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I'mnepreomeTpuK TEHIJIaMa, YHMHT e4MMJIAPH Ba
rUNEepPreoMeTpUK (PYHKIUSAIAP XaKHU/IA

Pamason TyxraeBuu MyxuTanHOB
muxitdinov-ramazon@rambler.ru
Myxaiié AbayBoxua ku3u AOyaesa
Byxopo naBiat yHUBEPCUTETH

AHHOTAUMS: MaKoJaja TUIEPTeOMETPUK TEHIJIaMaHUHT Tabpu(u Ba TaCHUGU
0afH KWIMHTaH. YHUHT €UUMJIApU - THUIEPreoMeTpuK (PyHKIUsUIap XakKuja
MabJIyMOTJIap OEpWIraH Ba Xoccajuapu EpUTHIIrad. bup KaTop anemMeHTap Ba Maxcyc
(GYHKUMSUTADHUHT TUNEPreoMeTpuK (GyHKUUSIIAp OpKaidu udojamaHumm Oyiinya
KaJ(BaJ KEJITUPUITAH.

Kanur cy3nap: runepreoMeTpuk TeHrjama, THIIEPreoMeTpUuK (QyHKIHS,
anemMeHTap (QyHKIUsA, Maxcyc GYHKIUS, aHAJIUTUK JaBOM JTTUPHUIN, KaHOHUK
KYpHUHUIILL.

About hypergeometric equation, its solutions and
hypergeometric functions

Ramazan Tukhtaevich Muhitdinov
muxitdinov-ramazon@rambler.ru
Muxayyo Abduvoxid kizi Abdullaeva
Bukhara State University

Abstract: The article describes and classifies the hypergeometric equation. Its
solutions, information about hypergeometric functions and their properties are
described. A table is given for the representation of a number of elementary and
special functions by hypergeometric functions.

Keywords: hypergeometric equation, hypergeometric function, elementary
function, special function, analytical continuation, canonical view.

CoHny yCyJUTapHUHT KEHT PUBOJIAHUILIN Ba COHJIA TAXKPUOAHUHT POJIM OLUIMIIH
MyHoca0aTtu OusiaH mMaxcyc (yHKIusIapra KU3UKUII XaM opTAu. by mkkurta xomnat
Owian OOofMK. bupuHUYKMIaH, MHAUBUYaNl XOAUCATITAPHUHT HUCOUW POJIMHU aHUKJIAlll
y4yH GU3MK XOJAMCAHUHT MaTEMAaTHK MOJICIIMHU UIIa0 YMKHII Ba OCOHJIMKYA TaXJIMI
KWIMHAAUTaH AaHAJIUTUK [IAKJIJa €4YUM OJIMII YYyH KyNuHYa acll MyaMMOHH
copJaiallTUpuIIra TYFpu Kenaau. VIKKMHYMZAaH, KOMIIBIOTEpIA Mypakkao

WWW.OPENSCIENCE.UZ 128 ) I



"SCIENCE AND EDUCATION" SCIENTIFIC JOURNAL / ISSN 2181-0842 NOVEMBER 2021 / VOLUME 2 ISSUE 11

MyaMMOJIapHU €YHIIa UIIOHWIA Ba CaMapaii XUCOOJall alrOpUuTMIIAPUHA TaHJIaI
yUyH COIJANAINTHpWITaH MacajanapaaH Qoivgamanum kKynaid. [y cababmm xyma
KYTI XoJutapaa Maxcyc (GpyHkusutapra onub Kenaaural Macajaiap yupaiau. byampan
TalIKapy, Ha3apuil Ba aManuid (U3UKAHUHT KYT1abd MyXyUM MacallaJlapyuHH TYIIYHUII
YYIyH Maxcyc (QYHKIUSTIAPHA 9yKyp OUITUIIT KEPaAK.

MareMaTuK aHaJM3HUHT Maxcyc GYHKOMsUIapu 1e0 aTajagurad dSHT KYI
KYJUIaHWIaguTaH  (QYHKIOMsIAp KAaTOpUTa  KJIACCHK  OPTOTOHAN  KymXajiap,
MUTUHAPUK, CHEepuK Ba TUMEPrOMETPUK GyHKIMsuap Kupamud. by dyHKnusap
Ha3apusaCH Ba YJIAPHUHT KYJUIAHWIUIIMTA JOUp Oup Kartop TaJKUKOTIap
Oarunuianrad. ['unepreoMeTpuk (yHKIHsUIAp MaTeMaTHKAHUHT TypJiH coXajapuia,
xycycaH, auddepeHiyan TeHIIaMajJapHU €4uIll Ba OOIIKAa Maxcyc (QYHKIUSIAPHU
Vypranumga KymnaHwiagu. [unepreoMerpuk ¢GyHKIusiap €paamuga  HadaxaT
chepuk Ba OIIUOTHK (QYHKOUSUIAp, Oalkd dJaeMeHTap (QYHKIUSUIAp —XaM
udomananamu.

Makonaga THIEPreOMETPUK TEHIJIaMa Ba THUIEPTEOMETPUK (PYHKITUSHUHT
Tabpudu  KEATHUPWUITAH, THUIEPreOMETPUK (PYHKIUSHUHT 0ab3u  DIIEMEHTap
Xoccanapy, (yHKIMOHAI Ba Maxcyc (YHKIIMOHAJd MyHocalaTiapu OafH KWUJIMHTaH.
bup karop snmemeHTap Ba mMaxcyc (GYHKIUSJIADHUHT THUNEPTEOMETPHK (yHIUsIIap
opkaiu udoaanaHuIM Oyinda skaBaji KeITHPUIITaH.

Tavpudg:

o(2)u”" +1(2)u’ + Au=0(1)

KYPUHUIIIIATH TEHTJIaMa THIIEPTeOMETPUK THUIIArK TeHTJIaMa Jeurianu, OyHaa
0(z) — UKKUHYM JapakajaH oKopu OYnMaran kynxam, T(z) — OMpHHYM AapaXkaaaH
IOKOpH OYJIMaraH Kymxaju, A — y3rapMac CoH.

(1) rtenrnama o(z) HMHr Oepuwiuimmra kKapa® yd XWI THUIJArd KaHOHHK
KYpUHUIITA KEATUPUIAIU.

1-yon. Arap o(z) ¢QyHKUMS HKKMTa Xap Wagusra ora, seHu o(z) =
(z—a)(b—2z) (byuma a # b) O6ynca, umsukau anMamrupuir z = a + (b — a)s
opkanu (1) TeHrIaManu KyMuaard KYpuHHUIITa KeITHPUIIL MyMKHH:

d’u t(a+ (b —a)s)du

s(l—s)dsz+ a dS+/1u—0.
t(a)
Y= b —a
Oenruian KUpUTUO Ba @, f TapHU IIyHJIAH TaHIAHMHU3KH,
af = —A1,
{a +B+1=—-1"(a)

oyncun. Y xonaa (1) TeHriiama Kyidugara KypuHuUITa 3ra 0ynaam:
sA-s)u"+y—-—(a+B+1)s)u’ —afu =0.(2)
By Tenrnama runepreoMeTpuK TEHIIaMa JIeuuiaau.
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2-xon. 0(z) pynkums 6urra wiausra ora o(z) = (z — a) Ba 7'(a) # 0 6yica, y
X0Ja Z = a + bs 4yu3uKIM anMamTupuin Epaamuaa (2) TeHriama
sd?u t(a+ bs)du

b ds? b ds "
KYPUHHMIITA KEITUPUIIA]IH.
y =t(a),a = —bA Oenrmnanuiap kuputud Ba b = ——— 1eb6 TaHacax,

’( )
TEHIJIaMa Kyruujaarnya €3uiiaiu:
su"+ (y—s)u’' —au =0.(3)
By tenrnama aiiHWraH (BBIPOXKIEHHAS) THUIIEPTCOMETPUK TEHrIama Je0
anuTHIaan.
3-xon. Arap o(z) = const Gyica, yMyMUiIHKKa 3u KearupMacaad o(z) = 1
ne6 xucobmamnr MyMkuH. Arap, T'(s) = 0 6yica, (1) TeHrIamMa YU3UKIA OUpP KUHCIIN
y3rapmac ko3¢ duiiueHTau TeHriama oynaau. by XxonHu Kapamaiimus.
7'(s) # 0 xonHu Kapaiimus. z = a + bs unsukiau aamamrrupuin épaamuaa (1)
TEHTJIamMa
1d?u t(a+ bs)du
E 152 + 5 E +Au=0
KYPHUHHUINTA KEITUPUIIA/IH.

2
T'(s)

a — conn 7(a) = 0 TeHrnamMaHu WIAU3M OYiacuH. b? =

Ba b2 vy 2v ne6 Genrunaitmus. Hatuxana (1) Tenrnama
"—2su' +2vu=0(4)

KypuHHUIITa Kenaau. (4) TeHrinama DpMUT TEHTJIaMacu n1e0 arajagud. V HUHT
MaH}uii Oyamaran OyTyH KuiiMaTiapua Kynxaaiap y4yH DpMUT TeHIJaMacu OuiaH
Ooup xwi Oynaau.

Ounu (1) TeHrIaMaHUHT €YMMUHU YpraHuil OuiaH myFryJulaHaMu3.

Arap ¢ # 0,—1,—2, ... 6y1ca, yaaa

RIORONL
= s (!

n=

= F(a,b;c;z)

(1) rumepreoMeTpHK TEHIIIAMAHUHT e4uMHU OYiaamu Ba z = 0 HyKTaga peryssip
oynanu [1].
Ukkunun tomoHnan Rec > Re b > 0 da

F(C) tb 1(1 )C—b—l
5

F(a,bi¢:2) = F3ree - ~t2)°

dt, (5)
TEHIJIUK YpuHIu 0ynuo, Oy Dimep q)opMyJIaCI/I Jenau.
(5) munr yar tomonm |arg(l — z)| < m coxama z ra GOFIMK OMp KUMMATIH

aHanuTuK QyHIws, sean F(a, b; ¢; z) QyHKIMSHUHT aHAJTUTHK JaBOMHA OY1aIu.
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(5) bopmynanu YpUHIN SKaHIMTHHA UCOOTIANMHU3.

(5) tenrmukna |z| <1 ma (1 —tz)™® um OuHOMHAN KaTtopra €IMU3 Ba XOCHII
Oynran KaropHu XanMa-xaa uHTerpamaimus. [llynna 6u3 bera unTerpammapra sra
oynamu3. Ynap OinepHunr ['amma Ba beta QyHkuusiapyu opkainu xucoOiaHaIu.

Kylnaaru aitHusTIaH

2 b-1(14 _ +\c—b-1
{2(1—2)%+[C—(a+b+1)z]i—ab}t a-9 =

0z (1-tz)e
= —a = [t"(1 - )°(1 — t2)7%"1] (2.1.28)
Kenmu0 YWKaAWKW, Yymly TEHMNIMKHUHT VHr TomoHujarn udoma (1)

muddepenan TEHIJIAMaHUHT edyuMHu  OVnaau. s = —t nae6 onumHca, Re b >
O,Re(a+1—c)>0BsBalargz| < mna

(0]

j sP=1(1 + 5)¢P~1(1 + sz)~%ds
0
uaTerpan (1) runepreomerpuk auddepeHnran TeHrIIaMaHUHT €UYUMH OYIIa/Iu.
s = i YpHUTra KYMUII OPKAIU KyHHUAaru KypUHULLIATU UHTErpajra KejaaMus:
1
j 2711 — )2 [1 — t(1 — 2)]~%dt.

0
LIlyHuHrIex,

Fla,b;a+b+1—-c;1—2) =
F'la+b+1-0) r

— b-1 c-b-1 -a
= @t 1=0 s?7 11 +s) (1+sz) s
0

XaM TUIEPreoMEeTpPUK TEHrJaMaHUHT euyuMu Oynanu. ByHpan Ttamkapu, Kyilujaaru
KYPUHHUILIATY UXTUEPUN NHTETPAT

] tP=1(1 — )¢7P=1(1 — tz)~%dt
C
(1) rumepreoMeTpUK TEHTJIAMAHWHT €4uMHU Oymamu, arapaa C HHTETPATOCTH
(QYHKIMSHUHT puUMaH CHUpPTHAA ENMK KOHTYp EKH KOHTyp 4vekkamapu t2(1 —
)72 (1 — tz)~* ! pyHKUMAHUHT HOTApH OYIica.
(1 —tz)"* un Ownomuan katopra EinO Ba bera ¢yHKUHMA y4yH KOHTYp

UHTETrpaIapMHU KYIUI1a0, KyiuaaruiapHyi TOIaMu3.
(1+)
iT'(c) exp[im(b — ¢)] j tP=1(1 — ¢)c-b-1
I'(b)I'(c — b)2sin[r(c — b)] (1-—tz)a
0
Reb > 0,|larg(1 —z)| <m,c—b + 1,2,3,...;

F(a,b;c;z) =

dt,
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(1+)
_F 1 b tb—l 1 —t c—-b-1
F(a,b;c;z) = i) exp[”.T ] f ( ) dt,
I'(b)I'(c — b)2 sin[mh] (1—-tz)e
0
Rec > Reb,|larg(—z)| <m, b + 1,2,3,...;
F(a,b;c;z) =
(1+,0+,1—-,0-)

B —TI'(c) exp[imc] j‘ tP=1(1 — ¢)c-b-1 it
" T(W)I'(c — b)4sinmb sin[rz(c — b)] (1 —tz)e ’

larg(—z)| < m,b,1—c,c—b # 1,2,3, ....

dapa3 xumamms, 6apua Xomnmapaa mHTerpammam wymu t?71(1 —¢)°P71(1 —
tz)™® y4yH puUMaH CHPTHIArd HyKTagaH OouuiaHanu, t xakukwii, 0 <t <1 Ba
t?, (1 — t)°7? nap pynximsauuar 6o xuiimatnapy, (1 — tz)™% aHUKIAHraH Ba Z —
0ma(1—tz)~® - 106ynann.

Arap z =1 uum kyicak, (5) Huur yHr TomoHu bera mHTerpan Oymaau Ba
KyWuaaru Kejamo 4uKaju:
I'(c)T(c—a—b)
I'(c —a)T(c—Db)
oyamaRec > Re b > 0,Re(c —a—b) > 0.
Ymly TEHrIMKHU MapaMeTpiiapra Ky4cu3 MapTiap KyWWITaHaa XaM YPUHIH

F(a,b;c;1) =

OYIMIMMHU KypcaTWin MyMKuH, xycycan ¢ # 0,—1,—2,.. Ba Re(c—a—b) >0
oYUy (OpMyTaHUHT YPUHIIN OYITUIIN YIYH €TapIi.

Wnmuii M3maHunnIapaa KyJaiidiK TYFAAPUIT YIyH OUp Hedra agabuéTiapaaH
THIEPreOMETPUK (PYHKIMSA XaKuAa TYIMKPOK MabIyMOTJIAp TYIUIallira Xapakar
KWIMHIE. XyCycaH, YHUHT OUp HeuTa XOCCalapuHH KeJITHPaMu3:

1. F(a,b,c;z) = F(b,a,c,z) (runepreoMerpuk (yHIMs OMPUHYN Ba MKKMHYU
aprymeHT/iIapu 0yiinya CHMMETPUK);

2.F(a,b,b;z) =(1—-2)"9%

3.F(a,b,c;1) = %R e(c—a—>b)>0;

4.F(a,b,c;0) =F(0,b,c,z) = 1;
5.F(a,b,c;z) = (1 —2)"%F (a,c — b,c;%) =

=(1-2) bF(c—abc z ) larg(1 — 2)| < m;

F(c)F(b a)

6. F(a,b,c;z) = a)r(b)(

['(c)I'(a — b) 1
F(c—a)F(a)(l_ z)” bF(c—abb—a+1 —1)
a—b=+0,+1,42,..,|arg(—2z)| < m, |arg(1 — 2)| < 7;

I'(c)l'(c-b—a) 4-a _ 11
7.F(a,b,c,7) = 1= F( aa—c+l,a+b+1—c1 Z)+

—z)~ aF(a,c b,a—b+1; —1)+
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I'(e)I'(b+a—c)
F'(a)T(b)
c—a—b=#0,+1,%2,..,|arg(—2z)| < m, |arg(1 — z)| < 7;

8.F(a,1—a,c;z) = (1—2)° 1F<C 2 C+Z L ;4Z(1—Z)>;

9.F(a,1—a,c, —z) =(1 +Z)c—1(\/m+\/})2—2a—2c.
1 —_
F<C+a_1'0_5’26—1;4\/2(1+z)(\/1+z+\/2) 2>;

1
z47¢(1 — 2)¢~ e bF (c— a,l—ac+1—a—-b;1 —;),

10. F(a, b, c; z) =§F(a,b+1 c+1-z)+ﬂF(a b,c + 1;z);

k
11. %F(a, bc z) = (“?)(b)kF( Yk b+kc+kz);

a* v c—17q4 _ \b—c+k RN
12. = [z (1~ 2) F(a,b,c;2)] =

(c —k)pz¢ V(1 - 2)’°F(a—k,b,c — k; 2).

['unepreomeTpuk (yHKUMS Typiaud XWJI XoOccajapra i3ra. YHHHI YHUBEpcal
GyHKIMS DKaHJIUTA XaM [IYHJIaKH, TapaMeTpJIapuHUHT TYpJiIu KUAMatiapuaa y oup
KAaTop 3JIEMEHTap Ba Maxcyc KuiMaTiIapHu udoaanaiiu.

KymnagaHn, mnapaMmeTpiapHUHI XYCYCMM KUUMAaTIapuaa THIEPreOMETPUK
GYyHKUMSHUHT 3JIEMEHTap Ba mMaxcyc GyHIMsUuIapHA udogaiamura J0Up *KaJaBaTHH
KeJITUpaMU3:

= K (k);

T 1
DEF(__lkZ

22 -[\/1—1(25m2

T 11 7
2)—F<—— —:1; k2 =j J1 —k2sin2@de = E (k);
2 2'2’ o

X
3)F (n +1,—n; 1;T> = B,(x),

Tm+m+1) .
2M'(n—m+ 1DI'(m + 1)

1) Bym(x) = (1 —x))2

1—x
5)F(n+m+1,m—n;m+1; );

2
XV 2
6)7,(x) = lim |—2—F(abv+1,—)|;
Y ab—o [T(v + 1) 1) 4ab
1
7)F(1;ﬁ’:,3;x)=1+x+x2+---+xn+...:1_x;

8) F(-m,B;6;x) = (1 +x)™;
9 F(a,B;6;—x) — 1)

a

= log(1 + x);
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10) F(n,B; B;x) = (1 + x)n;
1) Fla,B;8;0) = (1 —x)"%

12) xF(1,1;2;x) =In

1—x;
13) 2 F<1 L3, 2)—1 1+x
) X 21 ’Z,x _nl_x;

14) })ilr(l) F(1,b;1;x/b) = e*;

15) F (k +1,-k;1; %) = P, (x), 0y epna Py (x) — Jlexanap Kynxauu;
. xz
16) al})rj}o F (a, b;v+1;— m) = J,(x),

J, (x) — Becenb pyHKIMSICH;

'xz) = arcsinx;

22) — o N
> T ,2,x> sin(varcsinx) ;

1
21) F (E’ 1;1; x) =(1-x)73Z;

22) F(—n,1;1;1 — x) = x™;
a ala +1) 2

23)F(a,-2;v;x)=1-2—x+ x4
) Y y v+
1 1+ (1 —x)V/2]
24)F(a,a+§;2a+1;x)= > ;

1+(1— x)l/T‘Z“

2

1
25)F(a,a+z;2a;x) = (1—x)‘1/2[

26 F(l 3_2.1>_ 1
) 4)4)3! -

3
\/L+W+4—\/2—W—2

N

IOxopuaa xentupmiraniapial xyjaoca KWinMO, IMIYHH aWTUIIMMH3 MYMKHHKH,
THMEPreoMeTpUK (QYHKIUSUIADHUHT SHT Ky KYJUTAHWJIAJAWTaH COXAJapuaaH Oupu
MaTeMaTUKaHUHT auddepeHiran TeHraamaaap Ccoxacu XucoOJlaHagu. XO3Upru
BakTAa muddepeHnnan TeHrjiamansap Hazapuscu OuiaH Oup Karopja, XyCyCHi
xocunanu nuddepeHiran TeHraamanzap Ha3apusCUHUHT MyXHUM WYHalIHUILIapUaaH
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Ooupu - Kapana€Tran coxaaa Oy3uiIuIl YM3UFUTA ATa OYIIraH TeHTJIAMaJIapHU YpraHUI
XaMm JKajaja puBOAIIAHMO OopMokJa. VMKkuHYM TOMOHAAH Oy3WJIMIN YM3WFUTa 3ra
OyiraH TeHrJIaMaJapHUHT €4MMJIapd MEXaHuKa, (pU3MKa Ba TEXHUKa Macajalapuaa
KEHT KYJIaMJIM Tap3/a aMajauéTAa TaAOUK STUINILIY KaTTa KU3UKUII YHFOTaIH.

By3wnumn uususura sra TeHraamamap Ae0 Kapana€TraH COXaHUHI HYuaa
IUTMNTHK, coXa dYerapacujaa mnapaOonuk (€ku coxa HYMAa TUNEpOOSHUK, COXa
yerapacuja Mapa0oJiMK) TUNra TEruiuiyM OyiaraH TeHrjamanapra aitwiagu. by
TUIJAru TeHriaamanap yuyH Jupuxie Ba Heliman (3rumntuk tin yuyH) xamzaa Komm
- I'ypca (runepOosiMK THUN Yy4YyH) MacajalapUHUHI €YUMJIApU TUIIEPreOMETPUK
byHKIMsUTap opKaym ndoganaHam.

Kymnanan, ©.Opankib icCH AEBOPIM HUAMIILAAH TOBYII TE3JIUTUIAH IOKOPHU
TE3JIUKAA CYIOKJIMK €KM Ta3HUHT OKMO YMKUII (MAWII HYKWJA TE3JIMK TOBYII
Te3nuruaand nact) Macaitacu A.C.YanabIruHHUHT

K@) Usx + Uyy =0 (K(0) =0,K'(y) > 0)
TEHIJIaMacH YUYyH YerapaBuil Macajiara KeJauIii KYpcaTuira.
YmOy TeHriamanap TUIWIa KUPyBYM KyHuJaru TEHIVIAMAHU KapalivK:
—(=y)"Uyxx + x™U,,, = 0.
Ymly TteHrnama Oy3wiIMIl 4YM3UFUra 3ra OYiraH TeHrjJamajlapra KHpaaM.
TenrnaManu xapakTEpUCTHK KOOpJAMHATaIapra yTka3zcak

B
Ufn—ﬁ(Un ~Ug) =0

Oynaam, OyHzaa \/E = xP — (—y)p,\/ﬁ =xP+(—y)P,p=m+ 2.
Arap tenrnamana t = &/n anmamrrupumn 6akapcak, TETHIIUIM [1apaMeTpliap
opkanu udoaananras (1) TeHraaMa — runepreoMeTprK TEHIJIamMara KejaaMus.
Ymly xycycuit xocunanu auddepeHunan TeHrnama yuyH —Kommnm
MacajacCMHUHT eunMu Puman QyHkiuscu

oo, _ (77, - 5,)2‘8
V(E N :f:’l) - (n_fl)ﬁ(n’ _ f)ﬁF(ﬁuB' 1:Z);
, == =9
=M —-&")

opkamu €3unanu [2], 6y epaa 28 = m/(m + 2).
By »sca rumepreoMeTpuk TEHIJIaMa, YHHHT €YMMJIApU Ba THIIEPrEOMETPHUK
GYHKIMSTIAPHUHT KEHT aMalliii aXaMHsITra STaIMTHHE KypcaTau.

[2-23] wnmuii  w3naHWIDIapAa  THIEPreOMETPUK — TCHIJIaMajiap  Ba
TUIIEPreoMeTPUK QYHKIIUSUTADHUHT aMaJInil axaMusTH XaMaa ojuuil quddepeniman
TEHTJIaMajiap MIITHPOK dTraH OOFIMK Macajiajap WIIJIaHTaH Ba yjap XaKuaa KeHIPOK
MabJIyMOTIap OepuiiraH.
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[lly ypuHma alWTumI JIO3UMKH, WIMHM WIUIAPHUA YPraHWuIl Ba TaxJIWi KHAJIAILI
Tamabanap yd4yH Oup Katop KulWuHumiukiap Ttyraupaau. Iy cababmm ymly
Makojaga TanabaJapHUHT WIMHNA MakKoJaJapHU YPraHWNUIAPUHU OCOHJIAIITHPHII
y4yH MareMaThKaHu (aHWHU YKUTUINra OaFvllUIaHTaH WJIFOp  Iearoruk
TEeXHOJOTHUTapHUHT [24-30] alipuM 3J1eMEeHTIapH XaM KYJUTaHUJIIH.
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