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EXACT AND NATURAL SCIENCES

UDC 517.98
QUADRATIC STOCHASTIC DYNAMICAL SYSTEMS OF THE TYPE (o | D)

Khudayarov Sa’nat Samadovich,

Bukhara State University, Bukhara, Uzbekistan.
s.s.xudayarov@buxdu.uz

Absalamov Akmal Tolliboyevich,

Samarkand State University, Samarkand, Uzbekistan,
absalamov@gmail.com

Abstract. The study of mathematical models in physics or biology comes down to the study of
continuous or discrete-time quadratic random processes. In this case, an important issue is the construction
of a family of cubic matrices that satisfy the Kolmogorov-Chapman equation.

Maksimov introduced associative multiplication of cubic matrices, generalizing the usual matrix
multiplication. He introduced analogues of cubic stochastic matrices and gave their probabilistic
interpretation. The cubic stationarity of stochastic matrices is described and the statement that the cubic
stochastic matrix approaches stationarity is proven. Generalizing the concept of a Markov process, Markov
introduced the concept of an interaction process and showed that the concept of ergodicity of such a process
is naturally related to the associative multiplication of cubic matrices.

Keywords: quadratic random process with continuous time, quadratic random process with discrete
time, Kolmogorov-Chapman equation, cubic matrix, stochastic matrix, associative multiplication of cubic
matrices.

KBAJIPATUYHBIE CTOXACTUYECKHUE JTUHAMWYECKHUE CUCTEMBI TUIIA (o | D)

Annomavusa. Hzyyenue mamemamuieckux mooenei 6 Qusuxe uiu OUon02UU C80OUMCS K U3VUEHUIO
HeNpepuleHbIX UMU OUCKPEMHBIX N0 6PEeMEHU KE8AOPAMUYHLIX CAYUAUMbIX npoyeccos. B amom cayuae
BAJNCHBIM BONPOCOM SGNAEMCS NOCMPOCHUE CeMEUCmea KyOuuecKux Mampuy, y0081emeopaiouux YpaeHeHuo
Koamoeopoea-Yenmena.

Makcumog 6gen accoyuamusHoe YMHOMCeHUue Kyouueckux mampuy, o600wus ooviuHoe MampuyHoe
ymHooicenue. OH  68el  aHANO2U KYOUYECKUX CMOXACIMUYECKUX Mampuy U Oal UxX 6eposimHOCHHYIO
unmepnpemayuro. Onucana Kyduueckas CmMayuOHAPHOCMb CMOXACMUYECKUX MAampuy u OOKA3AHO
ymeepoicoenue, uYmo KyOuueckdas Ccmoxacmuyeckas Mampuya npudIudicaemcs K CmMayuoHapHOCHu.
Ob6o6was nonamue maprkogckoz2o npoyecca, Mapkog 6gen nonsimue npoyecca 63aumo0eticmeus i noKasai,
YUMo noHAmue IP20OUYHOCMU MAKO20 NPOYecca ecmeCmEeHHbIM 00pa30M C8A3AHO C ACCOYUAMUBHBIM
VMHOJICEHUEM KYOUUeCKUX Mampuy.

Knwouesvie cnosa: keadpamuunvili Ciy4aiiHblil NPOYecc ¢ HEnpepulHbIM 6peMeHeM, K8aopamuiHbll
Cyualinbll npoyecc ¢ OUCKpemHbiM epemenem, ypasuerue Koamozoposa-Uenmena, Kybuueckas mampuya,
CMOXACMUYeCKas Mampuyd, adcCOYUAmUGHOe YMHOICEHUE KyOUUecKux Mampuy,.

(o | D)-TIPLI KVADRATIK STOXASTIK DINAMIK SISTEMALAR

Annotatsiya. Fizika yoki biologiyadagi matematik modellarni o ‘rganish uzluksiz yoki diskret vaqtli
kvadratik tasodifiy jarayonlarni o ‘rganishga keltiriladi. Bunday holda Kolmogorov-Chapman
tenglamasini ganoatlantiradigan kubik matritsalar oilasini qurish muhim masala hisoblanadi.

Maksimov tomonidan odatdagi matritsani ko ‘paytirishni umumlashtiruvchi kub matritsalarni
assotsiativ ko ‘paytirish Kiritildi. U kubik stoxastik matritsalarning analoglarini kiritdi va ularning
ehtimollik talginlarini berdi. Stoxastik matritsalarning kubik statsionarligi tavsiflandi va kubik stoxastik
matritsaning statsionarga yaginlashishi hagidagi tasdigni isbotladi. Markov jarayoni tushunchasini
umumlashtiruvchi Markov o ‘zaro ta’sir jarayoni tushunchasini kiritdi va bunday jarayonning ergodikligi
tushunchasi tabiiy ravishda kub matritsalarni assotsiativ ko ‘paytirish bilan bog ‘ligligini ko ‘rsatdi.

Kalit so zlar: uzluksiz vaqtli kvadratik tasodifiy jarayon, diskret vaqtli kvadratik tasodifiy jarayon,
Kolmogorov-Chapman tenglamasi, kubik matritsa, Stoxastik matritsa, kub matritsalarni assotsiativ
ko ‘paytirish.
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Introduction and problem statement. In [1] by J.M.Casas, M.Ladra and U.A.Rozikov a Markov
process of cubic stochastic matrices is introduced, which is also called quadratic stochastic process (QSP).
QSP is a special case of a dynamic system with continuous time, the states of which are stochastic cubic
matrices that satisfy an analog of the Kolmogorov-Chapman equation (KCE). Since there are several kinds
of multiplication between cubic matrices, one has to first fix the multiplication and then consider the KCE
with respect to the fixed multiplication. In the work [1], [2] J.M.Casas, M.Ladra, U.A.Rozikov to construct a
QSP two specially chosen concepts of stochastic cubic matrices and two multiplications of such matrices
(known as Maksimov multiplications) are considered.

In this paper we have several examples of quadratic stochastic processes (QSP) of type (o | D),

where the type of o stochastic cubic matrices, and D stands for a specific multiplication between cubic
matrices.

Markov process of square matrices. One of well studied time evolution is Markov process, which is
defined by linear mappings as follows.

Definition 1. A family of stochastic matrices F,, ={U™" :s,t >0} is called a Markov process if it

satisfies the Kolmogorov-Chapman equation [e.g.7]
Ut = ysayttd - forall 0<s<r<t (1)
Let x?=(xx2,...,x9)eS™ be an initial distribution on |. Denote by

x® = (x,...,xW) e S™* the distribution of the system at the moment t . For arbitrary moments of time

S and t with S <t the matrix Ul*Y = (UiEs’t]) gives the transition probabilities from the distribution x®
to the distribution X, Moreover, x® depends linearly from x® (see [7])
m
(O [s:t]y(s) —
X = D> Up %", k=1,..,m.
i=1
Maksimov’s cubic stochastic matrices. Denote | ={1,2,...,m}. Let C be the set of all m?-
dimensional cubic matrices over the field of real numbers. Denote by E;,, i, j,K €l the basis cubic

matrices in C .(see [7])
Following [4] define the following multiplications for basis matrices Eijk :

Eijk *0 EInr = 5k| 5jn Eijr' (2)
where J,; is the Kronecker symbol, i.e.
10, k=1
Oy = _
1, k=1
Then for any two cubic matrices A= (g, ), B = (b ) € C the matrix A*, B =(c;, ) is defined by
m
Cijr = zaijkbkjr' ®)
k=1

The following results of this section are proven in [4] (see also [7] for detailed proofs)
Proposition 1. The algebra of cubic matrices (C,*O) is a direct sum of algebras of square matrices.
Define multiplication:

E.* E

ijk a —lInr = 5k| Eia(j,n)r' (4)
where a: 1 x1 —1, (j,n)+—a(]j,n) el isan arbitrary associative binary operation.

Note that (4) is not a particular case of (4).

Denote by Om the set of all associative binary operations on | .

The general formula for the multiplication is the extension of (4) by bilinearity, i.e. for any two cubic

matrices A = (g, ),B = (b, ) € C the matrix A*, B =(C;,) is defined by
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Cijr = Z Zailkbknr '

I,n:a(l,n)=j k
Note that ¢;, =0 for j suchthat {l,n:a(l,n) = j}=9.

If the equation a(X,u) =Vv (resp. a(u,x)=V) is uniquely solvable for any U,v el then the
operation a on | has right (resp. left) unique solvability.
Lemma 1. If the operation @ on | has right or left unique solvability, then

2 2 Vin =22 i

del j,m:a(j,m)=d jel mel

Stochasticity. Define several kinds of cubic stochastic matrices (see [4, 6]): a cubic matrix
P= (pijk)in,]j’kzl is called
» (1, 2) -stochastic if

Py =0, D py =1, forall k.
i je1

« (1,3) -stochastic if

s

Py =0, Py =1, forall j.

=
1

1
« (2,3) -stochastic if

m
Py =0, D Py =1.foralli.
i k=1
« 3-stochastic if

Py =0, Zpijk =1 foralli,j.
k=1

The last one can be also given with respect to first and second index.

Maksimov [4] also defined a twice stochastic matrix: a (2,3)-stochastic cubic matrix is called twice
stochastic if

4 1
. =—, forall J,k.
;puk m ora .l

Proposition 2. (2,3)-stochastic (and twice) stochastic cubic matrices form a convex semigroup with
respect to multiplication (4).

Remark 1. One also can show that (1,2) -stochastic cubic matrices form a convex semigroup. But
the collection of (1,3)-stochastic matrices does not form a semigroup with respect to multiplication (4).

Discrete-time quadratic dynamical systems. Denote by S the set of all possible kinds of
stochasticity and denote by M the set of all possible multiplication rules of cubic matrices.
Let parameters S >0, t > 0, are considered as time.

Denote by MY = (Pij[ks’t] )_m_ .., cubic matrix with two parameters.
I, ],K=

Definition 2. [3]. A family {M -5 te R,} is called a Markov process of cubic matrices (or a
quadratic stochastic process (QSP)) of type (o | £) if for each time S and t the cubic matrix M is
stochastic in sense o € S and satisfies the Kolmogorov-Chapman equation (for cubic matrices):

MBS = MEdx MEYD foral 0<s <7<t (5)

with respect to the multiplication e M .
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Theorem 1. [3]. Let {AY = (a"t],t > 0)} be a family of invertible (for all t), mxm square matrices

-1
and let (A[t]) = (b[t]) denote the inverse of Al Let B® —(ﬁlflf)) be a cubic matrix, where

,b’i]ﬂi), I, J,k =1,...,m, are arbitrary functions such that

Zﬂ,ji) =al’l, forany i,k and s.

Then cubic matrix

M [s.t] = ( |§Ii)b[t]J (6)
k=1

i,j,r=1
generates an flow of algebras (i.e. satisfies equation (5) of type (D)).
In general, the matrix (6) does not generate a QSP. Here our aim is to find conditions on matrices Al
and B® (mentioned in Theorem 6) ensuring that the matrix (6) generates a QSP.
QSP of type (| D).
Recall that a permutation matrix is a square binary matrix that has exactly one entry of 1 in each row
and each column and O s elsewhere. Note that a permutation matrix is (right and left) stochastic.

Proposition 3. If A and B(s) = (ﬂ(s))
— (A" is a left stochastic;

i.jk=1 In Theorem 1 satisfies the following conditions:
~ B® is a 2-stochastic.
Then the matrix M ™" (given by (1)) generates a QSP of type (2| D)

Proof. By the conditions of the proposition it is easy to see that all elements of the matrix M [ are
non-negative. We calculate for the following sum

DY A = > A = Z{[iﬁ%ﬁ’}bﬂ

j=1k=1 k=1 j=1 k=1| \_j=1

since B® is a 2-stochastic we have u(i) =1. Then the right hand side of the last equality

i=1
becomes

Zb[t] Z (li) — zb[t]
IJ

k=1 i,j=1
-1
Since (A[t]) is a left stochastic matrix we obtain

ibg] =1.

k=1

Consequently, M (1] js a 2-stochastic matrix. This completes the proof.
Example 1. Let

Al = ( Al )*1 -

o O -
= O O
o - O

and
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fi(s)  f,(8)  fi(8) | f.(5)  fs(s)  fe(s) | fi(S) fa(s)  f4(s)
B® = @, (s) 0, (S) ?5(8) | @,(9) @5(8) ?5(s) | @ (s) ?5(8) ?5(8)
1-F(s) 1-FK(s) 1-R()L1-F(s) 1-F(s) 1-R(s)Li-F(s) 1-F(s) 1-Fy(s)

Then AlY and (A[t])’l satisfy all conditions of Theorem 1. In this case the QSP is defined by the
matrix

fis)  f(s) () | fu(s)  f(s)  f(s) | fi(8)  fo(s)  fy(s)
M® = () 04(9) 0,(5) | @,(5) 94 (S) 95(S) | @;(9) y(S) 9(9)
1-F(s) 1-F(s) 1-F,()L-F(s) 1-F(s) 1-F()L-F(s) 1-Fy(s) 1-F(s)

Where F(S) = f.(S)+¢(s),1=1,2,3,4,5,6,7,8,9 and functions f,(S) and ¢ (S) satisfy the
following conditions
f(s)>0

@, (s)=0
fi(s)+¢,(s) <1

Conclusion
In this paper we have several examples of quadratic stochastic processes (QSP) of type (o | D),

where the type of o stochastic cubic matrices, and D stands for a specific multiplication between cubic
matrices.
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