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T.X. PACYJIOB, ®.M. 2KYPAKYJIOBA

NCCJIEJOBAHUE CIIEKTPA OJHOI OIIEPATOPHON MATPUIIbI
TPETBEI'O ITIOPAJKA B OJHOMEPHOM CJIVHAE

Annoranma. B naHHON cTaThe paccMaTpHBAeTCH OIepaTOpHAs MaTpHIa A, TPeThero mopsKa
€O crmekTpanbHbiM mapaMerpoM j > 0. OHa COOTBETCTBYeT CHCTEME C He COXPAHAIONMMCS U He
OoJiee TpeX YACTHI] HA OJHOMEPHOI peIleTKe W PACCMATPUBACTCHA KAK JIMHEHHDBIH, OrpaHnIeHHbBII
U CAMOCOIPS2KEHHBII oreparop B oOpe3anHoM mnozamnpocrpancrse mpocrpancrsa Poka. lcnonb3ys
CTIeKTpaJhbHbIE CBOMCTBA cemelcTBa 0DOOIEeHHbIX Mozeseil Ppuapnxca, UCCIeI0BAHO MECTOMOI0-
JKEHHEe U CTPYKTYpa CYIIECTBEHHOTO CHeKTpa oneparoproit marpunsl A,. Haiinen onpenenmurens
®peroapMa, acCOMUUPOBAHHLINA € OLEPATOPHOl Marpuneit A, U ONHCAaH ero AUCKPETHbIH CHEeKTp
C TIOMOIIBIO HyJel onpenenuresns Dpearoabpma.

Krouesnre cioBa: mpocrpanctso Poka, omeparopHas MaTPHUIEA, CIEKTPATLHBIN mapaMerp, 0000-
menHas Mozesib @pupuxca, onpeenuresib OpearosibMa, CyMECTBEHHBIA CIEKTD, AMCKPETHBIH
CIIEKTP.
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BBEIEHUE

Bonpocer, cBA3aHHbBIE ¢ CYIIECTBEHHBIME U JUCKPETHLIME CIHEKTPAMU OLE€PATOPHBIX MaTPHII
TPETHEro MOPsAKA, COOTBETCTBYIOIIUX TAMI/ILTOHIAHAM CHCTEM C He COXPAHSIOmUMCcs 1 He 6osee
TPEX YaCTHI] HA PEIIeTKe, SBIAI0TCH aKTyalbHbIMU Ipobiaemamu B ¢dusuke TBepaoro resaa [1),
KBAHTOBOM Teopun nois [2], crarucrudeckoit usuke (3], kBanToBoit Mexamuke [4] u Bo MHOrHX
apyrux obsacrax. CnekTpasibHble CBOHCTBA OLEPATOPHBIX MATPHL] HOAPOOHO M3ydeHsbl B [5].

OrMmeruM, 9TO CyIIECTBEHHBIH U AUCKPETHBIH CHEKTPLI TaMU/IBTOHUAHOB (OIIEPATOPHBIX MaT-
PUL) CUCTEMBL C HE COXPAHAIOMUMCH U He Oojiee TPeX YaCTUll Ha PEIIeTKe U3y4YeHbl BO MHOIMX
paborax (cm., Haupuwmep, [6]-[9]). B paborax [10], [11] cymiecrBeHHbIit CleKTD U yCa0BUS KOHEY-
HOCTH HCJIa COOCTBEHHBIX 3HAUEHU MaMUIBTOHIAHA CHCTEMBI C He COXPAHSIOMNMCS U He Gosee
TPeX YACTHI] HA PelIeTKe OBbLIN UCIOIb30BAHbL IPU OIpe/eIeHNH CYIIECTBEHHOTO CIeKTPa U IPH
JOKa3aTe/IbCTBE KOHEIHOCTH YHC/Ia COOCTBEHHBIX 3HAYEHN MOIEIN CIIHH-G030H ¢ He oJIee ABYMsI
dboTonamu Ha pemreTke, JIeJKAINNX J€BE€ CYNIIECTBEHHOIO CIEKTPA.

B macrosmeii pabore paccMaTpHBaeTCs OepaTopHas Marpuna A, TPeThero mopsIKa co CIeK-
TPAJIBHBIM ITapaMerpoM £ > (), COOTBETCTBYIOIIAsI CUCTEME C He COXPAHAIOIINMCH U He 60Jlee Tpex

IMocrynuna B pemakiuio 04.02.2025, mocae mopaborku 04.02.2025. [Tpursara k nyoaukamnun 26.03.2025.
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9aCTHUI[ HA OIHOMEPHOU pemrerke. M3yuaemas oneparopHasd mMarpuiia AeficCTByeT B NPsAMOR CyM-
M€ HYJIBYACTUYHBIX, OJHOYACTUYHBIX W JBYXYACTUIHBIX MOAIPOCTPAHCTB ODO30HHOIO IPOCTPAH-
crBa @oka, T.e. B 06pE3AHHOM MOANPOCTPAHCTBe O030HHOrO mpocTpancTa Poka. B pazmene 1
BBEJCHO ceMeficTBO 0000meHubIX Mogeneit @puapuxca U yCTaHOBJIEHO, UTO OHO WMeEET MO O/f-
HOMY WM30JUPOBAHHOMY TIPOCTOMY COOCTBEHHOMY 3HAYUEHHUIO, JIEYKAIIEMY HUKE U BBIINIE CBOETO
CYTIECTBEHHOTO CIeKTpa. B paszesne 2 ompeseneH TaK Ha3bIBaeMBIl KaHAJBLHBIN OmepaTop, CO-
OTBETCTBYIOIIHH onepaTopHoil MaTpure A,. Ilokasano, 9To KaHAJBHBI OIEPATOP UMeeT IHCTO
CYIIECTBEHHBI CIIEKTP U €ro CIeKTp OIMCAH Yepe3 CHEKTP ceMeiicTBa 0O0OIEHHBIX MOesei
®puapuxca. YCTAHOBIEHO, UTO CYMIECTBEHHBIN CIEKTP ONepaTopHOH Marpunbl A, coBmazaer
CO CIEKTPOM KaHaJIbHOI'O oleparopa U UCCIeN0BAaHO PaCHOJIOXKEHHEe KOMIIOHEHTOB CYIIeCTBEH-
HOTO CIIEKTPa OTHOCHUTEJILHO CIEKTPAJBHOTO MapameTpa (. HaliaeHnnl 3Hadenns mapaMerpa [,
J71sl KOTOPBIX CYTEeCTBEHHBIH CIEeKTpP onepaTopHoil Marpumsl A, nmeer gaxyHy. Iloctpoen ompe-
nernTens Ppearonbma, acCONMUPOBAHHBIN ¢ oIepaTopHOil MaTpurne# A, n IOKa3aHo, ITO €ro
cobBCTBEHHbBIE 3HAYEHNA COBIIQ IAIOT C HyJIsiMU olrpeiesinTess Pperosibma.

1. CHEKTP CEMENCTBA OBOBIUEHHBLIX MOJIEJEN ®PUIPUXCA

Yepes T := (—m; m] 0b03HAUNM OTHOMEPHBI Ky ¢ COOTBETCTBYOIIUM OTOKICCTBICHUEM TIPO-
THBOMOJIOKHBIX I'paneil. [lycrs Hg := C — omHOMEpHOE KOMILIEKCHOE MPOCTPAHCTBO ¥ Hi =
Ls(T) — runsbepToBO MPOCTPAHCTBO KBAIPATHIHO-HHTETPUPYEMBIX (KOMILIEKCHO3HATHBIX ) (DY HK-
[nii, onpeaeeHnbix Ha T.

Paccmorpum cemeiicTsa 06061mennsix moseseit @punpuxca hy(k), p > 0, k € T, neiicrByronmux
B Tuab06epTOBOM IpocTpaHcTBe Ho @ Hi Kak 2 X 2-omeparopHad MaTPHIA

i
hoo  —=ho1
mk) = V2 W | W)
\/§ 01 11
rje MaTpUUHBIE 3JIEMEHThl ONpPeAeIsoTca o hbopMyIam
hoofo = fo, hoif1 = /Tfl(t)dt, (h11(k) f1)(y) = w(k, y) fi1(y). (2)

Buech fi € Hiy, i =0,1, w(k,y) := 3 — cosk — cosy — cos(k + y).

Cewmeiicrao obobmenubix Mogesneit @punpuxca hy,(k), onpenenentoe o dopwmyie (1) ¢ marprd-
HBIMU 2JIEMEHTAMN (2) ABJIACTCA ﬂHHeﬁHbIM, OTPpaHUYCHHBIM 1 CaMOCOIIPAKECHHBIM OIIEPAaTOPOM
B MUIb0EPTOBOM mpocTpaHcTBe Ho @ H.

Jnst yno6ersa uepes o (+), Oess(+) 1 Odise(+) 0603HAYMM, COOTBETCTBEHHO, CIIEKTD, CYIIECTBEHHbIH
CHEKTP U JMCKPETHBIN CIIEKTP OrPAHIYEHHOTO CAMOCOIPSYKEHHOTO OMepaTopa.

Ucnomw3ys Teopembr Beitrs [12] 0 coxpaneHnn CymecTBeHHOrO CIEKTPa MPH KOHEYHOMEPHBIX
BO3MYIIEHHUSX, JI7Isl CYIIECTBEHHOIO CIEKTPA OIepaTopHOil Marpursl by, (k) nveem

Gess (i (K)) = [m(K); M(K)],
rae auciaa m(k) u M (k) onpeaensoTcs caeayonmM 00pa3oM:
m(k) :=3 —cosk — 2+ 2cosk, M(k):=3—cosk+ 2+ 2cosk.
Jrst kaxgoro u > 0 u k € T onpenenum peryaapayio pyHKIUIO

L 1—z—1,(k;2), z<m(k);
A“(k’z)'_{ 1—z+4+1,(k;2), =z>M(k),
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B obactu C\ [m(k); M (k)], rne
T2
I(k;z) =

\/(3—cosk‘—z)2 —46082§

Oyuxuusa A, (k;-) obbraro HasbiBaeTcs onpegennrenem Ppearoapma, acCONNMTPOBAHHBIM C OTTe-
paropom hy, (k).

Jlemma 1. ITpu xaowcdom pp > 0 u k € T wucao z,(k) € C\[m(k); M (k)] asaaemea cobecmeentvim
snauenuem onepamopnoti mampuys, hy, (k) mozda u moavko mozda, kozda A,(k;z,(k)) = 0.

13 nemmsl 1 caenyer ogise(hu(k)) = {z € C\ [m(k); M (k)] : Au(k;z) =0},

Jlemma 2. ITpu xaocdom pp > 0 u k € T onepamop h,(k) umeem no odnomy npocmomy cob-
CMBEHHOMY 3HaveHW0, aexcawemy caesa om m(k) u cnpasa om M (k).

Jlist onpeeleHHoCTH Yepes E&l)(k‘) n Eff)(k) 0003HaYMM COOCTBEHHBIE 3HAYEHUS OIIEPATOPA
hy(k), nexamnme ciesa ot m(k) u crpasa ot M(k), cooTBeTcTBEHHO, T.e€. E,Sl)(k) < m(k) n

(2) "
E;” (k) > M(k). s cymecTBoBaust 3TuX COOCTBEHHBIX 3HAYEHHI OJHOMEPHOCTD TOPA UIPAeT
BasKHYyIo pouib. [Ipmaem, B cuny amammTuanocty by w(-, ) #a T2 1 neMMbl 2 oToGpasKeHne

E,(fl) keT— E,(f)(k’), a = 1,2, apjisiercd HenpepbiBHOI dDyHKIMeH HA onHOMepHOM Tope T.

2. OIIEPATOPHAH MATPHUIA TPETBEIO ITOPAJKA M EI'O CIIEKTP

Oycts Ho := L§(T?) — rumbpbepToso MpoCTpamcTBO (KOMILTEKCHOZHAUHBIX) KBaJIPATIIHO-
MHTEIPUPYeMBIX CHMMETPHYHBIX (DYHKIHE JBYX IIEPEMEHHBIX, OlpejeaeHHbX Ha T2 u H :=
Ho & Hi1 & Ha. IIpocrpancTBo H HaA3BIBAETCS TPEXYACTHUHBIM 0OpPE3AHHBIM MOJIITPOCTPAHCTBOM
CTAHIAPTHOTO DO30HHOTO TpocTpaHcTBa Poka

Fu(L2(T)) := C & Ly(T) & L(T?) & L(T?) &
uas Lo(T), rae gepes L3 (T") obo3uatieno ruab0epToBO IPOCTPAHCTBO KBAIPATHIHO-HHTEIPUPY-
eMbIX (DYHKIMI N IepeMeHHbIX, omnpejeneHHbx Ha T, n > 3, CHMMETPUYHBIX OTHOCUTEIHLHO

JIFOOBIX JIBYX IIEPEMEHHBIX.
B kowmtiekcHoM rusib0€PTOBOM MPOCTPAHCTBE H PACCMOTPUM ONEPATOPHYIO MATPHILY

Ao Aot 0
A,u, = -/481 All MAIQ ) w> O)
0 ,LL.ATQ Azz

rae MaTpuuaHble saeMenTel A : H; — Hi, + < j, 1,7 =0, 1,2, onpenensiorcs o dopmynam

Aoofo = afo,  Aoifi = /T oA (Anf)(@) = fi(o),

(A1 fo)(x /fg x,t)dt, (Axafo)(z,y) =w(x,y)fo(z,y), fi€H; 1=0,1,2.

Baech a € R u v(-) — BerecTBeHHO3HAYHASA HenpepbiBHast GyHKIns Ha T.
* *
Omneparopsr Ap1 n Aj2 Ha3BIBAIOTCA OIEPATOPAME yHHYTOXkKeHHs, a omeparopsl Aj u Aj,
HA3BIBAIOTCS OMEPATOPAMHI POKICHUS, TIPHYIEM

Aby c Ho — Hi,  (Ajifo)(x) = v(z) fo,

Afp t Hi = Ha, (Al f1)(z,y) = M

2 ) fZEHZ) 22071
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Mo2KHO JIerKO HPOBEPHUTH, YTO OllePATOPHas MaTpuLd A, ABjsdercs JIMHeHHbIM, Ol DAHNYEHHBIM
U CAMOCONPSKEHHBIM OIIEPATOPOM B I'myibDEPTOBOM LPOCTPAHCTBE H.

ITycrs 7:22 := Lo(T?). PaccMOTpEM TaK Ha3bIBACMBIH KAHAIBHBIN OTIEPATOD, COOTBETCTRY FOTIHIT
OIEpPaTOPHON MaTpuUIe A# ¥ JeHCTBYIONN B ruibOepTOBOM mipocTpancTee Hi & ﬁz KaK

7
A —A
S 11 \/§ 12
no L * A
12 22

V2

Creryer oTMeTUTD, 4TO COIPSKEHHBIN onepaTop A}, Ha OCHOBe CBOWCTBA I'MILOEPTOBA IIPO-
crpancTBa Hi @ Ho onpesensdercs Kak

ATQ :Hl - 7/_225 (“4){2]01)(56’3/) = fl(x)v fl € Hl'

IIpu sTOM KaHAIBHBIN OLIEPATOP Azh TAKZKE fABJIAeTCA JIMHEHHBIM, OIPAHUYCHHBIM B CaMOCOIIPS-

JKEHHBIM B TMIb0EpPTOBOM mpocTpancTBe Hy & Hao.
« o «
st « = 1,2 gepes Im EfL )() 0003HAYMM MHOXKECTBO 3HaYeHUIT DyHKIIUY EfL )()
B creayromem yTBEpKAEHHN CIIEKTD OEpaTOPa KAHAIA Ath ONKCBLIBAETCS CIIEKTPOM CeMeii-

crBa, 0000mmenubIx Mogeseit Ppuxpuxca hy, (k).

Teopema 1. Kanaavuniti onepamop .Azh UMEET YUCTO CYWECMBEHHIT Cnexmp, U UMeem Mecmo
PAGEHCMEBO

(ALY = Im EQ() U [0; 2] UImED ().

[Tpu goKazaTenbCTBE TEOPEMBI 1 TTIOIB3yeMcs Pa3aaraeMOCThIO B TPAMOi MATErpas KaHaIhHOTO
ommeparopa .Azh:

AP = / h,(k)dk,
T

JeMMOii 2 1 TEeOpeMoii 0 CIeKTpe PasIoKUMBIX orepaTopos [12].
MecrormoioxkemHne CyIIeCTBEHHOTO CIEKTPA, Oess(Ay,) OTepaToproit MaTpuiss A, 1 MaKCHMaIIb-
HOE 9NCJI0 KOMITOHEHTOB Oegs(\A,) OMMCHIBAETCS C MOMOIIBIO C/IEIYIOIMIEr0 yTBEPHK I€HNUSI.

Teopema 2. Cyuwecmsennwvili cnexmp onepamophnoti mampuyost A, cosnadaem co cnexmpom xa-
HAADHO20 ONEPEMOPG .Azh. Kpome mozo, mroocecmso oess(A,) cocmoum us obsedunenusn we
bosee mper ompesros.

Teopema 2 mokasbiBaeTCd ¢ UCHOJL30BAHMEM KPUTepHus Beilrd, XapaKTepuCTUIECKOTO CBOM-
ctBa, ypasuenust DajeeBa W aHATUTHYIECKOH Teopembl Ppearombma. A TpH TOKA3aTENTHCTBE
BTOPOI TacTHU 3TOU TEOPEMBI NCIOIB3YETC JJeMMa 2.

Crenytoriee yTBEp2KIeHUE OIMUCHIBAET CTPYKTYPY CYIIIECTBEHHOIO CIIEKTPA, T. €. PACIIOIOKEHIE
KOMIIOHEHTOB CYIIECTBEHHOT'O CIIEKTPa ONepaTOpHON MaTpumbl A, B 3aBHCHMOCTH OT HapaMeT-

pa .
Teopema 3.

2
a) Ecau p € ( ;\/E},mo

— |in 2D (1. (2) .
Uess(-Au) %161']11‘1E“ (k)aI]?ea%Eu (k) )



88 T.X. PACVYJIOB, ©.M. 2KYPAKYJ/IOBA

b) ecau p € | —=; ——=|, mo
™

u maXE( )(k) < 0;
keT

c) ecau p > mo

v
Nt
Uess(AM) =Im E}(,Ll)() U |:07

u maxE( )(k:) <0, mlnE( )(k:) >
keT keT

| ©

~

OueBuano, 9TO B Cay4asax b), ¢
maTpuiel A,

Teopema 3 urpaer BaxKHYIO POJIb IPU U3YUEHUN TUCIA COOCTBEHHBIX 3HAUEHUN OMEPATOPHO
MaTPHUIIbI AH, JeXKaluX BHE, B TOM YHCJE B JIJAKyHaX CYMIECTBEHHOI'O CIEKTPa Uess(Au)-

[Tycte I— epamnmunsiit oneparop B Hi, K, — uHTerpabHbIi onepaTop B H1, HOPOXKICHHbIH
AOPOM

MOABJIAETCA JIAKYHA, CYIIECTBEHHOTO CIEKTPA OTEPATOPHOMN

12

28u(2, 2)(w(z,y) = 2)’
Ay(z) m Dy(x,y;2)— COOTBeTCTBeHHO ompegemTens u MuaOp Ppearonsma oneparopa I — K.
Ipu 1> 0 B obmactu C\ 0ess(Ay) OIpesennM perymispHyo (byHKumo BUIA

0, (z) = < /A > // tg’t;z)dxdt.

CBs13b M€Ky COOCTBEHHLIME 3HAYEHUSIME OLEPATOpHOH Marpunel A, n HyraMu QyHKIHH
Q,(+) ycranapiusaer

K (x Yz ) : PSS C\Uess(-A,u)a

Teopema 4. Yucro z € C\ 0ess(Ay) Asasemea cobemsenoim snavenuem onepamopa A, mozda
u moavko mozda, xozda §,(z) = 0.

B xone nokazarenncTBa TeopeMbl 4 TpUMeHdeM METOABl U3 TEOPUH JIMHEHHBIX WHTEeTPATbHBIX
ypaBHeHwmit. 113 Teopemsl 4 JTa JUCKPETHOTO CHEKTpa oneparopa A, HoIyInm

Odisc(Ay) = {z € C\ 0ess(Ay) + Qu(z) = 0}'
Buano, uro corsacuo teopeme 4 dbynkimsa ,(-) obrazaer XapaKTepUCTHYECKHM CBOHCTBOM

ompenennutens Ppenroabma. [lo sToit mpwunne nazoBeM ee ompenenuTeneM Ppearoabma, acco-
[UUPOBAHHBIM C OIEPATOPHON MaTpHieil A,,.

SAKJIIOUEHUE

MEI pacecMOTpesn OTepaTOPHYIO MaTpHIly A, CO CHeKTpaJIbLHBIM MapaMeTPOM [, KOTOPHI co-
OTBETCTBYET TaMUJbTOHUAHY CUCTEMBI C HE COXPAHSIOIUMCA U He 0ojiee Tpex YacTHIl Ha Off-
HOMepHO# permerke. OmeparopHas Marpuia A, JeficTByeT B IpAMO# CymMMe HyJBIACTHIHBIX,
OJHOYACTUYHBIX U ,Z[ByX‘{aCTI/I‘IHbIX noarnpocTpancTs bozouHOro mpocrpancTea ®oka. Boigenen
KaHaJBHBII ollepaTop 'Au , COOTBETCTBYIOIIHI ONepaTopHOil MaTpure A, U yCTaHOBJICHO, UTO
KaHAJBHBIN OmmepaTop Azh WMEeT 9HCTO CYIeCTBeHHBIH crexTp. [lokazano, 9To CyImecTBeHHBIH
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CIIEKTD OLePaTOpHOi Marpuibl A, COBIALAET CO CIEKTPOM KAHAIBHOIO OIIEPATOPA. .Aj;h. Crpyx-
Typa CyIIECTBEHHOIO CIEKTPA, TOUHEE PACIOJIOKEHUE KOMIIOHEHTOB CYIIECTBEHHOIO CIEKTPA Ol1e-
PATOPHOI MaTpPHUIB! A, OIINCAHA OTHOCHTEIBHO apaMeTpa B3auMoeiicTsus . Ilocrpoen ompe-
nenutens PpenroabMa, MHOKECTBO HYJIEH KOTOPOTO COBIAIAELT C JUCKPETHLIM CIIEKTPOM OIepa-
TOpHOH Marpuie! A,

1]

2]
13l

4]
5]
[6]
7]
18]
[9]
[10]
[11]
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T.H. Rasulov and F.M. Jurakulova

Investigation of the spectrum of an operator matrix of order three in one-dimensional case

Abstract. In this paper, operator matrix A,, of order three with spectral parameter p is considered.
It corresponds to a system with non-conserved and no more than three particles on the one-
dimensional lattice and is considered as a linear, bounded and self-adjoint operator in a cut subspace
of the Fock space. Using the spectral properties of a family of generalized Friedrich models, the
location and structure of the essential spectrum of the operator matrix A, is investigated. The
Fredholm determinant associated with the operator matrix A4, is found and its discrete spectrum
is described by the zeros of the Fredholm determinant.

Keywords: Fock space, operator matrix, spectral parameter, generalized Friedrichs model, Fred-
holm determinant, essential spectrum, discrete spectrum.
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