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Abstract. The present study investigates existence and uniqueness of solution
to an inverse problem for a one-dimensional time-fractional diffusion equation. This
existence and uniqueness result is based on the Fourier method and Laplace transform,
the fractional calculus and the Banach fixed point principle. The unknown time
dependent coefficient is determined uniquely by the additional data which is an integral
condition. Then, the continuous dependence of data is proved.
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1 Introduction and problem formulation

Fractional calculus is emerging as an unavoidable tool to model many phenomena in
Science and Engineering. Although, there are a number of phenomena in the physical
sciences that we associate with the idea of diffusion. Thus, populations of different kinds
diffuse; particles in a solvent and other substances diffuse. Besides, heat propagates
according to a process that is mathematically similar, and this is a major topic in
applied science [5]. The mathematical analysis of initial and boundary value problems
(linear or nonlinear) of fractional differential equations has been studied extensively by
many authors (see, [I1] and references therein).

The problem of determination of temperature at interior points of a region when
the initial and boundary conditions alon with heat source term are specified are known
as direct heat conduction problems. In many physical problems, determination of
coeflicients or right hand side (the source term, in case of the heat equation) in a
differential equation from some available information is required: these problems are
known as inverse problems. A number of articles address the solvability problem of
the inverse problems (see, [§], [3]). The inverse problem of determining coefficient was
already considered in the literature for parabolic equations, see for example [4], [17],
171, fél, 9.

Here, we consider the so-called one-dimensional fractional diffusion equation
(D) (@.8) = was (@,8) + q(u(@. 1) = fla,), (2.8) €D, (L1)
with initial
u(z,0) = p(z), z € (0,1), (1.2)
and the homogeneous Dirichlet boundary conditions

w(0,t) = u(l,t) = 0, te (0,T], (1.3)



136 Rahmonov A.A., Bozorov Z.R.

where Q := (0,1) x (0, T], °D§ stands for Caputo fractional derivative of order 0 < o <
1 in the time variable (see formula and f(zx,t) is the known source term, ¢(z) is
the initial temperature
For . the direct problem is the determination of u(z,t) in Q such that
) and (“Dfu) (z,-) € C((0,T],R), when the coefficient g(t), the
1n1t1al temperature <p( ) and the source term f (x, t) are given and continuous.
Inverse problem. Find the couple of functions {u(z,t),q(t)} satisfying equation
—, under the over-determination conditions

l
/ u(z, t)dz = g(t), t €10,T], (1.4)
0
where ¢(t) € C([0,T],R) is the additional data of the thermal energy. The solvability

of inverse problems with such type of integral over-determination has been considered

in the paper [19], [6], [9].

We carry out the next converting of the inverse problem —. Denote for
this purpose the second derivative of u(z,t) with respect to x, by v(z,t), i.e. v(z,t) =
Ugz (z, t). Differentiating (L.I)-(1.3) twice in x, we get

(va) (2,1) — Vau (2, 1) + q(B)v(@, ) = fou(z, 1), (1.5)

v(z,0) = " (z), v(0,t) =v(l,t) =0, (z,t) € Q. (1.6)
Also, we can easily get additional condition for v, by using (|L.1)):

l
/O o(a, )dz = (“Dig) (1) + a(t)g(t) — F(t), ¢ € [0,7] (L.7)

>:A¥@ﬁw

(0) = (1) = 0, W@=Wm=mg@=4wmm7 (18)

where

When the matching conditions

are fulfilled, it is easy to drive from . ) to the equations . .

The outline of the paper is as follows In Section 2, some necessary preliminaries are
given. In Section 3, the existence and uniqueness of the solution of the direct problem
— is established by using the Fourier method and Laplace transform. In Section
4, the existence and uniqueness of the solution of the inverse problem — is
established by using the Banach fixed point theorem. In Section 5, the continuous
dependence of the solution of the inverse problem upon the data of { f(z,t), ¢(x), g(¢)}
is shown.
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2 Preliminaries

In this section, we recall some necessary definitions and properties of fractional
calculus which can be found in [I3], [10].

For an integrable function f : (0,00) — R, the left sided Riemann-Liouville
fractional integral of order 0 < a < 1 is defined by

I 1
Ig ft) = = t—s)* d R 0 2.1
B0 = 7 [ =97 s a0, (21)
where I'(a) is the Euler Gamma function and fRa denotes the real part of the complex
numbers «.
The left sided Riemann-Liouville fractional derivative of order o € (0,1) of the
continuous function f is defined by

D J(1) = I (0). (2:2)

The Caputo fractional derivative of order 0 < v < 1 of a function f : (0,00) — R

is defined by
DY f(t) = DFy (f(1) — f(+0)), (2.3)
The Mittag-Lefler function plays an important role in the theory of fractional

differential equation; for any z € C the Mittag-LefHler function with one parameter is
defined as

Ea(z) = kz Tha 1)’ (2.4)

=0
where Ra > 0.
The Mittag-Leffler function with two parameters is defined as

Eap(z) = ; m, (2.5)

where a, 3, z € C and Ra > 0, RS > 0.

Let us set eq(t,p) := Eo(—ut®) where Eq4(t) is the Mittag-Leffler function with
one parameter o as defined in and w is a positive real number.

The Mittag-Leffler functions eq (t; 1), €a,s(t, 1) := t° ' Eq g(—ut®) for 0 < a < 1,
0 < a < B < 1 respectively, and p > 0 are completely monotone functions; i.e.,

(—1)"[ea(tp)]" 20, and (—1)"[ea,s(t;p)]" >0, neNU{0}
Furthermore, we have
Ea,B(_Mta) < M: te [a7b}7 (26)

where [a, b] is a finite interval with ¢ > 0, and

t
/ (t— S)Q_lEa,B(/.LTQ)dT < 00,
0
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on [a, b]. Furthermore, for p € RY, ¢ € (0, T](see |16])

_ 1 put®
1 B a(—put®) < = <
jz *(“)*tuma 00

For any a > 0, 8 > 0 and v € C, there is

a—p
B—1 a S
t"  Ea (M) = , 2.
£ s = S (2.7)
with ®s > |A|'/®, the Laplace transform of a function f(t) is defined by
2lf)(s) = / e F(t)dt. (2.8)
0
The initial value problem of fractional differential equation for o € (0, 1),

C o _
Diu(t) = Au(t) + f(¢), ¢>0, (2.9)

u(0) = uo,

where D stands for a Caputo fractional derivative operator, ug is a constant number.
Theorem 2.1. [12] Consider the problem (2.9)), then there is a explicit solution which

is given in the integral form

u(t) = ugEa,1 (M”) + /0 (t— s)o‘flEa@(/\(t —8)")f(s)ds. (2.10)

3 Investigation of direct problem (1.5]-(/1.6)

Let ®(x,t) := froz(z,t) —q(t)v(z, t). We shall search for a solution v(zx,t) as a Fourier

series in sin T x:

> ™
=S ua(®)sindz, A= n=12,... 1
v(z,t) n:1v (t)sin Apz, A 7 (3.1)

In order to find the function v(z,t) it is necessary to find the function v, (t). Let us
represent the function ®(z,t) as a series

D(z,t) = Z D, (t) sin Az,
n=1

where

O, (t) =

I

/l B(&,t) sin A EdE. (3.2)
0

Substituting the assumed from of the solution in the original equation (1.6, we
have:

R R P
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or according to the definition of Caputo’s derivative (1.2]), may rewrite

3 { (CDf‘vn) (t) + Non(t) — <I>n(t)} sin Anz = 0, (3.4)
n=1
This equation will be satisfied if all the coefficients in the bracket equal zero, i.e.
(CD?vn) () + Nvn (t) = B (2). (3.5)

Making use of the initial condition for v(z,t)

v(z,0) = Z vn(0) sin Az = ¢ (),
n=1
we derive the initial condition for v, (t):

l
0n(0) = ~Xopn, o= [ p(E)sinrede. (36)
0

Equation (3.5) may be solved in the following way. Changing ¢ to 7 and 7 to s
respectively in (3.5, multiplying both sides of the equation by %a)(t — )" and
integrating we have

1 t dr T U;(S) )\gl t 'Un(T) B
F(a)F(l—a)/O (t_T)ua/O (T—s)ad8+1‘(a) | (t—r)lfadT*

IR N
_F(a)/o t—n)i-a’"

Interchanging the order of integration in the left-hand side by Dirichlet formula, we
arrive at

I T tv/ $\ds ¢ dr A2 [P () ;o
r<a>r<1—a>/o n( )d/s (t—T)l‘a(T—S)a+F(a)/f) Tt

1 [ e,
Sy ¥
D) Jo (t—T)t7=
The inner integral is easily evaluated after the change of variable 7 = s + (¢t — s)y and
application of the Eualer’s beta functions:

=B(1l-a,a)=T(1 - o)l ().

Therefore
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Hence after integration we have:

A2 b vn(T) 1 Lo (T)
ont) + Anpn + r(a)/o (tw)ﬂ‘”‘r(a)/o et G0

According to Definitions (2.7) and (2.8)), taking Laplace transform with respect to t in
both sides of Eq. (3.7), we obtain

Llun](s) = (s* + A2) ' L[®n](s) — Aapns™ (s + A2) 7, (3.8)
The inverse Laplace transform using formula (2.7)) yields
ST (5™ + A0) T = Baa (-2t (3.9)

and
LTH(s™ + AN T L[®nl(s)] = €7 (™ + M%) T # Dult) =

= " B (Xt 0u(t) = [ (= 1 BN - 1)) Ba()dr. (3.10)

Substituting the expressions (3.9)), (3.10) and taking into inverse Laplace transform
to (3.8]), we obtain the final explicit form of the functions

On(t) = =A20nEa1 (=A%) +/O (t —7) " Eaa(=A2(t — 7))@, (T)dr.  (3.11)

Based on the solution (3.1) and Fourier coefficient (3.2)), also relation (3.11f), one

can represent the solution of the considered problem as the sum of the Fourier series
= Z vn(t) sin Apx, (3.12)
n=1

where the functions vy, (t) are defined by relation (3.11)).

Lemma 3.1. The estimates

[on ()] < e (nln] + 1?1 fal), (3.13)

|(“DF0n) (1)) < ca(n*lion] + %112 (3.14)
hold for any t € [0,T], where fn(t) = %fol F(&,t)sin A\ €d€ and ¢, i = 1,2 are positive

constants here and throughout the following.

The wvalidity of the estimates (3.13) and (3.14) follows directly from the

representation (3.11)), applying the Gronuoll-Bellman inequality [I] and relation ([2.3)).
Formal termwise differentiation of the series (3.1]) yields the series

(CDt Z CDt vn) (t) sin An, (3.15)

n=1
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Ve (T, ) Z)\Qvn sin Apz. (3.16)

By lemma 3.1, the series , -, and - are dominated by the series
cs Y (ol + | fal) (3.17)
n=1

for any (z,t) € Q.
Lemma 3.2. If the conditions
e(z) € C°[0,1], »™(0) =™ 1) =0,

fla,) € CTV(Q), 0:f(0,t) =0:f(L,t) =0, k=024,
are satisfied, then the representations

1 (s 1 .5
on= 5@ Salt) = 55 S0(0) (3.18)

n n

are valid, where

1 !
gpﬁ? : ? / w(s)(x) sin A\, zdz, ,(Ls)(t) = %/ 05 f(x,t) sin Apade,
0 0

with the following estimates holding ture

[e9] oo

Z 1612 < ealle® (@) 12500, Z ISP < esll02f (@, )| Tapuxcor-  (3:19)

Proof. Suppose p(x) € C°[0,1] be such that p(0) = (1) = ¢”(0) = ¢"(I) =
@ (0) = (1) = 0. As ¢, is the coefficient of the sine Fourier expansion of the
function ¢(z) with respect to basis

sin ?x n=1,2,.., (3.20)

from (3.6]) expression for ., which integrated by parts five times gives

2 [ , 1
Oon = )‘Tnl/ﬂ <p(5>(ac) sin Apxde = 5 goﬁ{r’),

where ¢ is the coefﬁcient of the sine Fourier expansion of the function ¢® (z) with
respect to the basis

Alike, we obtain second part of ( - ) for fn(t). Inequalities (3 are the Bessel
inequalities for the coefﬁments of the Fourier expansions of the functlons ©®(z) and
95 f(x,t) in the sine system sin A,z on the interval [0, [].
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If the functions ¢(z) and f(z,t) satisfy the assumptions of lemma 3.2, then, by
virtue of the representations (3.18|) and (3.19)), the series (3.17) can be estimated by

the convergent numerical series

oo
1
e Y-~ (IeP1+ 12 llcroy) =t o < oo. (3.21)
n=1
Then the series (3.12)), (3.15) and converge uniformly on Q. Consequently,

the sum of the series 1-) satlsﬁes relatlons and (L7).
Note that the obtained estimate ( - ylelds the following estimate of the solution
2qoMT

to (1.6) and (L.7)
vz, t)|| Lojo,yxclo,r] < copoe ,

where co := max{M,T*}, qo = ||q||cio,77-
So, the existence of a unique solution to (3.12)) has been proved.
Thus, the theorem is proved.

Theorem 3.3. If the functions ¢(z) and f(z,t) satz’sfy the assumptions of Lemma
3.2, then there exists the unique solution to problem (1.5) and ( .

4 Existence and uniqueness of the local solution
to the inverse problem ({1.5)-(1.7)

For the proof of the main result, i.e., Theorem 3.3 we will use properties of the
direct problem and application of the Banach fixed point theorem. This method is
widely used by many authors, for example [14], [I8], [2], [5].

Let us consider the inverse problem —. First, let rewrite the series
by integral equation

v(z,t) = vo(z,t) — /0 /0 G(z,&,t — s)q(s)v(€, s)dEds, (4.1)

where
vo(z,t) = Z)\nwnea(t A2) sin(Anz) — / K(t,7)drsin A, z, (4.2)
n=1
and -
K(t7 T) = Z )\ifn(t - T)eaya(7-> )\’I?L)7 (43)
G(z,&,t) =7 Zea o(t, A2) sin(An€) sin(An ). (4.4)
n=1

Let us integrate Eq. (4.1) over the closed interval [0,!] and taking into account

, we get
1 t l l
alt) = ao(t) ~ —25 /0 /0 /0 G(a, 6t — s)a(s)u(E, s)dedads, (4.5)
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where
ﬁ [F(t) - (CD?g) (t) + /O l vol(&, t)dg] . (4.6)

We have the following theorem.

qo(t) =

Theorem 4.1. Suppose the following conditions hold:
(i) ¢ € C°[0,1], ¢ (0) = oD (1) = 0, k = 0,2,4;
(it) f € C2)(Q), 9L f(0,8) =05 f(1,t) =0, k =0,2,4;
(ii3) g(t) € AC[0,T), |g(t)] > go > 0 and g(t) satisfies the matching condition g(0) =
fol p(x)de.
Then the inverse problem — has a unique solution.

Proof. We rewrite the system formed, respectively, by Eq. (4.1) and (4.5)), in the
form of the operator equation

Y = Ay, (4.7)
where ¥ = (Y1,12) := (v(z,t),q(t)) and

t l
(AY)s (x,1) = vo(a, £) — / / G, 6.t — s)ba(s)n (€, 5)deds,

t 1 1
(40t) =)= [ [ [ Gt —spialn(e dednas. @)
Let 10 = (110, %20) be a vector with components
10 = vo(x,t), 20 = qo(t).

Denote by C(£) the space of continuous vector functions, with the norm
1Y@ = max 1Ykl

If g(t) # 0, vt € [0,T] and g(t), F(t) € C[0,T], then all vector functions defined
by (4.8]) are evidently elements of C(2). We introduce in this Banach space the closed
ball

Br:={y € C(Q): [l — Yollc@) < lvollc@}s (4.9)

of radius |[9o||c(q) > 0 centered at ¥ € C(£2). Evidently,

llthollc@y < e :=max (|lvoll ey, laollcro.r), (4.10)

where qo(t) and vo(z,t) are defined by and (45)), respectively.

Hereafter, we assume that go(t) and vo(z,t) are given fixed functions. Then their
norms [|vol|c(ays lI90llcfo, 71 depend on T' and «. Taking it into account we have used in
(4.10) the notation c¢7 for the maximum of these two norms. The similar notations for
some values we shall use and later on in order indicate on a dependence of these values
on T and a.
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Now we are going to prove that the operator A, defined by and is a
contraction on the Banach space Br, if the final time 7" > 0 is small enough. Recall
that an operator is named contracting one on B, if the following two conditions hold:

(c1) Ay € By, for all ¢ € Br;

(c2) for all ¥*, ¥ € Br, the condition

Ay — Aoy < plY' — P llcw

holds with some p € (0, 1).
We verify the first condition (c1). Let ¢ € Br. Then

1¥llc@ < 2¢7,

by (4.10). Using this in (4.8) we estimate the norms |(AvY)r — ¥rol, k = 1,2 as follows:

t l
a0 =ww0l < [ ] [ Gt = (s (e s)aefas <

oo

< 2esMT* > 0 [[n] + 1 ()l cro,m] 1ol =: ¢ ol

n=1

[(A%p)2—1pao| < ¢ gL/Z /l G(%g,t—5)¢2(5)¢1(€,8)d§dx‘dsg
< %MT ZQ 1 [[@n] + 1 fa®)llcom] ¥l =: ¢ [lo]l-

Therefore Ay € Br, if the following condition holds:

k) (7 <
max cy (T) <1. (4.11)

We verify the second condition (c2). Let ¥* := (4F,¢5) and ¥* € Br, k = 1,2.
Then one has

(Ay" — Ap?)

| [ =)@t - vwie o)delis <

/0 Gla, &t 5) [94(s) (W1 (6, 9) — v3(E )+

(oo}

ds < 2c: MT* Y " n*(|@nl + | fallcpo.m)

n=1

o' — o7 = P vt — ).

+03(6,9) (3 (5) — 3 (9)) | de
T
8 (1 * go(a+1)(2n + 1))
Similarly,

(A — A

//Gw &t — ) (Ya(s)pi (€, ) —
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2

2 o o
—U3(s)R (&, ) deda|ds < TEMT > s (enl I nllciom) x

; 1 2 . (4 12
eI - vl = =l

Hence, || A" — Ayp?|| < p|lvt — ?| with p < 1, if T satisfies the conditions

><(1+

k) < 1 4.12
max cy <p<l. (4.12)

Thus, if the final time T' > 0 is chosen so (small) that both conditions and
hold, then the operator A is contracting on Br. Then, according to Banach
contraction mapping principle, there exists a unique solution of the operator Eq.
in Br. This completes the proof of the theorem.

5 Continuous dependence on the data

Let W be the set of triples {f, ¢, g} where the functions f, ¢, g satisfy the assumptions
of Theorem 4.1 and

Il flles o xcgorny < M, l@lles oy < M2, lgllaco,r)y < Ms.
For 1 € ¥, we define the norm
1]l = 1 flles oy xeqorn + lelleqon + llgllaco,m)-

Before presenting the result about the stability of the solution of the inverse problem
let us mention that the series

> WVS)\ < My,
n=1

is uniformly convergent, where f,(ls) are the coefficients of the sine Fourier expansion of
the function f®(-,t). The functions {f,(ls)}fle are bounded by virtue of the Bessel’s
inequality.

Setting T" such that

. 1 go
T<mm{ , } 5.1
2cr V14 a 2¢r Y1+« (5-1)

where ¢7 is from (4.10). Then we have the following theorem.

Theorem 5.1. The solution (u(zx,t),q(t)) of the inverse problem (1.1)-(1.4), under
the assumptions of Theorem 4.1, depends continuously upon the data of ¥ =

{f(x, 1), 0(x), g(t)} for satisfying (5.1).
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Proof. Let (u(x,t),q(t)), (u(z,t),q(t)) be the solutions of the inverse problem
(1.1)-(1.4]), corresponding to the data ¥ and W respectively. From (4.3]) we have

o0
l5
1K lleqo,mxcom <MY Wlﬁ({r’)\

n=1
or
1Kl o, <o,y < MMy,
First, we estimate each term of u(z,t) — a(z,t) in C([0,{] x [0,7]). We will use this
from |qu — qu| <q||u —u| + |ullg — q.
From, we have
vo(z,t) — o(z,t) =

=— Z A2 Eo 1 (=A2t%) sin(An)[on — @n] — /0 [K(t,7) — K(t,7)]dr sin(Anx).

Notice that we can consider ¢,, — @, as the Fourier coefficient of the function ¢ — @;
ie.,
9
Pn — Pn = 7/ (¢ — @)(x) sin(Apx)dx.
0

The following estimates for the Mittag-Leffler type function

A2 Eo (=A2t%)| < 7A% <M

" 14+ A2t =7
ol p 1 9N\
It (=A™ < Tz < Ms,

leads to the estimate

llvo — Bolle (o xco.y < Mlle — @lles o + Msllf — fllesqoyxeqory,  (5:2)

where M5 := ﬁ
From (4.1) and (5.2)), we obtain
v = olleqoum xco.ry < MMs s ([0, +
+MsMs||f — flles o <o) + 2¢7MsMsllg — dllcgo, ), (5.3)

where Mg := (1 — 2C7M5T)_
Now, we estimate each term of ¢(t) — g(¢t) in C([0,T]). From (4.6), we have

0t - 00 = 1| [ 1o 0e — (D) >+/Olvo<s,t>ds]—
RN / )] -

)[ [ Fw iz~ (“Drg) () +
= (o)) [ato) | ()~ e )ds — (o / Fa yda+
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+3) ((“Pig) 0 - (“Drg) 1) - (“Dig) () (9(0) - 90+

+§(t)/0 (vo(z, 1) — o(x, 1)) dz — (g(t) — g(t)) /O o (@, t)da| .
We use and , the estimate of qo(t) — Go(t) in C([0,T])

llg0 = Gollco,ry < Ms||f — fl

cs(o,mxc(o,r) T

+Mslle = @lleou + Miollg — gllaco.m (5.4)
where Mg := %, My := lg]\g, My = W’ M7 is a bound of
0

(°Dfg) (t) = D& (9(t) — g(+0)). In addition, we have

‘ — Wlt) /Ot /Ol /Ol G(z, &t — s)q(s)v(€, s)dédrds+

+£/ot /ol /ol G(x,6,t = $)q(5)0(€, 5)dédads| <

< Mullg = gllaco,m + Mazllg — dlleo,my + Mizllv — 8o, xeqo, ) (5.5)
2.2

where M := %TM& My = 1237 TMs. From (5.4) and (5.5)), we get estimate of
0

q— 67 i'e~7
lg — allco,rn < MsMasl||f — Fllos o, xcqo.r)) + MoMisle — @llc o, +

+(Mio + Mi1)Misllg — gllacio, ) + MiaMas|lv — 9]l c(qys (5.6)

where Mi3 := (1 — M12)™". From (5.3)) and (5.6)), we can obtain stability estimate for
the inverse problem (1.1))-(1.4)) for some positive constant C"

llg — @llcqo < CIIV — .

The theorem 5.1 is proved.

Conclusion. The purpose of this paper is to determine the pair of functions
{u(z,t),q(t)} for the fractional diffusion equation (L.I)-(L.4). The inverse problem
regarding the simultaneous identification of the time-dependent coefficient in a
one-dimensional equation with nonlocal boundary and integral overdetermination
conditions has been considered.
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