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ÂÐÅÌÅÍÍÎ-ÄÐÎÁÍÎÃÎ ÂÎËÍÎÂÎÃÎ ÓÐÀÂÍÅÍÈß Ñ ÎÁÎÁÙÅÍÍÎÉ

ÏÐÎÈÇÂÎÄÍÎÉ ÐÈÌÀÍÀ�ËÈÓÂÈËËß ÏÎ ÂÐÅÌÅÍÈ

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ íåñòàöèîíàðíîãî êîýô-
ôèöèåíòà â âîëíîâîì óðàâíåíèè äðîáíîãî ïîðÿäêà ñ ïðîèçâîäíîé Ãèëüôåðà. Â ýòîì ñëó÷àå
ïðÿìàÿ çàäà÷à ÿâëÿåòñÿ íà÷àëüíî-êðàåâîé çàäà÷åé äëÿ ýòîãî óðàâíåíèÿ ñ íà÷àëüíûìè è íåëî-
êàëüíûìè êðàåâûìè óñëîâèÿìè òèïà Êîøè. Â êà÷åñòâå óñëîâèÿ ïåðåîïðåäåëåííîñòè äàåòñÿ
íåëîêàëüíîå èíòåãðàëüíîå óñëîâèå îòíîñèòåëüíî ðåøåíèÿ ïðÿìîé çàäà÷è. Ìåòîäîì Ôóðüå
ýòà çàäà÷à ñâîäèòñÿ ê ýêâèâàëåíòíûì èíòåãðàëüíûì óðàâíåíèÿì. Çàòåì, èñïîëüçóÿ ôóíêöèþ
Ìèòòàã�Ëåôôëåðà è îáîáùåííîå ñèíãóëÿðíîå íåðàâåíñòâî Ãðîíóîëëà, ïîëó÷àåì àïðèîðíóþ
îöåíêó ðåøåíèÿ ÷åðåç íåèçâåñòíûé êîýôôèöèåíò, ýòà îöåíêà ïîíàäîáèòñÿ íàì äëÿ èññëåäîâà-
íèÿ îáðàòíîé çàäà÷è. Îáðàòíàÿ çàäà÷à ñâîäèòñÿ ê ýêâèâàëåíòíîìó èíòåãðàëüíîìó óðàâíåíèþ
òèïà Âîëüòåððà. Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ èñïîëüçóåòñÿ ïðèíöèï ñæèìàþùåãî îòîáðà-
æåíèÿ. Äîêàçàíû ðåçóëüòàòû î ëîêàëüíîì ñóùåñòâîâàíèè è ãëîáàëüíîé åäèíñòâåííîñòè.

Êëþ÷åâûå ñëîâà: äðîáíàÿ ïðîèçâîäíàÿ, äðîáíûé èíòåãðàë Ðèìàíà�Ëèóâèëëÿ, îáðàòíàÿ çà-
äà÷à, èíòåãðàëüíîå óðàâíåíèå, ðÿä Ôóðüå, òåîðåìà Áàíàõà î íåïîäâèæíîé òî÷êå.
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Ââåäåíèå

Â íàñòîÿùåå âðåìÿ áîëüøîå âíèìàíèå ñôîêóñèðîâàíî íà èçó÷åíèè íà÷àëüíûõ è íà÷àëüíî-
êðàåâûõ çàäà÷ äëÿ äðîáíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, òàê êàê îíè øèðîêî èñïîëüçó-
þòñÿ â èíæåíåðèè, ôèçèêå, õèìèè, áèîëîãèè è äðóãèõ îòðàñëÿõ. Ìíîãî÷èñëåííûå ïðèëî-
æåíèÿ ìîæíî íàéòè â ðàáîòàõ [1]�[4] è â áèáëèîãðàôèè ê íèì.
Îïðåäåëåíèå ïðàâîé ÷àñòè è ïîðÿäêà âðåìåííî-äðîáíîé ïðîèçâîäíîé óðàâíåíèÿ â ïðè-

êëàäíîì äðîáíîì ìîäåëèðîâàíèè èãðàåò âàæíóþ ðîëü. Â ðàáîòàõ [5]�[8] ðàññìàòðèâàåò-
ñÿ îáðàòíàÿ çàäà÷à íàõîæäåíèÿ íåèçâåñòíîé âðåìåííî-äðîáíîé ïðîèçâîäíîé â óðàâíåíèè
ñóáäèôôóçèè ñ ïðîèçâîëüíûì ýëëèïòè÷åñêèì äèôôåðåíöèàëüíûì îïåðàòîðîì âòîðîãî ïî-
ðÿäêà. Äîêàçàíî, ÷òî äîïîëíèòåëüíàÿ èíôîðìàöèÿ î ðåøåíèè â ôèêñèðîâàííûé ìîìåíò
âðåìåíè è â ôèêñèðîâàííîì ïîëîæåíèè (äàííûå íàáëþäåíèÿ) åäèíñòâåííûì îáðàçîì îïðå-
äåëÿþò ïîðÿäîê äðîáíîé ïðîèçâîäíîé.
Â ðàáîòàõ [9]�[12] èçó÷àëàñü åäèíñòâåííîñòü ðåøåíèÿ íåëîêàëüíûõ ïðÿìûõ çàäà÷ è îáðàò-

íûõ çàäà÷ íàõîæäåíèÿ èñòî÷íèêà äëÿ ðàçëè÷íûõ äðîáíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ èíòåãðî-äèôôåðåíöèàëüíûìè îïåðàòîðàìè Êàïóòî è Ðèìàíà�Ëèóâèëëÿ.
Îáðàòíûå çàäà÷è äëÿ êëàññè÷åñêèõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ðàñïðîñòðà-

íåíèÿ âîëí áûëè øèðîêî èçó÷åíû. Íåëèíåéíûå îáðàòíûå êîýôôèöèåíòíûå çàäà÷è ñ ðàç-
ëè÷íîãî òèïà óñëîâèÿìè ïåðåîïðåäåëåííîñòè ÷àñòî âñòðå÷àþòñÿ â ëèòåðàòóðå (íàïðèìåð,

Ïîñòóïèëà â ðåäàêöèþ 29.03.2023, ïîñëå äîðàáîòêè 09.05.2023. Ïðèíÿòà ê ïóáëèêàöèè 29.05.2023.
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[13]�[18] è áèáëèîãðàôèÿ â ýòèõ èñòî÷íèêàõ). Â ðàáîòàõ [19]�[24] èññëåäîâàëèñü îáðàòíûå
çàäà÷è íàõîæäåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ çàäà÷è Êîøè äëÿ äðîáíîãî äèôôóçèîííî-
âîëíîâîãî óðàâíåíèÿ. Äîêàçàíû ëîêàëüíîå ñóùåñòâîâàíèå è åäèíñòâåííîñòü è ïîëó÷åíû
îöåíêè óñëîâíîé óñòîé÷èâîñòè.

1. Ôîðìóëèðîâêà çàäà÷è

Â íàñòîÿùåé ñòàòüå èçó÷àþòñÿ ëîêàëüíîå ñóùåñòâîâàíèå è ãëîáàëüíàÿ åäèíñòâåííîñòü â
îáðàòíîé çàäà÷å îïðåäåëåíèÿ çàâèñÿùåãî îò âðåìåíè êîýôôèöèåíòà â îáîáùåííîì âðåìåííî-
äðîáíîì âîëíîâîì óðàâíåíèè ñ íà÷àëüíûì è íåëîêàëüíûì êðàåâûì óñëîâèÿìè è èíòåãðàëü-
íûì óñëîâèåì ïåðåîïðåäåëåííîñòè.
Â ñëåäóþùåì ðàçäåëå áóäóò ïðèâåäåíû íåêîòîðûå íåîáõîäèìûå ïðåäâàðèòåëüíûå ñâåäå-

íèÿ.
Ïóñòü T > 0, l > 0 � ôèêñèðîâàííûå ÷èñëà è ΩlT := {(x, t) : 0 < x < l, 0 < t ≤ T}.

Ðàññìîòðèì âðåìåííî-äðîáíîå óðàâíåíèå äèôôóçèè

Dα,β
0+,tu(x, t)− uxx + q(t)u(x, t) = p(t)f(x, t), x ∈ (0, l), t ∈ (0, T ], (1)

íà÷àëüíûå óñëîâèÿ òèïà Êîøè

I
(2−α)(1−β)
0+,t u(x, t)

∣∣
t=0

= ϕ1(x),

∂

∂t

(
I
(2−α)(1−β)
0+,t u

)
(x, t)

∣∣
t=0

= ϕ2(x), x ∈ [0, l], (2)

êðàåâûå óñëîâèÿ

u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T, (3)

è íåëîêàëüíîå äîïîëíèòåëüíîå óñëîâèå

l∫
0

wi(x)u(x, t)dx = hi(t), i = 1, 2, t ∈ [0, T ]. (4)

Çäåñü îáîáùåííûé äðîáíûé äèôôåðåíöèàëüíûé îïåðàòîð Ðèìàíà�Ëèóâèëëÿ (Ãèëüôåðà)

Dα,β
0+,t ïîðÿäêà 1 < α < 2 è òèïà 0 ≤ β ≤ 1 îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì ([1], ñ. 112�118;

[2], ñ. 62�65):

Dα,β
0+,tu(·, t) =

(
I
β(2−α)
0+,t

∂2

∂t2

(
I
(1−β)(2−α)
0+,t u

))
(·, t),

Iγ0+,tu(x, t) =
1

Γ(γ)

t∫
0

u(x, τ)

(t− τ)1−γ
dτ, γ ∈ (0, 1),

� äðîáíûé èíòåãðàë Ðèìàíà�Ëèóâèëëÿ îò ôóíêöèè u(x, t) ïî âðåìåíè t ([3]; [4], ñ. 69�
72), Γ(·) � ãàììà-ôóíêöèÿ Ýéëåðà. Ôóíêöèè f(x, t), wi(x), ϕi(x), hi(t), i = 1, 2, ñ÷èòàþòñÿ
èçâåñòíûìè.
Â ðàáîòàõ ([1], ñ. 112�118; [3], ñ. 28�37) Ð. Ãèëüôåð ââåë ïîíÿòèå îáîáùåííîé ôîðìû

äðîáíîé ïðîèçâîäíîé Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà α è òèïà β ∈ [0, 1], êîòîðàÿ ñîâïàäàåò ñ
äðîáíîé ïðîèçâîäíîé Ðèìàíà�Ëèóâèëëÿ ïðè β = 0 è ñ äðîáíîé ïðîèçâîäíîé Ãåðàñèìîâà�
Êàïóòî ïðè β = 1, à ñëó÷àé β ∈ (0, 1) èíòåðïîëèðóåò îáå ýòè äðîáíûå ïðîèçâîäíûå.
Íà ïðîòÿæåíèè ñòàòüè áóäåì ïîëàãàòü, ÷òî çàäàííûå ôóíêöèè ϕ1, ϕ2, f, w è h óäîâëå-

òâîðÿþò ñëåäóþùèì óñëîâèÿì:

A1) ϕi ∈ C3[0, l], ϕ
(4)
i ∈ L2[0, l], ϕi(0) = ϕi(l) = 0, ϕ′′i(0) = ϕ′′i(l) = 0, i = 1, 2;
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A2) f(x, ·) ∈ C[0, T ] è ïðè t ∈ [0, T ] f(·, t) ∈ C3[0, l], f(·, t)(4) ∈ L2[0, l], f(0, t) = f(l, t) = 0,
fxx(0, t) = fxx(l, t) = 0;

A3) w(x) ∈ C2[0, l], ïðè÷åì w(0) = w(l) = 0 è w
′′
(0) = w

′′
(l) = 0;

A4)
(
Dα,β

0+,th
)

(t) ∈ C[0, T ], |h(t)|≥ h0 > 0, h0 � çàäàííîå ÷èñëî,

l∫
0

wi(x)ϕ1(x)dx = I
(2−α)(1−β)
0+,t hi(t)

∣∣
t=0+

,

l∫
0

wi(x)ϕ2(x)dx =
∂

∂t

(
I
(2−α)(1−β)
0+,t hi(t)

)
(t)
∣∣
t=0+

, i = 1, 2.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ýòîì ðàçäåëå ïðåäñòàâëåíû íåêîòîðûå ïîëåçíûå îïðåäåëåíèÿ è ðåçóëüòàòû èç äðîáíîãî
àíàëèçà.
Äâóõïàðàìåòðè÷åñêàÿ ôóíêöèÿ Ìèòòàã�Ëåôôëåðà. Äâóõïàðàìåòðè÷åñêàÿ ôóíêöèÿ Ìèò-

òàã�Ëåôôëåðà Eα,β(z) çàäàåòñÿ ðÿäîì

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
,

ãäå α, β, z ∈ C è R(α) > 0, R(α) îáîçíà÷àåò âåùåñòâåííóþ ÷àñòü êîìïëåêñíîãî ÷èñëà α.
Ôóíêöèÿ Ìèòòàã�Ëåôôëåðà èçó÷àëàñü ìíîãèìè àâòîðàìè, ïðåäëîæèâøèìè åå ðàçëè÷íûå
îáîáùåíèÿ è ïðèëîæåíèÿ.
Èç ñêàçàííîãî âûøå ñëåäóåò, ÷òî ñóùåñòâóþò íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû Mi,

i = 1, 2, 3, òàêèå, ÷òî

M = max

{
max
0≤t≤T

∣∣Eα,1+(β−1)(2−α)
(
−λ2tα

)∣∣ , max
0≤t≤T

∣∣Eα,α+β(2−α) (−λ2tα)∣∣ ,
max

0≤s<t≤T

∣∣Eα,α(−λ2n(t− s)α)
∣∣ }.

Ïðåäëîæåíèå 1. Ïóñòü 0 < α < 2 è β ∈ R � ïðîèçâîëüíûå ÷èñëà. Ïðåäïîëîæèì, ÷òî
κ òàêîå, ÷òî πα/2 < κ < min{π, πα}. Òîãäà ñóùåñòâóåò êîíñòàíòà C = C(α, β, κ) > 0
òàêàÿ, ÷òî

|Eα,β(z)| ≤ C

1 + |z|
, κ ≤ |arg(z)| ≤ π.

Çà äîêàçàòåëüñòâîì ìû îòñûëàåì ÷èòàòåëÿ, íàïðèìåð, ê èñòî÷íèêó ([4], ñ. 40�45).

Ðàññìîòðèì âçâåøåííûå ïðîñòðàíñòâà íåïðåðûâíûõ ôóíêöèé ([4], ññ. 4�5, 162�163):

Cγ [a, b] := {g : (a, b]→ R : (t− a)γ g(t) ∈ C[a, b], 0 ≤ γ < 1, },

Cα,βγ (Ω) =

{
g(t) : Dα,β

0+,tg(t) ∈ Cγ(0, T ]; 1 < α ≤ 2, 0 ≤ β ≤ 1

}
,

C2,α,β
γ (Ω) =

{
u(x, t) : u(·, t) ∈ C2(0, 1); t ∈ [0, T ] è

Dα,β
0+,tu(x, ·) ∈ Cγ(0, T ]; x ∈ [0, 1], 1 < α ≤ 2, 0 ≤ β ≤ 1

}
,
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C0
γ [a, b] = Cγ [a, b]

ñ íîðìàìè

‖f‖Cγ = ‖(t− a)γf(t)‖C , ‖f‖Cnγ =
n−1∑
k=0

‖f (k)‖C + ‖f (n)‖Cγ .

Ëåììà 1 ([25], ñ. 188). Ïóñòü b ≥ 0, α > 0 è a(t), u(t) � íåîòðèöàòåëüíûå ôóíêöèè,
ÿâëÿþùèåñÿ ëîêàëüíî èíòåãðèðóåìûìè íà 0 ≤ t < T (äëÿ íåêîòîðîãî T ≤ +∞), ïðè÷åì

u(t) ≤ a(t) + b

t∫
0

(t− s)α−1u(s)ds.

Òîãäà

u(t) ≤ a(t) + bΓ(α)

t∫
0

(t− s)α−1Eα,α (bΓ(α)(t− s)α) a(s)ds.

Ëåììà 2 ([25], ñ. 189). Ïóñòü b ≥ 0, α > 0, γ > 0, α + γ > 1 è a(t), tγ−1u(t) � íåîòðèöà-
òåëüíûå ôóíêöèè, ÿâëÿþùèåñÿ ëîêàëüíî èíòåãðèðóåìûìè íà 0 ≤ t < T , ïðè÷åì

u(t) ≤ a(t) + b

t∫
0

(t− s)α−1sγ−1u(s)ds.

Òîãäà

u(t) ≤ a(t)Eα,γ

(
(bΓ(α))

1
α+γ−1 t

)
,

ãäå

Eα,γ(t) =
∞∑
m=0

cmt
m(α+γ−1), c0 = 1,

cm+1

cm
=

Γ(m(α+ γ − 1) + γ)

Γ(m(α+ γ − 1) + α+ γ)

äëÿ m ≥ 0. Ïðè t→ +∞ Eα,γ(t) = O
(
t
1
2
α+γ−1
α−γ exp

(
α+γ−1

α t
α+γ−1
α

))
.

Äîêàçàòåëüñòâî ñëåäóþùèõ óòâåðæäåíèé èñõîäèò èç îïðåäåëåíèÿ äðîáíîé ïðîèçâîäíîé
Êàïóòî è äèôôåðåíöèðîâàíèÿ äâóõïàðàìåòðè÷åñêîé ôóíêöèè Ìèòòàã�Ëåôôëåðà.

Ïðåäëîæåíèå 2 ([26], ñ. 40�45). Äëÿ 0 < α < 1, t > 0 èìååì 0 < Eα,1(−t) < 1. Áîëåå òîãî,
Eα,1(−t) ÿâëÿåòñÿ âïîëíå ìîíîòîííîé, ò. å.

(−1)n
dn

dtn
Eα,1(−t) ≥ 0 ∀n ∈ N.

Ïðåäëîæåíèå 3 ([26], ñ. 42�45). Äëÿ 0 < α < 1, η > 0 èìååì 0 ≤ Eα,α(−η) ≤ 1

Γ(α)
. Áîëåå

òîãî, Eα,α(−η) ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé ôóíêöèåé ïðè η > 0.

3. Èññëåäîâàíèå ïðÿìîé çàäà÷è (1)�(3)

Ñ ïîìîùüþ ìåòîäà Ôóðüå ðåøåíèå u(x; t) ïðÿìîé çàäà÷è (1)�(3) ìîæåò áûòü ðàçëîæåíî
â ðàâíîìåðíî ñõîäÿùèéñÿ ðÿä ïî ñîáñòâåííûì ôóíêöèÿì âèäà

u(x, t) =
∞∑
n=1

un(t)Xn(x), (5)
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ãäå

Xn(x) =

√
2

l
sin(λnx), λn =

πn

l
, n = 1, 2, 3, . . . . (6)

Êîýôôèöèåíòû un(t) ïðè n ≥ 1 íàõîäÿòñÿ èç îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé

Xn(x). Ñêàëÿðíîå ïðîèçâåäåíèå â L2[0, l] îïðåäåëÿåòñÿ ôîðìóëîé (f, g) =

l∫
0

f(x)g(x)dx. Çà-

ìåòèì, ÷òî êîýôôèöèåíòû ðàçëîæåíèÿ ϕi(x), i = 1, 2, è f(x, t) ïî ñîáñòâåííûì ôóíêöèÿì (6)
ïðè n ≥ 1 çàäàþòñÿ ñîîòâåòñòâåííî ôîðìóëàìè:

(f(x, t), Xn(x)) = fn(t), (ϕi(x), Xn(x)) = ϕn,i, i = 1, 2, n = 1, 2, . . . .

Ó÷èòûâàÿ (1) è (u(x, t), Xn(x)) =

l∫
0

u(x, t)Xn(x)dx = un(t), ìîæíî çàïèñàòü

(
Dα,β

0+,tun

)
(t) + λ2nun(t) = p(t)fn(t)− q(t)un(t), (7)

ãäå

fn(t) =

√
2

l

∫ l

0
f(x, t) sin(λnx)dx.

Íà÷àëüíîå óñëîâèå (2) äàåò

I
(2−α)(1−β)
0+,t un(t)

∣∣
t=0

= ϕn,1,
d

dt

(
I
(2−α)(1−β)
0+,t un

)
(t)
∣∣
t=0

= ϕn,2. (8)

Â ñîîòâåòñòâèè ñ ([27], ñ. 61�114) íà÷àëüíàÿ çàäà÷à (7), (8) ýêâèâàëåíòíà â ïðîñòðàíñòâå

Cα,βγ [0, T ] èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà

un(t) = t(β−1)(2−α)Eα,1+(β−1)(2−α)
(
−λ2tα

)
ϕn,1 + t1+(β−1)(2−α)Eα,α+β(2−α)

(
−λ2tα

)
ϕn,2+

t∫
0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)p(τ)fn(τ)dτ −
t∫

0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)q(τ)un(τ)dτ. (9)

Äîêàæåì ñëåäóþùåå óòâåðæäåíèå äëÿ un(t).

Ëåììà 3. Ïðè ôèêñèðîâàííîì n ∈ N ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

tγ |un|≤M

(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

‖p‖C[0,T ]‖fn‖Cγ [0,T ]tαB(α, 1− γ)

Γ(α+ 1)

)
×

×Eα,γ
((
‖q‖C[0,T ]t

γ
) 1
α+γ−1 t

)
, t ∈ [0, T ],

tγ
∣∣∣(Dα,β

0+,tun

)
(t)
∣∣∣ ≤ ‖p‖C[0,T ]‖fn‖Cγ [0,T ]+

+M
(
λ2n + ‖q‖C[0,T ]

)(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]tαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖q‖C[0,T ]t

γ
) 1
α+γ−1 t

)
, t ∈ [0, T ],

ãäå 1 > γ > (1− β)(2− α).
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Äîêàçàòåëüñòâî. Óìíîæàÿ óðàâíåíèå (9) íà tγ , ïîëó÷àåì

tγ |un|≤M
(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]tαB(α, 1− γ)

Γ(α+ 1)

)
+
‖q‖C[0,T ]t

γ

Γ(α)

t∫
0

(t− τ)α−1 |un(τ)|dτ. (10)

Äàëåå, ââèäó ëåììû 2 èìååì

tγ |u2n−1|≤M

(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

‖p‖C[0,T ]‖fn‖Cγ [0,T ]tαB(α, 1− γ)

Γ(α+ 1)

)
×

×Eα,γ
((
‖q‖C[0,T ]t

γ
) 1
α+γ−1 t

)
, t ∈ [0, T ].

Ó÷èòûâàÿ ïåðâîå óðàâíåíèå â (7) è ïåðâóþ îöåíêó â ëåììå 3, ïîëó÷àåì âòîðóþ ÷àñòü
ëåììû 3:

tγ
∣∣∣(Dα,β

0+,tun

)
(t)
∣∣∣ ≤ ‖p‖C[0,T ]‖fn‖Cγ [0,T ]+

+M
(
λ2n + ‖q‖C[0,T ]

)(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]tαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖q‖C[0,T ]t

γ
) 1
α+γ−1 t

)
.

�

Äèôôåðåíöèðóÿ ïî÷ëåííî ðàâåíñòâî (5), ïîëó÷àåì ôîðìàëüíûå ðÿäû

Dα,β
0+,tu(x, t) =

∞∑
n=1

Dα,β
0+,tun(t) sin(λnx), (11)

uxx(x, t) =

∞∑
n=1

λ2nun(t) sin(λnx). (12)

Â ñèëó ëåììû 3 ðÿäû (5), (11) è (12) äëÿ ëþáûõ (x, t) ∈ ΩlT îöåíèâàþòñÿ ñâåðõó ñîîòâåò-
ñòâåííî ñëåäóþùèìè âûðàæåíèÿìè:

M

√
2

l

∞∑
n=1

(
T γ+(β−1)(2−α)|ϕn,1|+T 1+γ+(β−1)(2−α)|ϕn,2|+

‖p‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
,

√
2

l

∞∑
n=1

[
‖p‖C[0,T ]‖fn‖Cγ [0,T ]+M

(
λ2n + ‖q‖C[0,T ]

)(
T γ+(β−1)(2−α)|ϕn,1|+T 1+γ+(β−1)(2−α)|ϕn,2|+

+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)]
,

M

√
2

l

∞∑
n=1

λ2n

(
T γ+(β−1)(2−α)|ϕn,1|+T 1+γ+(β−1)(2−α)|ϕn,2|+

‖p‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
,

ãäå ΩlT := {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T}.
Ñïðàâåäëèâà
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Ëåììà 4. Åñëè âûïîëíÿþòñÿ óñëîâèÿ A1)�A2), òî âåðíû ðàâåíñòâà

ϕn,i =
1

λ3n
ϕ
(3)
n,i , i = 1, 2, fn(t) =

1

λ3n
f (3)n (t), (13)

ãäå

ϕ
(3)
n,i =

√
2

l

∫ l

0
ϕ(3)(x)i cos(λnx)dx, i = 1, 2,

f (3)n (t) =

√
2

l

∫ l

0
f (3)xxx(x, t) cos(λnx)dx,

è ñëåäóþùèå îöåíêè:

∞∑
n=1

∣∣ϕ(3)
n,i

∣∣2 ≤ ∥∥ϕ(3)
i

∥∥
L2[0,l]

,
∞∑
n=1

∣∣f (3)n (t)
∣∣2 ≤ ∥∥f (3)(t)∥∥

L2[0,l]×C[0,T ]
. (14)

Åñëè ôóíêöèè ϕi(x), i = 1, 2, è f(x, t) óäîâëåòâîðÿþò óñëîâèÿì ëåììû 3, òî ââèäó ïðåä-
ñòàâëåíèÿ (13) è îöåíîê (14) ðÿäû (5), (11) è (12) ñõîäÿòñÿ ðàâíîìåðíî â ïðÿìîóãîëüíè-
êå ΩlT , îòêóäà ôóíêöèÿ u(x, t) óäîâëåòâîðÿåò ñîîòíîøåíèÿì (1)�(3).
Èñïîëüçóÿ ýòè ðåçóëüòàòû, ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 5. Ïóñòü p(t), q(t) ∈ C[0, T ] è óñëîâèÿ A1)�A2) âûïîëíåíû, òîãäà ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå ïðÿìîé çàäà÷è (1)�(3) u(x, t) ∈ C2,α,β
γ (ΩlT ).

Ïîëó÷èì îöåíêó äëÿ íîðìû ðàçíîñòè ðåøåíèé èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ (9)

è ýòîãî æå óðàâíåíèÿ ñ âîçìóùåííûìè ôóíêöèÿìè p̃, q̃, ϕ̃n,i, i = 1, 2, f̃n. Ïóñòü ũn(t) �
ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ (9), ñîîòâåòñòâóþùåå ôóíêöèÿì p̃, q̃, ϕ̃n,i, i =

1, 2, f̃n, ò. å.

ũn(t) = t(β−1)(2−α)Eα,1+(β−1)(2−α)
(
−λ2tα

)
ϕ̃n,1 + t1+(β−1)(2−α)Eα,α+β(2−α)

(
−λ2tα

)
ϕ̃n,2+

+

t∫
0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)p̃(τ)f̃n(τ)dτ −
t∫

0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)q̃(τ)ũn(τ)dτ.

(15)
Ñîñòàâëÿÿ ðàçíîñòü u− ũ ñ ïîìîùüþ óðàâíåíèé (9), (15) è ââîäÿ îáîçíà÷åíèÿ u− ũ = un,

p− p̃ = p, q − q̃ = q, fn − f̃n = fn, ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå

un(t) = t(β−1)(2−α)Eα,1+(β−1)(2−α)
(
−λ2tα

)
ϕn,1 + t1+(β−1)(2−α)Eα,α+β(2−α)

(
−λ2tα

)
ϕn,2+

+

t∫
0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)p(τ)fn(τ)dτ −
t∫

0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)p̃(τ)fn(τ)dτ−

−
t∫

0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)q(τ)un(τ)dτ −
t∫

0

(t− τ)α−1Eα,α(−λ2n(t− τ)α)q̃(τ)un(τ)dτ,

èç êîòîðîãî ïîëó÷àåòñÿ ñëåäóþùåå ëèíåéíîå èíòåãðàëüíîå íåðàâåíñòâî äëÿ ‖un(t)‖
C2,α,β
γ

:

‖un(t)‖
C2,α,β
γ

≤M

(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+



ÎÁÐÀÒÍÛÅ ÊÎÝÔÔÈÖÈÅÍÒÍÛÅ ÇÀÄÀ×È 53

+

(
‖p‖C[0,T ]‖fn‖Cγ [0,T ] + ‖p̃‖C[0,T ]‖fn‖Cγ [0,T ]

)
tαB(α, 1− γ)

Γ(α+ 1)

)
+

+
‖q‖C[0,T ]t

α

Γ(α+ 1)
M

(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]tαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖q‖C[0,T ]t

γ
) 1
α+γ−1 t

)
+
‖q̃‖C[0,T ]

Γ(α)

∫ t

0
(t−τ)α−1|un(τ)|dτ.

Èñïîëüçóÿ ëåììó 1, èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì îöåíêó

‖un(t)‖
C2,α,β
γ

≤

{
M

(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

+

(
‖p‖C[0,T ]‖fn‖Cγ [0,T ] + ‖p̃‖C[0,T ]‖fn‖Cγ [0,T ]

)
tαB(α, 1− γ)

Γ(α+ 1)

)
+

+
‖q‖C[0,T ]t

α

Γ(α+ 1)
M

(
tγ+(β−1)(2−α)|ϕn,1|+t1+γ+(β−1)(2−α)|ϕn,2|+

+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]tαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖q‖C[0,T ]t

γ
) 1
α+γ−1 t

)}
Eα,γ

((
‖q̃‖C[0,T ]t

γ
) 1
α+γ−1 t

)
.

(16)
Äåéñòâèòåëüíî, âûðàæåíèå (16) ÿâëÿåòñÿ îöåíêîé óñòîé÷èâîñòè äëÿ ðåøåíèÿ çàäà÷è (1)�

(3). Åäèíñòâåííîñòü ýòîãî ðåøåíèÿ ñëåäóåò èç (16).

4. Èññëåäîâàíèå îáðàòíîé çàäà÷è (1)�(4)

Â äàííîì ðàçäåëå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè q(t) èç ñîîòíîøåíèé
(1)�(4) ïðè ïîìîùè ïðèíöèïà ñæèìàþùåãî îòîáðàæåíèÿ.
Óìíîæàÿ (1) íà ωi(x) (i = 1, 2) è èíòåãðèðóÿ ïî x îò 0 äî l, èìååì∫ l

0
ωi(x)Dα,β

0+,tu(x, t)dx−
∫ l

0
ωi(x)uxxdx+ q(t)

∫ l

0
ωi(x)u(x, t)dx =

= p(t)

∫ l

0
ωi(x)f(x, t)dx, i = 1, 2, x ∈ (0, l), t ∈ (0, T ].

Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ââèäó óñëîâèé (2)�(4) ïîëó÷àåì ðàâåíñòâî

Dα,β
0+,thi(t)− ωi(l)ux(l, t) + ωi(0)ux(0, t)−

∫ l

0
ω′′i (x)u(x, t)dx+ q(t)hi(t) =

= p(t)

∫ l

0
ωi(x)f(x, t)dx, i = 1, 2. (17)

Ïðåäïîëîæèì, ÷òî äëÿ (17) âûïîëíåíî óñëîâèå ωi(0) = ωi(l) = 0. Ðåøàÿ ñèñòåìó (17) îò-
íîñèòåëüíî íåèçâåñòíûõ ôóíêöèé p(t) è q(t), ïîëó÷àåì ñëåäóþùèå èíòåãðàëüíûå óðàâíåíèÿ
îòíîñèòåëüíî ýòèõ íåèçâåñòíûõ:

p(t) =
1

∆(t)

2∑
i,j=1
i 6=j

(−1)jhj(t)

[
Dα,β

0+,thi(t)−
∞∑
n=1

un(t; p; q)λ2nω
(2)
in

]
, (18)
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q(t) =
1

∆(t)

2∑
i,j=1
i 6=j

(−1)j

[ ∞∑
n=1

fn(t)ωjn

(
Dα,β

0+,thi(t)−
∞∑
n=1

un(t; p; q)λ2nω
(2)
in

)]
, (19)

ãäå

∆(t) = h1(t)
∞∑
n=1

fn(t)ω2n − h2(t)
∞∑
n=1

fn(t)ω1n;

ωin =

√
2

l

∫ l

0
ωi(x) sin(λnx)dx; ω

(2)
in =

1

λ2n

√
2

l

∫ l

0
ω′′i (x) sin(λnx)dx.

Óðàâíåíèÿ (18), (19) ñîñòàâëÿþò ïîëíóþ ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé îòíîñèòåëüíî
íåèçâåñòíûõ ôóíêöèé p(t), q(t). Ïðåäñòàâèì ýòó ñèñòåìó â âèäå îïåðàòîðíîãî óðàâíåíèÿ

g(t) = Λ[g](t), (20)

ãäå g = (g1, g2) := (p(t); q(t)) � âåêòîð-ôóíêöèÿ, à Λ = (Λ1,Λ2) îïðåäåëÿåòñÿ ïðàâîé ÷àñòüþ
ðàâåíñòâ (18), (19):

Λ1[g](t) = g01(t)−
1

∆(t)

2∑
i,j=1
i6=j

(−1)jhj(t)

∞∑
n=1

un(t; g1; g2)λ
2
nω

(2)
in ,

Λ2[g](t) = g02(t)−
1

∆(t)

2∑
i,j=1
i 6=j

(−1)j

[ ∞∑
n=1

fn(t)ωjn

∞∑
n=1

un(t; g1; g2)λ
2
nω

(2)
in

]
.

Ïóñòü g0 := (g01, g02), ãäå

g01(t) =
1

∆(t)

2∑
i,j=1
i6=j

(−1)jhj(t)D
α,β
0+,thi(t); g02(t) =

1

∆(t)

2∑
i,j=1
i6=j

(−1)j
∞∑
n=1

fn(t)ωjnD
α,β
0+,thi(t).

Çàôèêñèðóåì ÷èñëî ρ > 0 è ðàññìîòðèì øàð

BT (g0, ρ) := {g : ‖g − g0‖C[0,T ] ≤ ρ}.

Òåîðåìà. Ïóñòü óñëîâèÿ A1)--A4) âûïîëíåíû. Òîãäà ñóùåñòâóåò ÷èñëî T ∗ ∈ (0, T ) òàêîå,
÷òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå p(t), q(t) ∈ C[0, T ∗] îáðàòíîé çàäà÷è (1)�(4).

Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî äëÿ äîñòàòî÷íî ìàëîãî T > 0 îïåðàòîð Λ îòîáðà-
æàåò øàð BT (g0, ρ) â ñåáÿ. Äåéñòâèòåëüíî, äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè g(t) ôóíêöèÿ
Λ[g](t), çàäàííàÿ ôîðìóëîé (20), ÿâëÿåòñÿ íåïðåðûâíîé. Áîëåå òîãî, îöåíèâàÿ íîðìó ðàç-
íîñòè, ïîëó÷àåì

‖Λ1[g](t)− g01(t)‖ ≤
2ω0h0

∆0

∣∣∣∣ ∞∑
n=1

un(T ; g1; g2)

∣∣∣∣ ≤ 2ω0h0
∆0

∞∑
n=1

M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖q‖C[0,T ]T

γ
) 1
α+γ−1 T

)
,

‖Λ2[g](t)− g02(t)‖ ≤
2ω0f0

∆0

∣∣∣∣ ∞∑
n=1

un(T ; g1; g2)

∣∣∣∣ ≤ 2ω0f0
∆0

∞∑
n=1

M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
‖p‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖q‖C[0,T ]T

γ
) 1
α+γ−1 T

)
,
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ãäå ω0 = max
x∈[0,l]

|ω(x)|.

Çäåñü ìû èñïîëüçîâàëè îöåíêó (9). Ââèäó ëåìì 3 è 4 ïîñëåäíèé ðÿä ÿâëÿåòñÿ ñõîäÿùèìñÿ.
Çàìåòèì, ÷òî ôóíêöèÿ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ÿâëÿåòñÿ ìîíîòîííî âîçðàñòàþùåé
ïî T , à èç òîãî, ÷òî ôóíêöèÿ g(t) ïðèíàäëåæèò øàðó BT (g0, ρ), ñëåäóåò íåðàâåíñòâî

‖g‖ ≤ ρ+ ‖g0‖. (21)

Ïîýòîìó ìû òîëüêî óñèëèì íåðàâåíñòâî, åñëè çàìåíèì â íåì ‖g‖ íà âûðàæåíèå ρ + ‖g0‖.
Ïîñëå òàêîé çàìåíû ïîëó÷àåì îöåíêè

‖Λ1[g](t)− g01(t)‖ ≤
2ω0h0

∆0

∞∑
n=1

M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
(ρ+ ‖g0‖) ‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

(((
ρ+ ‖g0‖

)
T γ
) 1
α+γ−1 T

)
,

‖Λ2[g](t)− g02(t)‖ ≤
2ω0f0

∆0

∞∑
n=1

M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
(ρ+ ‖g0‖) ‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

(((
ρ+ ‖g0‖

)
T γ
) 1
α+γ−1 T

)
.

Âñå ýòî âìåñòå ñ (18)�(20) âëå÷åò îöåíêó

‖Λ[g](t)− g0(t)‖ = max{‖Λ1[g](t)− g01(t)‖, ‖Λ2[g](t)− g02(t)‖} ≤

≤ max

{
2ω0h0

∆0
,

2ω0f0
∆0

} ∞∑
n=1

M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
(ρ+ ‖g0‖) ‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

(((
ρ+ ‖g0‖

)
T γ
) 1
α+γ−1 T

)
.

Ïóñòü T1 � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

max

{
2ω0h0

∆0
,

2ω0f0
∆0

} ∞∑
n=1

M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
(ρ+ ‖g0‖) ‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

(((
ρ+ ‖g0‖

)
T γ
) 1
α+γ−1 T

)
=ρ.

Òîãäà äëÿ T ∈ (0, T1) èìååì Λ[g](t) ∈ BT (g0, ρ).
Ðàññìîòðèì òåïåðü äâå ôóíêöèè g(t) è g̃(t) èç øàðà BT (g0, ρ) è îöåíèì ðàññòîÿíèå ìåæäó

èõ îáðàçàìè Λ[g](t) è Λ[g̃](t) â ïðîñòðàíñòâå C[0, T ]. Ôóíêöèÿ ũn(t), ñîîòâåòñòâóþùàÿ g̃(t),

óäîâëåòâîðÿåò èíòåãðàëüíîìó óðàâíåíèþ (15) ñ ôóíêöèÿìè ϕn,i = ϕ̃n,i, i = 1, 2, è fn = f̃n.
Ñîñòàâëÿÿ ðàçíîñòü Λ[g](t) − Λ[g̃](t) ñ ïîìîùüþ óðàâíåíèé (9), (15) è çàòåì îöåíèâàÿ åå
íîðìó, ïîëó÷àåì

‖Λ1[g](t)− Λ1[g̃](t)‖ ≤ 2ω0h0
∆0

∞∑
n=1

∥∥un(T ; g1; g2)− ũn(T ; g̃1; g̃2)
∥∥ ≤

≤ 2ω0h0
∆0

∞∑
n=1

{
M

(
T γ+(β−1)(2−α)|ϕn,1|+T 1+γ+(β−1)(2−α)|ϕn,2|+
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+
TαB(α, 1− γ)

Γ(α+ 1)

(
‖g1 − g̃1‖C[0,T ]‖fn‖Cγ [0,T ] + ‖g̃1‖C[0,T ]‖fn − f̃n‖Cγ [0,T ]

))
+

+
‖g2 − g̃2‖C[0,T ]T

α

Γ(α+ 1)
M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
×

×Eα,γ
((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
× Eα,γ

((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
,

‖Λ2[g](t)− Λ2[g̃](t)‖ ≤ 2ω0f0
∆0

∞∑
n=1

∥∥un(T ; g1; g2)− ũn(T ; g̃1; g̃2)
∥∥ ≤

≤ 2ω0f0
∆0

∞∑
n=1

{
M

(
T γ+(β−1)(2−α)|ϕn,1|+T 1+γ+(β−1)(2−α)|ϕn,2|+

+
TαB(α, 1− γ)

Γ(α+ 1)

(
‖g1 − g̃1‖C[0,T ]‖fn‖Cγ [0,T ] + ‖g̃1‖C[0,T ]‖fn − f̃n‖Cγ [0,T ]

))
+

+
‖g2 − g̃2‖C[0,T ]T

α

Γ(α+ 1)
M

(
T γ+(β−1)(2−α)|ϕn,1|+

+T 1+γ+(β−1)(2−α)|ϕn,2|+
‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
×

×Eα,γ
((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
× Eα,γ

((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
.

Èñïîëüçóÿ íåðàâåíñòâî (10) è îöåíêó (16) ñ ϕn,i = ϕ̃n,i, i = 1, 2, è fn = f̃n, çàïèøåì
ïðåäûäóùèå íåðàâåíñòâà ñëåäóþùèì îáðàçîì:

‖Λ1[g](t)− Λ1[g̃](t)‖ ≤ 2ω0h0
∆0

∞∑
n=1

{
M
TαB(α, 1− γ)

Γ(α+ 1)

(
‖g1 − g̃1‖C[0,T ]‖fn‖Cγ [0,T ]+

+
M‖g2 − g̃2‖C[0,T ]T

α

Γ(α+ 1)

‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
×

×Eα,γ
((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
Eα,γ

((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
, (22)

‖Λ2[g](t)− Λ2[g̃](t)‖ ≤ 2ω0f0
∆0

∞∑
n=1

{
M
TαB(α, 1− γ)

Γ(α+ 1)

(
‖g1 − g̃1‖C[0,T ]‖fn‖Cγ [0,T ]+

+
M‖g2 − g̃2‖C[0,T ]T

α

Γ(α+ 1)

‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
×

×Eα,γ
((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
Eα,γ

((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
. (23)
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Ôóíêöèè g(t) è g̃(t) ïðèíàäëåæàò øàðó BT (g0, ρ), ïîýòîìó äëÿ êàæäîé èç ýòèõ ôóíêöèé
èìååò ìåñòî íåðàâåíñòâî (21). Çàìåòèì, ÷òî ôóíêöèÿ â ïðàâîé ÷àñòè íåðàâåíñòâ (22), (23)
ïðè ìíîæèòåëå ‖g‖−‖g̃‖ ìîíîòîííî âîçðàñòàåò ïî ‖g‖, ‖g̃‖ è T. Ïîýòîìó, çàìåíÿÿ ‖g‖ è ‖g̃‖
â íåðàâåíñòâàõ (22), (23) íà ρ + ‖g‖, ìû òîëüêî óñèëèì ýòè íåðàâåíñòâà. Òàêèì îáðàçîì,
ïîëó÷àåì

‖Λ1[g](t)− Λ1[g̃](t)‖ ≤ 2ω0h0
∆0

∞∑
n=1

{
M
TαB(α, 1− γ)

Γ(α+ 1)

(
‖fn‖Cγ [0,T ] +

MTα

Γ(α+ 1)
×

×
‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
×

×Eα,γ
((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
‖g − g̃‖,

‖Λ2[g](t)− Λ2[g̃](t)‖ ≤ 2ω0f0
∆0

∞∑
n=1

{
M
TαB(α, 1− γ)

Γ(α+ 1)

(
‖fn‖Cγ [0,T ] +

MTα

Γ(α+ 1)
×

×
‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
×

×Eα,γ
((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
‖g − g̃‖.

Îòñþäà

‖Λ[g](t)− Λ[g̃](t)‖ ≤ max

{
2ω0h0

∆0
,

2ω0f0
∆0

} ∞∑
n=1

{
M
TαB(α, 1− γ)

Γ(α+ 1)

(
‖fn‖Cγ [0,T ] +

MTα

Γ(α+ 1)
×

×
‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
×

×Eα,γ
((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
‖g − g̃‖.

Ïóñòü T2 � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

‖Λ[g](t)− Λ[g̃](t)‖ ≤ max

{
2ω0h0

∆0
,

2ω0f0
∆0

} ∞∑
n=1

{
M
TαB(α, 1− γ)

Γ(α+ 1)

(
‖fn‖Cγ [0,T ] +

MTα

Γ(α+ 1)
×

×
‖g1‖C[0,T ]‖fn‖Cγ [0,T ]TαB(α, 1− γ)

Γ(α+ 1)

)
Eα,γ

((
‖g2‖C[0,T ]T

γ
) 1
α+γ−1 T

)}
×

×Eα,γ
((
‖g̃2‖C[0,T ]T

γ
) 1
α+γ−1 T

)
= 1.

Òîãäà äëÿ T ∈ (0, T2) îïåðàòîð Λ ñæèìàåò ðàññòîÿíèå ìåæäó ýëåìåíòàìè g(t), g̃(t) ∈
BT (g0, ρ). Ñëåäîâàòåëüíî, åñëè âçÿòü T ∗ < min(T1, T2), òî îïåðàòîð Λ ÿâëÿåòñÿ ñæèìàþùèì
â øàðå BT (g0, ρ). Ïî òåîðåìå Áàíàõà ([28], ñ. 87�97) îïåðàòîð Λ èìååò åäèíñòâåííóþ íåïî-
äâèæíóþ òî÷êó â øàðå BT (g0, ρ), ò. å. ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (21). �



58 Õ.Õ.ÒÓÐÄÈÅÂ

Çàêëþ÷åíèå

Â äàííîé ðàáîòå èññëåäîâàíà ðàçðåøèìîñòü íåëèíåéíîé îáðàòíîé çàäà÷è äëÿ âðåìåííî-
äðîáíîãî âîëíîâîãî óðàâíåíèÿ ñ íà÷àëüíî-êðàåâûìè óñëîâèÿìè è óñëîâèÿìè ïåðåîïðåäå-
ëåííîñòè èíòåãðàëüíîãî òèïà. Ñíà÷àëà áûëà èçó÷åíà ðàçðåøèìîñòü ïðÿìîé çàäà÷è. Çàäà÷à
(1)�(3) áûëà çàìåíåíà íà ýêâèâàëåíòíûå åé èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà âòîðîãî ðî-
äà. Áûëè äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ïðÿìîé çàäà÷è. Äàëåå áûëà
ðàññìîòðåíà îáðàòíàÿ çàäà÷à íàõîæäåíèÿ ôóíêöèé p(t), q(t), âõîäÿùèõ â óðàâíåíèå (1) ñ
äîïîëíèòåëüíûìè óñëîâèÿìè (4) íà ðåøåíèå ýòîé ñèñòåìû ñ íà÷àëüíûì è êðàåâûì óñëîâè-
ÿìè (2), (3). Ïîëó÷åíû óñëîâèÿ íà äàííûå ôóíêöèè, ïðè êîòîðûõ îáðàòíàÿ çàäà÷à èìååò
åäèíñòâåííîå ðåøåíèå äëÿ äîñòàòî÷íî ìàëîãî èíòåðâàëà.
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H.H.Turdiev

Inverse coe�cient problems for a time-fractional wave equation with the generalized

Riemann�Liouville time derivative

Abstract. This paper considers the inverse problem of determining the time-dependent coe�cient
in the fractional wave equation with Hilfer derivative. In this case, the direct problem is initial-
boundary value problem for this equation with Cauchy type initial and nonlocal boundary conditions.
As overdetermination condition nonlocal integral condition with respect to direct problem solution
is given. By the Fourier method, this problem is reduced to equivalent integral equations. Then,
using the Mittag-Le�er function and the generalized singular Gronwall inequality, we get apriori
estimate for solution via unknown coe�cient which we will need to study of the inverse problem.
The inverse problem is reduced to the equivalent integral of equation of Volterra type. The principle
of contracted mapping is used to solve this equation. Local existence and global uniqueness results
are proved.

Keywords: fractional derivative, Riemann�Liouville fractional integral, inverse problem, integral
equation, Fourier series, Banach �xed point theorem.
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