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Denote by   the one-dimensional complex space, by   (  ) the Hilbert space 

of square integrable (complex) functions defined on    and by   
  ((  ) ) the 

Hilbert space of antisymmetric square integrable (complex) functions defined on 

(  ) , that is,  (   )    (   ) for all        

For convenience, we introduce the following spaces: 

  
( )

(  (  ))      (  )  

  
( )

(  (  ))      (  )   
  ((  ) )  

  (  (  ))      (  )   
  ((  ) )       

Definition 1.   (  (  )) is called a fermionic Fock space over   (  ), 

  
( )

(  (  ))       is m+1 -particle cut subspace of fermionic Fock space , 

           space is called the n-particle subspace of a fermionic Fock space.  



34 
 

Let 

     ,       (  ),       
  ((  ) )  

We consider the third-order operator matrix defined as  

     (

        
    

        

     
    

    
)                                    (1) 

in the Hilbert space   
( )

(  (  )). Here the matrix elements               

      are defined by:  

                    ∫  ( )  ( )  
  , 

(     )( )    ( )  ( )    (     )( )  ∫  ( )  (   )  
  , 

(   
   )(   )    (   )  (   )                

(    )(   )   ( ) ∫  ( )  (   )  
      (    )(   )   ( ) ∫  ( )  (   )  

  . 

Here     are real positive numbers,    is a fixed real number, functions     

  ( )  ( ) and  ( ) are real-valued continuous functions on   , and   (   )  is a real-

valued symmetric continuous function on (  ) .  

Operator matrix            acting by formula (1) in the Hilbert space 

  
( )

(  (  )) is linear, bounded and self-adjoint operator. 

We introduce the following designations: 

  ̂           
̂     ((  ) )     ̂    ̂   ̂   

We consider the second-order operator matrix defined as 

    
    4

   (  √ )   

(  √ )   
    

     

5 

in the Hilbert space  ̂ and called channel operator, which plays an important role in 

the analysis of the spectrum of the operator matrix     . 

It can be easily verified that the channel operator     
   is linear, bounded and 

self-adjoint in the Hilbert space  ̂. 
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We consider the generalized Friedrichs model [1]-[3]     ( )      acting in 

the space       as 

    ( )  (
   ( )     

    
    

 ( )    
*  

Here 

   ( )     ( )   (   
 ( )  )( )    (   )  ( ) 

(   )( )   ( ) ∫  
  

 ( )  ( )    

For any      we define an analytic function 

    (   )  (   ∫
  ( )  

  (   )   
  

) (  ( )    
  

 
∫

  ( )  

  (   )   
  

)

 
   

 √ 
( ∫

 ( ) ( )  

  (   )   
  

)

 

  

in       (    ( )). The function     (   ) usually called the Fredholm 

determinant corresponding to the operator matrix     ( ).  

Lemma 1. For any       and      the operator     ( ) has an eigenvalue 

    ( )        (    ( )) if and only if     (   )   . 

From Lemma 1 it follows that for the discrete spectrum of      ( ) the 

equality 

     (    ( ))  *        (    ( ))     (   )    +      

holds. 

We introduce the following notations: 

    (    
  )  ⋃      .    ( )/

    

       (    
  )  ,   -   

where 

      
      

  (   )       
      

  (   )  
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Theorem 1. The spectrum  (    
  ) of the channel operator      

   satisfies the 

following equality 

 (    
  )      (    

  ) ⋃       (    
  )  

Theorem 2. The essential spectrum     (    ) of the operator matrix       

coincides with the spectrum  (    
  ) of the channel operator matrix     

  , i.e. 

    (    )   (    
  ). 

Definition 2. The sets     (    
  ) and       (    

  ) are called two- and three-

particle branches of the essential spectrum of the operator matrix     , respectively. 
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