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Abstract. This study investigates the tridiagonal operator matrix � of order 4, which is defined within the truncated 

four-particle subspace of the Fock space. The essential spectrum of the operator � is derived. The main block 

components are constructed, and the relationships between their spectra are analyzed. To determine the eigenvalues of 

the operator matrix �, the corresponding Fredholm determinant is computed. Additionally, it is demonstrated that the 

resolvent operator associated with the operator matrix � is also represented in matrix form. 

 INTRODUCTION  

Many problems of the modern mathematics are reduced to the determination of the spectral properties operator 

matrices consisting of linear bounded operators acting on the Banach or Hilbert space [1]. Operator matrices are 

frequently encountered in various fields, including solid-state physics, quantum field theory, statistical physics, 

magnetohydrodynamics, quantum mechanics, and others [2-5]. As an illustration, the Hamiltonian for a system of 

particles, where the particle number is not conserved and does not exceed four, is represented by a fourth-order 

operator matrix. 

In [6], the generalized Friedrichs model was considered, and its numerical range was studied using the boundary 

eigenvalues and virtual levels. An approximation of essential spectrum from above and below of the 2 × 2 operator 

matrix with respect to the size of the torus and coupling constant is carried out in [7-10]. 

In addition, in the spectral theory op operator matrices, the main attention is paid to the issues of determining the 

structure of essential spectrum, studying the limited number of discrete eigenvalues and developing the resolvent 

operator [6-21]. 

Let ℋ:= ℋ� ⊕ℋ	 ⊕ℋ
 ⊕ℋ�, where ℋ�,ℋ	,ℋ
 and ℋ� Hilbert spaces. It is known from the spectral theory 

of operators that any linear bounded operator � acting in ℋ Hilbert space is always expressed as a fourth-order 

operator matrix [1]: 

� = 
��� ��� ��	 ��
��� ��� ��	 ��
�	� �	� �		 �	
�
� �
� �
	 �


�.                                                                  (1) 

Here ���:ℋ� → ℋ� , �, � = 0, 1, 2, 3 are linear bounded operators. The operator matrix � defined in the form of 

equation (1) is self-adjoint only if the following equality holds: ���∗ = ���  �, � = 0, 1, 2, 3, i.e. �∗ = � ⇔ ���∗ = ���, �, � = 0, 1, 2, 3. 
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In this article, we will look at the following instance: ℋ� ≔ � is the one-dimensional complex space, and for � = 1,2,3, let ℋ�: =  	!!"#$�$ is the Hilbert space of square-integrable (complex) functions defined on !"#$�, 

where "# considered as a d-dimensional torus. It is usually, referred to as a four-particle truncated subspace of the 

Fock space built on the ℋ Hilbert space  	!"#$. 
Typically, the Hilbert space ℋ is referred to as the four-particle cut subspace of the Fock space constructed over  	!"#$. As we know, an element of a Hilbert space ℋ is represented as a vector-function of the form 

 & = '&�, &�, &	, &
, (, where &� ∈ ℋ� , � = 0, 1, 2, 3. We choose the matrix elements ��� of the operator matrix � in the 

form (1) as follows: 

���&� = *&�; 	���&� = -. /'0(&�'0(10"2 ; 	��	 = 0;	��
 = 0; 
��� = ���∗ ; 	'���	&�('3( = !* 4 5'3($&�'3(; 

'��	&	('3( = -. /'6(&	'3, 6(16"2 ; '��
&
('3( = 0;	 
�	� = 0;	�	� = ��	∗ ; '�			&	('3, 7( = !* 4 5'3( 4 5'7($&	'3, 7(; 

'�	
&
('3, 7( = -. /'8(&
'3, 7, 8(18"2 ; 
�
� = 0; 	�
� = 0;	�
	 = �	
∗ ; '�

	&
('3, 7, 9( = !* 4 5'3( 4 5'7( 4 5'9($&
'3, 7, 9(. 

Here * : 0; the function /'⋅( and <'⋅( are continuous and real-valued functions defined on "#, - : 0 is the 

coupling constant. 

By definition, the operator matrix � given by (1) is linear, self-adjoint and bounded within the Hilbert space ℋ. 

In the prowing this fact we use the following: the norm of & ∈ ℋ is expressed as:  

‖&‖ = >|&�|	 4. |&�'0(|	10"2 4. |&	'0, 6(|	1016!"2$@ 4. |&	'0, 6, 8(|	101618!"2$A B�/	 

and the scalar multiplication of &, D ∈ ℋ is defined as 

'&, D( = &� ⋅ D�EEE 4 . &�'0(D�'0(EEEEEEE10"2 4. &�'0, 6(D�'0, 6(EEEEEEEEEE1016!"2$@ 4. &�'0, 6, 8(D�'0, 6, 8(EEEEEEEEEEEE101618!"2$A  

We use ���∗  to represent the adjoint operator to ��� and according to the simple considerations we have 'A��∗ &�('3( = -/'3(&�; 'A�	∗ &�('3, y( = -/'7(&�'3(; 'A	
∗ &	('3, 7, 9( = -/'9(&	'3, 7(. 
In this study, we explore the following issues: 

(a) The set HIJJ'�( and its branches are established; 

(b) The main block elements of the operator matrix � and their spectra are characterized, and the relationships 

between the spectra are determined; 

(c)  By constructing, we examine the Fredholm determinant related to the operator matrix � and determine its 

discrete spectrum; 

The expression for the resolvent operator corresponding to the � is given. 

 THE SPECTRUM OF THE OPERATOR MATRIX K  

To begin with, we introduce the Hilbert space ℋ'�,L( = M⊕N = �ℋ�	, 0 O � P M O 3 

and the following auxiliary operator matrices: 
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Q�:ℋ'�,�( → ℋ'�,�(,			Q� ≔ RA�� A��A��∗ A��S; 

Q	:ℋ'�,	( → ℋ'�,	(,			Q	 ≔ TA�� A�� 0A��∗ A�� A�	0 A�	∗ A		U; 

��:ℋ'	,
( → ℋ'	,
(,			�� ≔ RA		 A	
A	
∗ A

S; 

�	:ℋ'�,
( → ℋ'�,
(,			�	 = TA�� A�	 A�
A�	∗ A		 A	
A�
∗ A	
∗ A

U; 

Using the Weyl theorem about stability the essential spectrum under finite rank perturbations we obtain  HIJJ'Q�( = V* 4 M; * 4 MX 
Here the number M and Y are identified as M = min]∈"2<'3( ,										Y = max]∈"2 <'3(. 
In order to define the discrete spectrum, we consider the regular function on the domain in �\V* 4 M; 	* 4 YX   

Δ�'b( ≔ * c b c -	. /	'0(10* 4 5'0( c b"2 . 
The function Δ�'⋅( is generally referred to as the Fredholm determinant of the operator matrix Q�. 

For any fixed - : 0, in order for the operator matrix Q� to have an eigenvalue b ∈ � ∖ V* 4 M; * 4 YX if and 

only if Δ�'b( = 0. 

The set H#eJf'Q�( satisfies the given equality: H#eJf'Q�( = gb ∈ � ∖ V* 4 M; * 4YX: Δ�'b( = 0h. 
The equality  HIJJ'Q	( = V* 4 M; * 4 YX⋃ jg5'3( 4 H#eJf'Q�(h]∈"2  

applies to the essential spectrum of Q	. Furthermore, the set HIJJ'Q	( comprises no more than three closed intervals. 

To investigate H#eJf'Q	(, we introduce the regular function Δ	'⋅(, which is defined on the domain � ∖ HIJJ'Q	( 
by the relation Δ	'b( ≔ * c b c -	. /	'0(10Δ�!b c 5'0($"2 . 

For any fixed - : 0, in order for the operator matrix Q	 to have an eigenvalue b ∈ � ∖ HIJJ'Q	( if and only if Δ	'b( = 0. 

Consequently H#eJf'Q	( = gb ∈ � ∖ HIJJ'Q	(: Δ	'b( = 0h. 
According to the definition, the function Δ	'⋅( is a decresing function on k ∖ HIJJ'Q	(, and thus, the operator 

matrix Q	 has at most four simple eigenvalues. 

Lemma 1. The operator matrix �� has an entirely essential spectrum and 

H'��( = V* 4 3M; * 4 3YX⋃ j g5'3( 4 5'7( 4 H#eJf'Q�(h],l∈"2 . 
Moreover, the set H'��( consist of up to three closed intervals in union. 

Lemma 2. The operator matrix �	 possesses a purely essential spectrum, satisfying the equality 

H'��( = V* 4 3M; * 4 3YX⋃ j g5'3( 4 5'7( 4 H#eJf'Q�(h],l∈"2 . 
Additionally, the set H'�	( is composed of a union of at most seven closed intervals. 
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It should be noted that in most cases the operator matrix �	 is called the channel operator corresponding to the  � and one of its main ptoperties is the equality HIJJ'�( = H'�	(. 
From the above facts we obtain the following spectral inclusions:  H'	A

	( ⊂ H'	��( ⊂ H'	�	( = HIJJ'�( 
In the domain �\HIJJ'�( we consider the following analytic function  

Δ'b( = * c b c -	 . /	'0(10∆	!b c 5'0($"2 . 
Lemma 3. A number b ∈ �\Hopp'�( is an eigenvalue of the operator matrix � if and only if q'b( = 0.  

From this lemma, it follows that the discrete spectrum of the operator matrix � is characterized by the equality H#eJf'�( = gb ∈ �\HIJJ'�(:	Δ'b( = 0h. 
 RESULTS  

Theorem 1. For each fixed number b ∈ r'�(, the corresponding resolvent operator to the operator matrix � is 

the operator matrix of the form  

st'�( = 
s��'b,�(s��'b,�( s��'b,�(s��'b,�( s�	'b,�(s�	'b,�( s�
'b,�(s�
'b,�(s	�'b,�(s
�'b,�( s	�'b,�(s
�'b,�( s		'b,�(s
	'b,�( s	
'b,�(s

'b,�(� 

in the Hilbert space ℋ'�,
(, and its matrix elements are specified as follows: 

s��'b,�(D� = D�Δ'b( ;	s��'b,�(D� = c -Δ'b(. /'0(D�'0(10∆	!b c 5'0($"2 ; 
s�	'b,�(D	 = -	Δ'b(. /'0(/'6(D	'0, 6(1016∆	'b c 5'0((∆�'b c 5'0( c 5'6(( ;'"2(@  

s�
'b,�(D
 = c -
Δ'b(. /'0(/'6(/'8(D
'0, 6, 8(10161\bu9v'* 4 5'0( 4 5'6( 4 5'8( c b(∆�'b c 5'0( c 5'6((∆	'b c 5'0(('"2(A ;	 
's��'b,�(D�('3( = c -/'3(D�Δ'b(∆	'b c 5'3(( ; 

's��'b,�(D�('3( = D�'3(∆	'b c 5'3(( 4 -	/'3(Δ'b(∆	'b c 5'3((. /'0(D�'0(∆	'b c 5'0(( 10"2 ; 
's�	'b,�(D	('3( = c -
/'3(Δ'b(∆	!b c 5'3($. /'0(/'6(D	'0, 6(1016∆	!b c 5'0($∆�'b c 5'0( c 5'6(('"2(@  

c w∆	'b c 5'3((. /'0(D	'3, 0(10∆�'b c 5'3( c 5'0(( ;"2  

's�
'b,�(D
('3( = -�/'3(Δ'b(∆	!b c 5'3($. /'0(/'6(/'8(D
'0, 6, 8(101618'* 4 5'0( 4 5'6( 4 5'8( c b(∆�'b c 5'0( c 5'6((∆	'b c 5'0(('"2(A  

4 -	∆	'b c 5'3((. /'6(/'8(D
'3, 6, 8(1618'* 4 5'3( 4 5'6( 4 5'8( c b(∆�'b c 5'3( c 5'6(('"2(@  

's	�'b,�(D�('3, 7( = -	/'3(/'7(D�Δ'b(∆�'b c 5'3( c 5'7((∆	'b c 5'3(( ; 's	�'b,�(D�('3, 7( = c -/'7(D�'3(∆�'b c 5'3( c 5'7((∆	!b c 5'3($ 
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c -
/'3(/'7(Δ'b(∆�'b c 5'3( c 5'7((∆	'b c 5'3((. /'0(D�'0(∆	'b c 5'0(( 10"2 ; 
's		'b,�(D	('3, 7( = D	'3, 7(∆�'b c 5'3( c 5'7(( 

4 -�/'3(/'7(Δ'b(∆�'b c 5'3( c 5'7((∆	!b c 5'3($. /'0(/'6(D	'0, 6(1016∆�'b c 5'0( c 5'6((∆	'b c 5'0(('"2(@  

4 -	/'7(∆�'b c 5'3( c 5'7((∆	'b c 5'3((. /'0(D	'3, 0(10∆�'b c 5'3( c 5'0(("2 ; 
's	
'b,�(D
('3, 7( = c -∆�'b c 5'3( c 5'7((. /'8(D
'3, 7, 8(18		* 4 5'3( 4 5'7( 4 5'8( c b"2  

c -x/'3(/'7(Δ'b(∆�'b c 5'3( c 5'7((∆	'b c 5'3((. /'0(/'6(/'8(D
'0, 6, 8(101618'* 4 5'0( 4 5'6( 4 5'8( c b(∆�'b c 5'0( c 5'6((∆	'b c 5'0(('"2(A  

c -
∆�'b c 5'3( c 5'7((∆	'b c 5'3((. /'6(/'8(D
'3, 6, 8(1618'* 4 5'3( 4 5'6( 4 5'8( c b(∆�'b c 5'3( c 5'6(('"2(@  

's
�'b,�(D�('3, 7, 9( = c -/'9(* 4 5'3( 4 5'7( 4 5'9( c b 's	�'b,�(D�('3, 7(; 
's
�'b,�(D�('3, 7, 9( = c -/'9(* 4 5'3( 4 5'7( 4 5'9( c b 's	�'b,�(D�('3, 7(; 
's
	'b,�(D	('3, 7, 9( = c -/'9(* 4 5'3( 4 5'7( 4 5'9( c b 's		'b,�(D	('3, 7(; 

's

'b,�(D
('3, 7, 9( = D
'3, 7, 9(* 4 5'3( 4 5'7( 4 5'9( c b c -/'9(* 4 5'3( 4 5'7( 4 5'9( c b 's	
'b,�(D
('3, 7(. 
Proof. To find the form of the resolvent operator of �, we look for the solution to the equation !�y c bz$& = D 

for D = 'D�, D�'3(, D	'3, 7(, D
'3, 7, 9(( ∈ ℋ'�,
(. We can reformulate this equation into the following system of 

equations:  

{|}
|~ '* c b(&� 4 - � /'0(&�'0(10"2 = D�-/'3(&� 4 '* 4 5'3( c b(&�'3( 4 - � /'6(&	'3, 6(16"2 = D�'3(				-/'7(&�'3( 4 '* 4 5'3( 4 5'7( c b(&	'3, 7( 4 - � /'8(&
'3, 7, 8(18"2 = D	'3, 7(-/'9(&	'3, 7( 4 '* 4 5'3( 4 5'7( 4 5'9( c b(&
'3, 7, 9( = D
'3, 7, 9(

				 (2) 

Since b ∉ H'�( for any 3, 7, 9 ∈ "# we have  * 4 �'3( 4 �'7( 4 �'9( c b � 0, ∆�'b c 5'3( c 5'7(( � 0, Δ	!b c 5'3($ � 0, Δ'b( � 0. 
From the fourth equation of the system (2), we derive the equation for &
'3, 7, 9(:  &
'3, 7, 9( = D
'3, 7, 9(		* 4 5'3( 4 5'7( 4 5'9( c b c -/'9(&	'3, 7(		* 4 5'3( 4 5'7( 4 5'9( c b.					 
By substituting the derived expression (3) for &
'⋅,⋅,⋅( into the third equation of the system (2), we obtain the 

expression for &	'3, 7(: &	'3, 7( = D	'3, 7(∆�'b c 5'3( c <'7(( c -∆�'b c 5'3( c 5'7((. /'8(D
'3, 7, 8(18		* 4 5'3( 4 5'7( 4 5'8( c b"2  

c -/'7(&�'3(∆�'b c 5'3( c 5'7((													 
Now, by inserting the expression (4) obtained for &	'∙,∙(  into the second equation of the system of equations (2), 

we obtain the relation for &�'3(: 

   (3)

 (4)
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&�'3( = D�'3(∆	!b c 5'3($ c -/'3(&�∆	!b c 5'3($ c -∆	!b c 5'3($. /'6(D	'3, 6(16∆�!b c 5'3( c 5'6($"2  

4 -	∆	!b c 5'3($. /'6(/'8(D
'3, 6, 8(1618'ε 4 5'3( 4 5'6( 4 5'8( c b(∆�'b c 5'3( c 5'6(('"2(@  

We substitute the expression &�'∙( found above into the first equation in the system of equations (2) to obtain the 

following relation. &� = D�Δ'b( c -Δ'b(. /'0(D�'0(10∆	!b c 5'0($"2 4 -	Δ'b(. /'0(/'6(D	'0, 6(1016∆	'b c 5'0((∆�'b c 5'0( c 5'6(('"2(@  

c -
Δ'b(. /'0(/'6(/'8(D
'0, 6, 8(101618'* 4 5'0( 4 5'6( 4 5'8( c b(∆�'b c 5'0( c 5'6((∆	!b c 5'0($'"2(A 																		 
That is, &� = s��'b,�(D� 4 s��'b,�(D� 4s�	'b,�(D	 4 s�
'b,�(D
. 
That is, by substituting the expression for &� obtained from (6) into the expression (5), we derive the relation:  &�'3( = 's��'b,�(D�('3( 4 's��'b,�(D�('3( 4 's�	'b,�(D	('3( 4 's�
'b,�(D
('3( 
By placing the derived expression for &�'⋅(into equation (4), we obtain the following expression: &	'3, 7( = 's	�'b,�(D�('3, 7( 4 's	�'b,�(D�('3, 7( 4 's		'b,�(D	('3, 7( 4 's	
'b,�(D
('3, 7( 
Using this expression and equation (3), we obtain &
'3, 7, 9( = 	 's
�'b,�(D�('3, 7, 9( 4 's
�'b,�(D�('3, 7, 9( 4 's
	'b,�(D	('3, 7, 9( 4 's

'b,�(D
('3, 7, 9( 
This completes the proof of the theorem. 

CONCLUSION 

This paper investigates the operator matrix � of order four, which operates in the direct sum of the zero-particle, 

one-particle, two-particle, and three-particle subspaces of the Fock space. The main block elements of � are 

separated. They are denoted as Q�, Q	, ��, �	. The essential and discrate spectra of these elements are described. 

The corresponding Fredholm determinants are constructed. Using the monotonicity property of the Fredholm 

determinant, the number of eigenvalues, location and multiplicity are determined. A relationship between H'��(, H'�	( and HIJJ'�( is established. The corresponding resolvent operator for � is constructed., and is demonstrated 

that the resolvent operator is also in the form of a 4th-order operator matrix. 
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