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v t dt

M w t−T  

для любого > 0  оператор 
1A  имеет по крайней мере одно собственное значение, 

лежащее правее .M +  

Верна следующая теорема. 

Теорема 3. Пусть > / 2.M  Тогда при всех > 0  оператор 
1A  не имеет 

собственных значений, лежащих в лакуне ( , ).M  −  Если 
3(0, ),   то оператор 

1A  

имеет собственное значение, лежащее в существенном спектре, а именно, в интервале 

( , ).M +  
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DYNAMICS OF CONVEX COMBINATION OF NON-VOLTERRA 

QUADRATICSTOCHASTIC OPERATORS 
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Abstract. In this paper, we study the dynamics of operators consisting of a convex combination 

of non-volterra quadratic stochastic operators defined in a two-dimensional simplex. Fixed point 

sets have been found for such operatorsand a set of boundary points of the trajectories are 

described. 

 Keywords: Volterra quadratic stochastic operator; trajectory; fixed point; periodic point; 

limit point. 

 Quadratic stochastic operators were first introduced by Bernstein in [1]. They are useful 

in solving problems arising in mathematical genetics, namely, in the theory of heredity. 

Let   
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be the )1( −m - dimensional simplex. A map V  of 1−mS into itself is called a quadratic stochastic 

operator (QSO) if 
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jikijk xxpVx
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for any 1− mSx  and for all mk ,...,1= , where  

0, kijp , kjikij pp ,, =  for all kji ,, ; 
=

=
m

k

kijp
1

, 1. 

Assume ,...2,1,0:1)( = − nSx mn is the trajectory of the initial point 1− mSx , where 

)( )()1( nn xVx =+  for all ,...,2,1,0=n  with xx =)0( .  

 Definition 1. A point 1− mSx is called a fixed point of a QSO V if xxV =)( . Denote the 

set of all fixed points of a QSO V  by Fix(V ). 

Definition 2. A QSO V  is called regular if for any initial point 1− mSx , the limit   

)(lim )(n

n
xV

→   
exists. 

Note that the limit point is a fixed point of a QSO. Thus, the fixed points of a QSO 

describe limit or long run behavior of the trajectories for any initial point. The limit behavior of 
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trajectories and fixed points play an important role in many applied problems. The biological 

treatment of the regularity of a QSO is rather clear: in the long run the distribution of species in 

the next generation coincides with the distribution of species in the previous one, i.e., it is stable.  

Definition 3. A fixed point *x is called hyperbolic if its Jacobian )( *xVDx  has no 

eigenvalues on the unit circle. 

Definition 4. A hyperbolic fixed point *x is called: 

i) attracting if all the eigenvalues of the Jacobian )( *xVDx  are less than 1 in absolute 

value; 

ii) repelling if all the eigenvalues of the Jacobian )( *xVDx  are greater than 1 in absolute 

value; 

iii) a saddle otherwise. 

Consider the following the non-Volterra QSOs on the two-dimensional simplex 
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Consider the function  f(x)=2x(1-x). 

  In the following theorem we describe the asymptotical behavior of the quadratic 

operators (1) and (2). 

  Theorem. 

1)  ,)21,21,0(,)(
211 eeVFix =        ;)21,0,21(,)(

212 eeVFix =  

2) )
2

1
,

2

1
,0()(

)0(

1lim =
→

xV
n

n

    for any     ;,\
21

2)0(

eeSx   

3) )
2

1
,0,

2

1
()(

)0(

2lim =
→

xV
n

n

     for any     eeSx 21

2)0(
,\ . 
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В  работе  находится  асимптотическое  разложение  гауссовского  интеграла  вида 

( )( ) ( ) −
H

T
h

dxxFh
2

1
2exp , где  H – гильбертово  пространство,  h -  большой  

положительный параметр, T – симметричный  положительно-определённый  ядерный  

оператор  на гильбертовом пространстве с такими собственными числами i , что 

10...,21  i .  
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