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Abstract

There is one-to-one correspondence between quadratic operators (mapping R”
to itself) and cubic matrices. It is known that any quadratic operator correspond-
ing to a stochastic (in a fixed sense) cubic matrix preserves the standard simplex.
In this paper we find conditions on the (non-stochastic) cubic matrix ensuring that
corresponding quadratic operator preserves simplex. Moreover, we construct several
quadratic non-stochastic operators which generate chaotic dynamical systems on the
simplex. These chaotic behaviors are splitted meaning that the simplex is partitioned
into uncountably many invariant (with respect to quadratic operator) subsets and the
restriction of the dynamical system on each invariant set is chaos in the sense of
Devaney.
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1 Introduction

Non-linear dynamical systems arise in many problems of biology, physics and other
sciences. In particular, such dynamical systems describe the behavior of populations
of different species with population models'. [25].

It is known that there are some populations with regular behavior and other ones
with chaotic behavior [1]. The chaos means sensitivity of behavior of the population
to the tiniest changes in initial conditions (the initial state of the population) and
unpredictable behavior. Mathematically studying a chaotic behavior is useful to our
understanding of chaos as a phenomenon. In this paperm, we consider several quad-
ratic (non-linear) mappings arising in population dynamics, which may generate a
chaotic behavior. Let us give some basic notations:

Chaos. For discrete-time dynamical systems, a mathematical definition of chaos
is as follows [4]. Let f be a function defined on some state space X. Denote f"(x),
meaning f'is applied to x € X iteratively n times.

Furthermore, let A be a subset of X. Then f(A) = {f(x) : x € A}. If f(A) C A,
then A is an invariant set under function f.

A continuous map f : X — X is said to be topologically transitive if, for
every pair of non-empty open sets A, B C X, there exists an integer n such that
A NB+#G.

Devaney’s definition (see’. [4, 7] for more details) of chaos is stated as follows:

A continuous map f'is chaotic if fhas an invariant set A C X such that

(1) fsatisfies weak sensitive dependence on its initial conditions on A,
(2) The set of points initiating periodic orbits are dense in A,
(3) fis topologically transitive on A.

In [2] it was observed that sensitive dependence on initial conditions follows as a
mathematical consequence of the other two properties.

Even simple processes can lead to chaos. This is reason why so hard to predict the
weather and the stock market. One beautiful example is the game of billiards [30].
Chaotic models are used in certain populations [10] and in the population growth
[9]. Chaos can also be found in ecological systems, such as hydrology [34]. Some
biological application is found in cardiotocography. Models of warning signs of fetal
hypoxia can be obtained through chaotic modeling [35].

Time evolution operators’. Time evolution is the change of state by the passage
of time. In general, time is not required to be a continuous parameter, but may be
discrete or even finite.

Consider a system with state space X for which evolution is deterministic and
reversible. For concreteness, let us suppose time set T is the set R or Ny = {0} UN.

Then time evolution is given by a family of state mappings

! https://en.wikipedia.org/wiki/Chaos. theory
2 https://plato.stanford.edu/entries/chaos/.
3 https://en.wikipedia.org/wiki/Time evolution.
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F,:X->X, ViseT,

where F, (x) is the state of the system at time 7, whose state at time s is x. The fol-
lowing identity holds

Fyu (F(0) = F (). (1.1)

The mappings F, (x) are called evolution operators.
A state space with a distinguished evolution operators is called a dynamical
system.

Example 1. Markov process of square matrices. One of well-studied time evolution
is Markov process, which is defined by linear mappings as follows. A family of sto-
chastic matrices {F, = Uz 5,1 > 0} is called a Markov process if it satisfies the
Kolmogorov-Chapman equation (i.e., equation (1.1)):

U = Y5y forall 0<s <t <t (1.2)
Let £ ={1,2,...,m}. A distribution (or state) of the set E is a probability measure
x = (x,...,x,), i.e., an element of the simplex:
m
sl = {XGR’” 1x; 20, Z)ci: 1}.
i=1
Let x© = (xﬁo), ..,xW) e §m! be an initial distribution on E. Denote by
x® = (x(lt), ...,x) € §™~! the distribution of the system at the moment 7. For arbi-

trary moments of time s and ¢ with s < ¢ the matrix 2/ = (Ul.[j”]> gives the transi-

tion probabilities from the distribution x to the distribution x. Moreover x®
depends linearly from x*:

m
o _ [s.1] (s) _
X, —ZUl.k X, k=1,...,m.

i
i=1

2. Quadratic stochastic process. Following [3] denote by S the set of all possible
kinds of stochasticity and denote by M the set of all possible multiplication rules of
cubic matrices.

Let MU = (P;;’J) " be a cubic matrix with two parameters.
=1

A family {F, = MED gt e This called (see [3, 12, 25] for details) a Markov
process of cubic matrices (or a quadratic stochastic process) of type (o |u) if for each
time s and ¢ the cubic matrix M is stochastic in sense ¢ € S and satisfies the
Kolmogorov-Chapman equation (for cubic matrices):

MBI = M M forall 0<s <7<t (1.3)

with respect to the multiplication 4 € M.
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Quadratic stochastic processes arise naturally in the study of biological and phys-
ical systems with interactions. Assume that the matrix <Pl[;kl]> is 3-stochastic (i.e.,
Pl[j];’] >0and Y, Pl[js]f] = 1), then the probability distribution x® (for the quadratic
process) can be found by the formula of the total probability as

[5.1] (é) (A)
ZP i i % (1.4)

ij=1

wherek=1,...,m, 0<s<t.

For case when PEJ.S,;’] does not depend on s, ¢ the theory of corresponding quadratic
stochastic operator is well developed (see [5, 6, 8, 11, 17] - [32] and references
therein).

3. Discrete-time quadratic dynamical systems. In this paper we consider discrete
time, i.e., T =N, = {0} UN and in the equality (1.4) we assume the coefficients
Pl[;k’] do not depend on s and ¢, but the cubic matrix P = (Pijk) is not assumed to be
stochastic.

In general, a quadratic operator V, V : x € R™ — x' = V(x) € R™ corresponding
to a cubic matrix [P is defined by:

ZPljkxl X, k=1,....m. (1.5)

Without loss of generality we assume P;;, = P;; ;. Indeed, if this equality is not satis-
fied then we can introduce

P (PU kP
The aim of this paper is to find conditions on the cubic matrix P ensuring that cor-
responding operator preserves simplex $”~!. Moreover, we want to construct several
quadratic (non-stochastic) operators which generate chaotic dynamical systems on
the simplex.
2 Quadratic non-stochastic operators

The following theorem gives conditions for coefficients of V to preserve the simplex.

Theorem 2.1 For a quadratic operator V (given by (1.5)), to preserve a simplex S™!
it is sufficient that

6] ZPUk—l Lj=1,...,m;
(i1) 0<P”k<1 Lk=1,...,m

% Birkhauser
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(i) ——/PrPos < Py <Py <1+ \/(1 — P )(1 — P;,) and necessary that

m—1
the conditions (i), (ii) and

) =\PiPls < Py 1+ =Pl =By

are satisfied.

Proof Necessity. Following [32] we prove necessity of conditions (i), (ii), (iii’).
Assume V preserves the simplex. The condition (ii) is needed to

Vie) = Pyys - Piy) € Sm=1 for vertices e; =(0,..,0,1,0,..0) (here 1 is the

ith coordinate). Because in this case V(e;) = (P, ..., P;;,,), which also requires

kazl P, = 1(a particular case of the condition (i)). To show that (i) is necessary,

let us take x = ae; + fe;, where @, f > 0, a + f = 1. Then for V(x) we have

X =Py’ + 2P af + Py P k=1,....m.
Since V preserves simplex, we have
0 < Py + 2Py af + Pyyf* <1, k=1,....m. @.1)

and since f = 1 — a we have

m m
Dx =Y (P + 2Py a(l —a) + Py(1—)) = 1
k=1 k=1
which fora = 1/2by X, | P, = 1gives i).
To obtain condition (iii’) in (2.1) we denote

a=P, b= Pij,k’ c= ij,k' 2.2)

fla) = (a—2b+c)a® +2(b - c)a +c.

Then inequalities (2.1) equivalent to find conditions on parameters a, b, ¢ such that

f(a) € [0, 1] for each @ € [0, 1]. We have f(0) = c € [0, 1]and f(1) = a € [0, 1].
Case:a—2b+c=0.Thatisb = (a+c)/2 > 0. Then f(a) = 2(b — c)a + c. The

graph of this linear function connects points (0, ¢) and (1, @) and contained in [0, 112
Case: a — 2b + ¢ # 0. In this case the function f(a) has its extremum point

c—b

= T hte

Therefore, f(a) € [0, 1]if and only if one of the following conditions holds

(D a &0, 1)
(2) a;€(0,1)and f(ay) € [0, 1].

By elementary analysis, it is easy to see that solution to the inequalities associated
with conditions (1) and (2) is

% Birkhauser
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ac<b<1++/({1—-a)l-o).

This using notations (2.2) shows that condition (iii’) is necessary.
Sufficiency. Let x € §”~!. We show that x' = V(x) = (x],....x/ ) € §"~". Using
condition (i) we get

As mentioned above the condition (ii) is needed to have V(e;) € Sm=l,
Now using (iii) we show that x >0:

P P,
2 IR 2
X, —ZPukxx Z(m_lxi+2Pij’kxixj+m_1xj>
i<j
2 ij,k 2
>Z< _1 ’_——1 ”kijkxxj+—m_1xj
i<j
2
k
— Z uk jj j > 0.
i<j
Therefore the quadratic operator V preserves the simplex. O

Remark 2.2

1. In[31], for m = 2, it is proven that the conditions (i), (ii) and (iii’) are sufficient
and necessary to preserve the simplex.

2. In case m > 3 the conditions (i), (ii) and (iii’) are not sufficient to preserve the
simplex. Indeed, consider the example (satisfying (i), (ii) and (iii’)):

Pyy=1, Py =0, Vi=1,....m; Yk=2,....m
Py, =—‘/P,,1PU ==L Vi#j

P, €10,2,Vi#j, k=22 with kzzplj’k =2.

Then for the first coordinate of the corresponding quadratic operator V we have

m

x| _fo—z D> xx ( Zx,.>2—4 > xx

1<i<j<m i=2 2<i<j<m

=Qx, —172-4 Z XX,

2<i<j<m

% Birkhauser
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Take x € """ such that x; = 1/2 and x; > 0, j > 2 with 3" x; = 1/2. Then

¥ <0,ie, X =V & Sm=1,

3. The following is a quadratic operator V,;, with the conditions

1
=\ Pirljjix < Pijr < P Pii kP

which does preserve the simplex S%:

r_ 1.2 12,3 3 —

.xl - —x2 - .X2X3 + —.x3 + g.xl.X2 + —x1X3 -
Vo 19X =50 —xxs+ 563 + gxlxz + x5 =

r 1.2 y2 a2 2 =

Xy = 5X T XX + 7% + 7%1%3 + 7%2%3
where

for some i,j,k,

1 3
—(.X3 - x2)2 + —.xl(.xZ +X3)
S(x; = x3)% + 2x,(x; +x3)

500 = X))+ 2% () + 1),

P, =0 Py, =05Py, =05 P, =075 Py, =0,75 Py, = —0.5
P11,2 = 05 P22’2 = 0 P33,2 = 05 P12’2 = 075 P13’2 == —05 P23’2 = 075
P11,3 = 0.5 P22,3 = 0.5 P33,2 = 0 P12,3 = _0.5 P13’3 = 0.75 P23’3 = 0.75.

This example shows that our condition (iii) is not necessary to preserve the sim-

plex, because for this operator we have:

1 7/
P23,1 = 22,1P33,1 < _5 P22,1P33,1’

P12,3 =

/P
1
Pi3p=—4/P11,P33, < 3 Pi15P335,
1
_\/P11,3P22,3 < _z\/P11,3P22,3'

Remark 2.3 By a given cubic matrix (P;), one can define another kind of quadratic
operator W : (x,y) € R" x R"™ - x' = W(x,y) € R™, i.e.,

m
w: xllc = 2 Pyxy, k=1,....m. 2.3)

ij=1

In [15] such an operator have been considered. Question: Under what conditions on
the cubic matrix (P;;;) from W(s"™~! x §"~1) c §7~! it follows that V(S™~') c §™~'?
In [16] this question is solved for Volterra QSO on two-dimensional simplex. We
will answer this question, for general quadratic operators, in a separate paper.

Definition 2.4 A quadratic operator (1.5), preserving a simplex, is called non-sto-
chastic if at least one of its coefficients Py ;, i # j is negative.

Definition 2.5 Let V : §"~! — §”~!be a quadratic non-stochastic operator (QnSO).

It is called a Volterra QnSO (VQnVO) if
(iv) P, =0, forall k & {i,j}.

% Birkhauser
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Theorem 2.6 If for a quadratic operator the conditions (i), (ii), (iii’) of Theorem 2.1
are satisfied then it is not a VQOnSO.
Proof Assume (i), (ii), (iii’) are satisfied then we get
Pyp =1 P+ Py = 1.
Py =0, i#k

Moreover, by (iii’) we have

~\/ Pii\/ Puck S Py = 0 Py, i#k

Similarly we get 0 < Py, ;. Thus all coefficients of Volterra quadratic operator are
non-negative. Hence it is not VQnSO. |

3 One-dimensional QnSO

Here we give a review of results related to the one-dimensional QnSO. Consider
arbitrary QnSO on S

x' = ax? + 2bxy + ¢y?

Y = (=@ +2(1 = by + (1 = )y, 3.1

where

a,c €[0,1], be[—ac, 1+ =a)l-0)l (3.2)

Using x + y = 1, the operator (3.1) can be reduced to the function
fx)=(a—=2b+c)x*+2(0b—c)x +c.

Under condition (3.2) we have f : [0, 1] — [0, 1]. The dynamical system generated
by f can be fully studied. In [21, Sect. 2.2], the case b > 0 of this (stochastic) opera-
tor was studied. In [32] a class of QnSOs V : S' — S! were studied.

Here to avoid several cases, we consider the case a = ¢ = 1, then b € [—1, 1]. The
operator is QnSO iff b € [-1, 0). Therefore, using x + y = 1 from the second equal-
ity of (3.1) we get

y =2(1 =b)y(1 —y), be[-1,0).

Denote u = 2(1 — b). From b € [—1,0) it follows that u € (2,4].
The function g(y) = g,(y) = py(1 —y) is well known as a logistic map. For an
initial point x;, € [0, 1] consider the trajectory (dynamical system):

% Birkhauser
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'xn+1 = g(xn)7 n= O, 1, 2, e (33)

For u € (2,4] this dynamical system has the following properties®.:
Remark 3.1

e The function g(y) has two fixed points 0 and 1 — L

U
e If 4 between 2 and 3, the trajectory will eventually approach the fixed point
1- l, but first will fluctuate around that value for some time.

o If yﬂbetween 3and 1+ \/5 ~ 3.44949, from almost all initial point x, the tra-
jectory will approach 2-periodic orbit. These two values are dependent on p.

e With u between 3.44949 and 3.54409 (approximately), from almost all initial
point x, the trajectory will approach 4-periodic orbit (permanent oscillations
among four values).

e With u increasing beyond 3.54409, from almost all initial points the trajectory
will approach oscillations among 8 values, then 16, 32, etc.

e At u approximately equal to 3.56995 from almost all initial points, we no
longer see oscillations of finite period. Slight variations in the initial point
yield dramatically different results over time, a prime characteristic of chaos.

e A rough description of chaos is that chaotic systems exhibit a great sensitivity
to initial points. The logistic map for most values of 4 > 3.56995 exhibits cha-
otic behavior.

Remark 3.2 We do not know any quadratic stochastic operator with chaotic behavior
of trajectories. In the (above considered) case: a = ¢ =1, b € [-1,0), the operator
(3.1) has the form

X' = x*+ 2bxy + y?
y =21 - b)xy.

Since Pj,; =b <0, this operator is non-stochastic. For arbitrary initial point
(g 1 — xy) € S, its trajectory has the form (x,, 1 — x,), where x,, is defined by (3.3).
Therefore, from above-mentioned properties of the logistic map, it follows that when
—1 < b < —0.784975 the operator (3.4) generates a chaotic dynamical system on the
one-dimensional simplex.

(3.4)

4 Examples of two-dimensional QnSO

1. Consider the following example of QnSO on the two-dimensional simplex S:

4 https://en.wikipedia.org/wiki/Logistic map.

% Birkhauser
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X =x>+y*+ 722 —axy — axz + 2yz
y = Q2+ a)xy 4.1)
7 =2+ a)xz,

where a € [0, 2]. Note that Py, ; = P3; = —a/2.
1.1. Fixed points. The fixed points are solutions to the system

x=x>+y*+ 7% —axy — axz + 2yz
y=Q+any, 4.2)
z=02+a)xz.

In case y = z = 0 we get the fixed point p, = (1,0, 0). For y + z # 0 we get x = 2_J1ra

Consequently, the following is a family of fixed points

1
24al

1 1
= (5520 1= 55— —¥). where ye [0,1-
1.2. On invariant sets. Recall that a set M is called invariant with respect to an oper-
ator Vif V(M) C M.

It is easy to see that the following sets are invariant with respect to (4.1):

My={(x,y,20 €S :y=0}, M, ={(x,y,2) €S :z=0},
M, = {(x,y,z)652 1y =wz}, € [0,+00).

Denoting ¢t = y + z we reduce the operator (4.1) to the following

X =x2+ 1% —axt

! =2+ a)xt. “3)

Since x = 1 — ¢. The operator (4.3) coincides with (3.4). Therefore, under condition
1.56995 < a < 2 this operator and (4.1) generate chaotic dynamical systems. Moreo-
ver, using y 4+ z = t one can study trajectories of (4.1) by related trajectories of (4.3).
For example, if a trajectory (x,,?,) of (4.3) has a limit, say (a, §), then the corre-
sponding trajectory (x,,, y,, Z,) has property that

lim x, = a, ’}Lrg(yn +z,) =040

n—oo

The fixed pointz, = 1 — 213 of the function (2 + a)t(1 — ¢) gives an invariant set with
y+z=t,ie,

1
X={(xy,2) €S :x= )
{(x,y,2) x 2+a}

Note that the above mentioned fixed point p, is the following

2+ a)y

=XNM_, where o = ———.
Py @ l+a-Q2+a)y

Moreover,

% Birkhauser
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S =Myumu( () Mm,).

®€(0,+00)

Therefore, it suffices to study restrictions of the operator (4.1) on each these invari-
ant sets.

Restriction of the operator (4.1) on M, (using x =1—2z) can be written as
the function 7/ = (2 + a)z(1 —z). Similarly, on M, one has the same function
Y =Q2+ayl-y).

For each w € (0, +0), on the set M, the restriction of (4.1) can be written as

7=2+a)(1 - (w+ 1))z 4.4)

Multiply both side of (4.4) to 1 +® and denote { = (1+ w)z then we get
{=Q2+a)1-0.

Therefore, the trajectories of the operator on the invariants M,,, M, and M, are
given by the same logistic function. For u = 2 + a using facts of Remark 3.1 one
can give dynamics of these functions (i.e., the dynamics of operator (4.1) on the
above mentioned invariants). In particular, under condition 1.56995 < a < 2 each
one-dimensional dynamical system is chaotic.

Remark 4.1 (1) As we have seen, the operator (4.1) is chaotic for 1.56995 < a < 2,
but it is not chaos on the simplex in the sense of Devaney. Because, it is not topo-
logically transitive. It is splitted chaos meaning that the simplex is partitioned into
uncountably many invariant subsets and the restriction of the operator (4.1) on each
invariant set is chaos in the sense of Devaney.

(2) Let A = {(x,y) € R? : x,y > 0,x +y < 4}. Consider the following quadratic
operator F : A —» A

F:x¥=x@4-x-y), y =x.

In [13] it is showed that this operator has interior periodic points of periods p > 4.
Moreover, in [14] a lower estimate of the number of interior periodic orbits with
period p < 36 is given. Note that F generates a chaos on the boundary y = 0 of A.

2. Consider the following example:
Pyy=1, P;; =0, Vi=1,2,3; Vk=2,3;

1 [
Py = =3\PiiPj = =3, ViZ];

Py €10,31Vi#j, k=2,3 with Py, +P;;=3.

Then taking some parameters equal to zero we get the following quadratic operator
V.

¥ =x>+y*+2—xy—xz—yz
Yy =3xy +ayz 4.5)
7 =3xz+ (3 —a)yz,

where a € (0, 3).

% Birkhauser
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Remark 4.2 In the operator (4.5), one can also consider the cases a = 0 and a = 3.
These cases are more simple than the case a € (0, 3). Because, for example, if a = 0
then 7/ = 3z(x + y) = 3z(1 — z), i.e., the variable z has dynamics independent from
other variables. Therefore, below we consider the case a # 0, a # 3.

2.1. Fixed points. It is easy to see that the fixed points of the operator (4.5) are

5 = (1,0,0), 5, = (1 0,g>,s3= (1 2 0),

3°73 33’
. = a?-3a+3 2a 23 —-a) (4.6)
4 @2 -3a+9 a>-3a+9 a>-3a+9 )

Definition 4.3 [4]. A fixed point x* of the operator V is called hyperbolic if its Jaco-
bian J at x* has no eigenvalues on the unit circle.

Definition 4.4 [4]. A hyperbolic fixed point x* is called:

(1) attracting if all the eigenvalues of the Jacobian J(x*) are less than 1 in absolute
value;
(i1) repelling if all the eigenvalues of the Jacobian J(x*) are greater than 1 in abso-
lute value;
(iii) a saddle otherwise.

To study the type of each fixed point rewrite operator (4.5) (using
x=1—-y—2)as

Y =3xy+ayz=yB-3y+(a—-3)2)

W 7 =3xz+ B —a)yz=z(3 —ay — 3z). @7

Note that W maps the set T = {(y,z) € [0,1]? : y +z < 1} to itself.
The Jacobian of W at point (y, z) is

_(3—=6y+(@—3)z (a-3)y
JW(y,Z)—< —az 3—(1y—6Z .
For eigenvalues of the Jacobian at fixed points we have
A =24,=3
Case s;: ! 2
/11=1+23—ae[1,3], A, =-1
Case s,:
AL =-1, /12=3—2—ae[1,3]
3
Case s

% Birkhauser
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Fig.1 The graph of the 1.07

eigenvalue 4, (s,) as function of

parameter a € [0, 3] 094
0.8
0.7
0.6
0.5
0.4

Case s,: In this case 4, has a bulky form. But using Maple one can plot its graph
(see Fig. 1). Therefore, 0 < A; < 1 for any a € (0, 3). Moreover, one can
see that 4, = —1.

Thus we have proved the following

Proposition 4.5 Fixed point s, is repeller. Points s, and s5 are non hyperbolic (but
semi-repeller®). The fixed point 84 is non-hyperbolic (but semi-attracting®).
2.2. Invariant sets. Let a € (0, 3). Introduce the following sets:

M ={0.0eT :y=0}, M,={(y,290€T :z=0},
3—-a

My={(y,2) €T : z= v}
. 3-a . 3-a
M4={(y,z)€T.z<—a vh, Ms={(0,2)€T:z> y}.
Lemma 4.6 The sets M;,i=1,...,5 are invariant with respect to the operator W,

ie. (4.7).

Proof 1t is easy to see that W(M,) C M,, i = 1,2. For the case i = 3,4,5 assume

(v,2) € M;, we shall show that (y/,7) = W(y,z) € M,. From the first and second
equalities of (4.7) we find

5 Meaning that the second eigenvalue is greater than 1 in absolute value.
© Meaning that the second eigenvalue is less than 1 in absolute value.
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yz = 1(y’ —3xy), yz= ! (@ —3xz).
a 3—-a

Consequently

é(y’ —3xy) = ia(z’ -3xz) © GB-a)y —a? =3x(3-a)y—az). (4.8)

From the last equality it follows that
B-ay-az=0 & B-a)y —a =0.

Thus M, is an invariant. Moreover, from (4.8) it follows that if x =0 then
(3 — a)y’ — az’ =0, this means that any point (y, z) with y + z =1 (i.e. x = 0) after
first iteration goes inside of the invariant set M;. Therefore, consider x > 0, then
from (4.8) we get

B-ay-az>0 © B-a)y —a? >0.
B-—ay—az<0 & B-a)y —a <0.

Thus M, and M5 are invariant sets. O

Note that

T=JM, (4.9)

2.3. Trajectories. In this subsection for any initial point (y?, z?) € T we investigate
behavior of the trajectories (y™, z) = W*(y©,z®), n > 1.
By (4.9) it suffices to study the trajectories on each invariant set.

CaseM;: Reducing (4.7) on M, we get one-dimensional dynamical system gen-
erated by 7 = 3z(1 — z) which is a logistic map with parameter u = 3.
For this function it is known (see Remark 3.1 and [33, page 10]) that it
has repeller fixed point z = 0 and attracting fixed point z = 2/3. Conse-
quently, for trajectory of the operator (4.7) on the invariant set M, we
have

lim (y(n)7z(n)) = lim W"(y(o), Z(0))
n—oo n—-oo

_ 0,0, if ¢z =0,0)
T\ 0,2/3), if (1©,z0) = (0,79), 70 > 0.

CaseM,: is similar to the case M,.

CaseMs: Restricting W on M3 we get vy = 3y(l — y). Denoting t = %ﬂy
and ¢ = 230+ —=2 V' the last mapping can be written as ' = 3#(1 — r). There-
fore, thls case also conjugate to the above cases and the following holds

9-3a+a®
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lim (y("), Z(n))

0,0), if (,z?)=(0,0)
= < 2 2G-a) ) if (y0,z0) = (O, 20 1O 5 0,

a?=3a+9’ a>-3a+9

CaseM,: In this case for y > 0 we have < and < 2. Tterating the inequali-
ties we get
(n)
Z 3—a
== > 1.
P, R . "2 1 (4.10)
By (4.7) we have

3 — qy™ — 37m
Pn+1 = Pn ' - < >
3 — 3y + (a — 3)z

because:

3 —ay®™ — 3z

—v® — 3,0 5 _3,M™ _ (n)
323y 1 (@ = 3 >1 & —ay 3727 > =3y + (a—3)7

3—-a

© P, <
a

Hence P, is strlctly 1ncreasmg and with the upper bound i Consequently, its limit
exists and equal to 2 T as the supremum of P, in M3 U M,.
CaseMs. This case is similar to the case M,, now P, > 3¢

decreasing with 11m1t = too.

a

and P, is strictly

Thus for any initial point from M, U M, the set of limit points of its trajectory is

subset of M.
Now we give limit points of the operator (4.5). To do this, we introduce:

M= {(xy,2) €S* : () €M}, i=1,2,3,4,5.

Then

Summarizing above-mentioned results about trajectories of W, we obtain the
following

Theorem 4.7 If (x(o),y(()),z(o)) e Mi for some i =1,2,3,4,5 then for the operator
(4.5) the following holds
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s; if @ =1

s, if i=1,20>0
lim V'@, y, 0 =35, if i=2,y9>0
e s, if i=3,y9>0

€M, if i=4,5,

where s;,i = 1,2,3,4 are defined in (4.6).

Based on numerical analysis, we make the following

Conjecture If (x©@,y©,72) € M, U My then for the operator (4.5) the following
holds

lim V*(x©,y® 70y =,

n—-oo

Thus the operator (4.5) does not generate a chaotic dynamical system.

Acknowledgements We thank O.N. Khakimov for useful discussions and both referees for many com-
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References

N —

10.

11.
12.

13.

Bacaér, N.: A Short History of Mathematical Population Dynamics. Springer, London (2011)
Banks, J., Brooks, J., Cairns, G., Davis, G., Stacey, P.: On Devaney’s definition of chaos. Am. Math.
Mon. 99(4), 332-334 (1992)

Casas, J.M., Ladra, M., Rozikov, U.A.: Markov processes of cubic stochastic matrices: quadratic
stochastic processes. Linear Algebra Appl. 575, 273-298 (2019)

Devaney, R.L.: An Introduction to Chaotic Dynamical Systems. Stud. Nonlinearity, Westview Press,
Boulder (2003)

Ganikhodzhaev, R.N., Mukhamedov, F.M., Rozikov, U.A.: Quadratic stochastic operators and pro-
cesses: results and open problems. Inf. Dim. Anal. Quant. Prob. Rel. Fields. 14(2), 279-335 (2011)
Hardin, A.J.M., Rozikov, U.A.: A quasi-strictly non-Volterra quadratic stochastic operator. Qual.
Theory Dyn. Syst. 18(3), 1013-1029 (2019)

Hasselblatt, B., Katok, A.: A First Course in Dynamics: with a Panorama of Recent Developments.
Cambridge University Press (2003)

Kesten, H.: Quadratic transformations: a model for population growth. I, II, Adv. Appl.Probab, 2
1-82, 179-228

Lai, D.: Comparison study of AR models on the Canadian lynx data: a close look at BDS statistic.
Computat. Statist. Data Anal. 22(4), 409-423 (1996)

Liz, E., Alfonso, R.-H.: Chaos in discrete structured population models. SIAM J. Appl. Dynam.
Syst. 11(4), 1200-1214 (2012)

Lyubich, Yu.l.: Mathematical Structures in Population Genetics. Springer, Berlin (1992)

Mamurov, B.J., Rozikov, U.A., Xudayarov, S.S.: Quadratic stochastic processes of type (o|u).
Markov Process. Relat. Fields. 26(5), 915-933 (2020)

Malicky, P.: Interior periodic points of a Lotka-Volterra map. J. Differ. Equ. Appl. 18(4), 553-567,
(2012)

Malicky, P.: On number of interior periodic points of a Lotka-Volterra map. Acta Univ. M. Belii Ser.
Math. 19, 21-30, (2011)

% Birkhauser



Quadratic non-stochastic... Page 170f17 17

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

Abduganiev, A. Mukhamedov, F.: On pure quasi-quantum quadratic operators of M, (C). Open Syst.
Inf. Dyn. 20(4), 1350018 (2013)

Mukhamedov, F., Syam, S.M., Almazrouei, S.A.Y.: Few remarks on quasi quantum quadratic opera-
tors on M, (C). Open Syst. Inf. Dyn. 27(2), 2050006 (2020)

Mukhamedov, F.M.: On circle preserving quadratic operators. Bull. Malays. Math. Sci. Soc. 40(2),
765-782 (2017)

Mukhamedov, F.M., Saburov, M.: Stability and monotonicity of Lotka-Volterra type operators.
Qual. Theory Dyn. Syst. 16(2), 249-267 (2017)

Mukhamedov, F.M., Saburov, M.: On dynamics of Lotka-Volterra type operators. Bull. Malay.
Math. Sci. Soc. 37, 59-64 (2014)

Mukhamedov, F.M., Bin, M.T., Muhammad, H.: On Volterra and orthogonality preserving quadratic
stochastic operators. Miskolc Math. Notes 17(1), 457-470 (2016)

Mukhamedov, F.M., Ganikhodjaev, N.N.: Quantum quadratic operators and processes. Lecture
Notes in Mathematics, vol. 2133. Springer, Cham (2015)

Mukhamedov, F.M., Khakimov, O.N., Embong, A.F.: On surjective second order non-linear Markov
operators and associated nonlinear integral equations. Positivity 22(5), 1445-1459 (2018)
Mukhamedov, F.M., Khakimov, O.N., Embong, A.F.: Ergodicities of infinite dimensional nonlinear
stochastic operators. Qual. Theory Dyn. Syst. 19(3) , Paper No. 79, 20 pp, (2020)

Mukhamedov, F.M., Khakimov, O.N., Embong, A.F.: On omega limiting sets of infinite dimensional
Volterra operators. Nonlinearity 33(11), 5875-5904 (2020)

Rozikov, U.A.: Population Dynamics: Algebraic and Probabilistic Approach. World Sci. Publ, Sin-
gapore (2020)

Rozikov, U.A., Shoyimardonov, S.K.: Ocean ecosystem discrete time dynamics generated by 1-Volt-
erra operators. Int. J. Biomath. 12(2), 1950015, 24 pp, (2019)

Rozikov, U.A., Zada, A.: #- Volterra quadratic stochastic operators: Lyapunov functions, trajecto-
ries. Appl. Math. Inf. Sci. 6(2), 329-335 (2012)

Rozikov, U.A., Zada, A.: On a class of separable quadratic stochastic operators. Lobachevskii J.
Math. 32(4), 397-406 (2011)

Rozikov, U.A., Zada, A.: On - Volterra quadratic stochastic operators. Inter. J. Biomath. 3(2), 143—
159 (2010)

Rozikov, U.A.: An Introduction to Mathematical Billiards. World Scientific Publishing Co. Pte.
Ltd., Hackensack (2019)

Sarymsakov, A.T.: Quadratic transformations that preserve a simplex. (Russian) Izv. Akad. Nauk
UzSSR Ser. Fiz.-Mat. Nauk. 2 16-19, (1982)

Sarymsakov, A.T.: Behaviour of trajevtories and ergodic properties of the quadratic stochastic oper-
ators. PhD thesis. Tashkent (1982)

Sharkovskii, A.N., Kolyada, S.F., Sivak, A.G., Fedorenko, V.V.: Dynamics of One-Dimensional
Mappings. Naukova Dumka, Kiev, Russian (1989)

Sivakumar, B.: Chaos theory in hydrology: important issues and interpretations. J. Hydrol. 227(1-
4), 1-20 (2000)

Zsolt, B.: Chaos theory and power spectrum analysis in computerized cardiotocography. Eur. J.
Obstet. Gynecol. Reprod. Biol. 71(2), 163-168 (1997)

% Birkhauser



	Quadratic non-stochastic operators: examples of splitted chaos
	Abstract
	1 Introduction
	2 Quadratic non-stochastic operators
	3 One-dimensional QnSO
	4 Examples of two-dimensional QnSO
	Acknowledgements 
	References




