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QUADRATIC STOCHASTIC PROCESSES OF PERMUTATION MATRIX

Xudayarov S. S. !

Permutatsiya matritsasining kvadratik stoxastik jarayonlari
Ushbu maqolada (e|D) tipli kvadratik stokastik jarayonlar
(KSJ)ga doir bir nechta misollari qurilgan, bu yerda o - stoxastik
kubik matritsaning tipi, D esa kub matritsalar o'rtasidagi
ko'paytirishni bildiradi.

Kalit so'zlar: kvadratik stoxastik jarayon; kubik matritsa; vaqt;
Kolmogorov-Chepman tenglamasi,

Kpagpatiunnie cayuaiiinsie npoueccs! MATPHIBI TECPECTAHOBOK
B 910it cTaThe NOCTPOENBI HECKOIBKO NPIMEPOB KBAPATHIHBIX
croxactuveckux npoueccos (KCI)tuna (o|D), rac o tun cro-
XacTHYECKHX KyOmuecknux Matpuiy, a D osnavaer KoOHKpeTHoe
YMHOKEHHC MEHLY KYGHUCCKIMI MATPHIAMIL.

Kimouensie copa: KBaApaTHUHas CTOXACTHUCCKAA MATPHIA; KY-
6uueckas Marpuua; ppess; Ypaoneune Koxvoropona-Uensena.

MSC 2010: 35C15, 35L15.
Keywords: quadratic stochastic process; cubic matrix; time; Kolmogorov-Chapman equation

Introduction

In this paper following [1], [3], [4], [6] we define a type of quadratic stochastic processes (QSP) (also known
as Markov processes of cubic matrices) in continuous time. These are dynamical systems given by o-stochastic
cubic matrices satisfying an analogue of Kolmogorov-Chapman equation (KCE) with respect to a fixed (in this
paper called type D) multiplication between cubic matrices. In this setting the existence of a stochastic (at each
time) solution to the KCE provides the existence of a QSP called a QSP of type (¢|D). In this paper, our aim
is to construct QSPs of type (g]|D) and study their time dependent behavior.

Let us give necessary definitions (sce [1]).

A square matrix U = (U;;)7";-, Is called right stochastic if

m

Ui 20, Vij=1...,m; Y Uj=1, Vi=1,...,m.
i=1

Similarly one can define a left stochastic matrix being a non-negative real square matrix, with each column
summing to 1.
A family of stochastic matrices {U(* : s,¢ > 0} is called a Markov process if it satisfies the Kolmogorov-
Chapman equation: .
Ul = ylmiylmd - forall 0<s <<t (1)

! Bukhara Branch of the Institute of Mathematics named after V.I.LRomanovsky, Bukhara,Uzbckistan E-mail: xsanat83@mail.ru
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Cubic matrices. Consider a cubic matrix Q = (¢j&)" =y 8s & m>-dimensional vector, i.c. an element of

a . . .
R™, which can be uniquely written as

m

Q - Z (]ukEika

12,k=1

where By denotes the cubic unit (basis) matrix, ie. E,ji. is a m*- cabic matrix whose (1, 7, k)th entry is equal
to 1 and all the other entries are equal to 0.
Denoting Q; = (¢ij%) %=, we can write the cubic matrix ¢ in the following form

Q= (Q|Qa]...1Qm)-

Denote by C the set of all cubic matrices over a field F. Then C is an m’-dimensional vector space over F,
i.e. for any matrices A = (aijr), B = (bijx) € C, A € F, we have

A+ B=(ayr+by) €C, A= (dayi) € C.

Maksimov's multiplications. Following [5] (see also [3], [4], [7]) define the following multiplications for basis
matrices Ejy:

Euk *0 By = 5k15,nEijr- (2)
Then for any two cubic matrices A = (@ijx), B = (bi;x) € C the matrix Axg B = (c;;x) is defined by
Cijr = Zaijkbkjw (3)
k=1 .
Let I = {1,2,...,m}. Consider
Eijk *a Elnr = JklEia(j.n)r: . (4)

where a: I x I = I, (j,n) = a(j,n) € I, is an arbitrary associative binary operation and 0y is the Kronecker
symbol. Note that (2) is not a particular case of (4).

Denote by Oy, the set of all associative binary operations on I.

The general formula for the multiplication is the extension of (4) by bilinearity, i.e. for any two cubic matrices
A = (ay5), B = (bijx) € C the matrix A%, B = (¢ijk) is defined by

Cijr = Z Eatlkbknr-

In:a(lin)=5 k
Define several kinds of cubic stochastic matrices (see [5]): a cubic matrix P = (p, k)0 k=1 18 called

(1,2)-stochastic if

"

Pijk 2 0, Z piji =1, for all k.

Hi=1

(1, 3)-stochastic if

m
Pijk =20, Z pijk =1, for all j.
ik=1

(2. 3)-stochastic if

m

Pijk 2 0, Y pyk=1, foralli.
F k=1

3-stochastic if

m

Pk 20, Y pik=1, forallij.
k=1

The last one can be also given with respect to first and second index.
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Define the following concrete multiplication basis matrices (called type (D)):

Eye, if k=1,
Euk : Elur s

0, if otherwise.

Extending this multiplication to arbitrary cubic matrices

A= (auk)?.';.kzls B= (buk):',‘z,kﬂ; C= ("i)’k):'.li.kﬂ’
we get that the entries of C = AB can be written as

m

Cijr = Z "ukbknr'

kn=1
Let parameters s > 0, ¢t > 0, are considered as time.
Denote Ry = {z € R: 2 > 0} and by Mt = (P‘I)','c") "“ a cubic matrix with two parameters.
2 i,7.k=1

Definition 1. A family {M*1: st € R4} is called a Markov process of cubic matrices (or a quadratic
stochastic process (QSP)) of type ‘(a|p) if for each time s and { the cubic matrix M!* is g-stochastic and
satisfies the Kolmogorov-Chapman equation (for cubic matrices):

Mt = Ml M forall 0<s<T <t (5)

with respect to the multiplication of type .

Theorem 1. (see [3]) Let {AlY = (a}] 1 ¢ > 0)} be a family of invertible (for all t), mx m square matrices and
let (Am)-1 (b[‘l) denote the inverse ofAl‘) Let B®) = (B(’)) be a tubic matriz, where ﬂqk’ Lik=1,...,m
are arbitrary functions such that

m
Zﬂ.(;l = “m for any i,k and s.
1=1

m m
= (St ) ©

k=1 i,7,r=1

Then cubic matriz

generates an flow of algebras (i.e. satisfies equation (5) of type (D). .
In general, the matrix (6) does not generate a QSP. Here our aim is to find conditions on matrices A and
B®) (mentioned in Theorem 1) ensuring that the matrix (6) generates a QSP.

QSP of type (d|D)

Lemma 1. Let Al = ( [l]) ~ be a right stochastic and invertible matriz and let Blt) = (bm)‘J _, beits
ig=1

inverse matriz. If BIY! is not a stochastic matriz,then it has a least one negative element.

Proof. Let Al be a right stochastic matrix, then for any é,j € I, al'] > 0 and for cach i € I, 2 a[ll =1
=1

Since the matrixs AlYl and BlY are inversely, we have AUBIY = Bl Altl = E, that is:

me i I 1-4f 2=,
e 0 if i#L
Then for each i € I we have

WENCRE (D)
i=1 =1 =

Jj=1
Sl = 3OS el = T = 1.
1=11=1 =1 ;=1 =1
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Since the matrix B in not a stachastic, it is has a least one negative element. o
Prorosition 1. If A and B — (ﬁ.(;,{.):", k=1 i1 Theorem 1 satisfies the following conditions:

= (A=Y ig 4 left stochastic; b

- B® isa (1,2)-stochastic

then the matrix M%) (given by (6)) generates a QSP of type (12|D).

Proof. By the conditions of the proposition it is casy to see that all elements of the matrix M*Y are
non-negative. We calculate for the following sum

m m ; m m m m
£ St - £ o) - S 5
i,7=1 k=1 k=1 \i,j=1 k=1 1L1=1
Since B®) is a (1,2)-stochastic we have i ;7,‘;,1 = L. Then the right hand side of the last cquality becomes
I'.Y-:=l m m
S S g =S
k=1 k=1

1,)=1

. -1, :
Since (Am) is a left stochastic matrix we obtain

Y =1,
k=1

Consequently, M*4 is a (1,2)-stochastic matrix. This completes the proof. o
Recall that a permutation matrix is a square binary matrix that has exactly one entry of 1 in each row and
each column and 0s elsewhere. Note that a permutation matrix is (right and left) stochastic.

Example 1. Let .
Al = L0
0 1

B(,,=< 9 0o g(s))
1=£() 0 | 0 1-g(s)

Here 0 < f(s),g(s) < 1. Then A!Y) and BW satisfy all conditions of Theorem 1.
In this case the QSP is defined by the matrix
0 g(s)
0 1-g(s)

st [ £0 D
1-f(s) 0
Theorem 2. If in Theorem 1 both Al and AY)-1 are stochastic for some t > 0 and (/3.(;2 Tkl 18
3-stochastic for some s < t, then MY is not 9-stochastic.
Proof. If A and (A!9)=! are stochastic matrices, then A!Y is a permutation of unitary matrix (see [2]). More
precisely, there are k; # ko # k3 # ... # kyn, such that for the elements of matrix Al we have the following

t b !
a“.-. =1, (1[211\'g.= l""t“Eu]k.n =1,

and

and all other elements are 0. Indeea, let P be the set of stochastic matrices:

P={P=(pij)ijm1 i 20, pij = 1,Vi}

=1

and Pyer be the set of permutation matrices. For P = (p;;)? u=1 We denote p; = (piy, pi2, ..., pin), supp(p;) =
{k : pux > 0}.

First we show that if P € P,,, then P~! € Prer:

If P is a permutation matrix then there exists a rearrangement 7 of coordinates such that for all z =
(z1,22,...,7,,) one has Pz = 7 o z. This implies that P~'z = 7! 0 2 and so P~} also rearranges coordinates.
Therefor P! is a permutation matrix as well.
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Second we prove that if P € P\Pyer such that P is invertible (i.e.P~! exists) then P l¢P:
Let us assume that T := P~! = (¢)},-, € P is stochastic. Since P € P\Pper then there exists i in

{1‘2.---,.71} such that [supp(p;)| > 1. This implies py; has two nonzero elements. Now, since PT = I, then
n

Y Pijgy = Y pijagii = 1. However 0 < g;; < 1 implies that gi; = 1 for all j € supp(p;). Otherwise,

J=1 J€Esupp(pi) a

one would have 33 puygu < 5. piy = 1. Considering TP = I we get (TP);; = 3 Gkpr; =
k=1

J€aupp(pi) J€supp(p) :
b @xpx; = 1. However, since T is stochastic one has ¢jm = 0 for all m # 1(qji = 1). Therefore

k€aupp(q;)
(TP)y; = @;ipi; = 1 implies p;; = 1. This however, contradict to [supp(pi)| > 1.

Since (by Theorem 1

m

(s) _ [s]
Z ﬂx;k = Gy
=1

we have

™ () N () ()
X B =1, Zlﬂ,,-k=0.k#k1=¢~ﬁ1jk=0,k#kl
J=

= 1k =
LAk =1 LA =0k#k = A =0k ks M
= =

a (%) ' o () ()
Y Brajr, =1, Zlﬂ ) =0,k # k= Bl = 0,k # km
J=1 J=

mik = mj
Since (ﬂf;,):);’.;'h, is 3-stochastic we have
B+ B0+ B+ B =1
Bo=1, §=1,,...m .

m
But it contradicts to } ﬂf;{ = 1. Theorem 2 is proved. =
k=1
Remark. It follows from the theorem that in order for M!*t to represent a quadratic stochastic process,
the matrix Al must be a permutation matrix.
The following propositions can be proved similar to Proposition 1. So the proofs will be skipped.
Proposition 2. If Al and Bl*) = (/3,-(; Z-);’.;.k=n in Theorem 1 satisfies the following conditions:
~ (Al)=1 is a right stochastic;
- B®) is a (1,3)-stochastic.
then the matrix M4 (given by (6)) generates a QSP of type (13|D)

Example 2. Let
100
-1
Al = (a) " = fo 0 1
010
and

a(s) 0 al(s)

H(s) 00 [0 0 fafs) 0 fis(s) O
B®) = 00|00
0 0|00 1-F(s) | 0 1-F3(s) 0

Then Altl and B! satisfy all conditions of Theorem 1. In this case the QSP is defined by the matrix

() 000 ffs) 000 fs)
Ml = ei(s) 0 0 [ 0 @as) O | 0 0 s
1-F(s) 0 0 | 0 0|0 0 1-Fys)

B
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Where Fi(s) = fi(s) + #i(s),2=1,2,3 and functions Ji(s) and ;(s) satisfy the following conditions

M

fils) =1

(a)=1 (8)

920
SP-(S) >0
Ji(s) +i(s) <1

Proposition 3. If A"l and (%) — (/3'(;1_ T k=1 in Theorem 1 snti.sﬁcs the following conditions:
~ (A)=1 is a right stochastic; e

-B® jsa (2,3)-stochastic.

then the matrix MY (given by (6)) generates a QSP of type (23|D)

Example 3. Let

Me
s

i

00 1
-1
AM=(AM) =10 1 00}
100

and
#1(s) 0 ws) O ps(s) 0 0
0 1-F(s) | 0 1-Fy(s) 0 | 1-F3(s) 0 0

here Fi(s) = fi(s) + pi(s),i = 1,2,3. Then A and B satisfy all conditions of Theorem 1. In this case the
QSP is defined by the matrix

00 fi(s) 0 fals) 0 fa(s) 0 0
MO=[0 0 gfs) 0 ¢(s) 0| s(s) 0 0 |.
0 1—F3(8) 00

0 0. f1(s) 0 fafs) O fa(s) 00
BW=|10 0 '
0

0 0 1-Fi(s) | 0 1-Fy(s)

The Functions f;(s) and y;(s) satisfy the following conditions.

fi(s) >0
wi(s) >0 (9)
fils)+pi(s) <1, i=1,2,3.
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