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ON THE BRANCHES OF THE ESSENTIAL SPECTRUM OF OPERATOR MATRIX IN 

BOSONIC FOCK SPACE 
1Muminov M.E., 2Jurakulova F.M. 

1Samarkand State University 
2Bukhara State University 

Let us introduce some notations used in this work. Let T  be the one -dimensional torus, 
0 :H C=  

be the field of complex numbers, 1 2: ( )H L T=  be the Hilbert space of square integrable (complex) 

functions defined on T  and 
2

2 2( )sH L T=  be the Hilbert space of square-integrable symmetric (complex) 

functions defined on 
2T . We denote by H  the direct sum of spaces 

0H , 
1H  and 

2 ,H  that is, 

0 1 2H H H H=   . 

In the Hilbert space H  we consider the operator matrix of the form: 

00 01

*

01 11 12

*

12 22

0

: , 0.

0

A A

A A A A

A A

  



 
 

=  
 
 

                                    (1) 

The matrix entries :ij j iA H H→ ,  i j , , 0,1,2i j =   are given by: 

00 0 0A f af= ,   
101 1 1( ) ( )

T
A f t f t dt=  ,  

11 1 1( )( ) ( )A f x f x= ,  

  
112 2 2( )( ) ( , )

T
A f x f x t dt=  , 

22 2 2( )( , ) ( , ) ( , )A f x y x y f x y= ,  

     ( , ) 3 cos cos cos ( )x y x y x y = − − − + ,        
i if H ,  0,1,2i = . 

Here a R ; the function ( )   is a real-valued continuous function on .T  

We remark that the operators 
01A  and 

12A , resp. 
*

01A  and 
*

12A  are called annihilation resp. creation 

operators, respectively. A trivial verification shows that 
*

01 0 1:A H H→ , 
*

01 0 0( )( ) ( )A f x x f= , 
0 0f H ; 

*

12 1 2:A H H→ , 
* 1 1

12 1

( ) ( )
( )( , )

2

f x f y
A f x y

+
= , 

1 1f H . 

Under these assumptions, the operator A  is bounded and self- adjoint. 

For any fixed 0   and x T  let us consider the quations 

2

2 2

1 0, 0;

(3 cos ) 4cos
2

z z
x

x z


− − = 

− − −

                      (1) 

2

2 2

9
1 0,

2
(3 cos ) 4cos

2

z z
x

x z


− + = 

− − −

.           (2) 

It is easy to check that for large values of 0   the equation (1) has an unique solution 
(1) ( )E x  in 

( ;0)−  and the equation (2) has an unique solution 
(2) ( )E x  in 

9
( ; )
2
 . 

One can see that for any fixed 0   the functions 
(1) ( )E   and 

(2) ( )E   are continuous on its domain. 

Thus, the image of these functions are closed bounded intervals.  

Main result of this work is the following theorem. 

Theorem. For the essential spectrum ess ( )A  of A  the equality 

(1) (2)

ess

9
( ) Im ( ) [0; ] Im ( )

2
A E x E x   =    
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holds. Moreover, for the large values of 0   we have 
(1)max Im ( ) 0E x   and 

(2) 9
min Im ( )

2
E x   that 

is, there are gaps in the essential spectrum of A . 

We note that the sets 
(1) (2)Im ( ) Im ( )E E     and 

9
[0; ]

2
 are called two-particle and three-particle 

branches of ess ( )A , respectively. 

 

ABOUT ONE EQUALITY WITH EXPONENTIAL MATRIX 

Qushaqov H., Muhammadjonov A., Ismoilova M.  
Andijan state university, Andijan, Uzbekistan 

The aim of this paper is to prove 

 𝜂0𝜔𝑖(𝑡)𝜂0
∗ = ∫ |𝑒−𝐴

∗𝑠𝜂0
∗|
2
𝑑𝑠

𝑡

0
                                             (1) 

 equality, where  𝜂0 is nonzero vector  ( 𝜂0 ≠ 0), 𝜔𝑖(𝑡) is  3 × 3 symmetric matrix with  

𝜔𝑖(𝑡) = (

𝜑11(𝑡) 𝜑12(𝑡) 𝜑13(𝑡)

𝜑21(𝑡) 𝜑22(𝑡) 𝜑23(𝑡)

𝜑31(𝑡) 𝜑32(𝑡) 𝜑33(𝑡)
),        and     𝐴 = (

−𝜆 1 0
0 −𝜆 1
0 0 −𝜆

) 

where 

𝜑11(𝑡) = ∫ 𝑒
2𝜆𝑠(1 + 𝑠2 +

1

4
𝑠4)𝑑𝑠

𝑡

0
,      𝜑12(𝑡) = 𝜑21(𝑡) = ∫ 𝑒

2𝜆𝑠(−𝑠 −
1

2
𝑠2)𝑑𝑠

𝑡

0
, 

𝜑13(𝑡) = 𝜑31(𝑡) = ∫ 𝑒
2𝜆𝑠 1

2
𝑠2𝑑𝑠

𝑡

0
,       𝜑22(𝑡) = ∫ 𝑒

2𝜆𝑠(1 + 𝑠2)𝑑𝑠
𝑡

0
, 

𝜑23(𝑡) = 𝜑32(𝑡) = ∫ −𝑒
2𝜆𝑠𝑠𝑑𝑠

𝑡

0
,         𝜑33(𝑡) = ∫ 𝑒

2𝜆𝑠𝑑𝑠
𝑡

0
,          and  𝜆 > 0 . 

 It is not difficult to show that 

𝑒−𝐴
∗𝑡 = 𝑒𝜆𝑡 (

1 0 0
−𝑡 1 0
1

2
𝑡2 −𝑡 1

) 

Hereby, it will help to motivate us to keep up our work on 𝜔𝑖(𝑡).  Let’s prove (1) problem. First of 

all, we expand the left side of (1).  We have 𝜔𝑖(𝑡) and a nonzero vector with constant elements, so 𝜂0 =
(𝑥0; 𝑦0; 𝑧0).  Where at least one of 𝜂0 element is not 0. 

𝜂0𝜔𝑖(𝑡)𝜂0
∗ = (𝑥0; 𝑦0; 𝑧0) (

𝜑11(𝑡) 𝜑12(𝑡) 𝜑13(𝑡)

𝜑21(𝑡) 𝜑22(𝑡) 𝜑23(𝑡)

𝜑31(𝑡) 𝜑32(𝑡) 𝜑33(𝑡)
)(

𝑥0
𝑦0
𝑧0
) = 

= (𝑥0𝜑11(𝑡) + 𝑦0𝜑21(𝑡) + 𝑧0𝜑31(𝑡); 𝑥0𝜑12(𝑡) + 𝑦0𝜑22(𝑡) + 𝑧0𝜑32(𝑡); 𝑥0𝜑13(𝑡) + 𝑦0𝜑23(𝑡)

+ 𝑧0𝜑33(𝑡))(

𝑥0
𝑦0
𝑧0
) = 

= ∫ (𝑥0
2 (1 + 𝑠2 +

1

4
𝑠4) + 2𝑥0𝑦0 (−𝑠 −

1

2
𝑠3) + 2𝑥0𝑧0

1

2
𝑠2 + 2𝑦0𝑧0(−𝑠) + 𝑦0

2(1 + 𝑠2) + 𝑧0
2) 𝑒2𝜆𝑠

𝑡

0

 

By simplifying we obtain: 

∫ [(𝑥0 ∙ 𝑒
𝜆𝑠)

2
+ (𝑥0𝑠𝑒

𝜆𝑠 − 𝑦0𝑒
𝜆𝑠)

2
+ (𝑥0

1

2
𝑠2𝑒𝜆𝑠 − 𝑦0𝑠𝑒

𝜆𝑠 + 𝑧0𝑒
𝜆𝑠)

2

]
𝑡

0

𝑑𝑠 

There we can easily see that 

(𝑥0 ∙ 𝑒
𝜆𝑠)

2
+ (𝑥0𝑠𝑒

𝜆𝑠 − 𝑦0𝑒
𝜆𝑠)

2
+ (𝑥0

1

2
𝑠2𝑒𝜆𝑠 − 𝑦0𝑠𝑒

𝜆𝑠 + 𝑧0𝑒
𝜆𝑠)

2

= 

= |(

𝑒𝜆𝑠 0 0
−𝑠𝑒𝜆𝑠 𝑒𝜆𝑠 0

−
1

2
𝑒𝜆𝑠 −𝑠𝑒𝜆𝑠 𝑒𝜆𝑠

)(

𝑥0
𝑦0
𝑧0
)|

2

= |𝑒−𝐴
∗𝑠𝜂0

∗|
2
 

Thus, 

𝜂0𝜔𝑖(𝑡)𝜂0
∗ = ∫ |𝑒−𝐴

∗𝑠𝜂0
∗|
2
𝑑𝑠

𝑡

0

 

This completes the proof. 
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