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deyiladi, bu yerda Iγ (z) =
∞∑
j=0

[
(z/2)2j

]
/
[
j!(1 + γ)j

]
, k parametr 0 yoki 1 qiymatlardan biriga

teng.
1-teorema. Agar ν (x) ∈ C (0, 1) ∩ L (0, 1) va ϕ0 (x) ∈ C[0, 1] bo‘lsa, {(1) , (2) , (3)}

masalaning yechimi

u (x, y) =

x−ζ∫
0

[
(x− θ)2 − ζ2

]−β
I−β

[
λ

√
(x− θ)2 − ζ2

]
Ψ (θ) dθ+

+
1

2 cos βπ

x+ζ∫
x−ζ

[
ζ2 − (x− θ)2]−βJ−β [λ√ζ2 − (x− θ)2

]
×

×
[
Ψ (θ)− 2γ2[(2−m) /4]1−2βν (θ) cos βπ

]
dθ

formula bilan aniqlanadi, bu yerda ζ = 2(2−m)−1(−y)(2−m)/2, Ψ (x) = 2xβΓ−1 (1− β)×
× cos βπA1,λi

0x

[
D1−β

0x ϕ0 (x/2)
]

+ 2γ2[(2−m) /4]1−2βν (x) cosπβ; A1,λi
0x [f (x)], D1−β

0x [g(x)]

operatorlar mos ravishda [3], [4] adabiyotlarda keltirilgan.
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RECOVERING TIME DEPENDENT FUNCTION FOR THE FRACTIONAL
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The present study investigates existence and uniqueness of solution to an inverse problem
for a one-dimensional time-fractional diffusion equation. This existence and uniqueness result
is based on the Fourier method and Laplace transform, the fractional calculus and the Banach
fixed point principle. The unknown time dependent coefficient is determined uniquely by the
additional data which is an integral condition. Then, the continuous dependence of data is
proved.
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We consider the so-called one-dimensional fractional diffusion equation(
CDαt u

)
(x, t)− uxx(x, t) + q(t)u(x, t) = f(x, t), (x, t) ∈ Ω, (1)

with initial
u(x, 0) = ϕ(x), x ∈ (0, l), (2)

and the homogeneous Dirichlet boundary conditions

u(0, t) = u(l, t) = 0, t ∈ (0, T ], (3)

where Ω := (0, l) × (0, T ], CDαt stands for Caputo fractional derivative of order 0 < α < 1 in
the time variable and f(x, t) is the known source term, ϕ(x) is the initial temperature.

For (1)-(3) the direct problem is the determination of u(x, t) in Ω̄ such that u(·, t) ∈
C2((0, l),R) and

(
CDαt u

)
(x, ·) ∈ C((0, T ],R), when the coefficient q(t), the initial temperature

ϕ(x) and the source term f(x, t) are given and continuous.
Inverse problem. Find the couple of functions {u(x, t), q(t)} satisfying equation (1)-(3),

under the over-determination conditions∫ l

0

u(x, t)dx = g(t), t ∈ [0, T ], (4)

where g(t) ∈ C([0, T ],R) is the additional data of the thermal energy. The solvability of inverse
problems with such type of integral over-determination has been considered in the paper [1]-[3].

We have the following theorem.
Theorem 1. Suppose the following conditions hold:

(i) ϕ ∈ C5[0, l], ϕ(k)(0) = ϕ(k)(l) = 0, k = 0, 2, 4;
(ii) f ∈ C5,0

x,t (Ω̄), ∂kxf(0, t) = ∂kxf(l, t) = 0, k = 0, 2, 4;
(iii) g(t) ∈ AC[0, T ], |g(t)| ≥ g0 > 0 and g(t) satisfies the matching condition g(0) =

∫ l
0
ϕ(x)dx.

Then the inverse problem (1)-(4) has a unique solution.
Setting T such that

T < min
{ 1

2c α
√

1 + α
,

g0

l2c α
√

1 + α
,
}

(5)

where
‖ψ0‖C(Ω̄) ≤ c := max

(
‖v0‖C(Ω̄), ‖q0‖C[0,T ]

)
, (6)

Then we have the following theorem.
Theorem 2. The solution (u(x, t), q(t)) of the inverse problem (1)-(4), under the

assumptions of Theorem 1, depends continuously upon the data of Ψ = {f(x, t), ϕ(x), g(t)}
for satisfying (6).
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