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Abstract—This work investigates an initial-boundary value and an inverse coefficient problem of
determining a space dependent coefficient in the fractional wave equation with the generalized
Riemann–Liouville (Hilfer) time derivative. In the beginning, it is considered the initial boundary
value problem (direct problem). By the Fourier method, this problem is reduced to equivalent
integral equations, which contain Mittag-Leffler type functions in free terms and kernels. Then,
using the technique of estimating these functions and the generalized Gronwall inequality, we
get a priori estimate for solution via unknown coefficient which will be used to study the inverse
problem. The inverse problem is reduced to the equivalent integral equation of Volterra type. To show
existence unique solution to this equation the Schauder principle is applied. The local existence and
uniqueness results are obtained.
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1. INTRODUCTION

The theory of fractional differential equations and fractional partial differential equations have recently
received significant attention in various fields science. The reason is that it can be used to solve practical
problems from the fields of science and engineering, such as physics, chemistry, electrodynamics of
complex media, polymer rheology and so on ([1–7]). Recently the research of fractional differential
equations has made great progress. In the literature, there are several definitions of fractional integrals
and derivatives, the most popular definitions are in the sense of the Riemann–Liouville and Caputo
derivatives. Hilfer introduced a generalized Riemann–Liouville fractional derivative, the socalled Hilfer
fractional derivative. Many authors studied the existence of solutions for fractional differential equations
involving Hilfer fractional derivative (see [1, 6], and [8–11]).

Inverse problems for integer and fractional partial differential equations is a rapidly developing area
of mathematics. If the classical formulations of boundary value problems for these equations have
already been sufficiently well studied and the conditions for their solvability have been obtained, then
the situation with inverse problems is more complicated. Often, even the very formulation of such
problems requires additional research, including studies of the differential properties of solutions to direct
problems. This is especially pronounced in nonlinear problems, such as coefficient inverse problems
or problems of determining the kernel in integro-differential equations with an integral convolution
operator.
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It was shown in [12] and [13] that the integro-differential equations of heat conduction and the wave
equation with the kernel in the integral term of the form of Mittag-Leffler functions are equivalently
reduced to fractional diffusion and wave equations with a fractional derivative of order α ∈ (0, 1] in
the first and α ∈ (1, 2] in second cases, in the sense of Caputo fractional derivative. Such equations
also describe a wide class of diffusion-wave processes occurring in highly porous media with complex
components.

Inverse problems of determining the convolution kernel in integro-differential equations, the main
part of which coincides with a hyperbolic operator, were studied in [14–20]. In these studies, the
authors discussed the unique solvability and stability estimates of the solution, as well as a numerical
approach for solving such problems. A wide class of direct and inverse problems of determining the
kernel in integro-differential hyperbolic equations with lumped sources of perturbations was studied in
the recently published monograph [20] (see also the bibliography there).

Inverse problems for fractional differential wave and diffusion equations have not yet been deeply
investigated. In the literature, an order of the time-fractional derivative problems [21–23], source
determination linear problems [24–30] and coefficient nonlinear inverse problems [31–40] in the initial
boundary value problem for fractional diffusion- wave equations with various types of overdetermination
conditions are encountered most often (see also the references in all listed works). The papers [41] and
[42] study inverse problems of finding space dependent and time-dependent source terms, respectively,
in time-fractional diffusion equation by using eigenfunction expansion of the non-self adjoint spectral
problem along the generalized Fourier method. The main results of these studies comprise the existence
and uniqueness theorems, as well as a stability estimate for the solution of the problem of determining
the coefficient in a time-fractional diffusion and wave equation.

In the paper [43], the inverse problem of determining the time-dependent reaction-diffusion coeffi-
cient in the Cauchy problem for the time-fractional diffusion equation with the generalized Riemann–
Liouville (Hilfer) operator by a single observation at the point x = 0 of the diffusion process was studied.
The local existence and global uniqueness results and the conditional stability estimate of solution are
proven.

In the domain ΩT = {(x, t) : 0 < x < l, 0 < t ≤ T}, we consider the problem of determining a
function v(x, t) satisfying the equation(

Dα,β
0+,tu

)
(x, t)− uxx + q(x)u(x, t) = f(x, t), (1)

the initial conditions of Cauchy type

I
(1−α)(1−β)
0+,t u(x, t)

∣∣
t=0

= ϕ(x), x ∈ [0, l], (2)

and the boundary conditions

u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T. (3)

Here the generalized Riemann–Liouville (Hilfer) fractional differential operator Dα,β
0+,t of the order 0 <

α < 1 and type 0 ≤ β ≤ 1 is defined as follows [1, pp. 112–118], [2, pp. 62–65]:

Dα,β
0+,tv(·, t) =

(
I
β(1−α)
0+,t

∂

∂t

(
I
(1−β)(1−α)
0+,t v

))
(·, t),

where

Iσ0+,tv(·, t) =
1

Γ(σ)

t∫

0

v(·, τ)
(t− τ)1−σ

dτ, σ ∈ (0, 1)

is the Riemann–Liouville fractional integral of the function v(x, t) with respect to t [3, pp. 69–72], Γ(·)
is the Euler’s Gamma function.

In [1, pp. 112–118] and [5, pp. 28–37], by R. Hilfer was introduced a generalized form of the
Riemann–Liouville fractional derivative of order α and a type β ∈ [0, 1], which coincides with the
Riemann–Liouville fractional derivative at β = 0 and with Caputo fractional derivative at β = 1, and
the case β ∈ (0, 1) interpolates these both fractional derivatives.
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For the given functions f(x, t), ϕ(x), q(x) and numbers α ∈ (0, 1), β ∈ [0, 1], the problem of
determining the solution to the initial-boundary value problem (1)–(3) we call as the direct problem.

Inverse problem. It is required to determine the function q(x), x ∈ [0, l] if the nonlocal overdeter-
mination condition is given

T∫

0

w(t)u(x, t)dt = h(x), x ∈ [0, l], (4)

where w(t) and h(x) are known functions.
Let u(x, t) be a classical solution to the initial boundary value problem (1)–(3) and f(x, t), ϕ(x) be

enough smooth functions. We carry out the next converting of the direct problem (1)–(3).
We consider the weighted spaces of continuous functions [3, pp. 4–5, 162–163]

Cγ [a, b] := {g : (a, b] → R : (t− a)γ g(t) ∈ C[a, b], 0 ≤ γ < 1},

Cα,β
γ (Ω) =

{
ν(t) : Dα,β

0+,tν(t) ∈ Cγ(0, T ], 0 < α ≤ 1, 0 ≤ β ≤ 1

}
,

Ck,α,β
γ (Ω) =

{
μ(x, t) : μ(x, ·) ∈ Ck(0, l); t ∈ [0, T ]

}

and

Dα,β
0+,tμ(·, t) ∈ Cγ(0, T ]; x ∈ [0, l], 0 < α ≤ 1, 0 ≤ β ≤ 1

}
, k = 0, 1, 2, C0

γ [a, b] = Cγ [a, b],

with the norms

||f ||Cγ = ||(t− a)γf(t)||C , ||f ||Cn
γ
=

n−1∑
k=0

||f (k)||C + ||f (n)||Cγ .

Assume that throughout this article, given functions ϕ1, ϕ2, f , w, and h satisfy the following
assumptions:

A1) ϕ ∈ C3[0, l], ϕ(4) ∈ L2[0, l], ϕ(0) = ϕ(l) = 0, ϕ′′(0) = ϕ′′(l) = 0;

A2) Dα,β
0+,tf(·, t) ∈ Cγ(0, T ], f(·, t) ∈ C3[0, l], fxxxx(x, t) ∈ L2[0, l], f(0, t) = f(l, t) = 0, fxx(0, t) =

fxx(l, t) = 0;

A3) w(t) ∈ C[0, l];

A4) h(x) ∈ C2[0, l], |h(x)| ≥ h0 > 0, h0 is a given number;
In the next section, we provide some necessary definitions and well-known assertions.

2. PRELIMINARIES

In this section, we present some useful definitions and results of fractional calculus.
Two parameter Mittag-Leffler function. The two parameter Mittag-Leffler function Eα,β(z) is

defined by the following series

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
,

where α, β, z ∈ C with R(α) > 0, R(α) denotes the real part of the complex number α. The Mittag-
Leffler function has been studied by many authors who have proposed and studied various generaliza-
tions and applications.

Proposition 1. Let 0 < α < 2 and β ∈ R be arbitrary. We suppose that κ is such that πα/2 <
κ < min{π, πα}. Then, there exists a constant C = C(α, β, κ) > 0 such that

|Eα,β(z)| ≤
C

1 + |z| , κ ≤ |arg(z)| ≤ π.
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For the proof, we refer to [3, pp. 40–45], for example.
Lemma 1 [44, p. 189]. Suppose b ≥ 0, α > 0 and a(t) is nonnegative function locally integrable

on 0 ≤ t < T (some T ≤ +∞) and suppose u(t) is nonnegative and locally integrable on 0 ≤ t <
T with

u(t) ≤ a(t) + b

t∫

0

(t− s)α−1u(s)ds,

then

u(t) ≤ a(t) + bΓ(α)

t∫

0

(t− s)α−1Eα,α (bΓ(α)(t − s)α) a(s)ds.

Lemma 2 [44, p. 189]. Suppose b ≥ 0, α > 0, γ > 0, α+ γ > 1 and a(t) is nonnegative function
locally integrable on 0 ≤ t < T and suppose tγ−1u(t) is nonnegative and locally integrable on
0 ≤ t < T with

u(t) ≤ a(t) + b

t∫

0

(t− s)α−1sγ−1u(s)ds,

then

u(t) ≤ a(t)Eα,γ

(
(bΓ(α))

1
α+γ−1 t

)
,

where

Eα,γ(t) =

∞∑
m=0

cmtm(α+γ−1), c0 = 1,
cm+1

cm
=

Γ(m(α+ γ − 1) + γ)

Γ(m(α+ γ − 1) + α+ γ)

for m ≥ 0. As t → +∞ Eα,γ(t) = O
(
t
1
2

α+γ−1
α−γ exp

(
α+γ−1

α t
α+γ−1

α

))
.

3. EXISTENCE AND UNIQUENESS RESULTS FOR DIRECT PROBLEM SOLUTION

In equation (1), transferring the term q(x), u(x, t) to the right side, we introduce the designation
F (x, t) = f(x, t)− q(x)u(x, t). Then, we get(

Dα,β
0+,tu

)
(x, t)− uxx = F (x, t). (5)

By applying the Fourier method, the solution u(x, t) of the problem (2), (3) and (5) can be expanded
in a uniformly convergent series in term of eigenfunctions of the form

u(x, t) =

∞∑
n=1

Xn(x)un(t), (6)

where

un(t) =

l∫

0

u(x, t)Xn(x)dx, Xn(x) =

√
2

l
sin(λnx), λn =

πn

l
, n = 1, 2, . . . . (7)

The coefficients un(t) for n ≥ 1 are to be found by making use of the orthogonality of the eigenfunc-
tions Xn(x). Recall that the scalar product in L2[0, l] is defined by (f, g) =

∫ l
0 f(x)g(x)dx. Let us note

the express coefficients of F (x, t) and ψ(x) in the eigenfunctions (7) for n ≥ 1 respectively by

(F (x, t),Xn(x)) = Fn(t), (ϕ(x),Xn(x)) = ϕn.
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In view of (2) and (5), we obtain for each n Cauchy type problems
{(

Dα,β
0+,tun

)
(t) + λ2

nun = Fn(t),

I
(1−α)(1−β)
0+,t un(t)

∣∣
t=0

= ϕn.
(8)

Based on [6, pp. 61–114], we find that solutions of (8) are given by formulas

un(t) = t(β−1)(1−α)Eα,1+(β−1)(1−α)

(
−λ2

nt
α
)
ϕn +

t∫

0

(t− τ)α−1 Eα,α(−λ2
n(t− τ)α)Fn(τ)dτ. (9)

Substituting (9) into (6), taking into account designation F (x, t) = f(x, t)− q(x)u(x, t), we get an
integral equation which is equivalent to problem (2), (3), and (5)

u(x, t) =

∞∑
n=1

⎡
⎢⎣ t(β−1)(1−α)Eα,1+(β−1)(1−α)

(
−λ2

nt
α
)
ϕn

+

t∫

0

(t− τ)α−1 Eα,α(−λ2
n(t− τ)α)fn(τ)dτ

⎤
⎥⎦Xn(x)

−
t∫

0

l∫

0

∞∑
n=1

Eα,α(−λ2
n(t− τ)α)Xn(ξ)Xn(x)q(ξ)u(ξ, τ)dξdτ. (10)

We write the integral equation (10) in the following form

u(x, t) = Φ(x, t)−
t∫

0

l∫

0

Gα,α(x, ξ, t− τ)q(ξ)u(ξ, τ)dξdτ, (11)

where

Φ(x, t) =

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)ϕ(ξ)dξ +

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)f(ξ, τ)dξdτ,

Gα,λ(x, ξ, t− τ) =

∞∑
n=1

(t− τ)λ−1 Eα,λ(−λ2
n(t− τ)α)Xn(ξ)Xn(x), (12)

Gα,λ(x, ξ, t− τ) is the Green’s function of the first initial-boundary problem for equation(
Dα,β

0+,tv
)
(x, t)− vxx(x, t) = 0.

It is true the following assertion.

Theorem 1. Let q(x) ∈ C[0, l], A1) and A2) be satisfied, then there exists a unique solution of
the integral equation (11) such that u(x, t) ∈ C2,α,β

γ (ΩT ).

Proof. To show the existence of unique solution to equation (11) we use the method of successive
approximations, representing the solution in the form

u(x, t) =

∞∑
k=0

uk(x, t), (13)

where

u0(x, t) = Φ(x, t),
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uk(x, t) = −
t∫

0

l∫

0

Gα,α(x, ξ, t − τ)q(ξ)uk−1(ξ, τ)dξdτ. (14)

Let
||q||C[0,l] = max

x∈[0,l]
|q(x)|, f0 = ||tγf(x, t)||C2,0(ΩT ), ϕ0 = ||ϕ||C2[0,l],

where γ satisfies condition (1− β)(1− α) < γ < 1. This solution (14) is bounded in C2,α,β
γ (ΩT ) in view

of A1)–A2). Multiplying u0(x, t) by tγ and estimating, we get

tγ |u0(x, t)| = tγ

∣∣∣∣∣∣

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)ϕ(ξ)dξ +

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)f(ξ, τ)dξdτ

∣∣∣∣∣∣
≤ T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1− γ),

where C1 = const. Similarly way from (14) for k = 1, 2, we obtain

tγ |u1(x, t)| = tγ

∣∣∣∣∣∣

t∫

0

l∫

0

Gα(x, ξ, t− τ)q(ξ)u0(ξ, τ)dξdτ

∣∣∣∣∣∣

≤ C1

(
T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1 − γ)
)
tγ

∣∣∣∣∣∣

t∫

0

(t− τ)α−1 τ−γdτ

∣∣∣∣∣∣

≤
(
T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1− γ)
) C1Γ(α)Γ(1 − γ)

Γ(α+ 1− γ)
tα,

tγ |u2(x, t)| = tγ

∣∣∣∣∣∣
−

t∫

0

l∫

0

Gα(x, ξ, t− τ)q(ξ)u1(ξ, τ)dξdτ

∣∣∣∣∣∣

≤
(
T γ+(β−1)(1−α)ϕ0 +C1f0T

αB(α, 1− γ)
) C2

1 ||q||2C[0,l]Γ
2(α)Γ(1 − γ)

Γ(2α+ 1− γ)
t2α.

Thus, we have

tγ |uk(x, t)| = tγ

∣∣∣∣∣∣
−

t∫

0

l∫

0

G(x, ξ, t − τ)q(ξ)uk−1(ξ, τ)dξdτ

∣∣∣∣∣∣

≤
(
T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1 − γ)
) Ck

1 ||q||kC[0,l]Γ
k(α)Γ(1 − γ)

Γ(kα+ 1− γ)
tkα.

It follows from the above estimates that the series tγu(x, t) =
∞∑
k=0

tγuk(x, t), converges uniformly in ΩT ,

since it can be majorized in ΩT by the convergent numerical series
(
T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1− γ)
)
Γ (1− γ)

∞∑
k=0

(
||q||C[0,l]Γ(α)

)k T kα

Γ (kα+ 1− γ)
.

This means the following estimate for the solution of the integral equation (14) takes place

tγ |u(x, t)| ≤
(
T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1− γ)
)
Γ (1− γ)

×
∞∑
k=0

(
||q||C[0,l]Γ(α)

)k T kα

Γ (kα+ 1− γ)
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=
(
T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1− γ)
)
Γ (1− γ)Eα,1−γ

(
C1||q||C[0,l]Γ(α)T

α
)
, (15)

where Eα,γ(·) is the Mittag-Leffler function of a nonnegative real argument defined in Preliminaries.
Since, when equation (11) has a unique solution, Φ(x, t) and Gα,α(x, ξ, t− τ) are continuous

functions of their arguments by the conditions of the theorem. According to the general theory of integral
equations, this implies that the same property will be possessed the function tγu(x, t) in ΩT . As usual,
this function is a solution of integral equation (11).

Lemma 3. If the conditions A1)–A2) are fulfilled, then there are equalities

ϕn =
1

λ4
n

ϕ(4)
n , fn(t) =

1

λ4
n

f (4)
n (t), (16)

where

ϕ(4)
n =

√
2

l

∫ l

0
ϕ(4)(x) cos(λnx)dx, f (4)

n (t) =

√
2

l

∫ l

0
f (4)
xxxx(x, t) cos(λnx)dx,

with the following estimates
∞∑
n=1

|ϕ(4)
n,i |2 = ||ϕ(4)

i ||L2[0,l],
∞∑
n=1

|f (4)
n (t)|2 = ||f (4)(t)||L2[0,l]×C[0,T ]. (17)

Let us derive an estimate for the norm of the difference between the solution of the original integral
equation (11) and the solution of this equation with perturbed functions q̃, ψ̃n, and f̃n. Let ũ(x, t) be
solution of the integral equation (11) corresponding to the functions q̃, ϕ̃n, and f̃n; i.e.,

ũ(x, t) = Φ̃(x, t)−
t∫

0

l∫

0

Gα,α(x, ξ, t− τ)q̃(ξ)ũ(ξ, τ)dξdτ, (18)

where

Φ̃(x, t) =

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)ϕ̃(ξ)dξ +

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)f̃(ξ, τ)dξdτ. (19)

Composing the difference u(x, t)− ũ(x, t) with the help of the equations (11), (18) and introducing
the notations û(x, t) = u(x, t)− ũ(x, t), q̂(x) = q(x)− q̃(x), ϕ̂(x) = ϕ(x)− ϕ̃(x), f̂(x, t) = f(x, t)−
f̃(x, t), we obtain the integral equation

û(x, t) = Φ̂(x, t)−
t∫

0

l∫

0

Gα,α(x, ξ, t− τ)

[
q̃(ξ)û(ξ, τ) + q̂(ξ)u(ξ, τ)

]
dξdτ, (20)

where

Φ̂(x, t) =

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)ϕ̂(ξ)dξ +

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)f̂(ξ, τ)dξdτ. (21)

From the equalities (21) it follows the estimate for (x, t) ∈ ΩT :

tγ
∣∣∣Φ̂(x, t)

∣∣∣ = tγ

∣∣∣∣∣∣

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)ϕ̂(ξ)dξ +

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)f̂(ξ, τ)dξdτ

∣∣∣∣∣∣
≤ T γ+(β−1)(1−α)||ϕ̂||C[0,l] +C1||f̂ ||γTαB(α, 1− γ).

From which is derived the following linear integral inequality for tγ |û(x, t)|
tγ |û(x, t)| ≤ T γ+(β−1)(1−α)||ϕ̂||C[0,l] +C1||f̂ ||γTαB(α, 1− γ)
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+
(
T γ+(β−1)(1−α)ϕ0 + C1f0T

γ+αB(α, 1− γ)
)
Γ (1− γ)Eα,1−γ

(
C1||q||C[0,l]Γ(α)T

α
)
||q̂||C[0,l]

+ ||q̃||C[0,l]t
γ

t∫

0

(t− τ)α−1 |û(ξ, τ)|dτ, (22)

where B(·, ·) is the Euler’s Beta function and to estimate the second term on the right side of (20) it was

used the equality
t∫
0

(t− τ)α−1τ−γdτ = tα−γB(α, 1 − γ).

Let

θ = θ
(
α, β, T, ||q̂||C[0,l], ||ϕ̂||C[0,l], ||f̂ ||γ

)

= max

{
1, T γ+(β−1)(1−α), TαB(α, 1− γ),

(
T γ+(β−1)(1−α)ϕ0 + C1f0T

γ+αΓ (1− γ)
)

×B(α, 1 − γ)Eα,1−γ

(
C1||q||C[0,l]Γ(α)T

α
)
}
.

Applying the successive approximation method to inequality (22) with the help of the scheme

tγ |û(x, t)|0 ≤ θ
(
||ϕ̂||+ ||f̂ ||γ + ||q̂||C[0,l]

)
.

Similarly way from (22) for k = 1, 2, we obtain

tγ |û(x, t)|1 ≤ tγ

∣∣∣∣∣∣

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)|q̃(ξ)||û(ξ, τ)|0

∣∣∣∣∣∣

≤ θ
(
||ϕ̂||+ ||f̂ ||γ + ||q̂||C[0,l]

) C1||q̃||C[0,l]Γ(1− γ)Γ(α)

Γ(α+ 1− γ)
tα,

tγ |û(x, t)|2 ≤ tγ

∣∣∣∣∣∣

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)|q̃(ξ)||û(ξ, τ)|1

∣∣∣∣∣∣

≤ θ
(
||ϕ̂||+ ||f̂ ||γ + ||q̂||C[0,l]

) C2
1 ||q̃||2C[0,l]Γ(1− γ)Γ2(α)

Γ(2α+ 1− γ)
t2α.

Thus,we get

tγ |û(x, t)|k ≤ θ
(
||ϕ̂||+ ||f̂ ||γ + ||q̂||C[0,l]

) Ck
1 ||q̃||kC[0,l]Γ

k(α)Γ(1 − γ)

Γ(kα+ 1− γ)
tkα,

we obtain the estimate

tγ |û(x, t)| ≤ θ
(
||ϕ̂||+ ||f̂ ||γ + ||q̂||C[0,l]

)
Γ (1− γ)

×
∞∑
k=0

(
C1||q̃||C[0,l]Γ(α)

)k T kα

Γ (kα+ 1− γ)
≤ θ
(
||ϕ̂||+ ||f̂ ||γ + ||q̂||C[0,l]

)

× Γ (1− γ)Eα,1−γ

(
C1||q̃||C[0,l]||Γ(α)Tα

)
, (x, t) ∈ ΩT , (23)

which will be used in the next section. Indeed the expression (23) is the stability estimate for the solution
u(x, t) to the initial boundary value problem (1)–(3) in the class C2,α,β

γ (ΩT ). The uniqueness for this
solution follows from (23). �

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No. 2 2024



88 DURDIEV, TURDIEV

4. INVESTIGATION OF INVERSE PROBLEM

Let us consider the inverse problem (1)–(4) and obtain an operator equation for the coefficient q(x).
Thus, let q(x) be an arbitrary function from C[0, l]. Let us multiply equation (1) by w(t) and integrate
over the closed interval [0, T ]. Taking into account conditions (2)–(4), A3) and A4), we obtain the next
relation

q(x) =
1

h(x)

⎧
⎨
⎩

T∫

0

w(t)f(x, t)dt+ h′′(x)−
T∫

0

w(t)
(
Dα,β

0+,tu
)
(x, t)dt

⎫
⎬
⎭ . (24)

Equation (24) contain the unknown functions Dα,β
0+,tu, we will find it. For this, we introduce a new

function Dα,β
0+,tu(x, t) = v(x, t), (x, t) ∈ ΩT in direct problem (1)–(3) and we get the following problem

(
Dα,β

0+,tv
)
(x, t)− vxx + q(x)v(x, t) =

(
Dα,β

0+,tf
)
(x, t), (25)

with initial condition

I
(1−α)(1−β)
0+,t v(x, t)

∣∣
t=0

= I
(1−α)(1−β)
0+,t f(x, t)

∣∣
t=0

+ ϕ′′(x)− q(x)ϕ(x) := ψ(x), x ∈ [0, l], (26)

and the boundary conditions

v(0, t) = v(l, t) = 0, t ∈ [0, T ]. (27)

Solution of problem (25)–(27) will investigate following view by the similar method to the problem
(1)–(3)

v(x, t) = Φ(x, t)−
t∫

0

l∫

0

Gα,α(x, ξ, t− τ)q(ξ)v(ξ, τ)dξdτ, (28)

where

Φ(x, t) =

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)
(
I
(1−α)(1−β)
0+,t f(ξ, t)

∣∣
t=0

+ ϕ′′(ξ)− q(ξ)ϕ(ξ)
)
dξ

+

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)
(
Dα,β

0+,τf
)
(ξ, τ)dξdτ.

The existence of a solution to the integral equation (28) is proven by the method of successive
approximation, as in the case of the existence of a solution to the integral equation (11).

If we use the view of the function v(x, t) in the Volterra integral equation of the second type (28), we
obtain an integral equation for Dα,β

0+,tu(x, t)

Dα,β
0+,tu(x, t) = Υ(x, t)−

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)q(ξ)ϕ(ξ)dξ

−
t∫

0

l∫

0

Gα,α(x, ξ, t − τ)q(ξ)Dα,β
0+,τu(ξ, τ)dξdτ, (29)

where

Υ(x, t) =

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)
(
I
(1−α)(1−β)
0+,t f(ξ, t)

∣∣
t=0

+ ϕ′′(ξ)
)
dξ
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+

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)
(
Dα,β

0+,τf
)
(ξ, τ)dξdτ.

Equations (11), (24), and (29) show that the values of u(x, t),
(
Dα,β

0+,tu
)
(x, t), and q(x) for (x, t) ∈

ΩT are expressed in terms of the integrals of some combinations of these functions over segments lying
in ΩT .

Write (11), (24), and (29) as a closed system of integral equations. To this end, introduce the vector-
functions υ(x, t) = (υ1(x, t), υ2(x, t), υ3(x, t)), by defining their components by the equalities

υ1(x, t) = u(x, t), υ2(x, t) := υ2(x) = q(x),

υ3(x, t) =
(
Dα,β

0+,tu
)
(x, t)−

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)q(ξ)ϕ(ξ)dξ.

Then, system (11), (24), and (29) takes the operator form

υ = Aυ, (30)

where A is the operator A = (A1,A2,A3), that is defined in accordance with the right-hand sides of
(11), (24), and (29) by the equalities

A1υ(x, t) = υ01(x, t)−
t∫

0

l∫

0

Gα,α(x, ξ, t− τ)υ2(ξ)υ1(ξ, τ)dξdτ, (31)

A2υ(x) = υ02(x, t)−
1

h(x)

T∫

0

w(t)
(
υ3(x, t)−

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)υ2(ξ)ϕ(ξ)dξ
)
dt, (32)

υ3(x, t) = υ03(x, t)

−
t∫

0

l∫

0

Gα,α(x, ξ, t− τ)υ2(ξ)
(
υ3(ξ, τ)−

l∫

0

Gα,1+(β−1)(1−α)(ξ, ζ, τ)υ2(ζ)ϕ(ζ)dζ
)
dξdτ. (33)

In these formulas, we used the notations

υ01(x, t) = Φ(x, t), υ02(x, t) =
1

h(x)

⎧
⎨
⎩

T∫

0

w(t)f(x, t)dt+ h′′(x)

⎫
⎬
⎭ , υ03(x, t) = Υ(x, t).

Theorem 2. Let A1)–A4) are satisfied. Then, there exist sufficiently small number T ∈ (0, T ∗),
there exists a unique solution to inverse problem (1)–(4) of the class q(x) ∈ C[0, l].

Proof. For simplicity, we denote

H := ||h||C2[0,l], w0 := ||w||C[0,T ].

Consider the functional space of vector functions υ(x, t) ∈ C(ΩT ) with the norm given by the relation

||υ|| = max

{
max

(x,t)∈ΩT

tγ |υ1(x, t)|, max
x∈[0,l]

|υ2(x)|, max
(x,t)∈ΩT

tγ |υ3(x, t)|
}
,

besides

||υ0|| = max

{
max

(x,t)∈ΩT

tγ |υ01(x, t)|, max
x∈[0,l]

|υ02(x)|, max
(x,t)∈ΩT

tγ |υ03(x, t)|
}
,
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where
max

(x,t)∈ΩT

tγ |υ01(x, t)|

= max
(x,t)∈ΩT

tγ

∣∣∣∣∣∣

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)ϕ(ξ)dξ +

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)f(ξ, τ)dξdτ

∣∣∣∣∣∣
≤ T γ+(β−1)(1−α)ϕ0 + C1f0T

αB(α, 1− γ),

max
x∈[0,l]

|υ02(x)| = max
x∈[0,l]

∣∣∣∣∣∣
1

h(x)

⎧
⎨
⎩

T∫

0

w(t)f(x, t)dt+ h′′(x)

⎫
⎬
⎭

∣∣∣∣∣∣
≤ 1

h0

(
Tw0f0 +H0

)
,

max
(x,t)∈ΩT

tγ |υ03(x, t)| = max
(x,t)∈ΩT

tγ
∣∣∣Υ(x, t)

∣∣∣

≤ max
(x,t)∈ΩT

tγ

∣∣∣∣∣∣

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)
(
I
(1−α)(1−β)
0+,t f(ξ, t)

∣∣
t=0

+ ϕ′′(ξ)
)
dξ

+

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)Dα,β
0+,τf(ξ, τ)dξdτ

∣∣∣∣∣∣

≤ T γ+(β−1)(1−α)

(
||f0||+ ||ϕ||C[0,l]

)
+ C1T

αB(α, 1− γ)f0.

In this space, by B(υ0, r) we denote the ball with center υ0 and radius r, i.e., B(υ0, r) := {υ : ||υ −
υ0|| ≤ r}. Obviously, ||υ|| ≤ ||υ0||+ r := r0.

Let us show that A is a contraction operator in the ball B(υ0, r) provided that T and l are sufficiently
small numbers.

Let us verify the first condition of a fixed point argument. Let υ ∈ B(υ0, r); then ||υ|| ≤ υ0 + r. In

addition, for (x, t) ∈ ΩT using equality
l∫
0

Gα,α(x, ξ, t)dξ ≤ C1t
α, we have estimates

||A1υ − υ01||γ = max
(x,t)∈ΩT

⎧
⎨
⎩tγ

∣∣∣∣∣∣
−

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)υ2(ξ)υ1(ξ, τ)dξdτ

∣∣∣∣∣∣

⎫
⎬
⎭ ≤ r20C1

α+ 1
Tα+1,

||A2υ − υ02|| = max
(x,t)∈ΩT

⎧⎨
⎩

∣∣∣∣∣∣
− 1

h(x)

T∫

0

w(t)
(
υ3(x, t)−

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)υ2(ξ)ϕ(ξ)dξ
)
dt

∣∣∣∣∣∣

⎫⎬
⎭

≤ w0

h0

(
1 +

||ϕ||C[0,l]

α+ 1
C1T

α

)
r0T,

||A3υ − υ03||γ = max
(x,t)∈ΩT

⎧
⎨
⎩tγ

∣∣∣∣∣∣
−

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)υ2(ξ)
(
υ3(ξ, τ)

−
l∫

0

Gα,1+(β−1)(1−α)(ξ, ζ, τ)υ2(ζ)ϕ(ζ)dζ
)
dξdτ

∣∣∣∣∣∣

⎫⎬
⎭

≤
(

T

α+ 1
+ ||ϕ||C[0,l]T

αB(α+ 1, α + 1)C1

)
C1r

2
0T

α.
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These together with (30) and (31)–(33) imply the estimates

||Aυ − υ0|| = max

{
max

(x,t)∈ΩT

tγ |A1υ(x, t)− υ01(x, t)|, max
x∈[0,l]

|A2υ(x)− υ02(x)|,

max
(x,t)∈ΩT

tγ |A3υ(x, t)− υ03(x, t)|
}

≤ max

{
r0C1

α+ 1
Tα,

w0

h0

(
1 +

||ϕ||C[0,l]

α+ 1
C1T

α

)
T,

(
T

α+ 1
+ ||ϕ||C[0,l]T

αB(α+ 1, α + 1)C1

)
C1r0T

α.

Therefore, if by T1 we denote the positive root of the equation (for T )

max

{
r0C1

α+ 1
Tα,

w0

h0

(
1 +

||ϕ||C[0,l]

α+ 1
C1T

α

)
T,

(
T

α+ 1
+ ||ϕ||C[0,l]T

αB(α+ 1, α + 1)C1

)
C1r0T

α

}
= r,

then ||Aυ − υ0|| ≤ r for T ≤ T1; i.e., Aυ ∈ B(υ0, r).

Now let us take any functions υ, υ̃ ∈ B(υ0, r) and estimate the norm of the difference ||Aυ − ||Aυ̃||.
Using the obvious inequality

|υ1υ2 − υ̃1υ̃2| ≤ |υ1 − υ̃1||υ̃2|+ |υ2 − υ̃2||υ̃1| ≤ 2r0||υ − υ̃||
and estimates for integrals similar to the ones given above, we obtain

||A1υ −A1υ̃||γ = max
(x,t)∈ΩT

⎧
⎪⎨
⎪⎩

tγ

∣∣∣∣∣∣∣
−

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)

×
(
υ2(ξ)υ1(ξ, τ)− υ̃2(ξ)υ̃1(ξ, τ)

)
dξdτ

∣∣∣∣∣∣∣

⎫
⎪⎬
⎪⎭

≤ 2r20C1

α+ 1
Tα+1||υ − υ̃||,

||A2υ −A2υ̃|| =

∣∣∣∣∣∣
− 1

h(x)

T∫

0

w(t)
(
υ3(x, t)−

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)υ2(ξ)ϕ(ξ)dξ
)
dt

+
1

h(x)

T∫

0

w(t)
(
υ̃3(x, t)−

l∫

0

Gα,1+(β−1)(1−α)(x, ξ, t)υ̃2(ξ)ϕ(ξ)dξ
)
dt

∣∣∣∣∣∣

≤ w0

h0

(
1 + 2

||ϕ||C[0,l]

α+ 1
C1T

α

)
r0T ||υ − υ̃||,

||A3υ −A3υ̃||γ = max
(x,t)∈ΩT

⎧
⎨
⎩tγ

∣∣∣∣∣∣
−

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)υ2(ξ)
(
υ3(ξ, τ)

−
l∫

0

Gα,1+(β−1)(1−α)(ξ, ζ, τ)υ2(ζ)ϕ(ζ)dζ
)
dξdτ

+

t∫

0

l∫

0

Gα,α(x, ξ, t− τ)υ̃2(ξ)
(
υ̃3(ξ, τ)
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−
l∫

0

Gα,1+(β−1)(1−α)(ξ, ζ, τ)υ̃2(ζ)ϕ(ζ)dζ
)
dξdτ

∣∣∣∣∣∣

⎫
⎬
⎭

≤ 2

(
T

α+ 1
+ 2||ϕ||C[0,l]T

αB(α+ 1, α + 1)C1

)
C1r

2
0T

α||υ − υ̃||.

It follows that

||Aυ −Aυ̃||γ = max

{
max

(x,t)∈ΩT

tγ |A1υ(x, t) −A1υ̃(x, t)|, max
x∈[0,l]

|A2υ(x)−A2υ̃(x)|,

max
(x,t)∈ΩT

tγ |A3υ(x, t)−A3υ̃(x, t)|
}

≤ max

{
2r0C1

α+ 1
Tα,

w0

h0

(
1 + 2

||ϕ||C[0,l]

α+ 1
C1T

α

)
r0T,

2

(
T

α+ 1
+ 2||ϕ||C[0,l]T

αB(α+ 1, α + 1)C1

)
C1r

2
0T

α||υ − υ̃||.

Therefore, if T2 is the positive root of the equation (for T )

max

{
2r0C1

α+ 1
Tα,

w0

h0

(
1 + 2

||ϕ||C[0,l]

α+ 1
C1T

α

)
r0T,

2

(
T

α+ 1
+ 2||ϕ||C[0,l]T

αB(α+ 1, α + 1)C1

)
C1r

2
0T

α

}
= 1,

then for T ≤ T2 the operator A contracts the distance between the elements υ and υ̃. Under the inequal-
ity T < T ∗ = min{T1, T2}, the operator A is a contraction operator on the set B(υ0, r). Consequently,
by the Banach principle [45, pp. 87–97], equation (30) has a unique solution on this set. The proof of the
theorem is complete. �

5. CONCLUSIONS

In this work, the solvability of a nonlinear inverse problem for a fractional wave equation with the
generalized Riemann–Liouville (Hilfer) time derivative with initial-boundary conditions and integral
type overdetermination conditions was studied. Firstly we investigated solvability direct problem. Then,
the (1)–(3) problem replaced by an equivalent problem of Volterra type integral equations of the second
kind. Existence and uniqueness results of direct problem were proven. The inverse problem was
considered of determining q(x) included in the equation (1) with additional condition (4) of the solution
of equation (1) with the initial and boundary conditions (2) and (3). The inverse problem is reduced to an
equivalent Volterra-type integral equation. Contraction principle of Banach was used to show that this
equation has a unique solution. Local solubility and uniqueness results are obtained.

REFERENCES
1. R. Hilfer, Applications of Fractional Calculus in Physics (World Scientific, Singapore, 2000).
2. I. Podlubny, Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional

Differential Equations, to Methods of their Solution and some of their Applications, Vol. 198 of
Mathematics in Science and Engineering (Academic, New York, 1999).

3. A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Vol. 204 of North-Holland Mathematics Studies (Elsevier, Amsterdam, 2006).

4. K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations (Wiley, New York, 1993).

5. S. G. Samko, A. A. Kilbas, and O.I. Marichev, Fractional Integrals and Derivatives: Theory and
Applications (Gordon and Breach Science, Yverdon, Switzerland, 1993).

6. R. Hilfer, Y. Luchko, and Z. Tomovski, “Operational method for the solution of fractional differential equations
with generalized Riemann–Liouville fractional derivatives,” Fract. Calc. Appl. Anal. 12, 299–318 (2009).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No. 2 2024



DETERMINING OF A SPACE DEPENDENT COEFFICIENT 93

7. V. Lakshmikantham, S. Leela, and J. V. Devi, Theory of Fractional Dynamic Systems (Cambridge
Scientific, USA, 2009).

8. R. Hilfer, “Threefold introduction to fractional derivatives,” in Anomalous Transport: Foundations and
Applications (Wiley-VCH, Weinheim, 2008), Chap. 2.

9. K. M. Furati, M. D. Kassim, and N. E. Tatar, “Existence and uniqueness for a problem involving Hilfer
fractional derivative,” Comput. Math. Appl. 64, 1616–1626 (2012).

10. K. M. Furati, O. S. Iyiola, and M. Kirane, “An inverse problem for a generalised fractional diffusion,” Appl.
Math. Comput. 249, 24–31 (2014).

11. K. M. Furati, M. D. Kassim, and N. E. Tatar, “Non-existence of global solutions for a differential equation
involving Hilfer fractional derivative,” Electron. J. Differ. Equat. 235, 1–10 (2013).

12. D. K. Durdiev, E. L. Shishkina, and S. M. Sitnik, “The explicit formula for solution of anomalous diffusion
equation in the multi-dimensional space,” Lobachevskii J. Math. 42, 1264–1273 (2021).

13. M. A. Sultanov, D. K. Durdiev, and A. A. Rahmonov, “Construction of an explicit solution of a time-fractional
multidimensional differential equation,” Mathematics 9, 2052 (2021).

14. A. Lorenzi and E. Rocca, “Identification of two memory kernels in a fully hyperbolic phase-field system,”
J. Inverse Ill-Posed Probl. 16, 147–174 (2008).

15. F. Colombo, “An inverse problem for the strongly damped wave equation with memory,” Nonlinearity 20,
659–683 (2007).

16. D. K. Durdiev and Z. D. Totieva, “The problem of determining the one-dimensional matrix kernel of the
system of visco-elasticity equation,” Math. Methods Appl. Sci. 41, 8019–8032 (2018).

17. D. K. Durdiev and Kh. Kh. Turdiev, “The problem of finding the kernels in the system of integro-differential
Maxwell’s equations,” Sib. Zh. Ind. Math. 24 (2), 38–61 (2021).

18. D. K. Durdiev and Kh. Kh. Turdiev, “An inverse problem for a first order hyperbolic system with memory,”
Differ. Equat. 56, 1634 (2020).

19. Zh. D. Totieva, “A global in time existence and uniqueness result of a multidimensional inverse problem,”
Applic. Anal. (2023, in press). https://doi.org/10.1080/00036811.2023.2207579

20. D. K. Durdiev and Z. D. Totieva, Kernel Determination Problems in Hyperbolic Integro-Differential
Equations, Part of Science Foundation Series in Mathematical Sciences (Springer Nature, Singapore,
2023).

21. R. Ashurov and S. Umarov, “Determination of the order of fractional derivative for subdiffusion equations,”
Fract. Calc. Appl. Anal. 23, 1647–1662 (2020).

22. Sh. Alimov and R. Ashurov, “Inverse problem of determining an order of the Caputo time-fractional derivative
for a subdiffusion equation,” J. Inverse Ill-Posed Probl. 28, 651–658 (2020).

23. Zh. Li and M. Yamamoto, “Uniqueness for inverse problems of determining orders of multi-term time-
fractional derivatives of diffusion equation,” Applic. Anal. 4, 570–579 (2014).

24. K. Sakamoto and M. Yamamoto, “Inverse source problem with a final overdetermination for a fractional
diffusion equation,” Math. Control Relat. Fields 1, 509–518 (2011).

25. X. Gong and T. Wei, “Reconstruction of a time-dependent source term in a time-fractional diffusion-wave
equation,” Inverse Probl. Sci. Eng. 27, 1577–1594 (2019).

26. B. Wu and S. Wu, “Existence and uniqueness of an inverse source problem for a fractional integrodifferential
equation,” Comput. Math. Appl. 68, 1123–1136 (2014).

27. Y. Zhang and X. Xu, “Inverse source problem for a fractional diffusion equation,” Inverse Probl. 27, 035010
(2011).

28. M. Kirane, S. A. Malik, and M. A. Al-Gwaiz, “An inverse source problem for a two dimensional time fractional
diffusion equation with nonlocal boundary conditions,” Math. Meth. Appl. Sci. 36, 1056–1069 (2013).

29. E. Karimov, N. Al-Salti, and S. Kerbal, “An inverse source non-local problem for a mixed type equa-
tion with a Caputo fractional differential operator,” East Asian J. Appl. Math. 7, 417–438 (2017).
https://doi.org/10.4208/eajam.051216.280217a

30. D. K. Durdiev, “Inverse source problem for an equation of mixed parabolic-hyperbolic type with the time
fractional derivative in a cylindrical domain,” Vestn. Samar. Tekh. Univ., Ser. Fiz.-Mat. Nauki 26, 355–367
(2022).

31. L. Miller and M. Yamamoto, “Coefficient inverse problem for a fractional diffusion equation,” Inverse Probl.
29, 075013 (2013).

32. Y. Kian and M. Yamamoto, “Global uniqueness in an inverse problem for time fractional diffusion equations,”
J. Differ. Equat. 264, 1146–1170 (2018).

33. D. K. Durdiev and D. D. Durdiev, “An inverse problem of finding a time-dependent coefficient in a fractional
diffusion equation,” Turk. J. Math. 47, 1437–1452 (2023).

34. D. K. Durdiev, “Inverse coefficient problem for the time-fractional diffusion equation,” Euras. J. Math.
Comput. Appl. 9, 44–54 (2022).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No. 2 2024



94 DURDIEV, TURDIEV

35. H. H. Turdiev, “Inverse coefficient problems for a time-fractional wave equation with the generalized
Riemann–Liouville time derivative,” Russ. Math. (Iz. VUZ) 10, 46–59 (2023).

36. D. K. Durdiev and H. H. Turdiev, “Inverse coefficient problem for fractional wave equation with the generalized
Riemann–Liouville time derivative,” Indian J. Pure Appl. Math. (2023). https://doi.org/10.1007/s13226-
023-00517-9

37. D. K. Durdiev and H. H. Turdiev, “Inverse coefficient problem for a time-fractional wave equation
with initial-boundary and integral type overdetermination conditions,” Math. Meth. Appl. Sci. (2023).
https://doi.org/10.1002/mma.9867

38. D. K. Durdiev, A. A. Rahmonov, and Z. R. Bozorov, “A two-dimensional diffusion coefficient determination
problem for the time-fractional equation,” Math. Meth. Appl. Sci. 44, 10753–10761 (2021).

39. K. Sakamoto and M. Yamamoto, “Initial value/boundary value problems for fractional diffusion-wave
equations and applications to some inverse problems,” J. Math. Anal. Appl. 382, 426–447 (2011).

40. U. D. Durdiev, “Problem of determining the reaction coefficient in a fractional diffusion equation,” Differ.
Equat. 57, 1195–1204 (2021).

41. M. Kirane and S. A. Malik, “Determination of an unknown source term and the temperature distribution for
the linear heat equation involving fractional derivative in time,” Appl. Math. Comput. 218, 63–170 (2011).

42. T. S. Aleroev, M. Kirane, and S. A. Malik, “Determination of a source term for a time fractional diffusion
equation with an integral type-over determining condition,” Electron. J. Differ. Equat. 270, 1–16 (2013).

43. D. K. Durdiev, “Inverse coefficient problem for the time-fractional diffusion equation with Hilfer operator,”
Math. Meth. Appl. Sci., 1–16 (2023). https://doi.org/10.1002/mma.9510

44. D. Henry, Geometric Theory of Semi linear Parabolic Equations (Springer, Berlin, 1981).
45. A. N. Kolmogorov and S. V. Fomin, Elements of Functions Theory and Functional Analysis (Nauka,

Moscow, 1968) [in Russian].

Publisher’s Note. Pleiades Publishing remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No. 2 2024



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /RUS ()
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


