a,d € (0,1), and bc > (1 —a)(1 — d) hold then the fixed point s, =
(x0; yo) exists and

b
x’=ax+ﬁ2ax+ =alx—xp)+xg=x+1A—-a)(xg—x)=>x

0
1+ Yo
Moreover,

/ by
xX'=ax+——<axy+b
1+y
Thus {x(™} is convergent. Since
D) _ gy

y™ = b —x(M+1) 4 gx(m) and  xo < 1—a
Then lim,,_,,, V™ (x, y) exists and it should be fixed point.
Let (x,y) € A,. Then
. cx CXg _ _ _ _ S
y=dy+ 2 dy+—1+x0 =dy-y)+y=y+A-DGo—-y) =y
Moreover,
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"= dy +—— < dyy +
y=ayri s
Thus {y™} is convergent. Since

£ —

y@+D) _ gy c
c—y@) + dy™ and Yo <1
Then lim,,_,., V™ (x, y) exists and it should be fixed point. Thus for any initial point (x,y) € A, U A,
for the trajectories of the operator V the following holds
}lljgo V'(x,y) = 52 = (X0; ¥o)-
Now let (x,y) € A;. Then

y by,
X ax T+y axg T+, Xo
0<y =dy+——<dyy +—2 =
=y =4y 1+x Yo 1+x0_y0

That means V(A;) c A;. Similarly one can show that V(A3) c A;. The proof of the theorem is
completed.
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