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Abstract—In a domain bounded with respect to the variable z and having a weakly horizontal
inhomogeneity, we consider the problem of determining the convolution kernel k(¢, x), t € [0, T],
x € R, occurring in the viscoelasticity equation. It is assumed that this kernel weakly depends on
the variable x and has a power series expansion in a small parameter €. A method is constructed
for finding the first two coefficients ko(t) and k1 (t) of this expansion. Theorems on the global
unique solvability of the problem are obtained.

Keywords: inverse problem, viscoelasticity, integral equation, integral kernel, Banach theorem

DOI: 10.1134/S1990478922010033

1. STATEMENT OF THE PROBLEM
Consider the two-dimensional hyperbolic integro-differential equation

t
uy = Au —l—/k(T,:c)Au(t —T,2,2)dT (1)

0

in the domain D := {(t,z,2) | (t,z) € R?, 0 < z < [} bounded with respect to the variable z with
the initial and boundary conditions

u|t<0 = 07 (2)
t
ou ou ,
B + /kz(T, x)a(t —T,x,2)dT = 6(x)d' (1), (3)
0 z2=0
ou | 9
u U
5 + / k(T,w)a(t —T,x,2)dT =0, (4)
0 z=l
0? 0?
where A = 922 + 9. is the Laplace operator, §(-) is the Dirac delta function, and [ > 0 is some
x z

number.

Equation (1) arises in the theory of viscoelastic bodies with constant density and Lamé coeffi-
cients. Here the function u(t, x, z) has the physical meaning of the y-component of the body particle
displacement vector. The integral operator in this equation describes the influence of prehistory on
the process of propagation of elastic waves caused by the lumped force (3) applied at the boundary
of the domain D. The boundary condition at the left end of the domain in question means that one
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PROBLEM OF DETERMINING THE TWO-DIMENSIONAL KERNEL 23

of the stress tensor components has an instantaneous directional force. At the same time, there is
no such force at the right end.

We state the inverse problem as follows: find the kernel k(¢,z), t > 0, x € R, of the integral term
in (1) given the values of the solution of problem (1)—(4) for z = 0, i.e., the function

u(t,z,0) =g(t,x), t>0, zeR. (5)

Nowadays, the study of one- and multidimensional inverse problems of determining the kernel
of the integral term in integro—differential equations of hyperbolic type has become the object of
research by many scientists. The papers [1, 2| considered one-dimensional problems of finding
the kernel of hyperbolic integro—differential equations with distributed perturbation sources, and
the papers [3—12] deal with problems of finding the kernel of an integro-differential equation with
a delta function on the right-hand side or in the boundary condition. For the problems posed in
these papers, existence and uniqueness theorems are proved, and stability estimates are obtained
based on the contraction mapping principle.

The papers [13-17] studied the problems of determining multidimensional memory from
Maxwell’s and viscoelasticity integro-differential equations. Estimates of the conditional stability
of the solution of the considered inverse problems were obtained. In the papers [18-21]|, for mul-
tidimensional inverse problems of finding the kernel in second-order hyperbolic integro-differential
equations, theorems on the unique local solvability in the class of functions analytic in the space
variables and continuous in time were proved.

The papers [22-24] deal with the numerical solution of direct problems for a system of vis-
coelasticity equations, and [25-35|, with the numerical solution of direct and inverse problems for
hyperbolic integro—differential equations and systems. In particular, they construct a numerical
method for determining the parameters of the memory function for a horizontally layered medium.

Problem (1)—(5) belongs to multidimensional inverse problems for differential equations. In this
paper, developing the methods for solving inverse problems used in [37], we study the problem
of reconstructing the convolution kernel of the integral term of Eq. (1). It is assumed that the
kernel k(t,x) weakly depends on the horizontal variable z,

k(t, o) = ko(t) + caky (t) + -+ | (6)

where ¢ is a small parameter.

The main result of this paper is that it proposes a method for finding one-dimensional func-
tions ko(t) and k;(t) up to a quantity of the order O(g?). To this end, as we will see below, it
suffices to specify the Fourier transform of the function g(¢,x) with respect to x for one fixed value
of the parameter.

2. REDUCTION OF THE PROBLEM TO A SERIES OF ONE-DIMENSIONAL
INVERSE PROBLEMS

We seek a solution of the direct problem (1)-(4) in the form of a series in powers of ¢; i.e.,
u(t,z,x) = ug(t, z,x) + euy(t,z,2) + -+ . (7)

Substituting (7) into Eq. (1) and matching the coefficients of like powers of ¢, as a result, we obtain
a recursive system of direct problems from which we can find ug, u;, and so on. Then, obviously,
according to formula (7), the function g(¢, z) will have the same structure

g(t,x) = go(t,z) +eqi(t,z) + - . (8)

It can readily be verified that the functions w, (¢, z,z) (and hence also g,(z,t)) are even in x
for even n and odd for odd n. This can be seen from the direct problems given below: wu, with
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24 DURDIEV, SAFAROV

even n (odd n) is a solution of the problem with data even (odd) in x. Thereby, given a known
function g(¢,z) we can find go(t,z) and g, (t, ) with accuracy O(g?),

go(t,x) = (g(t,:z) + g(t, —x))/2,
g1 (t7 l‘) = (g(ta :E) - g(tv —l‘))/2
Let us proceed to solving the problem. Using the expansions (7) of u and (6) of k and matching

the coefficients of like powers of ¢, we conclude that the inverse problem (1)—(5) splits into the
following problem of successively determining kg, k1, . . .:

t
we = o+ [ Kot = 1)Aun(r,z,2)dr, (t,2.2) € D, (9)
0
U0|t<0 =0, (10)
a t
5w [kt = ustrazyar )| =s@se, (1)
0 z2=0
8 t
% Ug + /kO(t - T)U‘O(Tv x, Z) dr = 0’ (12)
0 z=l
u0|z:0 = gO(ta $>, (t7 .%') S sz (13)
Untt = Aun + / ijkj(t - T)Aun*j(Tv z, Z) dTv (t7 x, Z) € Da (14)
o J=0
un|t<0 = 07 (15)
) [
5 | + / Z 2 ki(t — T)u,_j(T, 2, 2) dT =0, (16)
0 7=0 —
z2=0
) [
5 | + /szkj(t — T)Up—;(T,2,2) dT =0, (17)
0 J=0 z=l
un‘z:O :gn(tax)7 (tax) €R27 n = 1727~-' . (18)

In what follows, we will be interested in the problems for the functions kq(t) and k;(¢). To this
end, it suffices to consider problems (9)—(13) and (14)—(18) for n = 1.

Let us proceed from the functions u;(t, z, 2), j = 1,2, .. ., to their exponential Fourier transforms
in the variable z,

Ui(t, N\, z) = /ui(t,azjz)e_“m dx, X€eR.
R

The Fourier transform of the functions w;(t, z, z), j = 1,2, ..., exists for any finite ¢, since each u;
is the sum of some singular generalized function of finite order and a regular function, the supports
of the functions u; being bounded.
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PROBLEM OF DETERMINING THE TWO-DIMENSIONAL KERNEL 25

In terms of the functions @;, the inverse problems (9)-(13) and (14)-(18) look like problems of
finding ko (t) and k;(t) from the following problems:

t

2
oo = |5 =] [0+ [Re=nranar | @ner, seon. a9)
0
a0|t<0 = 07 (20)
a t
et / ko(t — Yiio(r A 2)dr || = o'(8), (21)
ya
0 z=0
8 t
9 o+ / ko(t — Dio(m A, 2)dr || =0, (22)
0 z=l
ﬂ0’2:0 - g~0(>\a t)7 (Avt) 6 R27 (23)

t

. o? - -
U = [6,22 — )\2] (ul + /kzo(t — 7))y (T, A, 2) dr)

0

t (24)
2~
— i/kl(t ) [2)\&0(7,)\,2) + AN2gr (1, N, 2) — 881;?]057, (t,\) e R* 2z ¢€(0,1),
0
’a1|t<0 =0, (25)
B / dii
o @+ / (ko(t — )i (7, N, 2)dr — ik (t — T)%(t Y z)> dr =0, (26)
0 z=0
B / dii
5 | m+ / (k:o(t — )i (7 A, 2)dr — ik (t — 7)%(15 Y Z))dT —0, (27)
0 z=l
ﬂ1|z:0 = §1 (t, )\)7 (t, )\)G ]RQ, (28)

respectively, where g, (t,\) = [; gm(t,x)e" " dz, m =0,1,....
In the sections to follow, we study the inverse problems (19)—(23) and (24)—(28).

3. PROBLEM OF DETERMINING THE FUNCTIONS kq AND g

The inverse problem (19)—(23) is overdetermined, because a function of two variables is specified
(condition (23)) to determine one function ko(t). Below we will see that for the unique solvability of
the inverse problem, it suffices to specify the Fourier transform of the function go(¢, x) for one fixed
value of the transform parameter. In what follows, without stipulating each time, we will assume
that the parameter A in equalities (19)—(28) is fixed and A # 0 everywhere.

We introduce a new function v(¢, A, z) defining it by the relation

¢
v(t, A, z) :=to(t, A\, 2) + /kzo(t — T)Uo(T, A, 2) dT.

0
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26 DURDIEV, SAFAROV

It can readily be verified that the function ug(t, A, ) is expressed via v(t, A, z) by the formula
t
Uo(t, N\, 2) = v(t, N, z) + /T(t —7)u(T, A, 2) dT, (29)
0

where
t

r(t) = —ko(t) — /k:o(t —7)r(7) dT. (30)

0

For simplicity, we assume that ko(0) = k((0) = 0. Consequently, as follows from (30),
r(0) =7/(0) = 0. It can readily be seen in the sequel that this can be achieved by appropriately
choosing f(t) for ¢t = 0. For the new functions v(t, A, z) and r(t), Egs. (19)—(22), in view of (23),

acquire the form
t

2 2
i;;) = gzz 22y — /h(t —1)v(r, A\, z)dr, (t,z) € D, (31)
0
U’t<0 = 0) (32)
ov , ov B
92|~ (), 5 - 0, (33)

where we have introduced the notation h(t) := r”(¢). The additional condition (23) is as follows:
¢
v(t, A\, 0) = go(t,\) + /kzo(t —7)go(T, ) dr. (34)
0

Lemma 1.The following equalities hold:

v(t, A\ 2) =0, (2,t)eD:={(zt)]0<z<l, 0<t<z}, (35)
t—zT/2 T—2¢
v(t, N\, z) = —0(t — z) + No(T — &N €) + ha)v(t — & — a, N\, &) da| d&dT
/] /
t w 27 —t+2z—2¢ (36)
+ Mo —t+2—ENE) + ha)v(2T —t+ 2z — & — a, N\, §) da| d&dT
t[ 'rt/+z O/

for (z,t) € Dy :={(2,t) |0 <2<, 2<t<2l—2z}.

Proof. In the domain Dy := {(2,t) |0 < 2z <, 0 <t < /2 —|2z—1/2|} C D, by d’Alembert’s
formula we obtain a homogeneous integral equation of the Volterra type for v(t, A, 2); it follows
that v(t, A, z) = 0.

In the domain D, \ Dy, we represent the wave operator in the form the product

o o\(0_ o

ot 0z)\ot 0z)’
: - .0 0
integrate Eq. (31) along a segment of the fixed characteristic of the pencil o + 2 and use
condition (32) to find

9 _9),
ot 0z

t T
:—/ )\ZU(T,)\,T—t—i—l,)+/h(7—a)v(a,)\,7—t+l)da dr, te(0,1).

z=l
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In view of the boundary condition (33) for z = [, from this equality we obtain
v(t, A1) // No(r, A+ 7+ 1)+ /h(ﬁ—a)v(a,)\,ﬁ—T—i—l)da dridr, te€(0,1).
0 7/2

Making the change of variables 7, for £ by the formula 7 — 7+ = £ in the inner integral, we
rewrite the last equation in the form

v(t,\, 1) // ANo(T =14+ &, 0 €)

0 1-7/2
/ T—l4€ (37)
+ / hr—=1+¢&—a)v(a, N, &) da| dédr, t e (0,1).
0
Integrating Eq. (31) along the characteristic % = 1, we obtain
o 0
(875 8z> (8,2, 2)
P E+t—z
=— / Mo+t —2,\6) + / h(E+t—2z—a)v(a, N\, &) da| d&, (t,z) € Di\Dy.
ER 0
Further, using formula (37), we find an equation for v(¢, \, z) in the domain D;\ Dy,
t4z—1 T—I4+¢&
v(t, A, 2) / / No(T—1+ENE)+ / h(r =1+ & — a)v(a, \ &) da | dEdT
0 1-7/2
t t+z—1 21 —t—2
— / / No( E+2r—t—2) + / hE+21 —t — 2z — a)v(a, N, &) da| dédr.
tz—l Lfttzo2r 0

The resulting equation is a homogeneous equation of the Volterra type with continuous kernel.
Consequently, v(t, A\, z) = 0 in the domain D;\Dj.

Now consider the domain D, := {(¢,2) | 0 < 2 <, z <t < 2l — z}. Integrating (31) along the
corresponding characteristic, we find

t/2 t—2¢

(gﬁ(f)m 0—/ Nu(t - €,0,6) + / Ba)o(t — & — o, X &) da | €, t € (0,21).
0

0
Combining this with the boundary condition (33), we find v(¢, A, z) for z = 0,

t T7/2

Vloco = —0(t // No(r— € 0,€) + / h@)o(r — € — a, A\, &) da | dedr, ¢ € (0,20).

d d
Using the last equality and integrating (31) along the characteristics P 1and d—i = 1, we obtain
the integral equation (36) for v(t, A, z) in the domain D,. The proof of Lemma 1 is complete. [
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28 DURDIEV, SAFAROV

In the outer integral in the last term in Eq. (36), we replace the integration variable T by [
using the formula ¢ — 7 = 8 and represent the function v(t, A, z) in the form

v(t, A\, z) =0(t, A\, z) — O(t — 2), (38)
where 0(t, A, z) is a regular function. Then Eq. (36) becomes

t— z‘f‘/2

o(t, A\, z) = —t+// N2O(T—E, N &) —h(T—26)+ /h O(r—=&—a, N\, &) da| d&dT
. t— 22L‘f+z
+/ / No(t—28+2— €608 —h(t—28+ 2z~ 2€) (39)
0 2z2—p8
t—2p+2—2¢€
+ / h(a)o(t =28+ 2z — & —a, \,§) da| dEdp;
0
consequently, 0(¢,\,2)|i—.+0 = —2A?/2. For the inverse problem to be solvable, note that the

function go(t, A\) must have the structure go(¢t,A) = Goo(t, A) — (¢). Then from condition (34) we

obtain t

B X 0) = Goo(t, A) — ko(t) + / ot — 7)joo(7, A dr. (40)

Thus, in the domain D, the function 9(t, A, z) satisfies the equations

t

2~ 25
gt;} = gf;} — N0 — h(t - Z) - /h’(t - 7')17(7',)\,22) dr, (ta Z) € Dy, (4-]-)
z
0
¥li<o =0, (42)
ov v
R e —_ — . 4
0z z=0 ’ 0z z=l ! ( 3)

In Eq. (39), we set z = 0 and use the additional condition (40),

Goo(t, N) — ko(t) + /k()(t—T)goo(T N dr =2t

t T/2 T—2€

// N2O(T — €N, &) — h(T —26) + / h(a)o(T — & —a, N\, &) da| dédr, t € (0,20).

0

Hence, in particular, we obtain the necessary condition gy (0, \) = 0 for the solvability of the inverse
problem.

Differentiating the preceding integral equation two times with respect to t and solving it for h(t),
we obtain

t
4

/\ ~1/ " " ~
() = =t = 200 (60) + 2K(6) ~ 2 [ k(e = Dol ) dr

0

(44)
t/2 t—2¢
o [ Wi —e 00 - Sent—20+ [ h@nit—€-a2da de
0 0
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Hence
4 242 ! )\2
W) =~ () — 2g0 0 0) + 2 (1) + / K)ot — 7 N dr — e
s ’ (45)
2
+2/ Nt — €0 €) — (A +1h( )5) (t—2¢) + /h o\ €)dal de.
0

For further study, we need to know the derivatives ¢; and ¥;; of the function . Let us calculate
them,
A2\ 1
'ljt(t,)\,Z) = —? - th - *h(t - Z)

5 t—z—2¢

+/ NO(t—2—E N E)—h(t—2—2€) + / h(a)v(t—z—&—a, \, &) da | d§

0

t+z—28
z T2

. A2
+// {th(t—%z%f,)\,f)2§h(t25+z2§)

0 =z2—p8

(46)

t—2p+2—2§

+ / ha)o,(t =28+ 2z —& —a, A\, §) da] dédp,
0

4

Bt \, 2) = —%t(l +2) = (- 2) + %m(z)h(t _2)

t—z

t—z—2&
2

{)\%t(tzg,)\,é)zgh(tz%)—l— / h(a)ﬁt(tzﬁa,)\,é)da] d¢
0

p HEm28 (47)

—/ / )\217tt(t+z—26—§,)\,f)—1</\84§2—h(20)§+);>h(t+z 23 —2¢)

+

o

0 2-8
t+2—28-2€
— / h(a)0u(t+x =28 — & —a, \§) da] dédg,
0
where we have introduced the notation m(z) = A?2%2/4 — 1. To close the system of integral equa-
tions (39) and (44)—(47), we use the following obvious relations:

t

to(t) = [ (¢~ D7) ar, (48)
k(1) = / KI(7) dr, (49)
ky(t) = —h(t) — Nko(t) — /h(t — 7)ko(7) dr, (50)

0
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30 DURDIEV, SAFAROV

t

K (E) = —W(8) — N2 (E) — / B (t — ) dr. (51)

0

Theorem 1. Assume that Goo(t, \) € C3[0,2l], Goo(+0,\) = 0, and ghy,(+0,\) = —A?/2. Then
there exists a unique solution ko(t) € C®[0,2l] of the inverse problem (9)—(13) for each | > 0.

Proof. Equations (39) and (44)-(51) determine a closed system of integral equations for the
nine unknown functions o(t, A, 2), 0:(t, A, 2), 0u(t, A, 2), h(t), h'(t), ko(t), ki(t), k{(t), and kj'(t)
in D,. Note that it would have been sufficient to consider the six functions o(t, A, ), 0:(t, A, z),
h(t), ko(t), ki(t), and kg (t), which also form a closed system in Ds, but when proving Theorem 3,
there arises a need for the functions 0y (¢, A, 2), h'(t), and k{’(t); therefore, we will consider the
system of nine functions from the very beginning. This system can be represented in the form of
the operator equation

Ap = o, (52)

where
Y= [4P1(t> )‘7 Z)7 902(ta /\7 Z), @3(757 )\7 Z)7 ()04(15)7 905(t)7 @6(75)7 ()07(15)7 SOS(t)v @9(75)]
_ [f)(t, X, 2), 5i(t A, 2) + gh(t —2), Bt N 2) + %h’(t —2)
1
+5m(2)h(t —2), h(t) — 2k (1), W' (8) — 2kg"(2), Ko(t), ko(t), Ko (1)
+ h(t) + Nko(t), k' (t) + B/ (t) + N2k (t)

is a vector function with components ¢;, ¢ = 1,...,9, and the operator A is defined on the set of

functions ¢ € C[D,] and, in accordance with (39) and (44)—(51), has the form
A = (A17 A27 A37 A47 A57 A67 A77 A87 A9)7

where

t—2z T/2

Mg =gu+ [ [ ¥t = 608 - 520t — 26) + 0t - 2) - 2000t — 20)
0o o0

t—2¢
+y [ osla) +ou(@) - 2X%0u(@)lpal€ At - €~ ) da dedr

0

2 J— J—
+t_/ /+ Npu(t =28+ 2~ € 1.8) 5
— (2t~ 2B+ 2~ 2) + alt — 26+ = — 2) — gt — 26 + 2 — 26))
1 2T —t+2z—2§

+ 3 [2g08(0z) + pu(a) — 2)\2@6(04)}

X 12T —t+2z—&—a, N\ &) da| didr,
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t—z
2

Asp = o2 + / |:<,01(t —z—=&)\¢)

0

— S (2ost — 2 = 2) + pult — = — 2€) — 2X%p(t — 2 — 20))

t—z—2&
5 [ Bal@+ o) - 20@)at -2 - - arOda de
0
2 J— J—
0 z—p

~ €[t 2 =26~ 2) + ult+ =~ 26 — &) — 2Wopylt + 2 — 26— 2)]

1 t+z—28—-2¢&
t3 [208() + pa(a) — 2\%¢5(a)]

2

x (Valt 42— 28— €, 1,6) = Z£[2p0t 42— 28— 26)

oot +2—28—6) —22%04(t+ 2 — 25 — 25)])da dedg,

A39029003+/ |:)\2802(t25>)\75)
0

)\2

— 5 [20s(t =2 = 20) + palt — 2 = 20) = 2V(t — 2 — 20)]
t—z—2¢
—i—é / [2(,08(04)—1—904(@)—2/\2(,06(04)] (Azwg(t—z—f—a,/\,f)

0
2

- %5[2@8(1572725—04) + py(t—2—26—a) — 2A2g06(t727257a)]>da d¢

, 28 \2
+//ﬂ {A2¢z(t+22557%5)6[2¢8(t+2252§)
+ pa(t+ 2 — 28— 26) — 2X%pg(t + 2 — 23 — 2€)]

X (et 228~ + polt 7 28— 8)  Woprlt +x— 28 )

2
- (M- % ) e+ 22829
+oult+2— 28— 28) — 2X%p4(t + 2 — 28 — 2€)]
t+z—2B8—2¢&

+ é / [2¢s(a) + pa(a) = 2X°p()]

0
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32 DURDIEV, SAFAROV
x [eslt+o—28 €= aA8)
—%[2¢9(t+x—2ﬁ—2§—a)+g05(t+x—26—2§—a)

—2Xp(t+ . — 28— 2 — )] +%[24p8(t+z—2ﬁ—2§—a)

+ pa(t+z—28—-2—a) — 2A2¢6(t+z2525a)ﬂda] dedp,

t

Agp = pos — 1 / [2908(7) - @4(7) - 2/\2<P6(T)]§oo(t —T,\)dr

3
0
t/2
-2 )‘2 |:902(t_€7>\a£)
/|
- %[2908(t - 25) + 904(t - 25) - 2)\2506(75 - 25)] - )\2805(15 - 25)]
t—2¢

1

- / 200(0) + 1(a) — 2X00(@)] [t — € — a1, 8)

0
- %[ws(t 26— a) = pult - 2 — @) — 20%pq(t — 2] da] 3

t
1

Asp = oz~ 5 [ [alr) = 204(r) = Nopu(r)din(t = 7. N

t/2

- 2/ {)\2 [%(t —&AN8) - §[2<P9(t —26) + st —26) — 2)\2907(t - 25)]

— 1[2@8(15 — 28) + @a(t — 26) — 2Nt — 25)]

6
_ <h60)§ — )g) (205 (t — 26) + pa(t — 26) — 22\24(t — 2€)]
t—2¢
* % / [205() + pa(a) — 2X%pg(a)]

+ S [20u(t — 26 — @) + pult — 2 — @) ~ W0t — 2% — )

- é[&ps(t—?f—a) +pa(t—26—a) - AQwﬁ(t2£a)}>da] dg,

t

Agp = o6 + ;/(f —7) [(,08(7') — u(T) — )\2@6(7—)] dr,

0
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t

Az = o7 + % / [908(7) —pa(T) — )\2906(7)] dr, (59)
1 ,

Agp = @os + 3 / [208(7) + pa(T) — 2X06(7) | 6 (t — 7) d, (60)
1 ,

Avp = o+ 5 [ [206() + 9u(r) = 2Xpu(r)] (e ~ 7)d, (61)

0

and we have introduced the notation

900(75, A, 2’) = (8001, ©02, P03, Po4, P05, P06, Lo, 08 %009)

A2 A2\ /\42 A
= _— — _— —— —_ 2~N _
- )~ =) = 2 ).

1
Zh(O) — 2G00:(t, A),0,0,0, O} .

By C, we denote the Banach space of continuous functions generated by the family of weighted
norms

lelle = max{ sup |pi(t, N\, 2)e ", i=1,...,3, sup ’(pj(t)e*"t ,i=4,... ,9} , o>0.

(t,\,2)€D2 te[0,21]

For o0 = 0, this space coincides with the space of continuous functions with the usual norm. We
denote this norm by ||¢|| in what follows. The inequality

el < llelle < liell (62)

implies the equivalence of the norms ||¢||, and |¢|| for each [ € (0,00). The number o will be
chosen later. Let Q,(vo, [|¢oll) :={¢ | [l — @oll < |lpoll} be the ball of radius ||¢|| centered at the
point ¢o in some weighted space C, (o > 0) in which

ol = max (|\9001||, lleozll; leosll; loalls leoslls Il [|wozls [[wos s ||9009”)-
It is easily seen that for Q,(¢o, ||¢ol|) we have the estimate
lelle < lleolls + [lwoll < 2([oll-
Let ¢(x,t) € Qs(vo, |lol|). Let us show that, for a suitable choice of ¢ > 0, the operator A

takes the ball to itself; i.e., Ap € Q, (o, ||¥ol|). Indeed, using Egs. (53)-(61) to compose the norm
of differences, for (t,z) € Dy we have

410 — vaille = sup |(Aip — por)e |

(t,z)ED4
t— z‘l'/2
= sup // Ny (t— &N, €)e 70t
(t,z)€D>

—3 L (205t — 26) + palt — 26) — 2X24(t — 26)) 2026

t—2¢
ty [ o)+ eile) - @]

0
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x o1t —&—a,\, e "M da| dedr

27— t+z

/ / 901 27_ —t4z _5 A g) 70(277t+27§)€70(£72‘r7z)

t—z T—t+z

— 2 (20t~ 28+ 2~ 26) + pult — 26+ 7 — 20)

_ 2)\2@6(t _ 26 4oy 25))e—a(27’—t+z—2£)6—0(25—27—2)
2T —t+2—2¢€

+ é / [2(,08(04) + () — 2)\2@6(@)]67"0‘(,01(27' —t+z2—&—a, )\ ¢)

% e—o(27—t+z—f—a)e—a(2t+£—27—z) do dde

In a similar way, we obtain the estimates

llol .
450 — ojlle < — j=2,...,9,

where

(042, a3, 0y, 05, O, 07, (03, a9)

:{2P%+1+L(L+VF+(m+2VU+DNWﬂﬂ,

[ 1
2 >\2L<1 + L+ 5L(1 + l)) + AN (L+1)(4NL +3(1 +1L)) HchH] :

2[6X2 + 2L (Go + 1+ 8(1 + L) ol |

2[2(X2 4+ L(Gy + L+ 1+ 6Lo) +8(2L + 12)/3Hs00|!)}

(24;\2)[’ (2J;A2) [ 12||¢0||(3+ 5;2) <2+ 522)} }

IZﬂmw(3+§f)(z+?f)l

Here we have introduced the notation

L=(3+2))/6, Lo=h(0)l/6—)/6, Gy= max }go (t, \) } G; = max ’go (t, N)].

€0,21] tel0,21]

Choosing 0 > «ap := max(ay, g, a3, a4, a5, 0, O7, Og, (0g), we conclude that A takes the
ball Qo (o, [[¢ol]) to the ball Q. (o, [lpol)-

Now let ¢! and ¢? be two arbitrary elements in Q, (o, ||¢o||). Then, using auxiliary inequalities
of the form

or — 2le ™" < dllpoll]l¢* — ¢?|,

wio; — oiot|e™ < |ol||w) — @3le" + | ]
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for (t,z) € D, we obtain

||(A L_ A 2)” — ’(A 1_ A 2)_—ot‘<H(Pl_(P2HUB
' ¥ )ille sup ¥ ¥ )i€ =7, Po

(t,z)€D32

where
By = max { [3/\2 + (34 2X7)(8||¢olll + 2/3)} :

AL+ 1+ L<1 F N 4 2(16 + 203 (1 + 1)) !%H)] )

:)\QL(l + L+ L(1+1)/2) +2X3(L + 1) (4N*L + 3(1 + L)) IIsOoII} :

6X% +2L(Go + 1+ 16(1 + ZQL)HsooII)} )

_2(/\2 + L(Gy +1+146Lg) + 16(2L + 12/3)Hsoo|!)},

(2+X) (24+X) _[2, 5A2 52
l 2|1=1 — |24+ —
6 ) 6 ) 9 HSOOH 3+ 2 + 4 )

2 . 5A2 52

It follows from the resulting estimates that if the number o is chosen based on the condi-
tion o > max(ao, o), then the operator A is contracting on Q, (o, ||¢ol]), and by the Banach
principle there exists a unique solution of Eq. (52) in Q. (o, ||¢ol|) for each I > 0. The proof of
Theorem 1 is complete. [

Let K(mg) be the set of functions ko(t) € C|0,2l] satisfying the condition ||ko||cjo,2q < mo for
some [ > 0 with a constant my > 0.

Theorem 2. Let kj(t), k3(t) € K(mg) be two solutions of the inverse problem (9)—(13) with the
data g} and g2, respectively. Then there exists a positive number C = C(my,1) such that

[ (t) — kg(t)HC[O,ﬂ] < Cllgo - 98”03[0,21]' (63)

Proof. Let ¢! and ¢? be two vector functions that are solutions of (52) with the data g} and g3,
respectively; i.e., o/ = Al for j = 1,2. Passing to the differences p} — ¢?, i = 1,...,8, in the
integral equations, just as in the paper [37], from the argument in the proof of Theorem 1 for o > oy
we obtain the estimate

g
le! = @*lle < Collgs = il cogo.og + 5 " = 7l (64)

where the constant Cj depends on the same parameters as C. Inequalities (62) and (64) imply the
estimate

Co g

lo — o]

Hké(t) - kg(t)Hc[O,zz] S Hgé - 93“03[0,211'

If we denote
C()O'

o —oo|

in this inequality, then we obtain the estimate (63). The proof of Theorem 2 is complete. [
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Now let us establish some facts that will be useful when proving theorems in the next section.
It follows from formulas (29) and (38) that uy can be expressed via v by the formula
t
Uo(t, N\, 2) =0(t, N\, 2) —0(t — z) + /r(t —7)(0(1, A\, 2) — (T — 2)) dT. (65)
0

Since 9(t,z,2) = v(t,x, z) in the domain ¢ > z > 0, we obtain, removing the tilde on the function
0 and differentiating Eq. (65) with respect to A,

Uox(t, N, 2) = ua(t, A, 2) + /r(t —1)ua(T, A, 2) dT. (66)

z

It should be noted that for the function v, one has the following problem obtained by differen-
tiating (40)—(43) with respect to A:

t

621])\ 6212)\
5 = 5E 200 — A2y — /h(t —1)ua(T, A\, 2)dT, (t,z) € Dy, (67)
UA’t:ero = —Az, (68)
81))\ _ 81})\ o
7 R = (69)
t
(8 A 0) = Gin(£,3) + [ Kolt = 77, X) dr (70)

0

Lemma 2. In the domain Dy, the function 0)(t, \, z) belongs to C*(Dsy), and one has the integral
equation

t+z ts
ua(t, A, 2) :% gm(t+z,/\)+§m(t—z,A)+/ko(t+z—r)gm(r,>\) d7'+/k0(t—z—7)§o,\(7',)\) dT]
0 0
z t+z—¢§ T T
—;/ / N2ua (T, N, €) + 2)o(T, A,f)-}—/h(T—a)v(a,)\,f) da-i—/k‘l(T—a) da] drdg, (71)
0 t—z+€& I3 13

Proof. Let us use the equivalent description of the domain Dy in the form Dy ={(t, 2)|0<t<2I,
t <z<2l—t}. Using d’Alembert’s formula, from Eq. (67) and the initial conditions (70), (69) (we
mean the first of the two conditions in (69)) we obtain the linear integral equation (71) in the
domain D,. It follows from the theory of integral equations that Eq. (71) has a unique continuous
solution in Dy. The smoothness of the solution can be established by differentiating Eq. (71)
sufficiently many times. One can readily verify that the right-hand side of the differentiated equation
will be continuous, and consequently, so will be the left-hand side [38, Ch. 2]. Thus, vy € C?[D,]. O

4. PROBLEM OF DETERMINING THE FUNCTIONS k; AND u,

We will assume that the functions ko and @, are given. Let us introduce a new function w(t, A, z),
just as in the previous section, in the following manner:
t
w(t, A, z) == Uy (t, A, z) + /k:o(t — T)Up (T, A, 2) dT.

0
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Then the function u, (¢, A, z) can be expressed via w(t, A, z) by the formula
t
(6, A, 2) = w(t, A\, 2) + /r(t — 1)w(T, A, z)dT,

0

where
t

rlt) = ~ha(t) = [ Kolt = 7)r(r)dr.
0
For the new functions w(t, A, z) and r(t), Eqs. (24)-(27), in view of (28), acquire the form

t

- Nw — /h(t —T)w(T, A, z)dr

Pw  O%w

o2 022
0
t o (72)
— / ki(t —T) [2)@0(7, A, 2) + Nagr (1, A, 2) — 87:;)/\ dr, (z,t) € Dy, N ER,
0
wli<o =0, (73)
- t -
8w . 8&0,\ o
e /kzl(t —7) o dr =0, (74)
L 0 4 12=0
_a t a~ -
wo. Uox _
5 /kl(t —T) o dr =0, (75)
L 0 Jdlz=l
w‘z:O = a (tv )‘)7 (76)
wly—, =0, (77)
where h(t) := r"(t) and
t
ar(t,\) == g1 (t, \) + /k‘o(t —7)g1 (T, \) dr. (78)

0

Using formulas (65)—(69), we transform the last terms in (72), (74), and (75) as follows:

t t

3 "
/k:l(t —7) 8;0/\ dr = /k‘l (t—71) gua(r, . 2) dr — /T‘(T - 17)78%\(7’ u) dn| dr,

P 0z 0z
0% / [ / o2
Up) Ux Ux
/kl(t—T) 5.2 T:/kl(t—T) 552 dT—/r(T—n) 552 dn| dr,
0 z z

t t

n
/)\le(t—T)qu(T,)\,z) dT:/)\2k1(t—T) (T, A, 2) —/r(r—n)v(r,/\,n) dn| dr,
0 z z

t t

/2)\k1 (t — T)ug(T, A, 2) = =2XMk1(t — z) — 2A / ky(t — 7)r(T — 2)dt

0 z
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t T
+ 2)\/k1(t —7) {v(T, A, 2) + /r(T —nv(n, A, z)dn| dr.
Thus, problem (72)—(77) can be rewritten as
t t

’w  O*w

_ T N Ak (- 2) — /h(t — Pw(r A, 2) dr — /lﬁ (t = 7)s(r, A, 2) dr,

o 922 (79)
(Z,t) S DQ, A E R, Al = 21)\,

w’t<0 = 07 (80)
ow ow

% |z:0_ ) a |z:l_ O? (81)

w].—g = ay(t, ), (82)

W=, =0, (83)

t 82 t 82
. 2 U Ux
sty A\, z) =1 | A% | o(t, A 2) —/r(t—T)v(T,)\,z) dr | + 522 —/T(t—T) 552 dr
t t T (84)
+ 2)\/1431(75 —7)r(T — 2)dr — 2)\/kl(t —7) [v(T, A, 2) + /7“(7‘ —nv(n, A, z)dn
Lemma 3. In the domain D,, one has the relation
i2
S(t, )\, Z)|t:z+0 = —72 (85)

Proof. For t = z 4 0, all terms in (84) except for the first one vanish, and in the first term, if
2

for (v(z+0, A, z) we substitute the known value 0(¢, A, 2)|t=.+0 = 5% readily following from (39),
then we obtain (85). O

Note that the unknown functions occur in Eq. (24) linearly. Let us replace system (79)—(83) by
equivalent integral equations. Using d’Alembert’s formula, from (79), (81), and (82) we obtain the
equation

z t+z—¢

w(t, A, 2) = %[al(t—z,)\)—i—al(t—l—z,/\)] —;/ / Nw(r A, €) — Mk (r — &)

0 t—z+¢

T

+ /h(T—Oé)w(Oé,)\,E) da—l—/kl(T—a)s(a,)\,{)da drd€.
3 3

Passing to the limit as t — z + 0 in this equation and taking into account the conditions w|,—, = 0
and a;(0,\) = 0, we find

a;(2z,\)
z 2z—& T—¢ T—¢
:// )\QM(T,)\,f))\lkl(Tg)Jr/h(a)w(Ta,)\,f)da+/k‘1(a)s(7'a,)\,f)da drdg.
0 ¢ 0 0
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To obtain an integral equation for k;(¢), we replace 2z by t in the last equation and differentiate
it two times with respect to t, thus obtaining

/2
a(t) = fla’{(t, A - f / Nawy(t — €A, €)
t—2¢ ’ t—2¢ (87)
+ / h(a)wt(t_f_aa)\7§) da+ / kl(a)st(t_g_aaAvg) do df
0 0

Differentiating (86) with respect to t and taking into account (85), we obtain equations for w;,

1 1
wt(ta A,Z) - 5[0,/1(15 - 27)‘) + all(t + z, A)] - iAlkl(t - Z)Z

z

+;/{)‘2w(t+z_£a)‘7§) _Azw(t_z+§7)\7€)

0

t+z—2¢
— Mk —26) — h —t—a N6 d
(t 42— 2€) O/ (@w(t+2— € —a,\€)da )
t—z t4+z—2¢€
+/h(a)w(t—z+§—a,)\,§)da+ / ki(a)s(t+z—&—a, A\ §) da
0 0

t—z

— / Ei(a)s(t — z+ & —a, A\ §) da}dﬁ.

0

Equations (86)—(88) form a closed linear system of integral Volterra equations of the second kind
in the domain D, for the functions w(t, x, z), wy(t, x, z), and ky(t) with a given A.

Since s;(t, A, z) occurs in Eq. (87), for further reasoning we must show that s(¢, A, z) belongs to
the class C''[D,]. Consequently, we need to show that vy(t, A, 2) € C3[D,]. The fact that vy (¢, A, 2)
belongs to the class C®[D,] has been proved in Lemma 2.

The main results of this section are Theorems 3 and 4 on the unique global solvability and
stability of the inverse problem of determining k; (¢).

Theorem 3. Let gOO(ta )‘) € 03[07 2”7 §00(+07 )‘) = 07 §60(+07 )‘) = _A2/27 §1(+07 )‘) € CQ[Oa 2”7
and g1 (+0,\) = g;(+0,\) = 0. Then there exists a unique solution k,(t) € C?[0,2l] of the inverse
problem (24)—(28) for each | > 0.

Proof. System (86)(88) is a closed system of integral equations in Dy. We write this system
in the form of the operator equation

Y = Fv, (89)

where
¢ = [@01(757 >‘7 Z)va(ta )\a Z)ﬂﬁs(t)} = UJ(t, >\a Z), wt(t> >‘7 Z) + %)\lkl(t - Z)Za kl(t)

is a vector function with components v;, i = 1,...,3, and the operator F' is defined on the set of
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functions ¢ € C[D,] and, in accordance with Eqgs. (86)—(88), has the form F' = (Fy, Fy, F3). Here

z t+z—¢

Fo=vu -5 [ [ [0nrg - e -9
) 0 t—z+¢& ) (90)
+ /h(T—a)%(a,)\,ﬁ) dOé—I-/wg(T—a)s(a,)\,&) do | drdg,
3 3
1 / 2 2
Fob = s = 5 [ ¥t 2= €0 €)= Nt = 2+ €06
t+z—02£ t—z
- / hwwmﬁ+z—§—mA£ﬂm+l/h@%%@—Z+§—mA£ﬂm (91)
tfz—QE (t)fz
+ / %@%@+Z—€—m%@dw—/wﬂ@@%@—z+€—mAfwa d,
0 0
2 v 1
F37/1:1/103— )\*1 / )\2<¢2(t_57)\75) - 2A1¢3(t_25)§>
0
t—2¢& 1
+ [ b (e - €~ a0 ©) — Fa(e — 2~ a)e ) do (92)
2725
+(/¢A®&@—§—aﬂéﬁm a
0
where
Yo(x,t) = (Yo1, o2, Yo3) == [ 1t =2, A) +ai(t+ 2z, N), [al(t -z, +aj(t+z2 )\)} )xlall/(t’)\) .

Let us show that, for some n € N, the nth power of the linear mapping F'i is a contraction. Set

H?,b]:max{(max [0;(t, A 2)|, 5 =1,2, max [¢s(t |}

t€[0,21]

Let ¢! and 1% be two continuous vector functions in D, satisfying the linear system of integral
equations (90)—(92). Set
Alt,2) ={(€7)[0<g <z t—z+E<T<t+2-¢},
M(t,€,2) = {7 | (£, 7) € At 2)}.

Then for (t,z) € Dy we have (in the estimates we use the fact that ¢ = 2z in Eq. (87))

z

\ﬂ%”—ﬂ%ﬂ@Awh&n/mM{lmX’%” (20,
0

(t,\,2)€ll

”—%ﬂ@o}d
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z

<m /max {(5%%%2 |¢§1) - %2)‘(7—7 A &), (E?e?éfl] Wél) _ §2)‘(2§)} d¢ < ’Y1ZH1/J(1) _ ¢(2)H’
0

‘FZdJ(l) - F2¢(2)}(ta )‘7 Z)

(©)elo.d]

< e { s [011 =007 m 0,60 g, 14 47](26) } dE < el - )|
0
‘Fﬂp(l) - F3¢(2)‘(2z)

(¢€lo,l (©)elol]

< 73/max{ max] |¢£1) — 1,!)§2)‘(2l —&,\€), max ‘¢§1) _ ¢§2)|(2£)} ¢ < %zHQ/)(l) B w(g)H’
0

where the 7; are constants depending on the quantities occurring in C' (Theorem 2). Setting
M = max{~,72,73}, we obtain

max ‘Fj¢(1) - Fj¢(2)‘(t,)\, 2) < Mz|[p™M — @

1<5<3
Further,
|FEo — Frp®|(t, A, 2)

gfyl/max{ max ]FM” —F11/)§2)‘(7'7)\7§)’

(t,\,2)€ll

ﬂwhﬂﬁWw}%

0

o 2
z
<M [ €l 9 dg < M - 92,
0 |
‘F22¢(1) - F22¢(2)’(t> >‘7 Z)

(t,\,z)€

gw/mw{meRW*ﬁWPWW@ﬂw@—Bﬁww}%
0

; 2
z
< 'sz/SHW’ — @ dg < M|l D = $
0

[FR0 — Fu®|22)

z

g%/mm&ﬁgQW@W4W9WF@A&MWQ—&wWw}%
0

2
z
< ’Y3M§H¢(1) — .

Hence

2
z
max ’Ff?ﬂ(l) - FJQw(Q)}(tv )‘75) < M2§’|¢(1) - ¢(2)H7 (ta Z) S D2>

1<5<3
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and consequently,

max ’F”?ﬂ(l) FJ7L1/J(2)}(t,)\,f M" H%b(l) @, (t,2) € Dy,

1<5<3

[Fry = Pyt 2,€) < M";Hw(” -],

n

l
For any given [, the number n can be selected large enough that M "= < 1. Then the mapping F™

is a contraction. According to a generalization of the contraction mapplng principle, Eq. (89) has
a unique solution in C'(D3). This solution can be found by the successive approximation method.
The proof of Theorem 3 is complete. [

Let K (m,) be the set of functions k;(t) € C0, 2] satisfying the condition ||k ||cjo,2g < m1 with

a constant m; > 0 for some [ > 0.

Theorem 4. Let ki(t),k(t) € K(my) be two solutions of the inverse problem (24)-(28) with

data (g1, kg, uy) and (g7, k2, ul), respectively. Then there exists a positive number Cy = Ci(ky,1)
such that the following inequality holds:

10.

11.

12.

Hk%(t) B k%(t)Ho[o,zz] <G [HQ} o g%Hcf[o,zl] + Hk(l)(t) o kg(t)“c[o,zl]]‘
The proof of Theorem 4 is similar to that of Theorem 2.
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