RESEARCH ARTICLE | MARCH 11 2024

To construct basis functions in W2(1’0) space to finite

element method for 1D two-point boundary-value problems

Samandar Babaev &% Javlon Davronov; Jakhongir Mirzakulov; Gulchekhra Mirzaeva; Nilufar Amonova

‘!l Check for updates

AIP Conf. Proc. 3004, 060019 (2024)
https://doi.org/10.1063/5.0199590

A CrossMark
X lad

View Export
Online  Citation

Q
(&
o
()
-
()
Y
o
@)
o
-
<L

Proceedings

20:50:80 ¥20T Yote €1

Boost Your Optics and
Photonics Measurements

= S TN
Lock-in Amplifier ‘ H
N # Zurich . _ i\ ==
AlIP 7\ Instruments e -4 2 & & :

é/_‘_ PUinShing Boxcar Averager



https://pubs.aip.org/aip/acp/article/3004/1/060019/3270790/To-construct-basis-functions-in-W-2-1-0-space-to
https://pubs.aip.org/aip/acp/article/3004/1/060019/3270790/To-construct-basis-functions-in-W-2-1-0-space-to?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/acp/article/3004/1/060019/3270790/To-construct-basis-functions-in-W-2-1-0-space-to?pdfCoverIconEvent=crossmark
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0199590&domain=pdf&date_stamp=2024-03-11
https://doi.org/10.1063/5.0199590
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2314482&setID=592934&channelID=0&CID=850273&banID=521689174&PID=0&textadID=0&tc=1&scheduleID=2233965&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Facp%22%5D&mt=1710317102562952&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Facp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0199590%2F19724533%2F060019_1_5.0199590.pdf&hc=bd1ee76dcc4888786566f730c1b5c149378a4680&location=

To Construct Basis Functions in W;l’o) Space to Finite Element

Method for 1D Two-Point Boundary-Value Problems

Samandar Babaev,!*%® Javlon Davronov,!:2:? J akhongir Mirzakulov,>:©
Gulchekhra Mirzaeva,> 39 and Nilufar Amonova?:©

1)V.I.Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, 9, University str., Tashkent 100174, Uzbekistan.
2)Bukhara State University, 11, M.Ikbol str., Bukhara 200114, Uzbekistan.

3)Kﬁtrotkul specialized boarding school, Karakul, Bukhara 200800 Uzbekistan.

3 Corresponding author: bssamandar@ gmail.com, s.s.boboev@.buxdu.uz
Y)javiondavronov77 @ gmail.com
Ajahongirmirzo88 @ gmail.com
Dmirzayeva-gulchehra@mail.ru
&)amonova7n@ gmail.com

Abstract. This paper uses the Ritz method to find approximate solutions to boundary-value problems for ordinary differential
equations. We present the approximate finite element solution by a linear combination of the basis functions. Here we get coef-
ficients of the optimal interpolation formula in Wz(l'o) space as basis functions. The difference obtained in numerical results and

exact solutions illustrates graphically.

INTRODUCTION

Differential equations and variational problems growth conditions have significantly been studied in recent years. The
massive interest in this type of non-standard growth conditions is mainly motivated by their physical applications.
The actual cause lay in the fact that some physical phenomena can be modelled by such kinds of equations, such as
elastic mechanics [1], electrorheological fluids sometimes referred to as "smart fluids" [2], image restoration [3, 4],
flow in porous media [5].

Even if a differential equation can be solved analytically, considerable effort and sound mathematical theory are
often needed, and the closed form of the solution may even turn out to be too messy to be valid. Suppose the analytic
solution of the differential equation is unavailable or too difficult to obtain or takes some complicated form that could
be more helpful. In that case, we may find an approximate solution. Discrete numerical values represent the solution
to a sure accuracy. Nowadays, these numerical results and associated tables or plots are obtained using computers to
provide practical solutions to many problems that were impossible to obtain.

Numerical solutions to differential equations can be achieved using finite difference and finite element methods.
Other methods include finite volume, collocation, and spectral methods.

The finite element method was developed to solve complex problems in engineering involving elliptic partial dif-
ferential equations and complicated geometries, notably in elasticity and structural mechanics modelling. However,
its range of applications nowadays is extensive [6]. One of the essential parts of the finite element method is the

construction of basis functions. Therefore, in this work, we construct basis functions in Wz( ) space for the finite
element methods, and we use them for numerical solutions of boundary-value problems.

The paper is structured as follows. In Section 2, the Ritz method is represented for the second-order boundary-
value problems; in Section 3, we present the optimal interpolation formula in Wz(l’o) space; finally, in Section 4, we

solve several problems by the Ritz method taking coefficients of optimal interpolation formula in W2<1’0> space as basis
functions.

THE RITS METHOD FOR SECOND-ORDER BOUNDARY-VALUE PROBLEMS

Let us consider the following model problem

dx dx
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with two-point boundary conditions y(0) = y(1) = 0, where, p € C'[0,1],¢, f € C[0,1], and
p(x)>8>0,g(x)>0, for0<x<1.

The function y € C(% [0,1] is an unique solution to the differential equation (1), in the case that y is the unique function
in C3[0, 1] that minimizes the integral (see, [7], pp.88-89)

1 = [ (P + g~ 20 . @)

There are at least three different formulations to consider for this problem, i.e., the differential form, variational
or weak form (corresponding finite element method is often called the Galerkin method), and minimization form
(respective finite element method is usually called the Ritz method). From the aspect of mathematical modelling, both
the weak form and the minimization form are farther natural than the differential formulation.

Solving (1) by the Ritz method takes on three stages. Initially, it is shown that any solution y to (1) also satisfies the
equation

[ st = [ () 050+ gyt ) ®

per all u € C3[0,1].

e The subsequent stage demonstrates that y € Cg [0,1] is a solution to (2) upon these terms (3) holds for all
u € C3[0,1].

e The ending step illustrates that (3) has a unique solution. This unique solution will also be a solution to (2) and
to (1), so the solutions to (1) and (2) are same.

The Ritz method approximates the solution y by minimizing the integral, not upon all the functions in Cg [0,1], but
over a smaller subspace of functions consisting of linear combinations of certain basis functions ¢y, ¢, ..., ¢,. The

basis functions are linearly independent and satisfy ¢;(0) = ¢;(1) = 0 and they satisfy this conditions ¢;(x;) = &/,
here &/ is the Kronecker symbol, for each i =1,2,...,n, j=1,2,....n
We present the approximate finite element solution by a linear combination of the basis functions

=Y citilx) )
i=1

where the coefficients ¢; are the unknowns to be determined.

On assuming the hat basis functions, yj(x) is also a piecewise linear function, although this is not usually the case
for the exact solution y(x) of (1). We then derive a linear system of equations for the coefficients by substituting the
approximate solution yj (x) for the exact solution y(x) to minimize the integral I[Y""_; ¢;¢;]. Then from (2), we get

2 2
Iy =1 [;Ciﬁbi] :/01 <P(x) <;Ci¢i/(x)> +q(x) <;Ci¢i(x)> —2f(x Zc,¢, ) ®

and, for a minimum to occur, it is necessary, when considering / as a function of ¢y, ¢z, ...,cp, to have
al
TzOforjzl,Z,...,n. (6)
€j

Differentiating (5) gives

1 n
;’ / <2p<x>zci¢,»’< x) +2q(x zc¢, ~2f(x >¢.,-<x>>dx

i=1

060019-2

20:50:80 ¥20T YdJeN €1



and substituting into (6) yields

¥ ([ (r0i0i0-+aa,)as ) e = [ 790,00 )

i=1

foreach j=1,2,...,n
The normal equations described in (7) produce an n x n linear system Ac = b in the variables ¢y, ¢3, . .., c,, where the symmetric
matrix A has the following elements

iy = [ (PRI + 40059, §j=1.2,...m

and the vector b is defined by
1
b,.:/ FO)G)dx,i=1,2,....n
0

Now we need analytical forms of basis functions ¢;.
It should be noted that in [6] it was used the hat functions when finding an approximate solution in the Sobolev space Hd (0,1).

<170)

In the present work, we use piecewise continuous exponential functions in the space W, " instead of the hat functions. More-
over, in certain examples, we show convergence of approximate solution to exact solution of problem (1) graphically. To do this,

(1’0)

we use the coefficients of the optimal interpolation formula constructed in the W, ™ space as the basis functions.

THE OPTIMAL INTERPOLATION FORMULA IN Wz(l’o) SPACE

(1,0)

In [8], the optimal interpolation formula in W, space was constructed, and it was found the explicit form of the norm of the
error functional /. We note that the coefficients of the optimal interpolation formulas constructed in the works [9, 10, 11, 12, 13,
14, 15, 16, 17] and [18] can also be used as basis functions.

Assume we have the table of the values @(x;), i = 0,1,...,n of functions @ at points x; € [0,1]. It is required approximate
functions ¢ by another more simple function Py, i.e.

o(x Z 0i(x) - o (xi), 8)

which satisfies the following equalities

Q(x;) = Py(x;), i=0,1,...,n. 9)
Here ¢;(x) and x; (€ [0, 1]) are the coefficients and the nodes of the interpolation formula (8), respectively. The difference ¢ — Py
is called the error of the interpolation formula (8). The following theorem was proved in [8].

Theorem 1. Coefficients of the optimal interpolation formula (8) with equal spaced nodes in the space Wz(l'0> have the the
following form

oi(x) = ﬁ sign(x — hi — h) - (M0 — =) 4 sign(x — hi+ h) - (M= — e¥hi+2h)

(10
+(14e2) sign(x — hi) - (e — M=) | i=0,1,...,n
Doing some simplification in equation (10)
0, 0<x<h(i—1),
Phi—x _ gx—hi_ p2h . .
S, h(i—1) <x<hi,
0i(x) =S el e ( : . (11)
T hl<x§h(l+1)7
0, h(i+1)<x<1.
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OPTIMAL COEFFICIENTS AS BASIS FUNCTIONS

The primary purpose of this section is to solve several boundary value problems using the Ritz method and analyze the differences
between the exact solution and the approximate solution in graphics.
Now, we consider the boundary-value problem (1).
Here we use the optimal coefficients (11) as the basis functions. The first step is to form a partition of [0, 1] by choosing points
X0, X1,y Xyt With
O=xp<x) < - <xp<xp41 =1

We define the basis functions ¢y, ¢»,..., ¢, by

0, nggh(i—l),
) g h(i—1) <x < i,
¢i (x) = Vi _ p2h—(x—hi) . X (12)
N P hl<)€§h(l*‘rl)7
0 h(i+1)<x<1

foreachi=1,2,....n
The function ¢; is a piecewise continuous exponential function, then the first derivative ¢/ has the form

0, 0<x<h(i—1),

/ —e M h(i— 1) < x < i,

i (x) = i 2 (i) . . (13
e e hi < x < h(i+1),
0, h(i+1)<x<1

foreachi=1,2,...,n
¢i(x) and ¢/ (x) are nonzero only on (h(i —1),h(i+1)), so ¢;(x)¢;(x) = 0 and ¢/ (x)§}(x) = 0, except when jis i — 1,4, ori+1.
As a consequence, the linear system given by (7) reduces to an n X n tridiagonal linear system. The nonzero entries in A are

ai= [ (PG + a0 )

foreachi=1,2,...,n,
1
i = [ (PO (6,10 +a(1)0(x)614.1 () d
foreachi=1,2,...,n—1, and

i = [ (PIOIOL () + (001 (2)

foreachi=2,3,....n
We calculate the above integrals using quadrature formulas (see, [4, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]). After
that, we can calculate coefficients c¢; of the approximate solution (4) from the system of equations (7).

NUMERICAL RESULTS

We solve several boundary value problems in this subsection using the Ritz method. We divide an interval into equal meshes with
n=10and n = 100. As mentioned above, we approximate the solution of the problem by the Ritz method using optimal coefficients
as the basis functions. Furthermore, by comparing the approximate solutions yj, (x) with the corresponding exact solutions y(x), we
show the graphics of Ig|y, (x) — y(x)|.

Example 1. ( [32], page 719). Examine the two-point boundary-value problem

Y+ iy = 27 sin(7x)
for 0 <x < 1, with y(0) = y(1) =0.
We see that p(x) = 1, g(x) = 72, f(x) = 2n?sin(7x). The exact solution to the boundary-value problem is y(x) = sin7x. Now,

we show the following graphics demonstrating the ten-basis logarithm, the absolute value of the difference between the exact and
approximate solutions. The figures illustrates [g Y}, ¢;¢;(x) — y(x)| with respective values of n.
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020406028 1 0 020406058 1

-2 .41 -6
| -5

-3 - 10"
-3 .41 —-121
_3.8] - 141

FIGURE 1. Ig|yj(x) — y(x)], for (Left) n = 10 and (Right) n = 100

Example 2.(Exercise 1, page 726 in [32]). Use the Ritz method to approximate the solution to the two-point boundary-value
problem

P SR SR
y +Ty—ﬁcos(zx)
for 0 <x < 1, with y(0) = y(1) = 0. Compare your outcomes to the true solution y(x) = f% cos(Fx) — % sin(Zx) + %cos(%x).
Here we have the following results
0 02040608 1 0 02040608 1
-2 9]
1 -5
-3 11
f ~5.4
-3 3]
—-3.5] -6
—3.71 -6.4

FIGURE 2. Ig|yj(x) — y(x)|, for (Left) n = 10 and (Right) n = 100

Example 3.(Exercise 2, page 726 in [32]). Use the Ritz method to approximate the solution to the two-point boundary-value
problem

d
—d—()cy')—§—4y:4x2 —8x+1,
X

for 0 < x < 1, with y(0) = y(1) = 0. Compare numerical results to the exact solution y(x) = x> — x.

We get the following graphics
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— 14
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FIGURE 3. Ig|y;(x) — y(x)|, for (Left) n = 10 and (Right) n = 100

Example 4.(Exercise 3b, page 726 in [32]). Use the Ritz method to approximate the solution to the two-point boundary-value
problem

d
— @) ey =x+ 2,

for 0 <x < 1, with y(0) = y(1) = 0. Compare your results to the actual solution y(x) = (x — 1)(e™* —1).

020406028 1 0 02040608 1

-2.4

—-2.6 - 61

—-2.8] — 8
—3] ~10

_3-2,

34 -12

-3 .61 - 14

-3.8° -16

FIGURE 4. gy (x) — y(x)|, for (Left) n = 10 and (Right) n = 100

So we have used a new basis function in the Ritz method. Moreover, we have applied the coefficients of our optimal interpolation
formula in Wz(l"0> space as the basis functions. Finally, we have got new results to approximate solutions of boundary-value

problems.

CONCLUSION

Here, the Ritz method approximately solves the boundary-value problems for differential equations. The Ritz method uses a

piecewise-linear basis. In this work, we applied coefficients of optimal interpolation formulas in W2<1‘0) space as the basis functions.
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Finally, we solved particular examples by this method and compared them with the exact solution numerically. Numerical results

show that the coefficients of optimal interpolation formulas in W2(1,0) space get the same results with a piecewise-linear basis [6].
In our subsequent works, we will construct optimal bases for the approximate solution of boundary value problems by the Ritz or
Galerkin method.
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