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Tesacnapzra xenrapanraa cpaKTnap, HI\TH6ocnapHHHr X.aI\l\OHHHJIHrH sa 
caBIDICH xaxna HMJIO xarorrapa yxya sryannmpnapaaar- y3napH Macoyn.nHpnap. 

2. TawKHJIHH K:YMHTa 
1. O.C.l\ax.x.opoB - HnMHH munap Ba anaoaauasnap 6yii:wrn npopexrop, paac. 
2. r.T.3apHUOB - MT, M Ba MTKE 6ynHMH 6oumHFH, pane MYOBHHH. 
3. X..0.)l()'paeB - cI>i-i3HKa-MaTeMaTHKa cl>aKYJibTeTH nexamr, asso. 
4. T.X..PacynoB -MaTeMaTHKa Kacpe.npacH MY.llHpH, asso. 
5. lll.lll.cl>aii3HeB - cl>H3HKa xaqienpaca MY.D.HpH, asso. 
6. O.M.)l(anonoB - Axfiopor rexaonoraanapa xaqiezrpaca MY.llHpH, asso. 
7. C.1\.1\ax.x.opoB - cl>H3HKa xarpeztpacn nporpeccopa, asso. 
8. ,D;.P .,D;~aeB - cl>H3HKa Kacpe.npacH npodieccopa, asso. 
9. ,D;.l\.,lJ;yp.nHeB - MaTeMaTHKa xarpeztpacn npotpeccopa, asao. 
10. H.X..MaMarnaa - MaTeMaTHKa xarpenpacn noueara, asso. 

1. ~acTypuii 1'YMHTa 
1. O.X.XaMHJJ:oB - yHHBepcHTeT peKTOpH, paac, 
2. O.C.l\ax.x.opoB - J-fJIMHH nmnap Ba HHHOBal.(IDinap 6yiiHqa npopexrop, paxc 

MYOBHHH 
3. Y.Y.Pamu.noB - Momur Ba HI\THco.n nurnapa 6yi%Hqa npopexrop, asso 
4. X..0.)l()'paeB - cl>H3HKa-MaTeManma cpaKyn1>TeTH nexana, ao30. 
5. TX'Pacynoa - MaTeMaTHKa Kacpe.npacH My,nHpH, asso. 
6. lll.lll.cl>aii3HeB - cl>H3KI<a xatpenpaca MY.llHpli, asso. 
7. O.MJKanonoB +Axfiopor rexaonornanapx Ka<Pe.npacH MY.llHpH, asso. 

AmKYMaH Y36eKHCTOH Pecrryfimncaca I1pe3.meHTH lllasxar Mapaaeeaaanr 
2020 HHJI 24 xasapnara OnHH Masomcra iiynnaraH Mypoacaaraovaca x.aM.na 
Y36eKHcToH Pecrryfinaxacn Basapnap Max,KaMacHHHHr 2020 HHJI 7 <t>eBpan.narn 56- 
cI>-coH cpapMoiinnmra MYBO<i>HI< TaillKHJI 3THJIMOI<,lla. 
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with respect to the multiplication µ e M . 
(I) Mr'·'1 = Mr'·'1 * Mr'·'1, for all O s s < t: < t µ 

Denote by S the set of all possible kinds of stochasticity ([ l ],[2]) and denote by M the set of all 
possible multiplication rules of cubic matrices. 

M[st] ( [st))m b bi . · h S ~ 0, t ~ Q Let · = a .. k· e a cu re matrix wit. two parameters 
Y ijk~I 

Definition ([1]). A family:{M1'·'1 :s,t ER.} is called a quadratic stochastic process (QSP) of type 

(a I µ) if for each time s and t the cubic matrix M[s.iJ is stochastic in sense a E S and satisfies the 
Kolmogorov-Chapman equation 
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-b2 + 2~b4 + 2~b2 -b2 + 2b 
4) if 0 ~ a ~ , then J, b has a periodic point of period b2 a, 

three. 

3) if a= 1, then for any initial point X(O) the trajectory X(n) has the following limit Jim X(n) = 1. 
n-+oo 

where a e[O, 1], b E [-1, l]. 
The following three cases are possible 
(i) 0 s a s 1 , 0 < b s 1 ; 
(ii) 0 $ a ~ 1 , b = 0 ; · 
(iii) 0 s a s 1, -1 s b < 0 . 
In this work we discuss the case (iii). 
The case 0 $ a $ 1 , -1 $ b < 0 . In this case, we have the following 
Theorem. For the dynamical system generated by function (5) the following hold: 
1) J;, b has unique fixed point x = 1 ; 

2) if 0 $ a < 1, then J, b has not a periodic point of period two; a, 

{
V0 (z), if X s 112, 

vab(z): 
' Vb(z), if x.>112. 

We consider the dynamical system generated by the evolution operator Va,b. Using the equality 

x + y = l, this operator can be reduced to the function J,,,h : [ 0, l] ~ [ 0, I] defined by 

J, (x ={(a-1)x2 +1, if x$]/2, (S) 
a,b ) x(l+b-bx), if x>l/2, 
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- (12 j max) iff B1'·11 is left stochastic for any 0:::; s < t. 

Both system of equations (4) and (5) are Kolmogorov-Chapman equations for square matrices. Using 
known solutions for these equations, one can give concrete solutions of the system (2). 

Namely, if B1'·'1 = (b,~'·11) is a solution to (4) and C1''11 = (ct'·'1)is a solution to (5) then 
corresponding solution to the system (2) is 

M1s,1J -(' c~~,11 c~;.11 c~~·'I c~:,11 J 
b(s,1] _ [s,1] b(s,1] _ C[s,I) b(s,1] _ (s,I] b[s,1] _ [s,1) (6) 

11 c" 12 12 21 c21 22 c22 

Th L B l•.tl (b[s.11) b 1 . (4) d cc•.11 ( l•.11) eorem. et = ij e a so utron to an = cij be a solution to (5) with 

c~·11 E [0,1] and for any i, J = ~' 2, 0:::; S < t then the family of matrices M1'·11 given in (6) is a QSP of 
type 

(5) 

[s,1) _ [,,r) [r,1) + [s,r) [r,1) 
e11 - e11 e11 e12 e21 

e(•.1) = e[s,r)e(r,1) + e(s,r)e(r,1) 
12 11 12 12 22 

e(s,1) = d'·')e(r,I) + e(s,r)e(r,1) 
21 21 11 22 21 

e(s,1] = e[•.•lefr,1) + ef•,r]e(r,1] 
22 21 12 22 22 

b[s,1] = [s,I) + [s,I] B[s,I] = (b[s,1]) (3) 1j a11j a12j ' ij 
one can reduce the system (2) to the following one 

b[s,1] = b[s,r]b[r,1) + b[s,r)b[r,1] 
11 11 11 12 21 

b[s,1] = b[s,r)b[r,r) + b[s,r)b[r,1) 
12 II 12 12 22 (4) 

b[s,r) = b[s,r)b[r,1) + b[s,r)b(r,1) 
21 21 11 22 21 

b[s,1) = b(s.r)b(r,1) + b(s,r)b(r,1) 
22 21 12 22 22 

Note that 1-4 equations of the system (2) can be solved independently from 5-8 equations. Therefore if 
we solve system of 1-4 equations of (2) and solve system ( 4) then by (3) we can find all unknown functions 
of (2). 

Denote c~·'1 = a~;;11, C1':'1 = (c~·11) then 1-4 equations of the system (2) is 

On the set I= {1,2, ... ,m} consider binary operation a(i,j) =max{ i,j}. Let a is a fixed 
stochasticity of cubic matrices th~n the QSP corresponding to Maksimov's multiplication (see section 2.2 of 
[2]) of max operation is denoted as type (CJ I max) . Here we give some examples of such QSP. 

For simplicity we take m = 2 and solve the equation (1) for matrix M1'·11 = (a~/1Xk-1• In this case 
(1) is in the following form 

[s,1] _ [s,r] [r,1] + [s,r) [r,1] 
a,,, - a"' a"' a112 a211 

a
[s,I] _ [s,r] [r,I] + [s,r] [r,1] 
112-a111a112 a112a212 

a[s,1] = a[s.r)a[r,1) + a[s,r)a[r,1] 
211 211 Ill 212 211 

a[s,1) = a[•,r]a[r,1] + a[s,r]a[r,1] 
212 211 112 212 212 

(2) 
a (s,1] = (s,r] (r,1] + .. (s,r] [r,1] + (s,r] (r,I) + [s,r]a[r,1] + a[s,r]a(r,1] + a[s,r]a[r,I] 

111 a"' a,21 a112 a221 a,22 a221 a121 111 121 121 122 211 

a[s,1] = a[s,r]a[r,1) + [s,r] [r,1] + (s,r] (r,1] + [s,r)a(r,1] + a(s,r)a(r,1] + a(s,r]a(r,I] 
122 111 122 a,21 a112 a121 a,22 a112 222 122 212 122 222 

a (s,1] = a(s,r)a[r,I] +·a[s,r]a(r,1] + [s,r] [r,1] + a(s,r]a(r,1] + a[s,r]a[r,1] + a(s,r]a(r,I] 
221 211 121 212 221 a221 a"' 221 121 222 211 222 221 

a [s,1] = a[•,r]a[r,1] +: [s,r] [r,r] + [s,r] [r,1] + [s,r]a[r,1] + a[s,r]a[r,1] + a[s,r]a[r,1] 
222 212 222 a221 a, 12 a221 a,22 a222 212 222 222 211 122 

Denoting 
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The talk will begin with a brief introduction lo the theory of generalized inverses and afterwards will 
focus on selected, emerging problems. Considerable attention will be paid to various representations of the 
inverses. Possible areas of further research will be indicated as well. 
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The Moore-Penrose inverse celebrates its I OOth birthday in 2020, as the notion standing behind the 
term was first defined by Moore in 1920 [I]. Its rediscovery by Penrose in 1955 [2] can be considered as a 
caesura after which the inverse attracted the attention it deserves and has henceforth been exploited in 
various research areas of applied origin. As specified by Penrose [2], the Moore-Penrose inverse of a matrix 
K E Cm.n is the matrix l(t E C,,,m satisfying the equations . 

K/(tK=K, /(tK/(t=Kt, KKt=(Kl(t)", /(tK=(l(tKr. 
An important fact is that the Moore-Penrose inverse of any matrix always exists and is unique. 

Another relevant feature is that the Moore-Penrose inverse can be used to represent orthogonal projectors, as 
the matrices sx; xs«, Im - K/(t and I,. -/(tK represent the orthogonal projectors, which project onto 
R.(K), R.(K"), N(K"), and N(K), respectively. In these expressions, Ip stands for the identity matrix of 
order p, whereas the symbols K", R.(K), and N(K) stand for the conjugate transpose, range (column space), 
and null space of KE Cm,,.. The Moore-Penrose inverse has proved to have many applications in various 
research areas of diverse origin, e.g., physics,' statistics, robotics, neural networks, or digital image 
restoration. 

Another generalized inverse of interest is the core inverse, which was first defined in [3] and since 
then attracted considerable attention. The core inverse exists only for square matrices of index one, and the 
core inverse of an index one matrix K E Cn,n is the matrix K® E IC,.,,. satisfying the conditions 

Kx@= KKt and KKtK®= K®. 
It is seen that the definition of the core inverse establishes its link with the Moore-Penrose inverse. 

The core inverse is also related with other important generalized inverses of matrices, such as the group 
inverse (a particular Drazin inverse) and the Bott-Duffin inverse, each of which has many relevant 
applications. Similarly as in the case of the Moore-Penrose inverse, also the core inverse is unique. 
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- (13 I max) iff B['·'1 (resp. C['·'1) with non negative elements with sum of all elements equals 
to 2 (resp. l ). 

- (23 I max) iff Br1.1J. is right stochastic for any 0 ~ s < t . 
- (11 max) iff B[5.IJ (resp. cr•.IJ) with non negative elements with sum of all elements of each 

column equals to 2 (resp. left stochastic). 
- (21 max) never. 

- (31 max) iff Br·'·'1 (resp. cr'·'1) with non negative elements with sum of all elements of each 
row equals to 2 (resp. right stochastic). 
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