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ABOUT DYNAMIC SYSTEMS OF A QnSO

Khudayarov S.S.1, Dilmurodov E.B.2

Bukhara State University, Bukhara, Uzbekistan;
s.s.xudayarov@buxdu.uz

Bukhara Branch Institute of Mathematics named after V.I. Romanovsky;
e.b.dilmurodov@buxdu.uz

Let I = {1, 2, . . . ,m}. A distribution of the set I is a probability measure x =
(x1, . . . , xm), i.e. an element of the simplex:

Sm−1 =

{
x ∈ Rm : xi ≥ 0,

m∑
i=1

xi = 1

}
. (1)

The quadratic stochastic operator (QSO) is a mapping of the simplex Sm−1 into itself,
of the form

V : x′k =
m∑

i,j=1

Pij,kxixj, k = 1, . . . ,m. (2)

where Pij,k are coefficients of heredity and

Pij,k ≥ 0, Pij,k = Pji,k,
m∑
k=1

Pij,k = 1, i, j, k = 1, . . . ,m. (3)

Thus, each quadratic stochastic operator V can be uniquely defined by a cubic matrix
(Pij,k)

m
i,j,k=1 with conditions (3).

For a given x(0) ∈ Sm−1 the trajectory (orbit) {x(n)} of x(0) under the action of QSO
(2) is defined by

x(n+1) = V (x(n)), n = 0, 1, 2...

In general, a quadratic operator V , V : x ∈ Rm → x′ = V (x) ∈ Rm corresponding
to a cubic matrix (Pij,k)

m
i,j,k=1 is defined by (2):

Definition.[1] A quadratic operator (2) preserving a simplex, is called non-stochastic
(QnSO) if at least one of its coefficients Pij,k, i 6= j is negative.

Theorem 1. [1] For a quadratic operator V (given by (2)), to preserve a simplex Sm−1

it is sufficient that
i)

m∑
k=1

Pij,k = 1, i, j = 1, . . . ,m;

ii) 0 ≤ Pii,k ≤ 1, i, k = 1, . . . ,m;

iii) − 1
m−1

√
Pii,kPjj,k ≤ Pij,k ≤ 1 +

√
(1− Pii,k)(1− Pjj,k)

and necessary that the conditions (i), (ii) and
iii′) −

√
Pii,kPjj,k ≤ Pij,k ≤ 1 +

√
(1− Pii,k)(1− Pjj,k)

are satisfied.
Consider the following QnSO on S2:

W0 :


x′ = ax2 + 2bxy + cy2

y′ = (1− a)x2 + 2(1− b)xy + (1− c)y2

z′ = z(2− z).

(4)
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where
a, c ∈ [0, 1], b ∈ [−

√
ac, 1 +

√
(1− a)(1− c)]. (5)

Theorem 2. For the initial point (x0, y0, z0) ∈ S2, z0 6= 0 the trajectory (xn, yn, zn)
approaches the point e1 = (0, 0, 1).

Denote
Z = {(x, y, z) ∈ S2 : z = 0}.

It is easy to see that Z is an edge of the simplex and it is invariant: z = 0 ⇒ z′ = 0.
Remark. If z = 0, then the restriction of operator (4) to Z is an arbitrary one-

dimensional QnSO in S1:{
x′ = ax2 + 2bxy + cy2

y′ = (1− a)x2 + 2(1− b)xy + (1− c)y2.
(6)

Some special cases a operator the form (6) were studied in [1].
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