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On the fixed point and invariant set QnSO
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Let I = {1,2,...,m}. A distribution of the set I is a probability measure = =
(1,...,2m), i.e. an element of the simplex:

Sm_lz{xGRm:xiZO,inzl}. (1)
i=1

The quadratic stochastic operator (QSO) is a mapping of the simplex S™~! into itself,
of the form

VIZL’;:ZPUJCZBZ{E]', k’:l,...,m. (2)
ij=1
where Pj;j, are coefficients of heredity and

Pk >0, Pjp="Pjx, Y Pyp=1 i jk=1._,m (3)
k=1
Thus, each quadratic stochastic operator V' can be uniquely defined by a cubic matrix
(Pijk)i k=1 with conditions (3).
For a given 2(?) € S™~1 the trajectory (orbit) {z(™} of 2(®) under the action of QSO
(2) is defined by
2D = V(™) n=0,1,2.. (4)

The main problem: is to know what ultimately happens with the sequence (4). Does
the limit lim,,_, 2, =7 This is very difficult problem, in general (see [1],[2]).

Definition 1.[1] A quadratic operator (2) preserving a simplex, is called non-stochastic
(QnSO) if at least one of its coefficients P,;;, i # j is negative.

Theorem 1. [3] For a quadratic operator V' (given by (2)), to preserve a simplex S™!
it is sufficient that

Z')Zpl%k:l, i,jzl,...,m;
=1
i) 0< Pyp <1, i,k=1,...,m

ii1) =5/ PiigPijn < Py < 1+ /(1= Pige)(1 — Py
and necessary that the conditions (i), (ii) and

iWi') —/PiipPjjr < Pijr <1+ /(1 — Pux)(1 — Pjjz)

are satisfied.

Let’s consider the following quadratic stochastic operator S:

v =2+ + 22— ary — avz — ayz
Wil oy =@ +a)at )y (5)
2 =(2+a)zz.
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where

a€[-2,2] (6)

If this operator W takes a value in the interval a € [0, 2] for the parameter a, then W
is a quadratic non-stochastic operator (QnSO) according to Theorem 3.

¥ =2+ + 2% —avy — avz — ayz

Wo:¢ vV =02+a)(x+2)y (7)
= (24 a)zx.
where
a € 0,2] (8)

Fixed points. The fixed points of this operator are solutions to the system
Wo(x,y, z) = (z,y, 2). The following lemma gives all fixed points of operator Wj.
Lemma. The set of all fixed points of operator (7) is

1 1+a 1 1+a
Fi =<A =(1 Ay = — Ag =
IX(W) { 1 (7070)a 2 (2—'—&’24—&70)’ 3 (2+aa072+a>}

Definition 2. A fixed point z* of a mapping W is called hyperbolic point if its Jacobian
Jw at z* has no eigenvalues on the unit circle; attracting point if all the eigenvalues of
the Jacobi matrix Jy (z*) are less than 1 in absolute value; repelling point if all the
eigenvalues of the Jacobi matrix Jiyy (z*) are greater than 1 in absolute value; a saddle
point otherwise. The following theorem gives type (see [1] for definitions) of each fixed
point of the operator Wj:

Theorem 2. For the operator W5, the points ey, ey, e3 are fixed points. Moreover,

1) the point ey is non-hyperbolic;

2) if a € [0, 1), then the point e; is a repeller, point ej is a saddle;

3) if a = 1, then e; and ez are non-hyperbolic;

4) if a € (1, 2], then e; is a saddle and point e3 is a repeller.

On invariant sets.Recall that a set W is called invariant with respect to an operator
Vit V(W) CcW.

Denote

T ={(z,y,2) € S? :y =0}, Ty ={(z,y,2) € S%:2=0},

It is easy to see that Z; and Z, is an edge of the simplex and it is invariant: y =0 =
y=0,2=0 =2=0.

References

1. Devaney R.L., An introduction to chaotic dynamical systems, Boulder, Stud.
Nonlinearity, Westview Press, 2003.

2. Rozikov U.A., Population dynamics: algebraic and probabilistic approach, World Sci.
Publ. Singapore. 2020, 460 pp.

3. Rozikov U.A., Xudayarov S.S. Quadratic non-stochastic operators: examples of splitted
chaos. Ann. Funct. Anal. 13:1 (2022), Paper No.17, P. 1-17.



