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Now we calculate the limits of rn.
Case of even n. From (2) it is easy to see that

lim
n→∞

|fn(x)|p = lim
n→∞

rn =


0, if r < α

α, if r = α

+∞, if r > α

Case of odd n. In this case we have

lim
n→∞

|fn(x)|p = lim
n→∞

rn =


+∞, if r < α

α, if r = α

0, if r > α

Summarizing above-mentioned results we obtain the following theorem:
Theorem 1. If p ≥ 3 and α is defined by (1). Then
1. if x ∈ Uα(0) then

lim
k→∞

f 2k(x) = 0, lim
k→∞
|f 2k−1(x)|p = +∞.

2. if x ∈ Sα(0) then fn(x) ∈ Sα(0), n ≥ 1.
3. if x ∈ Cp \ Vα(0) then

lim
k→∞
|f 2k(x)|p = +∞, lim

k→∞
f 2k−1(x) = 0.
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We study p-adic dynamical systems generated by a rational function. For motivation
of such investigations see [1], [2] and references therein.

It is known that the completion of the set of rational numbers Q with respect to p-adic
norm | · |p defines the p-adic field which is denoted by Qp (see [3]).

The algebraic completion ofQp is denoted by Cp and it is called complex p-adic numbers.
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For any a ∈ Cp and r > 0 denote

Ur(a) = {x ∈ Cp : |x− a|p < r}, Vr(a) = {x ∈ Cp : |x− a|p ≤ r},

Sr(a) = {x ∈ Cp : |x− a|p = r}.

Let x0 be a fixed point of a function f(x), i.e. f(x0) = x0.
Put λ = f ′(x0). The point x0 is attractive if 0 < |λ|p < 1, indifferent if |λ|p = 1, and

repelling if |λ|p > 1.
The ball Ur(x0) is said to be a Siegel disk if each sphere Sρ(x0), ρ < r is an invariant

sphere of f(x), i.e. if x ∈ Sρ(x0) then all iterated points fn(x) ∈ Sρ(x0) for all n = 1, 2 . . . .
The union of all Siegel desks with the center at x0 is said to a maximum Siegel disk and
is denoted by SI(x0).

Consider the dynamical system associated with function f : Cp → Cp defined by

f(x) =
a

x− 2b
, a 6= 0, a, b ∈ Cp, (1)

where x 6= 2b.
Our goal here is to present the behavior of trajectories {fn(x), x ∈ Cp} of (1) in the

complex p-adic filed Cp.
Remark. The case b = 0 is simple: in this case any point x ∈ Cp\{−b} is two periodic.

That is f(f(x)) = x. Indeed,

f(f(x)) =
a
a
x

= a · x
a

= x.

Therefore, below we consider the case b 6= 0.

Since Cp is algebraic closed, this function (for ab 6= 0) has two fixed points:

f(x) = x ⇒ x2 − 2bx− a = 0 ⇒ x1 = b−
√
b2 + a, x2 = b+

√
b2 + a.

Denote:
P = {x ∈ Cp : ∃n ∈ N ∪ {0}, fn(x) = 2b}.

For example, x = x̂ = 2b+ a
2b
∈ P , because f(x̂) = 2b.

The following proposition describes the set P
Proposition. The set P is the following

P = {2b} ∪
{
bn − 2bdn
2bcn − an

: n ≥ 1

}
,

where an, bn, cn, dn are coefficients of fn.
For (1) we have

f ′(x) = − a

(x− 2b)2
= − 1

a

(
a

(x− 2b)

)2

= − 1

a
(f(x))2.

Using this formula and x1x2 = −a we get

|f ′(x1)|p =
|x1|p
|x2|p

, |f ′(x2)|p =
|x2|p
|x1|p

,

420



i.e., if the point x1 (resp. x2) is repeller then x2 (resp. x1) is attractive. Moreover, x1

is indifferent iff x2 is indifferent. Thus we need to compare |x1|p = |b −
√
b2 + a|p and

|x2|p = |b+
√
b2 + a|p.

Case: b2 + a = 0. In this case x1 = x2, i.e. the function has unique fixed point x1 = b.
Moreover, |f ′(x1)|p = 1, i.e. the fixed point is an indifferent point. Denote B = |b|p and

B∗(x) = |f(x)− x1|p, if x ∈ SB(x1).

We have the following
Theorem 1. The p-adic dynamical system is generated by the function (1), for b2+a =

0, has the following properties:
1. SI(x1) = UB(x1).
2. P ⊂ Cp \ UB(x1).
3. If r > B and x ∈ Sr(x1), then f(x) ∈ SB(x1) and

fn(x) ∈ SB∗(fn−1(x))(x1), n ≥ 2,

where B∗(x) = |f(x)− x1|B ≥ B.

Case: b2 + a 6= 0. In this case x1 6= x2. We denote

α = |x1|p = |b−
√
b2 + a|p, β = |x2|p = |b+

√
b2 + a|p.

We obtain the following theorem
Theorem 2. The p-adic dynamical system is generated by the function (1), for b2+a 6=

0 and α = β, has the following properties:
i. SI(xi) = Uα(xi), with

SI(x1) = SI(x2), if |x1 − x2|p < α

SI(x1) ∩ SI(x2) = ∅, if |x1 − x2|p = α.

ii. P ⊂ Cp \ (SI(x1) ∪ SI(x2)).
iii. If r > α and x ∈ Sr(x1), then f(x) ∈ Sα(x1) and

fn(x) ∈ SA∗(fn−1(x))(x1), n ≥ 2,

where A∗(x) = |f(x)− x1|α ≥ α.
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