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ONE-DIMENSIONAL INVERSE PROBLEMS OF FINDING THE KERNEL OF
INTEGRODIFFERENTIAL HEAT EQUATION IN A BOUNDED DOMAIN

D. K. Durdiev!’? and Zh. Zh. Zhumaev> UDC 517.958

We consider an integrodifferential heat equation with time-convolution integral on the right-hand side.
The direct problem is an initial boundary-value problem for this equation. We consider two inverse
problems for this direct problem, namely, the problems of finding the kernel of the integral term for given
two additional conditions imposed on the solution of the direct problem. These problems are replaced
with equivalent systems of integral equations for the unknown functions, and the unique solvability of the
inverse problems is proved by using the principle of contracting mapping,

1. Introduction

The problems of determination of the coefficients appearing on right-hand sides or some other physical param-
eters of differential or integrodifferential equations with given additional “experimental” data about their solutions
are frequently encountered in various applications. These problems are inverse to the “direct” problems in which
differential equations and the corresponding initial and boundary conditions are given [1].

Inverse problems for parabolic and hyperbolic equations with partial derivatives naturally appear in geo-
physics, in the problems of oil finding, in the design of optical instruments, and in numerous other fields where the
inner structure of an object can be described by the results of measuring the fields in available domains. The prob-
lems of determination of the memory kernels in equations of this kind are extensively studied since the end of the
last century (see [2-5]).

At present, there are numerous works devoted to the investigation of the inverse problems for parabolic inte-
grodifferential equations (see, e.g., [6—10]).

Consider an initial-boundary-value problem of determination of a function u(z,t), x € (0,1), t € (0,77,
from the equation

t
U — @ gy = /k(T)u(:c,t —7)dr + h(z,t), € (0,]), 0<t<T, (1.1)
0
u|t=0 = QD(SC), T e [07”7 (1.2)
u|m:0 = ,ul(t)> u|x=l = MZ(t)v 0<t<T, 90(0) = M1 (O)a QD(Z) = M2(0)> (1.3)

where a is a positive constant and [ and 7" are arbitrary positive numbers. For given functions k(t), h(z,t), ¢(z),
u1(t), and po(t), this problem is called the direct problem.
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In the inverse problem, it is assumed that the kernel k(t), ¢ > 0, of the integral term in (1.1) is unknown.
The problem is to find this kernel by using additional information about the solution of the direct problem

l
/u(w,t)dx — ft), te(0,T), (14)
0

or
w(@o,t) = f(t),  x0€(0,0), te(0,T). (1.5)

In this case, ¢(x), x € [0,1], pui(t), pa(t), t € [0,T], are given functions. In what follows, we say that
the problem of determination of the functions u(z,t), k(t), = € (0,1), and ¢t € (0,T], from Egs. (1.1)—(1.4)
is the inverse problem 1, while the problem of determination of these functions from Egs. (1.1)-(1.3) and (1.5) is
the inverse problem 2.

For the sake of simplicity, we denote the function u; by 9, i.e., u; = ¢. Differentiating Eq. (1.1) with respect
to ¢ and using condition (1.2), we get

t
V¢ — a*0pe = k(t)p(z) + /k(T)Q?(a:,t — 7)dT + ht(x, ). (1.6)
0

Setting ¢ = 0 in Eq. (1.1) and using equality (1.2), we get the initial condition for 9J:
=0 = a*¢" (x) + h(z,0). (1.7)

In order to obtain boundary conditions for the function ¢, we differentiate conditions (1.3) with respect to ¢
and find

Vom0 = pi(t), et = p5(t), 0<t<T,
(1.8)
a’g"(0) + h(0,0) = 11 (0),  a®"(1) + h(1,0) = p5(0).

Differentiating the additional conditions (1.4) and (1.5) with respect to ¢, we get these conditions for the function
9 in the inverse problem 1:

I
/ﬁ(x,t)dw = f'(t), te(0,T), (1.9)
0
and in the inverse problem 2:
I(xo,t) = f(t), xo € (0,1), te(0,T]. (1.10)

We replace the initial-boundary-value problem (1.6)—(1.8) by an equivalent integral Volterra-type equation.
To this end, we derive the following equation for ¥(x, t) from Egs. (1.6)—(1.8) (see [11, pp. 180-219]):

T

t 1
W, t) = (x,t) + //G(a:,f,t —7) | k(T)p(&) + /k(a)ﬁ(f,T — a)da | dédrT, (1.11)
00

0
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where

t 1
(o, t) = / / G, €t — 7)o (6, 7)dedr
0 0

l
2
—i—Z l/ 20" (x) 4 h(x, O))smTJ:da:
0

2 man man
ma n/ V' uh(T))e 77 [ e ftsin?ﬂz7

2 >0 mwan
Gz, t—1) = 7 Ze*( 1)*(t=7) gin —gsm W;ﬂaz

is the Green function of the first initial-boundary-value problem for the one-dimensional heat-conduction equation.
We now present two properties of the Green function [11, pp. 200-221] necessary in what follows.

Remark 1. The integral of the Green function does not exceed 1:
!
/Gm§td§<1 x € (0,1), te(0,T].
0

Remark 2. The function G(z,€,t) is continuously differentiable with respect to x, &, ¢ infinitely many
times and, moreover, G¢(x,§,t) is a bounded functionfor 0 < z <[, 0 < (<, 0<t < T, i.e.,

’Gt($,€7t - T)‘ S

=l

2. Direct Problem

Lemma 1. Suppose that

(e(z), ¢'(x),¢"(2)) € C0,1),  (M(x,1), hu(x,t)) € C(Dir),
(n1(t), 11 (£), p2(t), pa(t)) € C(0,T),  k(t) € C(0,T),

and that the consistency conditions in (1.3) and (1.8) are satisfied. Then there exists a unique classical solu-
tion 9(z,t) of problem (1.6)—(1.8) that belongs to the class C*(Dyp) [C%Y(Dyr) is the class of functions

twice continuously differentiable with respect to x and continuously differentiable with respect to t in the do-
main Dip = {0 <z <1,0<t<T}.

In what follows, we also use the ordinary class C'(D;r) of functions continuous in the domain D7 .
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To prove Lemma 1, we rewrite Eq. (1.11) in the form

t 1
:0/0/(; 2,61 — P)ho (€, T)ddr

l
/ 20" (2) + h(z O))sin?zdw
0

+/t/lG (@,&,t — 7)k(T)p(§)dsdT
00

T

!
/G x, &t — /kz(a)ﬁ(&,T — a)daddr. 2.1
0

0

_.|_

o .

By ®(x,t) we denote the sum of the first three terms on the right-hand side of (2.1). For this equation, in the
domain D;7, we consider a sequence of functions

t o1
In(z,t) —i—//G(m,f,t—T /k: 1§, 7 — a)dadédr, n=1,2,..., (2.2)
0 0 0

where ¥o(z,t) = 0 for (z,t) € Dyp. Under the conditions of Lemma 1, ®(x,t) € C*!(D;r). Thus, it follows
from (2.2) that all ¥,,(x,t) in the domain D;p have the following properties:
Denote

Zn(x,t) == Vp(x,t) — Ip_1(2, )

and @ = [|®||¢(p,,)- According to relation (2.2), we estimate Z,(z,t) in the domain Dj7:

| Z1(z,t)] < Do,

’
2

t 1
2w )| < [ [Glogt =) [ K@) 12167~ )| dadgdr < 2ok,
0 0 0

ko = mas [k(0).

4
Zs(@, )] < [ | Gla,&t—7) / k()| | Za(€, 7 — )| dadédr < éokg%.

o
o _
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Thus, for any n = k, we get

(2(k—1)

Zi(2,t)] < @k~ 17.
! k(JC )’ 0 (% )_

It follows from the estimates presented above that the series

Z [Un(x,t) — Op_1(x,t)]

n=1

is uniformly convergent in D;7 and its sum u(z,t) belongs to the function space C%*(Dr). Hence, the functional
sequence ¥, (z,t) given by equality (2.2) uniformly converges to ¥(z,t) in D;p. Thus, ¥(z,t) is a solution
of Eq. (1.11).

We now show that this solution is unique. Assume that there are two solutions of Eq. (1.11) 9!(x,t) and
¥?(x,t) with the same initial data. Then their difference Z(x,t) = 9%(z,t) —9'(x,t) is a solution of the equation

t 1
:O/O/G(x,g,t O/k: a)dadédr.

Let Z(t) be the supremum of the modulus of Z(z,t) for z € [0,1] and every fixed ¢ € (0, T]. Therefore,

t
< k:OT/Z(T)dT, te[0,7T7].
0

By using the Gronwall inequality, we obtain Z(t) = 0 for ¢ € [0, T]. This means that Z(z,t) = 0 in Dyr, i.e.,
I (z,t) = 9?(z, 1)

in D;p. Hence, Eq. (1.11) has a unique solution in the domain Djp.
The lemma is proved.

3. Inverse Problem 1

By using the additional condition (1.9) for the inverse problem 1 and Eq. (1.11), we get

f,(t):/l¢(xat)dx+/l/t/l(;(ﬂf,§,tT)/{?(T)(p(f)dngdx
0 0 0 0

It 1
+0/0/0/Gg;§t O/k 9,7 — a)dadedrds.
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Differentiating this equality with respect to ¢, we arrive at the equation

l 11
F(t) = / el e + / / G, €, 0)k () (€)dEd
0 00

*/l / H(7) /l Gil, €.t — 7)p(€)dedrda
00 0

Lt 1
+0/0/0/ t(z, &t —71) /k V(&7 — a)dadédrdx

0

l t
+ /G(w,g, /k; &t — a)dadEdz.
0

0

o _

Since G(z,£,0) = §(z — ), where J(-) is the Dirac delta function, by using the relations

l
/ 9(6)8(x — £)de = g(x),
0

! ¢ t
G(z,€,0) | k(o a)dadé = [ k(a)d(z,t — a)dao,
[ [ |

we rewrite the last equation in the form

l l
f”(t):o/zp (x,t)dx + k(t O/go

+

o _

/tk / (26,1 — 7)p(€)dedrda
0

/t /l Gylz, €t — / k()9(E, 7 — a)dadédrdx
0 0

/k(a)ﬁ(m, t — a)dadz.
0

+ +
o _ o _

3.1



ONE-DIMENSIONAL INVERSE PROBLEMS OF FINDING THE KERNEL OF INTEGRODIFFERENTIAL HEAT EQUATION 1729

We introduce the following notation:
!

Po = /@(x)dw-

0

We now rewrite Eq. (3.1) in the form an integral equation of the second kind for the unknown function k(t):

[
k() = @10 f”(t)—/wt(a:,t)dx
0

t

l l
k(7) / i, 6,1 — 7)p(€)dedrda — / / k()9(z,t — a)dadz
0

0 0

It 1
///Gt(:c,f,t /k: W&, T — a)dadidrdx | . (3.2)
0 0 O

Further, the system of equations (1.11) and (3.2) can be represented in the form of an operator equation

o _
o

Ag =g, (3.3)

where g = (g1, 92) = (¥(x,t), k(t)) is a vector function and A = (A;, Ay) are determined with the help of the
right-hand sides of the integral equations (1.11) and (3.2):

t 1 T
szgmmxwﬁ//am@¢—7>mww@w{/mmmmar—awadwm (3.4)
0 0 0

Azg = goa(t) /l/tQQ / (x,&,t — 7)p(€)dédTdx
0 0
Lot
0/0/92 )g1(x,t — a)dadz
I
‘!

In equalities (3.4) and (3.5), we introduce the following notation:

l
/Gt(az,ﬁ,t /gg a)g1 (&, 7 — a)dadédrdz | . 3.5
0 0

o —

l
%ww=wMammmr:wmm;)ﬂw—/w@mw
0
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Theorem 1. Suppose that f(t) € C%[0,T], ¢o # 0, and that all conditions of Lemma 1 are satisfied. Then,
for any fixed | > 0 and T > 0, the operator equation (3.3) possesses a unique solution in the domain Dyp.

Proof. For the unknown vector function g(x,t) € C(D;r), we define its weighted norm as follows:

||9||a=maX{ sup g1 (x, t)e” |, sup |g2() "t}}
(z,t)eDr t€[0,77]

= max {[g1]ls, lg2llc}, o =0.

For o = 0, this norm coincides with the ordinary norm

IglzmaX{ sup |gi(z, )], sup Igz(t)l}-
(

x,t)EET t€[07T}

The number o > 0 is chosen in what follows. By B(go, p) we denote a ball of radius p > 0 centered at the
point g in the space C'(Dyr), i.e

B(go,p) ={9 € C(Dir): |lg — g0lls < p}.

The number p > 0 is found in what follows.
It is clear that

lgll < p+llgoll for g(z,t) € B(go,p).

We show that A is a contraction operator in the Banach space C(D;r) with the weighted norm introduced above
if the numbers o and p are properly chosen. Recall that A is a contraction operator if the following conditions are
satisfied:

(1) if g(z,t) € B(go, p), then Ag € B(go, p);

(2) if g' and g2 are any two elements from B(gg, p), then the inequality

1Ag" — Ag®|lo < pllg" — ¢*|lo

is true with p € (0, 1).

Note that the weighted norm || - ||, is equivalent to the ordinary norm || - ||:
I llo < -1 < e - llos o> 0. (3.6)
The convolution operator is commutative and invariant under multiplications by e~7*:
t t
( 1*h2 /hl t—S h2 /hl hg t—s)ds—(hg*hl) (t), (3.7)
0 0

e " (hy* ho) (t) = (e77'hi(t)) * (e 7 ha(t)). (3.8)
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By using the last relation, we arrive at the estimate

|h1 * hallo < [[h1llo||h2|loT.

Moreover, since

Q=

, o>0,

t t
/e_asds = /e_"(t_s)ds <
0 0

by using (3.6) and the results presented in [10], we arrive at the inequalities

1 1
lhy * helle < —llhalllh2lle < —llhalllih2ll, o> 0.

1731

3.9

(3.10)

(3.11)

We now check the validity of the first condition for contracting mapping. For the sake of simplicity, we denote

1= max lo(x)] -

Let g(x,t) be an element of the ball B(go, p), i.., g € B(go, p). Thus, for (x,t) € D;r, we obtain

|A1g — go1lle = sup |(A1g — go1)e 7’|
(Il?,t)GDlT

Q? t)eDlT

t 1
i O/ O/ Gl 6.t / g2(0)gn (€, 7 — a)dadédr

t 1
< swp 0/ 0/ G(z,£,1 — 7)ga(r)e " p(€)e—dgdr

t 1
= sup e G(z, &1 —7)ga(7)p(§)dEdT
[]°

(z,t)eDyr

t

!
+ sup /e_a(t_T)/G(m,f,t—T /92 e g1 (&, T—a)e_”(T_o‘)dadng
0

z,t)eD
(z,t)eDir 0

p+ g0l
< ?(w + (p+ llgol)T)-

If we now choose o as follows:

P
g2>01= )
(p+ 90)(¢1+ (p+ [lgol)T)
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then we get
[A1g = goille < p,

i.e., the first condition of contracting mapping for the operator A; is satisfied.
We now establish the estimate for As:

|A2g — goz2lle = sup |(A2g — go2)e |
te(0,T)

It
= Lot dédrd
o 2| oo - tin

T

i / / / Gilw.t=7) [ ga()an(€, - a)dadgdrds)
0 0 O

0

l t [
< sup = / / ga(r)eoTeol=") / Gule, €.t — 7)p(€)dedrd
0 0 0

+ sup —
te(0,T) $0

—_
o _

¢
/92 ()e % (z,t — a)e "D dada
0

1
+ sup —
te(0,T) $0

l
eo(t=7) / Gl 6.t —7)
0

o _
o .

X / g2(a)e g1 (&, 7 — 2)e TN dadedrdz| .
0

We denote terms in the last relation by I;, ¢ = 1,2, 3, and estimate each of these terms in turn. Thus, for I,
we get

It 1
1
Iy = sup — //92 e 7Te T)/Gt(x,f,tT)w(f)dédex
te(0,T) $0 = ,
t 11
< 7”92”0’ sup / olt=r //Gt x, &t — 7)dédrdz
¥o te(0,T)
0 0
< Apilp+llgol) 1
B ) o
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By using relations (3.6)—(3.11), we estimate I as follows:

Lot
1
I, = sup — //92 z,t —a)e” “dadx
t€(0,T) ¥0 -
. !
= sup — /(gg*gl)(t)e_"tdx
t€(0,T) ¥0 ;
!
1
= sup | {102~ g02) (01 = 900)] (6 + g2 900) (1
%0 te(0,T) ]

+ (91 * go2) (t) — (go2 * go1) (t)}e"’tda:

IN

!

1 1

/ <||92 —go2llollgr — go1lleT + —lg2]lo | g01]|
¥o " o

1 1
+ gl ligon + ||901Ha”902>d93
g g

l 2
< (71 20+ o laol + 2 lol?)

As in the case of I, for I3, we obtain
. It !
I3= sup — //e_a(t T)/ (x,&,t — /92 e g (&, T —a)e —o(r=) dade¢drdx
t€(0,T) ¥0 - 4

It 1
20T 21
~lololaalls s / [ [Gagt - ryagaras < 2T+ llgol)” 1
SO 0 0 0 ¥0 o

Further, we get

|A2g — go2lle < Th + 12+ I3

2
< 2lp1(p + llgoll) 1 s
®o o o

2(p + lgolDligoll 1, Ugl® 1, 20T (p+ flgoll)? 1
®0 o Yo O %0 o

(3.12)
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We can now choose p and o such that the inequalities

2
plT 1
<z 9
©o 3"
lgol* 1
Yoo 3 ’

2U(p + llgol) (o1 + llgoll + T(p + llgol)) _ 1
Yoo

w
s}

are true. By using these relations, we deduce the inequalities

®0
< — =:p1,
P 371 P1
912 go|>T
5y = Lll’T
%0

b= S50 (20 laol) (1 + ool 47 (55 + ol )) <

Hence, we get Aag € B(go, p)-
Thus, if

o> 02 = max{ﬁl,,é’g} (3.13)

and p € (0, p1), then the operator Ay maps B(go, p) into itself, i.e., A2g € B(go, p).

Therefore, if o and p satisfy the conditions o > max {01,092} and p € (0, p1), then the operator A maps
B(go, p) into itself, i.e., Ag € B(go, p).

We now check the second condition of contracting mapping. According to (3.4), for the first component of the
operator A, we obtain

:73 t EDZT

t 1
sup //G($7£)t / gaTi a)
Ll?t GDZT 00

— g5(a)gi(& 7 — a)]dadédre™"

t 1
I(Ag' — A, < sup //G@@J—ﬂmwwwamw@&ma“
0 0

The integrand of the last integral can be estimated as follows:

9291 — 9391 ||, = ||(92 — 93)g1 + g5 (g1 — 9D,
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:l,)

<2|lg" ~ ¢*, max (|lgi ],

<2(llgoll + p) lg* = &°|l, -

Thus, we find
1
1(Ag" = Ag*)ll, < — (o1 + 20+ oo DT) lg* = 9o

If we choose o such that
o>03=p1+ 2(p+ l|90ll),
then we get

I(4g" — A1 lls < 7 g — 2],

i.e., the second condition of contracting mapping is satisfied for A;.
For the second component of the operator A, we obtain similar estimates

I(Ag* — AgP)allo = sup — / / - / G(e, €.t — 7)p(€)dédrde"

te(0,T) $0

[t

1 —0

+ sup — / / 9291 — 9391) e "'dodx
te(0,7) ¥0 -

l
/Gt(m,§,t — 7')/ [g%g% — gggﬂ e "‘dadédrde)| .
0 0

o

l
all

+ sup —
te(0,T) $0 s

By Ji, J2, and J3 we denote terms on the right-hand side of this equality and estimate each of these terms in
turn. For J;, we get

It l
1
= swp | [ [l = Blmee =t [Gua.g.t - rp(derds
00 0

te(0,T) $0
1 2lg01
<=="g" = &*llo-
0 %o
By using the equality

93 %91 — 95 x g1 = (91 — 93) * (91 — go01)

+ (9% —g%) * (93 — g02) + go1 * (9% —95) + go2 * (9% —9%)>
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we estimate Jo and J3 as follows:

l t
1 B
Jy= sup — / / (9391 — 9597 e "'dada
te(0,T) ¥0 -

t€(0,T) ¥0

[
1
= sup — /[g%*gi—gg*gﬂ e
0

IN

l
0 (192 = 3|, ot = goull, T+ llgt = G2, l193 = goell, T

+ ligorl, ll93 = g3, + llgoall, gt — g3,

21 1
= <pT+ 0”90H> lg' =9I,

0

IN

It 1 T
1 _
Jy= sup — ///Gt(w,&tﬂ/((gégg) g1 + (91 — 91) 93) e dadédrda
te(0,T) $0
000 0
1 It l T
< sup — //e"(tT)/Gt(:c,ﬁ,t—v')/(g%—gg) e~ %gle TV dade drdx
te(0,T) $0 T ] ;

t€(0,T) ¥0

It T
1
+ sup — //e_a(t T)/ t(x,f,t—T)/(g%—g%) e_mg%e_“(T_o‘)dozdé’dex
00 0

IN

L4(p+ llgoIDIT | 4 2
. lg" —9°llo-

2

Finding the sum of the obtained estimates for J;, i = 1,2, 3, we get

- o

21 + T
H(Agl —Ag2)2\|a < Ji+Jo+J3< s00< T+ ||go(-)|| (P ”gﬂ”) > Hgl_QQHU‘

We now choose the numbers o and p for which the expression H — gZHJ is smaller than 1, i.e., the in-
equality

21 2(p + T
(220 g L, 2otImTY
wo \ O o o

holds.
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This inequality is true if the numbers o and p are chosen from the conditions

20T 1
L<,7
N 3

i

W =

l
— (1 + [lgoll) <
Yoo

4T
—(p+llgoll) <
Yoo

W =

Solving these inequalities for o and p, we get

Yo
p< 6Tl = P2,

6l
o4 (1 + [lgoll) < o,

)

2 121T
— + lgoll <o.
%0

According to these estimates, if o and p are such that o > o4 and p < (0, p2), then the operator Ao satisfies the

second condition of contracting mapping.
Thus, we conclude that if ¢ and p satisfy the conditions

o > max(o1,09,03,04,05) and pE (O,min(pl,pg)) = (0, p2),

then the operator A is a contracting mapping of the ball B(go, p) into itself and, according to the Banach theorem
[12, pp. 87-97], this ball has a unique fixed point, i.e., there exists a unique solution of the operator equation (3.3).

Theorem 1 is proved.

4. Inverse Problem 2

In the first section, we reduced the inverse problem 2 to the problem of determination of the kernel k(t),
t € (0,7) by using Egs. (1.6)—(1.8) and (1.10). In the analyzed case, in order to deduce the integral equation
for the kernel k(t), we use Eq. (1.11) for the solution of the direct problem and the additional condition (1.10).

As aresult, we get

(1) = sO(;)w"(w — (0. 1))

l t
1
_ 0/ (a0, £,0) O/ F()I(E,t — a)dadg

T

t 1
1 0/0/Gt(:co,ﬁ,t—T)/k(a)ﬂ({,T—a)dadng. @.1)

0
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We now rewrite the system of integral equations (1.11) and (4.1) in the form of an operator equation
Ag =y, (4.2)

where g = (g1 92) = (¥(z,t), k(t)) is an unknown vector function, A = (A1, Ay) is defined by the right-hand
sides of Eqgs. (1.11) and (4.1).

Theorem 2. Suppose that f(t) € C2[0,T], o(xo) # 0, and all conditions of Lemma 1 are satisfied. Then,
for any fixed | > and T > 0, the operator equation (4.2) possesses a unique solution in the domain Dp.

Proof. We introduce a vector function as follows:

90(x7t) - (9017 902) (.%',t) = (w(x7t)7 (f”(t> - wé(.%'o,t)))

¢(o)

Then, according to equalities (1.11) and (4.1), the components of the operator A have the form

t 1 T
Ap =)+ [ [nsr—n|nme© + [ an@n(r - e dr
0 0 0

]' " /
Ags = m (f (t) - wt(wo,t))

~

t
£,0) [ g2()g1(§,t — a)dadf
|

0

T

t 1
1%) O/O/Gt($0»£,t—T)/QQ(OZ)Q1(§,T—a)dozdde,

0

The conditions of contraction for the operator A; have been obtained in the previous section. Here, it is suffi-
cient to establish conditions of contraction for Ag. Let g(z,t) € B(Dr). Then the following relations are true:

t

[
| A2g — go2l|s < / :1307570)/92(04)91(5,75—04)6Utdadf
te OT
0
1 t 1
= / / G, 6,1 — 7) / 02(@)g1 (6,7 — a)e ' dadédr
0 0 0 0
= Pl + P27
1 [
P - / G20, €, 0)(gs * g1) (£)e—"de
te(0,T ) )
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1 2 1
— (pQT + =(p+llgoll)llgoll + Hgo|!2>,
SOO o o

IN

T

t 1
= ! — _ —ot
P, = (o) O/O/Gt($07§,t 7')0/92(04)91(5,7‘ a)e “"dad€dr

2
_ 20 + ol

op(xo)
! 2 1 27(p + llgol)?
429 = goallo < (pQT +=(p+llgoll)llgoll + ||90H2) 1 ot Nl
(o) o g op(xo)
Further, let
X
p < Spé,z_?) = K3,
67 (plxo) o(z0)
) = — | ——= T <o,
9T 2
0y = M <o
©*(x0)

Hence, if 0 > max (01,62) = (5 and p < k3, then Aag € B(go, p).
Thus, if the inequality o > o1 = max(fy, B5) is true, then the operator A maps the ball B(go, p) into itself.
We now check the validity of the second condition of contracting mapping. We have

1(Ag" — Ag®)1llo < =(¢1 +2(p + llgo)T)lg" — *|lo-

SH

In a similar way, we estimate the second component of the operator Ag:

2pT 2”90” 4T(p+ ||90||)> Hgl _ 92”
o
¢(z0)  op(z0) p(xo)o

I(Ag" = AgP)lls (

Assume that the following relations are true:

o(xo)
p < 6T - "/”'4a
o, — Sllgol 7
¢(wo)

2(¢(wo) + 67 |g0l|) <

b= o(z0)

95 = 2901 < o,

2
0 = ggp(azo) +4|go|| T < o.
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This implies that, for o and p such that

o > o9 = max(0s, 04,05, 6s) and p < K4,

the operator A is a contracting mapping on the set B(go, p).

Thus, if the numbers o and p satisfy the conditions o > max(o1,02) and p < min (K3, k4), then, by the

principle of contracting mappings, the operator A has a unique fixed point on the set B(go, p).

[SSIN S

10.

11.
12.

Theorem 2 is proved.
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