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For the reduced canonical system of integro-differential equations of viscoelasticity, direct and inverse
problems of determining the velocity field of elastic waves and the relaxation matrix are considered. The
problems are replaced by a closed system of Volterra integral equations of the second kind with respect
to the Fourier transform in the variables x; and xo for the solution of the direct problem and unknowns
of the inverse problem. Further, the method of contraction mappings in the space of continuous functions
with a weighted norm is applied to this system. Thus, we prove global existence and uniqueness theorems
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Introduction

During the last few decades, the inverse problems of determining the kernel in a hyperbolic
system of integro-differential equations with an integral term of a convolution type have been
playing important roles in various fields, such as geophysics, oil prospecting, design of optical
devices, as well as in other areas, where the interior of an object is imaged using the response to
acoustic waves. There has been an increased interest in hyperbolic systems of integro-differential
equations containing integrals of a convolution type. Such equations describe processes with
memory or, as they are also called, eriditary processes [1]. Such processes are characterized by
the fact that the change in their state at each moment of time depends on the history of the process.
Examples of such processes are deformation of a viscoelastic medium [2] and propagation of
electromagnetic waves in media with dispersion [3].

Inverse problems for partial differential equations and integro-differential equations have been
studied by many authors, we note the works [4-14], which are closest to the topic of this article.
In works [4-7], one-dimensional problems of finding the convolution kernel were studied: from
the general integro-differential wave equation in [5] to the viscoelasticity equations in others
papers. The main results of these works are theorems on the unique solvability of the problems.
In [8-10], a new method is proposed, where the solution of the direct problem is a complex-
valued function, and to find the coefficients of differential equations only the modulus of solving
the direct problem on some special sets is given as information, the solution phase is considered
unknown. In [11,12], the problems of finding memory and coefficients of hyperbolic equations
were studied under the assumption that the desired coefficients depend weakly on one of the
variables. In the articles [13, 14], the existence and uniqueness theorems for the classical solution
of the inverse coefficient and kernel determination problems have been proven.

There are many works devoted to inverse problems for quasilinear or linear systems (see [15—
18]). In [15,16], a theorem on the existence and uniqueness of a solution of such a problem with
the use of its reduction to a system of nonlinear integro-functional equations is proved. There are
few results for the four spatially varying coefficients with measurements of only one component,
given two sets of initial conditions [17]. The inverse problem of the simultaneous identification
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of two discontinuous diffusion coefficients for a one-dimensional coupled parabolic system with
the observation of only one component was investigated in [18].

As a rule, second-order equations are derived from systems of first-order partial differential
equations under some additional assumptions. An inverse problem of determining coefficients and
kernels of the integral terms from a hyperbolic system of general first-order integro-differential
equations with two independent variables was studied in [19-22] and for the system of vis-
coelasticity integro-differential equations in [23]. In the article [19], the direct and inverse initial
boundary-value problems for a first-order system of two hyperbolic equations are considered.
In [20], global Lipschitz stability of the inverse source and coefficient problems is proved for
a first-order linear hyperbolic system, the coefficients of which depend on both space and time.
In the works [21-23], the theorems of local existence and global uniqueness of the solution for
systems of first-order partial differential equations with initial-boundary conditions are obtained.

In this paper, we consider a three-dimensional system of first-order viscoelasticity equations
written with respect to the displacement and stress tensor. We pose the inverse problem of finding
the diagonal memory matrix for a reduced canonical system of integro-differential viscoelsticity
equations. The problems are replaced by a closed system of Volterra-type integral equations of
the second kind with respect to the Fourier transform in the variables z; and x5 of the solution
of the direct problem and unknowns of the inverse problem. To this system, we then apply a
reduction method, a mapping in the space of continuous functions with a weighted norm. Thus,
we prove global existence and uniqueness theorems to solve the given problems.

The paper is organized as follows. In Section 11, we give formulation of problem for the
reduced canonical system of integro-differential equations of viscoelasticity, the initial-boundary
direct problem and inverse problems of determining the velocity field of elastic waves and the
relaxation matrix, respectively. The derivation of the canonical system of integro-differential
equations is given in the Appendix. In this section, we also investigate the solvability of the direct
problem. In Section 2, by integrating along the characteristics of the system, integral equations
of Volterra type are obtained that are equivalent to direct and inverse problems. Section 3,
using the Banach principle, proves the main result of the article, which is the global solvability
of the posed problems. Section 4 (Appendix) contains the derivation of the main system of
equations (1.1) from the general system of viscoelasticity in the anisotropic media with tetragonal
form of elasticity modulus. In the last section, a list of references is given.

§ 1. Problems set up and investigation of the direct problem

Consider the system of integro-differential hyperbolic equations of viscoelasticity

B B ) B !
[Z 4t A~ +B— +(C— = — :
< ot + 0z + oy * Ca$2 * F)'ﬁ(l’,t) /0 R(z,t — 7)d(z,7)dr, (1.1)

where (z,t) = (21, 29,2,t) € D = {(z,1): (z1,72) € R? 2 € (0,H), t > 0}, H = const.
The derivation of equation (1.1) from the dynamic differential equations of viscoelasticity for an
anisotropic medium with a matrix of the elastic modulus of a tetragonal form and definitions of
A = diag(N\;), B = (b)), C = (&), F = (pij), R = (7ij), 4,7 = 1,9, in (1.1) are given in the
Appendix (Section 4).

The purpose of this article is to study the direct and inverse problems for the system (1.1).
Moreover, the direct problem is an initial-boundary value problem for this system in domain D
and in the inverse problem, the elements of the matrix R are assumed to be unknown, which are
included in the definition of the matrix R (4.7).

In the direct problem, given matrices B, C, F', and R, it is required, in the domain D to find a
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vector-function ¥(z, t) satisfying equation (1.1) for the following initial and boundary conditions:

ﬁi}t:o = i(z), (21,22) €ER?, 2=1[0,H], i =1,9, (1.2)
ﬁi‘z:H = gi(z1,22,1), i = 1,3, v a0 gi(x1, 2, 1), 1 =17,9, (1.3)

here ¢;(z), 1 = 1,9, gi(xy,20,t), i = 1,2,3,7,8,9, are given functions. It is known that the
problem (1.1)—(1.3) is well-posed (see [24,25]).

Remark 1.1. As follows from U = Y4, the vector function (u,0)* is expressed in terms of ¥/
according to the formula

u Wo + Vg
1
u U3 + U7

2
u U1 + g

3

L9 v L9 v

o1l €134/ 203 Vg — 13 o U1 + ci6 o U7 — ci6 p U3

o [ (2,8) =] ¢ Ly — 13y L1+ cipy [ LU5 — crey ) LU (2,1).

o
J;z —/C33p1 — /C33pVg
Us
o
022 —/CaapV¥s + \/CaapVs
—/Ce60U3 + /Cos V7

where definitions of w;, 0,5, 4,7 = 1,2,3, and T in remark are given in Appendix.

From this relation, based on (1.2) and (1.3), the initial-boundary value problem can be for-
mulated for the system of equations (4.1), (4.2) (see Appendix) in terms of the displacement and
stress tensor components.

The definition of the elements 7;;(z,t), i,j = 1,9, of the matrix R(z,¢) by formula (4.7)
includes functions r;;(t), 7,7 = 1,9, ¢;;(z) on the modulus of elasticity and p(z) on the density
of the medium. The inverse problem is to determine the nonzero components of the matrix
kernel R(z,t), that is r;;(¢), i, j = 1,3 (where ¢;;(z) and p(z) are given functions), in (1.1)-(1.3)
if the following conditions are known:

Q9i’z:0:hi(l’1,l'2,t), 2.21767 (14)

where h;(x1,29,t), i = 1,6, are the given functions.

In the inverse problem, the numbers r;;(0), 4, j = 1, 3, are also considered to be given.

Let functions F(x,t), ¢;(x), i = 1,9, gi(x1,10,t), 1 = 1,2,3,7,8,9, included in the right-
hand side of (1.1) and the data (1.2), (1.3) have a compact support in xy, x- for each fixed z, t. The
existence for the system (1.1) of a compact support domain of dependence and compact support
with respect to x1, x5 of the right-hand side (1.1) and data (1.2), (1.3) implies the compact support
in x1, xo solutions to the problem (1.1)—(1.3).

Let us study the property of solution to this problem. More precisely, we restrict ourselves to
studying the Fourier transform in the variables x, x5 of the solution. Introduce the notation

~

19(77177727271:):/ ﬁ(xlax27zat)€i[n1xl+n2$2] dxl de)
R2

where 7, 72 are transformation parameters.
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In terms of the function 9 we write the problem (1.1)—(1.3) as

8 8 ~

Ak(z,t) + Zr]k (2, 7)0% (1,2, 2, — T)dT,  j=1,9, (1.5)
O k=1
where ]/?\Jk(Z) = ﬁ]k = —i?]lbjk — i772gjk — pjk.

We fix 11, 1, and for convenience, we introduce the notation 5(771, N2, 2,1) = 5(2, t). We will
use similar notations for the Fourier transforms of functions included in the initial, boundary and
additional conditions (1.2)—(1.4):

ﬁi =0 Ai(z)a 1= 1797 (16)
Ol _,=ait), i=13, 9| _,=3g(),i=71,09, (1.7)
0|,y = ha(t), i = 1,6, (1.8)

where $;(z), i = 1,9, g;(t), 1 = 1,2,3,7,8,9, are the Fourier transforms of the corresponding
functions from (1.2), (1.3) for n = 0. We also denote by Dy the projection of D onto the
plane z, t.

For the purpose of further research let us introduce the vector function w(z,t) = at ( ,t). To
obtain a problem for the function w(z,t) similar to (1.5)—(1.8), differentiate the equations (1.5)
and the boundary conditions (1.7) with respect to the variable ¢, and the condition for t = 0 is
found using the equations (1.5) and the initial conditions (1.6). In this case, we get

0 0
<E+Ai )wzzt mewth

9
+Z?}k(2,t)@( +/ ZT’k (z,T)wi(z,t —7)dr, 1 = 1,9, (1.9)
k=1 0 k=1
dgi(2) |+
wilig = N+ D _Bii(e) = @u(2), i =T, (1.10)
j=1
d . , d_. ,
wi’Z:H = @gi(t)’ 1=1,3, wi}z:O = @gi(t)’ 1=17,0. (1.11)
For functions w;, additional conditions (1.8) give
d ~
wi‘z,o ﬁhi(t), 1=1,6

Let us pass from the equalities (1.5)—(1.8) to the integral relations for the components of
the vector ¢ with integration flux along the corresponding characteristics of the equations of the
system (1.5). We denote

p1(z) = —po(2 /\E dp, pa(z / en(B
ps(2) = —pin(= /F 48, pa(2) = pis(2) = po(2) = 0.
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Inverse functions to p;(z), i = 1,9, will be denoted by z = p;'(t), i = 1,9. Using the
introduced functions, the equations of characteristics passing through the points (z,¢) on the
plane of variables &, 7 can be written in the form

T=t+p(§) — pl2), i=1,9. (1.12)

Consider an arbitrary point (z,¢) € Dy on the plane of variables £, 7 and draw through it the
characteristic of the ¢-th equation of the system (1.5), find out intersection in the domain 7 < ¢.
The intersection point is denoted by (z{,t}). Integrating the equations of the system (1.5) along
the corresponding characteristics from the point (z{, t}) to the point (z, ), we find

(Z f}) = Ww; Zoatz / Z pzkwk f T) + TZk(f T)@z(f)) dr +
t k=1 =7t [r—ttpi(2)]
t pT
oy S Rl — wi(6ra) do dr, i = 1,0, (1.13)
tJo 1 E=p;  [r—t+pi(2)]

We define ¢ in (1.13). It depends on the coordinates of the point (z,¢). It is not difficult to
see that t{(z,t) has the form

~ t— (H), t2>pi(z) —pu(H),
(2 8) = pi(2) + pi(H) pi(z) — pi(H) _ 193,
0, 0 <t <pi(z) — m(H),
£i(2,t) =0, i = 4,5,6, t’o(z,t):{ i) w2 g

07 0<t<:ul(z)7

Then, from the condition that the pair (2}, t})) satisfies the equation (1.12) it follows

, H t> pi(z) — p(H),
et =", 2 4(z) = 1) =123,
i (pi(z) = 1), 0<t<pi(z) — p(H),
zo(z,t) =z, i =4,5,6, zy(z,t) = { ’ Z pil2) i=17,89.

pi (a(2) =), 0 <t < p(2),

The free terms of the integral equations (1.13) are defined through the initial and boundary
conditions (1.10) and (1.11) as follows:

O (1 (a(2) = 1)), 0<t < pl2),

1 1 7 7 7 H ) t Z 7 - Mg H )
Wil ) = dtg( M (Z) + wi(H)) pi(z) = pa(H) _193
D; (" (pal2) — 1)), 0 <t < pi(2) = ps(H),
o o 43 (t — u; t>
Wiz 1) = ®y(2), i = 4,5,6, wi(zi, 1) = {dtg( Hi(z)), S )

Let the following conditions hold

N N dg;(t do;(z i N N L
3i(H) = Gi(0), and gdi) Y ‘pd( ) + Pu(H)@,(H), i=T.3, (114
t=0 < z=H j=1
R dgi(t) dgi(2) -
i = gilV), == = 0 .
»i(0) =g;(0), and | o | E 7,9 (1.15)
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It is easy to see that the conditions for matching the initial and boundary data (1.6), (1.7),
(1.10), (1.11) in corner points of the domain Dy coincide with the relations (1.14) and (1.15). If
it is clear that for the fulfillment of the matching conditions (1.14) and (1.15), then (1.13) will
have unique continuous solutions w;(z,t) (or 21%;(z, t)).

Suppose that all given functions included in (1.13) are continuous functions of their arguments
in Dy. Then this system of equations is a closed system of Volterra integral equations of the
second kind with continuous kernels and free terms. As usual, such a system has a unique solution
in the bounded subdomain Dy = {(2,t): 0 < 2 < H, 0 <t < T}, where T' > 0 is some fixed
number, domain Dy.

Thus, the following statement holds.

Theorem 1.1. Assume functions F(x,t), ¢;(z), i = 1,9, gi(x1,2,1), i = 1,2,3,7,8,9, have
compact supports in x,, xo for each fixed z, t. Let p( ), c11(2), c12(2), c6(2), 033( ) caa(2),
066( ) € C[O H] ( ) € Cl[O H] ( ) € Cl[O,T], p(Z) > 0, 033( ) > 0, C44(Z) > 0, 066(2’) > 0,
ri;(t) € CH0,T7), 4,7 = 1,2, 3, be given and conditions (1.14), (1.15) be satisfied. Then, there is

a unique solution to the problem (1.9)—(1.11) in the domain D .

§ 2. Derivation of equivalent integral equations

Consider an arbitrary point (z,0) € Dyp and draw through it the characteristics (1.12) for
t = 1,2, 3 up to the intersection with the left lateral boundary of the domain Dy. Integrating the
first six components of the equation (1.9), we obtain

ti 9
o0 =a(0.6) = [ 3 (Brenle ) + FaleDA0) &
e=up ru(2)]
/ / i (&, 7 — a)wi (€, a) da dr, i = 1,6, 2.1
0 k=1 E=p; rtpi(2)]
where 8 = —p;(2),i=1,2,3,t1 =0,i=4,5,6.
We introduce the following notation for the unknowns:
vi(z,t) =wilz,t), 1=1,9, vi(t) =, (1), vi(t) =ru(t), vi(t) =rs(t),  (22)

0
Ui(t) = T;Q(t)a U;(t) = Té?,(t)v Ué(t) = Tg?)(t)a 'U?(Z, t) = @wi(% t)v 1= 47 67 (23)

0 Tha(th) < v o~ i O

Uf’(z,t) = gwi(z,t) — 335 ) (901(20) - 809(20)) %t(ﬁ 1=1,9, (2.4)
8 T/ t ~ i ~ i a i .

v; (Z,t) = @C&)Z(Z’, t) — 23; 0> (@2(20) - SDS(ZO)) &tm 1= 27 77 (25)
0 ra(td) e w0

Uf’(z,t) = —w;(z,t) — % (gog(zo) — @7(20)) %to’ i=3,8. (2.6)

Then, taking into account these notations and the explicit forms of the functions 7;;(z,t) in
terms of 77, (t) by the formula (4.7) (see also formulas below R), we rewrite the equations (1.13)
in the form

t[ 9 2
. vs(T), .
e =+ [ [ nlien - S - pe) i
b [j=1 E=p; r—t+p(2)]
t T, .2
—// UGéa)(U%—vé)( ,T—a)da dr, i =1,9, (2.7)
%0 e=p M r—ttmi(2)]
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v (2,t) = v} (2, 1) +/_t 2
—/tf@(v;—v;)(s,f—a)da
th J0 2
vi(z,t) = vz, 1) + /’t
[0 0 - e 7 - yda
f /0 =iy M=t ()]
t 9 t
et) = [ Y pyolerar+ [ REHOBE) + (0 - B)0R) dr
0 0

+ [ 122067 - 0 - 80+ L0 = 2)r) @ — ) 2]

+/O/OT[CA—T’(Uf—v§)(T)(vi—v;)( @) + (02 — ) (r)(vl — vl)(2,

dr

D. K. Durdiev, Z.R. Bozorov, A. A. Boltaev
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. v3(T)
sz‘jvjl'(fa 7) = = (% — 908)(5)]
j=1 E=p; tr—ttpi(2)]

dr, i =28, (2.8)
e=py =t ()

> Asele.n) - 2, - ¢7><£>]

dr
2

E=p; I —ttpi(2)]

dr, i = 3,7, (2.9)

)] dadr

(2.10)

+/ /va(oz)vi(z,T — a)dadr, (2.11)

Ué(z,t):/ Zp(;] z,7)dT + // v3(a)vg(z a)dad7‘+/0tv§(7')$6(z)d7', (2.12)

where v (2, 1) = w;(28, 1), i =1,2,3,7,8,9.

We consider the Eq. (2.1) with the initial conditions (1.10) and boundary conditions (1.11)

we differentiate (2.1) with respect to z for ¢« = 1,2,3. After simple calculations, taking into
account (2.2)—(2.6), we get the integral equations

} Ml/o 50t “5><T>%@1 ~@)(t =)+ v%m%m — )] dr
_ M1/0 [C)\—lj(vf v?)(T)%(ﬁg — Gt — T)} dr

! a ., .. b
#2010 [ 005 G- @00 L, ar e | 53 (e &

o €=py  [t—7]
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t t 9
Ci6 2 d ~ ~ 0 ~ 1 ’
Sy E s —Go)(t —7)dr + 216 | — " d
20 i) G o= G0 = ) dr 200 32 P
+C16//U5 3_U%)(fa7'—04)d04’ 1 dr
§=,LL3 [tfﬂ
T =N 13| I e R KA R AT
T— 5 —T7)ar
1306 8@1 Py £u1[tT] A dtl
+c v2a—vl—vl , T — Q da) dr, 2.13
o [Ct@gtl - e r— e, e.13)
t
PO d~
o3(0) = o) ~ [Bo0)) ! [ o) Ghalt = ) @.14
0

vi(t) = v33(t) +2M2/ Zpgj v;(§,T ‘ ,dr

t a R R t d . R
o v§<7>8—<¢2—w8><5>]§ e = [ ) G =G =) b
+ M, / / V()= (v} — vl)(E, T —a)da’gzul[tﬂdr, (2.15)

where v?(t), i =1, 3, are defined by the formulas

v2(t) = M, [ (ﬁhg, Zpg,jwj 0,t) ) - 2013(% (%Bl(ti)) %@1(2«))

2c132 wi(0,) — 2 i (#5) P ( )—iiA-(O) (0,1)
- lplz ) C16 82' dt 3\l1 62 3z )\3 - D3i wilU, 3
d? ~ i
2 (t) = P 6(t) = > Dojw;(0,1),
j=1
o (d~ B 1 <
02 :—2M I el 2 e . o
10 = 200 (G 3 2a(5) 30 D00

here z = —p~Y(t), and M; = [CB (@1(0) — 29(0)) + (#3(0) — @7(0)) + 4(0) + P6(0)|

My = X [2(0) = Bs(0)] 7, M = [35(0) — (0)] .

Putting the initial conditions (1.10) and boundary conditions (1.11) into the system of integral
equations (2.1) for ¢« = 4,5,6, we differentiate those equations with respect to t. Using the
notations (2.2)—~(2.6) and after simple transformation, we have the following system of integral
equations,

t
o,

V() = vi2(t) + MsA, MG/ 3(T) - (Bs —907)(5)‘ AT
0 z E=nz [t=7]

t d ~ LD o 1

—M — — 2Ms | = D3
5 / 2(r )dt<h3 Go)(t — 7) dr + 2Ms / e ;psj@)v (€ T)\ emntn T
t prT ) 0
+ M5)\1/0 /O U5(@)%(U§ —ug) (6,7 — ) do“gugl[t_ﬂ dr

¢ d ~ ci6 d
M. 2 Cﬁ_h_’\ t — 16
0y [ 3 [ =G - ) +

» E(ﬁs —gr)(t — 7')] dr
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t
o [end o 5Ly — )t —
My [ [ =Gt =) + 2 e —g)(e— )] r
t 9, O : 1
M G -a ’ dr + 2M: —EA-.,’ d
+ 5/0 V5 (T) 5 (@1 = @) (€) TN 5/0 0z Py (§:7) o]

vty [ [l - e —aydal i @16)
:y,; t—1
0
s M/ 9, ;
v3(8) = o8 (0) + My | )-8 = 80Oy 7
t ) d ~ Lo : 1
7/; U5<T>dt<h’3 g7)<t T) dT_'_ 6/0‘ az ;p&]vj <§’T>‘£:“31[tﬂ T
t T a
+M6// vg(a)—(vé—v%)(i,r—a)dajg y ]dT’ (2.17)
MS t—T1

VR(t) = 021 +2M8/ Zplj gTLH[tT]dT

My [ o) (31— B)(E)| M—M%ﬁam%m—@w—ﬂm

§=py [t 7]
t rT

+Mg// vé(a)—(v%—vé)(gﬁ—a)da’ dr, (2.18)
o Jo 0z fiul_l[t—T]

where

o (d~ 0 1

and

A@{%@@)wmnﬁﬁ@@—ww+@@]

M;s = (1 — 35(0)My) [3(0) — 32(0)] Mg = M [31(0) — $o(0)] ",

Mg = A2 [35(0) — 27(0)] 7, My = [£1(0) — $o(0)]

In what follows, we will assume that

T B10) = Bo(0)) + JE(B(0) = B1(0)) + Baf0) + Bo(0) £0, o(0) ~ B5(0) £0, (2.19)
i—f’«pg(o) —31(0)) + %(@ (0) — 35(0)) + 35(0) £ 0, 31(0) — Bo(0) # 0. (2.20)
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The equations (2.13)—(2.18) contain unknown functions %wi(z, t), i = 1,9. Therefore, dif-
ferentiating the equations (1.13) with respect to the variable z, using the notation (2.2)—(2.6), we
obtain the integral equations for them

Lo

1
v (2,1) =v?3(z7t)+[ % [szkvk §,7)+ UG(E 7) (1 — $9) (f)] dr
t e=p;  r—thpi(2)]
+ 2 /télﬂ(g ty— ) (o} —vd)(E,7) dr
92")y O b e it (2)
t T
9 2 1 1 .
+ — ,T—a)(v; —v ,a) | da dr, i =1,9, 2.21
/% | slviter =t —veaael_ 21)
3 03 ! 8 1
Wet) =0+ [ o mevk 1)+ 5036 T)E — B)(O ar
K e=p; fr—t+pmi(2)]
+ gti/%vQ(f th—7)(vy —vg) (€ T)‘ dr
0z "), 2 e =t (=)
t T
8 2 1 1 .
+ —v3(&, T —a)(vy; —vg) (& a)| da dr, i = 2,8, 2.22
/té | slter = —obcade]_ 222
v (2, 1) = v / [mevk (& 7))+ v5(§ 7)(%s — <p7)(€)] dr
o e=p; Vr—tpi(2)]
o, [t
¢! th — - d
T / (&t = m)vs v T)L:uf[tgtm(zn "
t T
9 2 1 1 .
+ —vi (&, 7 — a)(vy; —v ,a)| da dr, 1 =3,7, 2.23
L geleater -t - ehealae| 2.23)

(e t) = / [zp@ }m /a8 VAR i(2) + (02 — 2)(1)B(2)] dr

+ / aﬁ = )@= B0)() + 0 — ) (1) (@ — Br)(=) ar

/ / a 013 v; — vg)(7) (v — vg)(z, @) + C}\—lj(vf —v2)(7)(vz — v%)(z,a)] do dr
+ /0 /0 EP [Uf(a)vi(z, 7 —a)+ (v —v3)(a)vg(z, T — a)] dadr, (2.24)
v3(z, t) / [ZP@ vi(z,7)| dr + % 2(1)py(2)dr

+ [ 2208 R0 - @) + L0 = D)) - ()] dr
/ / 013 v —v3)(T)(v] —vg)(z, ) + %(U% —02) (1) (vs — VY)(z, a)] dovdr

3

t rT
+ / / %Uf(a)vi(z, T — «) dadr, (2.25)
0 Jo
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vd(z,t) = /8212% vl( ZT]

+ 68202 T)Pe(z dT+// T — ) dadr, (2.26)

where v3(z,t) = Lwi(z), th) — Lt} Epzjw](zo,tz) i=1,2,3,7,8,9.
=1

We require the fulfillment of the m;tching conditions

_\ d8ilz)

i L i=T1,6. (2.27)
z

§ 3. Main result and its proof

The main result of this work is the following theorem.

Theorem 3.1. Let the conditions of Theorem 1.1 be satisfied, and function h(xi,xs,t) have
compact support in xy, To for each fixed t, p;(z) € C?*[0,H], i = 1,9, ¢;(t) € C?[0, H|,
i=1,2,3,7,8,9, hi(t) € C*[0, H], i = 1,6, equality (2.19), (2.20) and matching condition (2.27)
hold. Then, for any H > 0 on the segment [0, H|, there is a unique solution to the inverse prob-
lem (1.1)—(1.4).

Proof Consider now a square Dy := {(z,¢1): 0 < z < H, 0 < t < H}. Equa-
tions (2.7)—(2.12), (2.13)—(2. 18) and (2.21)~(2.26) show that the values of the functions w;(z,?),
i =19, rj(t), i,j = 1,3, Lwi(z,t), i = 1,9 at (z,t) € Dy are expressed through integrals of
some combmatlons of the same functions over segments lying in D.

The system of equations (2.7)-(2.12), (2.13)—(2.18) and (2.21)—(2.26) form a complete system
of equalities for unknown functions in the domain Dy. According to the introduced notation for
the vector function v(z,t) = (vi(z,t),v}(t),v}(2,1)), i = 1,9, j = 1,6, we write this system in
the operator form

v = Av, (3.1)

where the operator A = (A}, A3, A?), i = 1,9, j = 1,6, the components of the operator A are
determined by the right-hand sides of the equations (2.7)—(2.12), (2.13)—~(2.18) and (2.21)—(2.26),
respectively.

Let Cs(Dy) (s > 0), be the Banach space of continuous functions with the ordinary norm,
denoted by || - ||,

lvlls = max{ max ‘v z,t)e” ‘, max [ (t)e !, max |v (z,t)e St|}.
1<i<9, (z,t)€Do 1<i<6, t€[0,H] 1<i<9, (z,t)€D

Obviously, Cs with s = 0 is the usual space of continuous functions with the ordinary norm,
denoted by || - || in what follows, because

e ol < vl < lv]l-

The norms ||v||s and ||v|| are equivalent for any H € (0, c0), where s € (0, 1) and we will choose
that number later.
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Next, consider the set of functions S(v°, ) C Cy(Dy), satisfying the inequality
[o— 2% <, (3.2)

where 7 is a known number, the vector function v°(z,t) = (V9 (2,t), i = 1,9, v%(t), i = 1,6,
v3(z,t), i = 1,9), as defined by the free terms of the operator equation (3.1). It is easy to see
that for v € S(v°,r) the estimate ||v||s < [|0°)|s +r < [[V°]] + 7 := 7o holds. Thus, r is known.

Note that the operator A maps the space C(Dy) into itself. Let us show that for a suitable
choice of s (recall that H > 0 is an arbitrary fixed number) it is a contraction operator on the
set S(v° 7). First, let us make sure that the operator A takes the set S(v°, 7) into itself, that is,
from the condition v(z,t) € S(v°, r), it follows that Av € S(v°, r), if s satisfies some constraints.

In fact, for any (z,t) € Dy and v € S(v°, ) the following inequalities hold:

|Av — 20, < T—;a i=T1,24,

where «; == OM° + oy + 19, @ = 1,2,3,7,8,9, ay := IM® + 8MOpy + 8M ry + 3ry + 30,
5 1= 9MO + o + 19 + 8MO%py + 8Mry, g == IM° + 1o + @o, aip := SM°hg + 5MOgy +
+ 6MO%g + ho + T2M° + 4AMOrg, a1y = roM%hg, oy := M°(18 + 2p0 + +hg + go + 270),
i =12,14,15, ag; := 18M° + 1o + o, arz := 2M°((M°)%*po + go + ho + o + 18 + M ry +
+ 19 4+ 2M° 4+ 2Myhg + 2Mogo) a; = 18 MY + 2y + 6r¢ + 2M°ry, i = 16,17,18,22,23, 24,
19 :— 9M0+16M07"0+3Q00(16M0+3)+67"0, Qg = 18M0+T‘0+()00+16M ((po+7"0), and @Yo :
= g%”@”cﬂo,ma 9o = ||g,||(; 2(0,11)> Mo = maXHh ||C2[0 u, M = m@;HMiIIC[o,H],

(2] '}

Choosing s > (1/r)ag (g = max{ay, @ = 1,24}) we get that the operator A maps the
set S(v°, r) into itself.
Now, let v and ¥ be two arbitrary elements in S(v°, 7). Using the obvious inequality

ma
1,273,7,8,9

~ 0
po == max ||pyllcipo,m)> co = max |[lcijl|lcrjo,m, M° = maX{M po; co; | All; [l 52 4
4,j=1,9 4,j=1,6

[uFvl — TRt et < JuF — OF|[ulle™ + [OF|[ul — Tlle™™ < 2rgllv — D5, (2,t) € Dy,
after some easy estimations, we find that for (z,¢) € Dy,

lv = ol

i i=1,24

) Y

|Av — Av||s <

where, ; 1= 12M° 4+ M%pg +19,7 = 1,2,3,7,8,9, 74 := 12M° +8M°pq + 10M ¢ + 3r¢ + 30,
w5 1= 9MO + g + 41 + 8MOpy + 8MOrg, 6 := IMO o + 10 + @0, Y10 1= SMhg + 10M° gy +
+ 6M0Q00 + ho + 72M0 + 4M0T0, Y11 = ToMoho, Yi = M0(20 + QQOQ + +h0 + Jo + 27“0),
i =12,14,15, y13 := 2M°((M°)*po + go + ho + o + 18+ MOrq + 1o+ 2M° + 2Mohg + 2Mgp),
Yor = 24M° + 1o + o, Vi = 18M° + 4y + 619 + 2MOr¢, 1 = 16,17, 18,22, 23,24, 9 1=
= 12M0 + 16M0T0 + 3@0(16M0 + 3) + 6T0, Y20 ‘= 18M0 + To + @0 —+ 16M0(p0 + 16M07’0.

Choosing now s > 7o (yo = max {v;, i = 1,24}), we get, that the operator A compresses
the distance between the elements v, v to S(v°, 7).

As follows from the performed estimates, if the number s is chosen from conditions
s > s* := max{ag, Y0}, then the operator A is contracting on S(v°,r). In this case, accord-
ing to the Banach principle [26], the equation (3.1) has the only solution in S(v°, r) for any fixed
H > 0. Theorem 3.1 is proved. U

By the found functions };(t), i,j = 1,3, the functions 7;;(t), i,j = 1,3, are found by the
formulas

t
rij(t) = ri;(0) + / ri(r)dr, i,j =1,3.
0
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§4. Appendix
Let us denote by o;; the projection onto the x;-axis of the stress acting on the area with the

normal parallel to the x;-axis, and let u; be the projection onto the x;-axis of the vector particle
displacement. In viscoelastic anisotropic media, the stress tensor has the following representation:

3 t
oij(z,t) = Z Cijkl [Skl + / Kij(t —7)Sk(x, 1) dT], 1,j=1,2,3,
kl=1 0 4.1)

Spi=—- —+—— R’ k,1=1,2,3
kl 2(81’[ +axk)7 S ) ) y Hy Iy

here ¢;j = cijii(z3) are moduli of elasticity, /;;(¢) are functions responsible for the viscosity of
the medium and K;; = Kj;, 4,7 = 1, 3.

The equations of motion of viscoelastic body particles in the absence of external forces have
the form [27]:

82Ei 5 80’1“ .
Pom =D g i=13 (4.2)
1

where p = p(x3) is medium density and p > 0, u(x,t) = (uy(z,t), sz, t), us(z, t)) is displace-
ment vector.
Note that (4.1) can be considered as integral Volterra equations of the second kind with respect
3

to the expression ) ¢;;uSk. For each fixed pair (i, j) solving these equations, we get
k=1

3

t
oij(x,t) Z Cijki(x3) S (z, ) + /Orij(t —7)0i;(z, 7) dr, (4.3)

k,l=1

where r;; are the resolvents of the kernels K;; and they are related by the following integral
relations:

rii(t) = / ri(T)dr, 4,5 =1,3. (4.4)
The condition K;; = Kj; implies that r;; = r;.
Differentiating (4.3) with respect to ¢ and introducing the notation u; = 3 9 71;, we get
0 > Ouy, Ouy ! ’
5 0(T:1) = ];1cijkl<a—m+ 5o, ) il t) + /0 rii(t =)oz, T)dr. (4.5)
Let cijii = cjiki = Cijik = Criij. The symmetry of the stress tensor reduces the number of

independent elastic moduli from 81 to 21. If we assume that ¢, = c;j, where m = (ij)
and n = (kl), in accordance with the notation (11) — 1, (22) — 2, (33) — 3, (23) = (32) — 4,
(13) = (31) — 5, (12) = (21) — 6, then the matrix of independent elastic moduli can be given
in the form of a 6 X 6 symmetrical matrix. We will consider anisotropic media with a matrix of
independent elastic moduli of the following form [28]:

C11 Ci19 ci3 0 0
Ci2 C11 ci3 00 —Ci6
o €13 C13 c3z 0 0
cos(3) = | 0" 0" 0 0
0 0 0 0 ¢y O
cie —cig 0 0 0  cee
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Then, the system of equations (4.1) and (4.2) for the velocity u; and strain o;;(0;; = ;) in
view of (4.3)—(4.5) can be written as a system of first-order integro-differential equations. For
convenience, let z3 = z,

0 0 0 0 ¢
(A1a — B1—asle — 01—ax2 — Dl@ - Fl)U(xlvx%th) = /0 Ry(t = 7)U(21, 29, 2, 7) dr,
(4.6)

where U = (ul, Ug,U3,011,012,013, 022, 023, 0'33)*, * 18 the transposition sign,

100 00O
Os.3 000100
00 0O0T10
C11 0 0
Al _ < p013><3 ?3><6 )7 B1 _ C1o 0 0 ’
6x3 6x6 c 0 0
. O6><6
0 Cyq4 0
0 0 Cyq4
Ci6 0 0
000100
O35 01 0000
00 0O0O0T1
0 ci2 C16
C) = 0 en —cs ;
0 C13 0
Cas 0 0 O6><6
0 0 0
0 —ci6 o6
0000710
Os.3 00 0O0O01
001000
0 ¢ @3
D, = 0 —ci 3 )
8 8 083 06><6
Cy4 0 0
0 Cee 0

Osxs diag(r11(0),r22(0),733(0),712(0), 713(0), r23(0))
O3><3 O3><6 )

: / / / / / /
Ogxs diag(r), 5, 733,712, 713> T23)(t)

P = ( 0343 O3, )7

R = Ri(t) = (

The system (4.6) can be reduced to a symmetric hyperbolic system [25].

Let us reduce system (4.6) to the canonical form with respect to the variables ¢ and z. As is
known from linear algebra, in the case under consideration there exists a nonsingular matrix 7',
where A is a diagonal matrix with eigenvalues of the matrix D; on its diagonal. Such conditions
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can be satisfied, for example, by a matrix:

0 1 0 000 0 1 0

0 0 1 000 1 0 0

1 0 0 000 0 0 1
—C13 % 0 —C16 % 1 01 C164 / % 0 C134/ é
T(Z) = —C13 % 0 C1g é 010 —C16 é 0 C13 é
—~/C33p0 0 0 000 0 0 \/C33pP

0 0 0 0 01 0 0 0

0 —+/Ca4p 0 000 0 Cqq P 0

0 0 —/Ce6P 000 \/ Ce6 P 0 0

We introduce a new function in equation (4.6) using the equality
U=79,

and multiply this equation on the left by the matrix Y. Then, for the function ¢, after obvious
transformations, we obtain the equation

0 0 0 0 t
Sy Ay N C—F)ﬁ,,,t:R,t—ﬁ,d,
(g + 05, + o, T o, TF) Vw22 0) /0 (2t = 7)b(z,7) dr
where

Y= (1917’1927..., 9 *, B=7" 1A 1Bl = Z]) c=7T" 1A 101 CZ]

A = diag(\;) dlag ,/@ —1/% —,/066000,/666,/644,/033 =
F=T"4; 1D18—+T ADVRT = (py), R=T'AT'RY=(7). (@47
and 75;(2,t) = Tyj, T11 = Tog = —T1g = —Tgn = -2, Tog = Tgg = —Tog = —Tgg = i,
T33 = Ty = —T3p = —T73 = %, Ty = —7“49 = cff’(rn T33), Ta3 = —Ta7 = c>\16(7”11 - 7“23)
Tag =Thy, Tag = T1 — Thgy Ts1 = —Tsg = S3(rhy — 193), Ts3 = —Ta7 = 52 (13 — Phy), Fs = Ty,

Tes = . All other elements of the matrix 7;;, which are not mentioned in this equality, are zero.

Conclusion

In this work, the inverse problem was considered for determining the kernel R(t) included in
the equation (1.1) by using additional condition (1.4) of the solution of the problem with initial
and boundary conditions (1.2), (1.3). Sufficient conditions for given functions are obtained, under
which the inverse problem has unique solutions on a sufficiently small interval.

Funding. The research of the third author was financially supported by the Ministry of Science
and Higher Education of the Russian Federation, project no. 075-02-2023-914.
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