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Abstract This paper considers the inverse problem of determining the time-dependent coefficient in the fractional
wave equation with Hilfer derivative. In this case, the direct problem is initial-boundary value problem for this
equation with Cauchy type initial and nonlocal boundary conditions. As overdetermination condition nonlocal
integral condition with respect to direct problem solution is given. By the Fourier method, this problem is reduced
to equivalent integral equations. Then, using the Mittag-Leffler function and the generalized singular Gronwall
inequality, we get apriori estimate for solution via unknown coefficient which we will need to study of the inverse
problem. The inverse problem is reduced to the equivalent integral of equation of Volterra type. The principle
of contracted mapping is used to solve this equation. Local existence and global uniqueness results are proved.
The stability estimate is also obtained.

Keywords Fractional derivative - Riemann-Liouville fractional integral - Inverse problem - Integral equation -

Fourier series - Banach fixed point theorem

1 Introduction

We consider the following fractional wave equation in the domain Q@ = {(x,7) : 0 <x < 1,0 <t < T}
(Dg‘f,u) (0, 1) — sty + q(Ou(x, 1) = f(x, 1), )

with the initial conditions of Cauchy type

2—a)(1—
I(§+!t01)( IS)M(XV t)|[:() = ¢ (x)7
0 —a)(l—
E (]éi’ta)(l ﬂ)u) (x, t)|t:0 =), xel0,1] )
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and the boundary conditions

u©,t) =u(l,t), u,(l,t)=0, 0<tr<T. 3)

@B oftheorderl < o < 2

Here the generalized Riemann-Liouville (Hilfer) fractional differential operator D",

and type 0 < B < 1 is defined as follows [1, pp. 112-118], [2, pp. 62-65]:

2
B B-a) 07 [ (1-p)2—a)
Do} juC. 1) = (10+,z ar2 (10+,t M>) ¢ 2,

y 1 : u(x, 1)
IO_Hu(x, 1) = o) / o dr, ye(0,1)
0

is the Riemann-Liouville fractional integral of the function u(x, ¢) with respect to ¢ [3], [4, pp. 69-72], T'(-) is
the Euler’s Gamma function. The functions f (x, ), ¢1(x), ¢2(x), are known functions.

In[1, pp. 112-118], [5, pp. 28-37], by R. Hilfer was introduced a generalized form of the Riemann-Liouville
fractional derivative of order « and a type B € [0, 1], which coincides with the Riemann—Liouville fractional
derivative at 8 = 0 and with Gerasimov-Caputo fractional derivative at § = 1, and the case 8 € (0, 1) interpolates
these both fractional derivatives.

For the given functions f(x, t), ¢;(x), i = 1,2, g(¢t) and numbers @ € (1, 2), B € [0, 1], the problem of
determining the solution to the initial boundary value problem (1)—(3) we call as the direct problem.

In inverse problem it is required to determine the function ¢(¢), ¢ € [0, T] in equation (1), if the solution to
the problem (1)—(3) satisfies the following overdetermination condition:

1
/w(x)u(x, tdx =h(t), 0<tr<T, “4)
0

where w(x) and h(t) are given functions.
Assume that throughout this article, given functions ¢1, ¢2, f, w and h satisfy the following assumptions:
(A1) {g1. g2} € €310, 11, {9} 657} € La[0. 11, i (0) = (1) = 0,¢":(0) = ¢"; (1) = 0, i = 1,2;
(A2) f(x,-) € C[0, T]and fort € [0,T], f(-,1) € C[0, 1], f(-,0H € La[0, 1], £(0,1) = f(1,1) =
0, fix(0,0) = fix(1,1) =0; , ,
A3) w(x) € C20, 1] and w(©0) = w(l) =0and w (0) = w (1) = 0;
A4)(D8‘f[h) (t) € C[0, T], [h(t)|> ho > 0, ho is a given number,

1

/ w)er)dx = 15 P h), o
0
1

0 [ C-a)1-B)
/w(x)tpz(x)dx =3 (IO—i-,ta h) (1) 1=0+-
0

Fractional Calculus is a new growing field of applied mathematics. Fractional derivative is the generalization
of the classical derivative of whole order of applied mathematics. Many problems of visco-elasticity, dynami-
cal processes in self-similar structures, biosciences, signal processing, system control theory, electrochemistry,
diffusion processes and etc are more accurately modeled with differential equations of fractional order [4-8].

Theidentification of the right hand side and the order of time fractional derivative equation in applied fractional
modeling plays an important role. In the papers [9-11], an inverse problem for determining these unknowns of
time fractional derivative in a subdiffusion equation with an arbitrary second order elliptic differential operator
is considered. It is proved that the additional information about the solution at a fixed time instant at a monitoring
location, as the observation data, identified uniquely the order of the fractional derivative.

In the works [12-15], the unique solvability of the nonlocal direct problems and inverse source problems for
the various fractional differential equations with Caputo and Riemann—Liouville integral-differential operators
were investigated.
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Inverse Coefficient Problem for Fractional Wave Equation

Inverse problems for classical integro-differential wave propagation equations have been extensively studied.
Nonlinear inverse coefficient problems with various types of overdetermination conditions are often found in the
literature (e.g., [16-21] and references therein). In the works [22-28], inverse problems of determining unknown
coefficients in Cauchy problem for fractional diffusion-wave equation were investigated. Local existence and
uniqueness in whole are proved and estimates of conditional stability are obtained.

In this paper, we investigate the local existence and global uniqueness of an inverse problem of determining
time-dependent coefficient in the generalized time fractional wave equation with initial, nonlocal boundary and
overdetermination integral conditions.

In the next section, we provide some necessary preliminaries are given.

2 Preliminaries

In this section, we present some useful definitions and results of fractional calculus.
Two parameter Mittag-Leffler function The two parameter M-L function E g(z) is defined by the following
series:

o k

Z
Eqp(z) = Z F(T%—ﬂ)’

k=0

where o, B8, z € C withR(«) > 0, R(«)—denote the real part of the complex number «. The Mittag-Leffler func-
tion has been studied by many authors who have proposed and studied various generalizations and applications.

Proposition 1 . Let0 < o < 2and B € R be arbitrary. We suppose that k is suchthat mo /2 < k < min{r, To}.
Then there exists a constant C = C(«a, B, k) > 0 such that

C
E )| < —, k <larg(z)| < m.
|a,ﬁ()|_l+|z| larg(2)]

For the proof, we refer to [4, pp. 40-45], for example.
We consider the weighted spaces of continuous functions [4, pp. 4-5, 162-163].

Cyla,b]l :={g:(a,b] - R: (t—a)’ git) € Cla,b], 0<y <1,},

o) = {g(r) : Dyl ) e C 0. T 1<a<2, 0<p< 1},
P = {u(x,t): u(-.1) € C*(0,1); t€0,T]and

Dyl u(x,) € C,(0. T x €01, 1 <a<2, 0<f< 1},

C)la.b] = Cyla, b],
with the norms

n—1
Iflle, =1t —a) fOlle, 1fller =Y 1 Plle + 1P le, -

k=0

Lemma 1 [29, p. 188]. Suppose b > 0, o > 0 and a(t) nonnegative function locally integrable on 0 <t < T
(some T < 400) and suppose u(t) is nonnegative and locally integrable on 0 <t < T with

t
u(t) <a() + b/(: — ) u(s)ds
0

then

‘
u(t) <a()+bl'(a) /(l - s)o‘*lEa,a (bF(a)(t - s)“) a(s)ds.
0
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Lemma 2 [29, p. 189] Suppose b > 0, ¢ > 0, y > 0, o + y > 1 and a(t) nonnegative function locally

integrable on 0 < t < T and suppose t¥ " u(t) is nonnegative and locally integrable on 0 < t < T with

then

where

t
u®) <a(t)+ b/(r — ) L lu(s)ds,
0

u(t) = a()Ea,y (BT @)T 1),

o0
r —1
Ea’y(t) — Z lenl(O(*F)/*])’ co = ], Cm+1 w4 (m(a + 14 ) + V)

cn Tm@+y—D+a+y)

m=0

1 at+y—1

L _ a+y—1
form > 0.Ast — +00 Eq (1) = O <t2 a7~ exp (“2#;%)) .

From the above, there exist some positive constants M;, i = 1, 2, 3, such that

M,

M;3

= max |E _Do— (—Azto‘)
0%roT o, 1+(B—1)2—)

— max ‘Ea,a(—xﬁ(t — 5

0<s<t<T

, M = max
0<t<T

Ea,a—i—ﬁ(Z—a) (_}tha)

3 Existence and uniqueness results for direct problem solution

First, note that for the non-selfadjoint operator X ! (x) + AZX (x) =0with X(0) = X (1), X /(1) =0

and

Xo(x) =2, Xy(x) =4cosmkx),
Xor—1(x) =4(1 —x)sin(Rmkx), k=0,1,2,...

Yo(x) = x, Yo (x) = xcos(Qmwkx),
Yor_1(x) = sin(Qrwkx), Ay =27k, k=1,2,3,...,

which are Riesz bases in L,[0; 1]. For more details, the reader can consult [30-32].
By applying the Fourier method, the solution u(x, f) of the problem (1)—(3) can be expanded in a uniformly
convergent series in term of eigenfunctions of the form

w(x, 1) = Xo(uo(t) + Y Xon-1(x)uzn—1() + Y Xy (X1t (1).

n=1 n=1

b

®)

6)

@)

The coefficients uo(t), uz,(t), uz,—1(¢t) for n > 1 are to be found by making use of the orthogonality of
the eigenfunctions. Namely, we multiply (1) by the eigenfunctions of (6) and integrate over (0, 1). Recall that
1

the scalar product in L>[0, 1] is defined by (f, g) = f f(x)g(x)dx. Let us note the expansion coefficients of
0

f(x, 1) and ¢(x) in the eigenfunctions of (6) for n > 1 respectively by

@ Springer

(f(x, 1), Yo(x)) = fo(®),
(f(x, 1), You_1(x)) = fan—1(2),
(f(-xv 1), Y, (x)) = f2n(t),

(i (x), Yo(x)) = ¢o,i,
(0i(x), You—1(x)) = ¢op—1,i, 1 =12
(@i (x), Y2, (x)) = D2on,is
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Inverse Coefficient Problem for Fractional Wave Equation

In view of (1) for (u(x, t), Yo(x)) = uo(t), we obtain the Cauchy type problem

(DL 0) 1) + auo) = oo,

2—a)(1— 2—a)(1—
0y =1, 5 (17 P0) 0],y = o

For uz,_1(t) = (u(x,t), Yop,—1(x)); n > 1, in view of (1) we have

(D57 u2n1) () + A2z 1 + g (21 (1) = fone1 0,

2-a)(1—

Ié+,,a)( ﬂ>u2n—1(¢)|,:0 = Qu—1,1,
2—a)(1—

% (Ié+,ta)( ﬂ)Manl) (l)|,=0 = @on—1,2-

Also, the Cauchy type problem satisfied by uy, () = (u2,(x, t), Y2,(x)), n > 1, are

(Dg‘f ,uzn) (1) + Mun (1) + 20201 (1) + q(Duzn (t) = fon (1),

2—a)(1—
I(ng [a)( ﬁ)u2ﬂ(t)|l=0 = (p2n,17

[ 2—a)(1—
4 (Iéﬂ"‘)( ﬁ>u2,,) )],y = P2m.2-

We solve problems (8)—(10).

Based [33, pp. 61-114], we have that the initial problem (8) is equivalent in the space C;‘”g [0, T'] to the
Volterra integral equation of the second kind

t(B-D(2-a) t1FB-DC2-a)
0,1 ¥ = ~7———%0.2
lﬂ(lJr(,B—l)(Z—Of))(p I+ B2 —a))

up(t) =

! t
1 1
+ g [ 0= e = 5 -0 aur
4 0

First we prove the following assertions for uq(#):

Lemma 3 . We have the estimates

B | B g
1V |uo| < ( : ’
ra+@-n2-a) F(a+ B2 —a))
I follc, 0712 B, 1 — y) 1
! E tV)oetr=T¢ :
NCES) ) o,y <(||‘Z||C[0,T] ) )

o |(Df wo) 0] < 1 folicy o

7 TB-DH2-a) l@o.1] 1Hy+(B-D2-o) l©0.2|
+||Q||C[O,T](F : ’
1+@B-D2-a) e+ B2 —a)
I follc,10.m1% Ber, 1 — y)
Ca+1)

where 1 >y > (1 — B)(2 — ).

®)

C))

(10)

D

1
)Ea,y <(|ICIIIC[0,T]I”)°‘*Vl l) . tel0,T],

Proof The solution of (11) is bounded in C ;"ﬂ [0, T] in view of (A1), (A2). Multiplying the equation (11) by 7,
we get

7 TB=DC=) 501 1Y HB=DC=0) g 5|
" |ug| < ’ :
Frad+@E-H2-a) M@+ B2 —-a)

I follc,t0.m2* B, 1 =) ligqlicro.r
al () I'(x)
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where B(a, 1 — y) is Euler’s beta function.
Next, according to Lemma 2, we get

mu0|<( 2 R I L [

rad+@-H2-a) Mo+ B2 —a)
I follc, 10,712 B(er, 1 — y)
T(a+ 1)

1
)Ea,y ((IIC]IIC[O,T]I’/)‘J‘”1 t) =:Wo(), te[0,T]

We get the second part of the lemma 3, from the equation in problem (8) and the first estimate of lemma 3:

| (D5 m0) 0| = folle, 0.1
D@ g0 | I HBDE) g o)
+||Q||C[O,T]( : ’
FA+(F-D2-w) Te+p2-a)

I follc, 0,712 B(et, 1 = y) L
’ E [V at+y—1 .
T+ 1) ) ay ((HCIIIC[O,T] ) )

From the last two inequalities we immediately obtain the estimates of lemma 3 for any 7 € [0, T']. O

In view of [33, pp. 61-114], we have that the initial problem (9) is equivalent in the space C ;f’ﬂ [0, T'] to the
Volterra integral equation of the second kind

Upn—1 (1) =t DEOE s 10w (—lzt“) ©on—1,1

+ ¢ 1+(B=DC-0) Eyot+p02-a) (_)tha> Y212

t
+ / (t = 1)V Ego(—22(t — 1)%) fon—1(z)d7
0

t

- / (t = )" Eqo (=2 (t = 1)*)q(T)uzn 1 (1)dr. 13)
0

We prove the following assertions for us,_1(f):

Lemma 4 . For fixed n € N we have the estimates

" |uzp—1| < (fH(’g_l)(z_a)Ml|<P2n—1,1|+l1+y+(ﬁ_l)(2_a)M2|§02n—1,2|

I f2n—1llc,0.772% B, 1 — y) M3 e
s E tV aty—T ¢ :
+ T+ 1) ) oy <(||61||C[0,T] ) >

24 ‘(Dgf,uzn—1> (t)) < [l fan-1llc, 10,11

+ (,\3 + IIqIIC[o,T]) <t)/+(ﬂ—1)(2—a)M1|¢2n_1,1|+t1+y+(ﬂ—1)(2—a)M2|¢2n_1’2|

I f2n—1llc,0.772% B, 1 — y) M3 e
s E [V aty—T ¢ ,
+ T+ 1) ) oy <(||61|IC[0,T] ) >

where 1 > y > (1 — B)(2 — ).

Proof Multiplying the equation (13) by ¢V, we have

1Y luzp—1| < 7 TETDC=D g g g |V FETDCTO A 105, o

@ Springer

I fan—1llc,10.71% Blat, 1 — y)M3  |q|cio.11t”
MN'a+1) I'a)

t
/ t — 0" Nugpor(Dlde.  (14)
0
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Further, via lemma 2, we get

Y uzp—1| < <ly+(ﬂl)(2°‘)M1|<ﬂ2n—1,1|

LA VA P R

I fan—1llc,0.712% Bla, 1 — y) M3
MNa+1)

1
XEq,y <(|IfJIIC[o,T]tV)‘”V1 t> =:W,1(r), 1€[0,T]

Taking into account the first equation in (9) and the first estimate of lemma 4, we have the second part of the

lemma 4:

24 ‘(Dgf,uznfl) (t)) < [l fan-1llc, 10,11

+ (Ag + IIqIIC[o,T]) (t)/+(ﬁf1)(2a)Ml|§02n_l,l|+t1+y+(ﬁ1)(2a)M2|(p2n_L2|

I fan—1llc,10.71¢% B(at, 1 — y) M3 L
: E ZV aty=T¢ ) .
T+ 1) wy | (Iglicro.r17?)

From the last two inequalities we obtain the estimates of lemma 4 for any ¢ € [0, T'].

Analogously, we have following integral equation from problem (10):

Uz (1) =t~V E s 1) (—)»zf“) ©on,1

+ t1+(ﬂ71)(2ia) Ea,a+ﬁ(2—a) <_)‘2ta) Pon,2

t
+ / (t — 1) Eqo (=22t — 0)%) fon(v)d7
0
t
— 2, f (t = " Eqo(—12(t — DY ttzn_1 ()
0
t
—~ f (t — 1) Eg o (—22(t — 1)*)q()uz, (v)dr.
0

Under (A1), (A2), u,(¢) is bounded in C;f’ﬁ[O, T] as follows

17 Jugn| < tYHEDCO N o, |+ Y FEDEO g 5
Il fanllc, 0,771 B, 1 — y) M3 ’) ||u2n—1||C;t,/3[O’T]laB(0{, 1—y)
+
Fa+1) " Fa+1)

llglicro,rt”

M

t
/ (t — )" uzn (0)ld.
0
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According to the generalized Gronoull integral inequality, we get the following estimate

24 |u2n| < (ty+(ﬂl)(2a)M1 |§02n,1 |

I fanllc,0.71% Bet, 1 — y) M3
Fae+1)

+t1+)/+(/3*1)(270()M2|(p2n 2|

+2An

||u21’l—l ||C;fﬁ[0’T]taB(av l - y)
M'a+1) >

1
XEq.y <(|ILI|IC[0,T]fy)“”1 t) =W, (1), 1€l[0,T]

Next, by the second estimate in lemma 4, we have

‘(Dgf, )(l)‘ < lf2nllc, 0,11 + 2Anlu2n—1le, 0,71

+ (%2 +lallcor) (ry“ﬂ‘”@—“)Ml 920,11

I fanllc,0.71% B, 1 — y) M3

1+y+(B-1D2—a)
+t M| +
2| 2n,2| F( 1)

lu2n—tllgap g 71% Ble, 1 =)
120,
Ta+ 1)

1
XEqy ((IICIIIC[O,T]I")‘”Vl t) , tel0,T].

Formally, from (7) by term-by-term differentiation we compose the series

(D0+z ) (x,1) =2 ( 0+ ,MO) )+ 42 ( 0. lu2n> (t)cos(Apx)
+4(1 - x) Z ( &P o 1) (0)sin(hnx).

Uyx (X, 1) = —42)»ﬁu2n(t)cos()\nx)

n=1

=8 Anttzg—1(D)cos(nx) — 4(1 —x) Y Auza 1 (t)sin(hyx).

n=1 n=1

a7

(18)

Let us prove the uniform convergence of series (7), (17) and (18) in the domain Q. This series for any
(x, 1) € Q is majorized by

@ Springer

2WO(T) +4 Y W, (T) +4 Y W, (T),

n=1 n=1

2 (Il follc,0.71 + llglicro.r1%o(T))

oo
+4Z (||f2n—l llc,t0.11 + (kﬁ + II(JIIC[O,T]) ‘Pzn—l(T)>

+4Z(||f2n||cy[0T + 20 W21 (1) + (32 + lalcto.y) Wau(T))

e o]

42 (32 + 200 ) Wan (1) + 42)\3%"@),

n=1
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Inverse Coefficient Problem for Fractional Wave Equation

2 where Q:={(x,1):0<x<1, 0<r<T}
234 We hold the following auxiliary lemma.

235 Lemma S [f the conditions (A1), (A2) are fulfilled then there are equalities

I @ . 1
2% Oni = 1_4“"2’1’)’ i=1,2 f = A—4f,f4>, (19)
287 n n
228 Where
1 1
230 or = f oM )Y, (0dx, i = 1,2, fP = / FP )Y, (x)dx,
0 0

20 with the following estimates:

s 2 - 2
4 4 4 4

S leti = 1o 100 X0 < 16 100,

n= n=

ad 2
S AL 1. (20)
243 n=1
244 If the functions ¢(x), ¥ (x) and f(x, t) satisfy the conditions of lemma 5, then due to representations (19)

25 and (20) series (7), (17) and (18) converge uniformly in the rectangle €, therefore, function u(x, t) satisfies
s relations (1)-(3).
247 Using the above results, we obtain the following assertion.

2

i

228 Theorem 1 . Let q(t) € C[0, T), (Al), (A2) are satisfied, then there exists a unique solution of the direct
problem (1)~(3) u(x, 1) € C;**(Q).

2

i
©

3
250 Let us use the topological product Banach spaces K = [C ;f’ﬂ [0, T]] endowed with its norme to prove the

251 existence and uniquness of the solution under this form (uq (), uz,—1(t), u2,(t)) € K. Define the operator .4 on
a2 K by A(uo(t), uzn—1(t), u2,(t)) = (Pouo(t), Pan—1u2,—1(t), Pontia,(t)) where the operators Py, Pa—1, Pay
253 are defined on C;“ﬁ[O, T'] by the right side of (11),(13) and (15) respectively. In view of (12), (14) and (16)
254 ./4 K - K.

255 Prove that A is a contraction on K. So, for each ((uq(t), uz,—1(t), u2,(2)); (o (1), Uan_1(t), u2,(1))) € K
256 We have

257 Ao, uzn—1, u2n) — Ao, tion—1, U2n) | x
258 < max {IIPOMO = Pottoll cesyg 7y 1P2n—1u2n-1 = Pon—1i2n—1ll cecp g 7o | Pantton — PZnﬁZn”C;t-ﬁ[O’T]}
259 First, we get easily

v t

~ llgllcro, mt ~1 ~
260 [ Pouo(t) — Potto(D)| pep < —= ——— [ (¢t =) |uo(r) — to(r)ldT
¥ I'w)
0

o - lglcro, 71T B, 1 — ) o — ol
= T (@) 0= #olleg o,y

262 Next, we get the following

lglico,rT%B(e, 1 —y)

Poug — Poil < — Uy .
264 For Py, 1, we have foreacht € [0, T]
265 | P2p—1u2n—1 — P2n—lﬁ2n—l ”C;"ﬁ[o 7]

- lglicio,rTY B, 1 — y)
- [(a)

268 lu2n—1 = 2n—1ll gty 75
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D. Durdiev, H. Turdiev

267 wheren > 1.
268 Similarly, for each ¢ € [0, T]

2int*B(a, 1 — y)
Ca+1)

260 1P2ntt2n (8) = Paniion (Dl catg 7 = luzn—1 — Uan—1llc, 0,77

lg]cro, Tt

270 + @)

t
/ (t — )" uzn (v) — an(r)ldT
0

a -
- 2At*B(a, 1 — )

271 Tt D) lte2n—1 — Un—1 ”C;“'ﬁ[o,T]
n lglicio,rTY B(a, 1 —y) 2y — o
272 T (O[) 2n 2n C;t-ﬂ 0,77

273 which gives forn > 1

2Ant*B(a, 1 — y)

74 1P2ntzn — Ponionll gt g 7y < e le2n—1 = W2n—1ll catyg 7
llglicro,rT? B(a, 1 —y) -
275 T(@) lte2n — uz””C;“ﬁ[O,T]'
276 As a result
a77 | Ao, uon—1, u2q) — Ao, Won—1, 2n)ll x
- lgllcio.nT*Ble,1—y) -
278 < max @) lluo = woll cae o, 7
ligllclo.mT” B(e, 1 —y) Vot — Font |
27e r@ =1 — Uan=1ll cab g 7y
llglicro,mTY B(a, 1 —y) -
280 (@) lte2n — “2"”05*’3[01]
22, TB(a, 1 — y) 5
281 -+ NCEE) 0, lluzn—1 — uzp—1 ”C;f’ﬂ[O,T]’ 0
lgllcionT*Bla, 1 —y) 24, T*B(a, 1 — y)
282 < max
['(a) Ca+1)
263 x[[(uo, uan—1, uz) — (o, on—1, Wan)ll ,p -
e Pro.r

284 If

285

ax lglicio,rT*B(a, 1 —y) 2x,T*B(a, 1 —y) <1
(o) 'a+1)

256 then, A is a contraction on K and has a unique fixed point which is the coefficients (ug, uz,—1, u2,) of the

257 solution (7). Then, there exists a unique solution of (1)—(3) for arbitrary ¢ (¢) bounded in C;f’ﬁ [0, T].

®

233 4 Investigation of the inverse problem (1)—(4)

2

@

o Multiply (1) by w(x) and integrate in x from O to 1. As result we have

1

1
290 /w(x){ (Dgﬁlu) (x, 1) —uxxy +q@)u(x, t)}dx = / w(x) f(x,t)dx.
0 0
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Inverse Coefficient Problem for Fractional Wave Equation

Future after some easy convertings in wiev of A3), we get

1 1

( g‘f,h) (z)+q(t)h(t)—/w”(x)u(x,t)dx =/w(x)f(x,t)dx,

0 0
which yields

1

1 b
40 =0 /w(x)f(x,t)dx ~ (D§Ln) o
0

1

1
+ oF. w' (x) (Xo(x)uo(t) + Z Xopo1 (O)uza1 (1) + ) xzn(xmn(t)) dx.

n=1 n=1

The functions u, (t) depend on g (¢), i.e. u, (¢; g). After simple converting, we get the following integral equation

for determining ¢ (¢):

Q(t)=ro(t)
h() (wouo(t Q)+ZW2n 1u2n—1(2; 61)+Zw2nuzn(t 61))
n=1 n=1

where
1 1

qo(t) = h(l) Ofw(x)f(x,t)dx—( S‘f,h) ], wo=0/w”(x)xo(x)dx,

1 1

Won—1 :/w//(x)XZn—l(x)dX’ Won :/w//(x)in(x)dx.

0 0

up, Uzy—1, Uz, are determined by right sides of (11), (13), (15) respectively.
We introduce an operator F' defining it by the right hand side of (21):

Flql(t) = qo(?)
h() (wouo(t Q)+szn 1U2n—1(t; 61)+Zw2nuzn(f 61))
n=1 n=1

Then, the equation (22) is written in more convenient form as

Flql(®) =q@).
Let

1

o = max lao)|= | oo | [ wo £ nds = (5L h) 0
0 C[0,T]

Fix a number p > 0 and consider the ball

B(go, p) :=={q@) : q(t) € C[0,T], llg — qoll < p}.

@1

(22)

(23)

Theorem 2 . Let (A1)—(A4) are satisfied. Then there exists a number T* € (0; T), such that there exists a

unique solution q(t) € C[0, T*] of the inverse problem (1)—(4).
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sis Proof Let us first prove that for an enough small 7 > 0 the operator F' maps the ball B(qo, p) implies that
s F[ql(t) € B(qo, p). Indeed, for any continuous function ¢(¢), the function F[q](¢) calculated using formula
o (22) will be continuous. Moreover, estimating the norm of the differences, we find that

3

3:

1S}

wo TV+(/3*1)(271¥)|¢0’1| T1+}/+(,3*1)(2*0()|¢0’2|
a2t I1Flgl() —qo()] = —(
ho \I'(1 + (B — D2 —a)) Mo+ B2 —a))
I follc,10.71T%Blee, 1 —y) 1
i E, TY)ety=1 T

322 + T+ 1) ) ay <(||Q||C[O,T] ) )

Wo
323 +%; (Ty+(ﬁ_l)(2_a)M1|(ﬂ2nl,l|
324 +T1+y+(ﬁ_l)(2_a)M2|‘p2n—1,2|

I fan—1llc, 0.7 7% B(er, 1 — y)Ms3 1

’ E TV Yetr=T T

325 + T+ 1) a,y (HQHC[O,T] )

wo >
326 +% Z <T)/+(ﬁ_l)(2_a)Ml |€02n,1 H‘T1+y+(ﬂ_1)(2_a)M2|¢2n’2|

n=1

I fanllcyt0.71 7% Ble, 1 — y) M3

327
IM'a+1)
luan—1lc, 0.1 T*Bla, 1 —y) L

320 Here we have used the estimate for ug, u,—1, 1z, given in (11), (13), (15). In view of the above lemmas

a0 last series is convergent series. Note that the function occurring on the right-hand side in this inequality is
s monotone increasing with 7', and the fact that the function ¢ (¢) belongs to the ball B(qq, p) implies the inequality
lgll < llgoll + p. Therefore, we only strengthen the inequality if we replace ||¢|| in this inequality with the
s expression ||qol| + p. Performing these replacements, we obtain the estimate

3:

@
R

3:

@

» FIA0) — a0l < @< T}’+(ﬂ—1)(2—oz)|q00y1| T1+V+(ﬂ_1)(2_°‘)|(p0,2|
T ho\I'A+(B—-D2—a)) Mo+ B2 —a))
I follc, 0.7 7% B, 1 — y) 1
> E TYYetr=1T
335 + NCEE) a,y (”CI”C[O,T] )
Wo
336 +h_ (TV+(/3—1)(2—W)M1|¢2”1’1|
0
n=1
537 +T Y HEEDEO M 14,y o
I fan—1llc, 0.7 7% B, 1 — y) M3 1
> E TV aty=T1 T
338 + Fa+ D) o,y (”‘I”C[O,T] )
W0 —
) +h_0 (Tw(ﬂ1)(2“)M1|<.02n,1|+T1+y+(ﬂ1)(2Q)M2|‘P2n,2|
n=1
I fanllc, 0.1 7% Ba, 1 — y) M3
340
Ca+1)
luzn—1lc,j0.mT*Bla, 1 —y) 1
341 +2hn yF(O{ T Eoy ((||f10|| +7r) Ty)aﬂ/il T).
342 Let T be a positive root of the equation
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Inverse Coefficient Problem for Fractional Wave Equation

Therefore if by 77 we denote the positive root of the equation (for 7°)

ﬂ( TV+(/3—1)(2—11)|¢0’1| T1+y+(ﬂ—1)(2—04)|¢0’2|

h \I'M+ @B -1D2—-a)) L@+ B2 —a)
I follc, 0.7 7% Bla, 1 — y) 1
’ E TY)etr=1T
NCESD ) ay (((”C]O” +r)T7)
W0
+h—0 (TV+(’3_1)(2_°‘)M1 lon_11 |+ TV TE=DC=D a1 100, 5]
n=I
I fan—1llc,10.71T% B, 1 — y) M3 -
+ ’ E + TV aty=1 T
T+ 1) > a,y (((||610|| r) ) )
w( as
+h—o (Tw(ﬁ1)(2“)M1|902n,1|+T1+y+<ﬂ])(za)lesﬂzn,zl
n=1
I fanllc, 0.1 T% Bat, 1 — y) M3
Ma+1)
||u2n—1 ||C;‘~ﬁ[0 T] TO(B(a, 1 - V) ¥ 1
2\ : E TV)e =TT | = p,
+2h, NCESD ) ay <((|I6]o|l +r)T7) ) Iy

then || Flg](t) — qo(@)|l < p for T < Ti; i.e. Flql(7) € B(qo, p).
Now let us take any functions ¢ (7), ¢g(t) € B(qo, p) and estimate the distance between their images F[q](r)
and F[g](r) in the space C[0, T]. The function u, (1) corresponding to q(t) satisfies the integral equations
(11),(13) and (15) with 9,1 = @n.1, Yn2 = @n2 and f,, = f,. Composing the difference F[q](r) — F[q1(z)
with the help of equations (8)—(10) and then estimating its norm, we obtain

/

IFlgl(t) — Flgl®| =

wolIfIHC[o,T]Ty[ Tr+HE=D2=D) g 4|
hol' () ra+@B-H2—aw)
Ty E=DE=0 4051l folle,0,m T Ble, 1 —y)

M+ B2 —-a) F(a+1)
o0
+y° (TVW“(“)Ml |@2n— 11 |+T T HEDCDO 0 g, 5
n=1
I fan—1llc,10.71T% B, 1 — y) M3
Mao+1)

o
+ (T”(ﬁ‘”(z‘“)M] |@an 1 |+T 7 HE=DC=D 05 1y 5|
n=1

n

| fonllcori T Bl 1 =)Mo ontlegi T Bl 1= y)>

Ma+1) FCla+1)

71 ~
X Ea,y ((Hq”C[O,T]TV)D‘*VI T) i|||q - 61||C[O,T]-

(24)

The functions ¢ (¢) and ¢(¢) belong to the ball B(qo, p), and hence for each of these functions one has
inequality [lg]l < |lqoll + p. Note that the function on the right-hand side in inequality (24) at the factor
llgll — 114 is monotone increasing with ||¢ ||, ||| and T. Consequently, replacing ||¢|| and ||g]| in inequality (24)
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with ||g|| + p will only strengthen the inequality. This, we have

IFlg)®) = Flgl0)] <

w0||CI||C[0,T]Ty|: Tr+HE=DC=@) g 4|
hol" () ri+@B-H2—aw)
T B0 g 51l folle, 0,1 T Ble, 1 —y)

Fla + B2 —a)) C(a+1)
o0
+ Z (TVJF(’g_I)(Z_a)Ml|<P2n—1,1|+T1+”+(’3_1)(2_°‘)M2|<ﬂ2n—1,2|
n=1
I fan—1llc 0.1 7% Ber, 1 —y)M3
Fa+1)

(0.¢]
+ (TV+(’S_1)(2_“)M1 @2 1 |+ T Y TE=DC=D a1 105, 0]

n=1

I fanllc,10.1T* Bler, 1 — y) M3 ||M2n—1||C;,ﬂ[0’T]T°‘B(a, 1—y)
F(C(+1) n F(a+1)

71 ~
XEq., (((qul] + p)TY e T T) } llg —qllcro.r1-

Therefore, if 7 is the positive root of the equation (for 7")

wollgllcro, 1T [ TY+HE-DC=D) g || Ty HE=DE=0) g |
hol'(a) ra+@ -2 -a) [+ B2 —a))

I follc,i0.11T*Ble, 1 —y) “ho—
. et +Z<T’/+(ﬁ DCI My g 1.1]

n=1

I fan—1llc, 10,717 B(er, 1 — J/)M3>

T1+}/+(,3*])(2701)M B
+ 2l @an—1,2]1+ NCES))

o
+2 (T”"S‘”(z‘“)Ml |20, 1 |+TH7HE=DC=O a1, 1y, 5|
n=1

Il fanllc,y 0.1 T* B(et, 1 — y) M3 ||”2n—l||c$,ﬂ[O’T]TaB(0l, 1—y)
Fl@+1) ! T+ 1)

1
X Eq,y (((Ilqoll + p)T7 )T T)} =1
then for T € (0, T») the operator F contracts the distance between the elements ¢ (¢), g(t) € B(qo, p). Conse-
quently, if we choose T* < min(7}, T>) then the operator F is a contraction in the ball B(gg, p). However, in
accordance with the Banach theorem [34, pp. 87-97], the operator F has unique fixed point in the ball B(qo, o)

i.e., there exists a unique solution of equation (23). Theorem 2 is proven. O

Let T be positive fixed number. Consider the set D,,, of the given functions (¢1, @2, h, f) for which all
conditions from (A1)—(A4) are fulfilled and

maX{”‘Pl”c“[o,l], le2ll 410,175 ”h”Cf,"’S[O,T]’ ||f||cy(§)} = Mo-

We denote by G, the set of function g (¢) that for some T > 0 satisfy the following condition ||g|lcj0,7] <

ur, pur > 0.
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Inverse Coefficient Problem for Fractional Wave Equation

Theorem 3 . Let (g1, ¢2, h, f) € Dy, (@1, @2, h, f)e Dy, and q, q € G,. Then, for solution of the

inverse problem (1)—(4) the following stability estimate holds:
lg —qllcro,m < r[llwl — @illcro.

+llo2 = @2llcon + b =l cepg py + 1S = fllcy(m],

where the constant r depends only on gy, w1, T, o, B, and I'(a), B(a, 1 —y).

(25)

Proof . To prove this theorem, using (21) we write down the equations for g () and compose the difference
g = q(t) — q(t). Then after evaluating this expression and using estimates u, (¢),i, (¢), we obtain following

estimates

—q 71 < max
lg —qllcro.r) onax

1
1 wp
m(f w() f(x.0dx — (D5 )

0

n=1 n=1

1 o oo
+ f w' (x) (Xo(x)uo(t) + ) Xop 1 (Du2e1(0) + ) Xop(X)uay (t))dx)
0

1

1
_ %(/w(x)f(x,t)dx - (Dgﬁﬁ) (1) +Ofw”(x)<xo(x)ﬁo(t)

0

+ Z Xon—1(X)an—1(t) + Z Xon(x)t2y, (t)>dX> ‘

n=1 n=1
1
< max {% /|:h(t) (fG,t) = f,0) + fx, 1) (h() —E(z))}dx
= 0
0
B

+ 70 ((Dg‘;ﬁth) (t) — (Dgf,ﬁ) (t)) n (Dgf,ﬁ) ) (h(t) — K (1))

+ max {% 2[R() (o (@) = iTo (1)) + Tt (1) (h(1) = h(0))]
L — 0

+ 4[h() Uan—1 (1) — Ton—1 (1)) + Han—1() (h(t) — R(1))]

+ 4 [R(1) (u2n(8) = Ton (1)) + ti2u (1) (R () = 1(1))] ‘ }

I

< ro(||</>1 =Gl +llgs =l + 1 = Fil++ [ (05 ) — (052 7)|

1
+I1h —%II) +r1 /(l -0 g(0) =@l cp.mdr, 1 €10,T],
0

(26)

where rg, ri depends only on pg, @1, T, o, and I'(), B(e, 1 — y). From (26) using lemma 1, we get the

estimate

lg —Gllco.r) < ”0<||(P1 —@tllcon + o2 = @llcon +1f = flc, @

+ ||h — E”C;t,,s[oj])Ea’] (rll"(a)t“) , te€[0,T].

This inequality implies the estimate (25), if we setr = roEq 1 (r11 (a)1%).

27

From theorem 3 follows also the next assertion on uniqueness in whole for solution to the inverse problem.
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Theorem 4 . Let the functions ¢1, ¢, h, f and @y, g?z,’ﬁ, ]7 have the same meaning as in Theorem 3 and
conditions (A1)—(A4). Moreover, if o1 = @1, 92 = @, h =h, f = f,fort € [0, T]thenq(t) = q(t)t € [0, T].

5 Conclusion

In this work, the solvability of a nonlinear inverse problem of the time-dependent source coefficient for a
time fractional wave equation with initial-nonlocal boundary and integral overdetermination conditions was
studied. Firsty we investigated solvability the initial-nonlocal boundary conditional problem (1)—(3). The problem
replaced by an equivalent of integral equation. Existence and uniqueness of direct problem solution were proven.
The nonlocal boundary conditions, the Hilfer fractional derivative and the control coefficient made our problem
more difficult. The conditions for the existence, uniqueness and continuous dependence upon the data of the
problem have been established by using the Fourier method with some bi-orthogonal system, an associated Hilfer
fractional derivative which contains an initial data and the Banach fixed point theorem for a product of Banach
spaces.
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