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THE PROBLEM OF DETERMINING THE MEMORY IN TWO-DIMENSIONAL
SYSTEM OF INTEGRO-DIFFERENTIAL MAXWELL'S EQUATIONS

Turdiev Kh. Kh. [

Ikki o‘lchovli integro differensial Maksvell tenglamalar sistemasi
uchun xotirani aniqlash masalasi

Ushbu magqolada ikki o‘lchovli integro differensial Maksvell
tenglamalar  sistemasi  kanonik  ko‘rinishga  keltirilgan,
elektromagnit maydon va diagonal shaklidagi xotira matritsasini
aniglash uchun to‘g‘ri va teskari masalalari qo‘yilgan. Ushbu
masala yopiq ikkinchi tur Volterra tipidagi integral tenglamalar
sistemasiga keltirilgan hamda x; o‘zgaruvchiga nisbatan Fur’e
almashtirishi qo‘llanilgan. Uzluksiz funksiyalar fazosida vazn
norma orqali gisqartirib aks ettirish prinsipi qo‘llab to‘g‘ri va
teskari masala yechilgan. Shunday qilib, maqgolada qo‘yilgan
masala yechimi mavjudligi va yagonaligi haqgidagi global
teorema isbotlangan.

Kalit so‘zlar: Giperbolik sistema; ikki of‘lchovli Maksvell
tenglamalar sistemasi; integral tenglamalar; integro-differentsial
tenglamalar; gisqartirib aks ettirish prinsipi.

3ajavua onpejiesieHusl MaMATH B JIBYMEPHON CHCTEMe HHTerpo-
mddepeHImanIbHbIX ypaBHeHnit Makceeia

B »s70it crarbe, jjsi MpUBEIEHHOW KAHOHUYECKOW JIBYMEPHOMN
cucremMbl uHTErpo-muddeperHnmaIbubIX ypaBHenuit Makcsesuia
CTaBSATCA IpsMast 1 obpaTHAasI 3312491 OIPEIEICHNS IOJIST JJIEeK-
TPOMATrHUTHOTO HAIPSI?KEHUsI U TNArOHAIbHON MaTPHIILI ITaMsi-
TH. 3aJa9i 3aMEHSIIOTCS 3aMKHYTOH CHUCTEMON MHTErpaJIbHBIX
YPaBHEHHII BTOPOTO POJA BOJIBTEPPOBCKOTO THUIA OTHOCHTEJIb-
Ho Pypbe obpasza MO MEpPeMEHHBIM T1 PEIIeHUs HPSIMOR 3aja-
YM M HEeM3BEeCTHBIX obOparHoil 3amaun. Jlasee K 3roil cucreme
NIPUMEHSIETCST METO/ CKIMAIONINX OTOOParKeHU B IPOCTPAHCTBE
HENPEePbIBHBIX (DYHKIMIA ¢ BecoBOil HOpMOi. Takmm obpaszom,
JIOKa3bIBAIOTCSI TVIODAJIBHBIE TEOPEMBI CYIIECTBOBAHUS U €JIMH-
CTBEHHOCTH DEIIEHUN IIOCTABIEHHDBIX 3a/1ad.

KuroueBbie ciioBa: ['mniepbosmdeckasi cucrema; JByMepHasi CH-
creMa ypaBHeHMiI MakcBesla; HMHTErpajibHOe ypaBHEHUE;
uHTErpo-mTuddepeHnraabHoe ypaBHEHUE, MTPHUHIUAN CXKATHIX
0TOOpaXKEHMIA.

MSC 2010: 35Q61
Keywords: Hyperbolic system; two-dimensional system of Maxwell’s equations; integral equation; integro-differential
equations; contraction mapping principle.

1Bukhara State University, Bukhara, Uzbekistan. E-mail: hturdiev@mail.ru
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Introduction

The propagation of different waves is described by hyperbolic systems of first-order equations. In media with aftereffect,
such a phenomenon in totally depends on the previous state of the process. For example such property possesses the
phenomenon of the propagation of electromagnetic waves in media with dispersion. Thus, in these media, a violation
occurs of the unique dependence of D, B (the induction of the electric and magnetic fields respectively) on E and H (the
intensities of the corresponding fields) at the same time. The more general kind of linear dependence between D(z,t),
B(z,t) and the corresponding values of the functions E(z,t), H(z,t) at all previous time can be written in the form of
the integral relations (see [1], pp. 357-376):

t t
D(z,t) = €eE +/ (t—7)E(zx,7)dr, B(z,t)=pH+ /a(t —7)H(x,T)dT. (1)
0
Eere E = (E1,E», E3), H = (H1, He, Hs), D = (D1, D2, D3), B = (B1, B2, B3), x = (21,72, 23), 9(t) = diag(e1, 2, ¥3),
Y(t) = diag(¢1,12,13) are diagonal matrices that represent the memory.
In an anisotropic medium with dispersion, the system of Maxwell’s equations has the form

Vx H= %D(Jc,t) +o0E+J, VxE= —%B(w,t), divB = 0, divD = p. (2)

The matrices € and p are assumed positive definite, symmetric, and depending only on z3 and o is a constant matrix.
In the first equation of J = J(z,t) is a vector-function characterizing the external current density. The third equation
in is a consequence of the second equation and the condition

div (iH) |,_, = 0. (3)

This section examines the problem of defining functions ¢(t), ¥ (¢). In this case €, p are assumed positive and
dependent only on the coordinate z3, o = o(z3).

Here after, we assume ¢(t) = p;(t), ¥(t) = ¥:(t), i = 1,2, 3. Taking into account the relations from the system
of , we get a two-dimensional system of Maxwell’s equations (see [2], pp. 81-95), (|3], pp. 5-20), ([4], pp. 71-80)

¢
+ (po + o) Ea +/g0/(t—T)E2(I17$377)dT+J2 =0,
0

8E2 OH,  OH3

815 8%3 8:81

H E. '
Ha 1 724,1/}0]3'14»/1/)(th)Hl(xl,xg,T)dT:O,
ot 0
H- E. '
a@; + % + o Hs +/f¢v (t = 7)Hs (1,23, 7)dT =0, (4)

where o = (0), o = ¥(0).
Consider the problem of determining the function o = o(x3) in the half-space x3 > 0, assuming that €, x4 in this
half-space are known. To simplify the presentation, we assume here that the coefficients €, p are piece-wise constant

€, 3 <0, w, z3 <0,
€=t =9,+
€, x3 >0, uh, x3 >0,

and if 3 < 0 then o = 0. The assumption of the constans €,  in the domain z3 < 0 is actually not essential, but from
a technical point of view, it makes significantly facilitate many calculations.
In the future, in , we introduce the new functions

B ).t 2 ) 1=

Then the system of equations is written in the following compact form:

0 0 0 =
(Aoat+A1a—+Aza ) /K 20, 7)U (2, — 7)dr + J(w1,23,1). (5)

Here U = (Ui, Uz, Us)™is the column vector,

. c o o L 1 1
\/% \/EN Vi VEe VA
o= \{); RS 0 ], Ai=10 0 8 A= O
VI V2e Ve 0 0 0
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— ©
Ve ol VI g3 _ vie v 0}
= P e/ P, 5/ - — P _ ¥ =
A3 \/20*”‘ + 2\/56% _TUM + 2\/56% O ) K($37t) \/ﬁ \/ﬁ f] ) J (07‘]270) (6)

0 0 \/—% 0 0 7

where * is the transposition symbol.

Multiplying equation from the left by the inverse matrix Ay 1 we obtain
138 +Bl 8 +B2 a /K T3, T :]3 t—T)dT +j(:171,.’1}3,t). (7)
ot oz O0x3

Here and in what follows, I3 stands for the identity matrix of order 3 and B; = Ag'4;, j=1,3.
In accordance with , we have

0 0 l
o o0 L )
B1 = < s B2 = 7A0, Ao = diag(—l,l,O )
1 1 %“ VER
V2 2ep
+g w ’ i +o— d) ’ !’
=5 +23+4u\@+4ef@ 5T T E T Ty T aeyam O _ R
B3 = <P0+U_7_~_ ¢ w0+0+@_7_ < 0 |- J:A01J7
2e 4#@ de/ep 2e 2n dp/ep 4&@
%a
0 0 m
! 1/)/ ’ wl
_ ey %oy O
K($37 ) AO (:Eg,t) = - % — 12% % + ;Pu O/
P
0 0 m

Introduce the new variable z using the formula

2= 0aa) = [ Vs (8)

0

Denote by #*(2) the function inverse to 6(z3) and let
Uz, 2,t) = Ulx1,0 ' (2), 1), J(x1,2,t) = J(x1,0 " (2),1),

Ci(2) := Bi(07'(2)), Ca(2) := Bs(607'(2)), K(2,1) := K(67"(2),1) = (kij); ,—
Then takes the form

( gt—FAoaa —|—C’1a8 —|—Cg)V:/K(Z,T)V(zl,z,t—T)dT+J(x1,z,t). 9)
1

Statement of the problem
In the direct problem given matrices K, C1, Cs, and vector-function J, it is required, in the domain
D= {(z1,2,1):0<z< L,t >0, z; € R},

find a vector-function V' (z,t) satisfying equation @D for the following initial and boundary conditions:

Vi(zy, 2, t)|,_, = ¢i(a1,2), i =1,3, (10)

Vi(z1, 2,t)|.=1 = g1(x1,t), Va(®1,2,t)|2=0 = g2(z1,1), (11)

where ¢(x1,2) = (¢1, P2, ¢3) (71, 2), g(x1,t) = (91, 92) (z1,t) are some given functions.
Inverse problem: Find the functions ¢(t), ¥(¢), t > 0, that are involved in the matrix K, if the additional conditions

Vi(z1,2,t)]z=0 = hi(w1,t), Va(z1, 2, 1)L = ha(21,1). (12)

are given for a solution to problem (9)-(TI). Moreover, we assume that ¢(0) and 1(0) are given as well.
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The problems of finding the memories from one second-order integro-differential equation have been widely studied
(see [0]-]26]). The numerical solution of direct and inverse problems for such equations were under study in (see [26-36]).
As a rule, the second-order equations are derived from systems of first-order partial differential equations under some
additional assumptions.

The inverse problem of finding the kernels of the integral terms from a system of first-order integrodifferential
equations of general form with two independent variables was studied in (see [38]-[39]). Some theorem of local existence
and global uniqueness was obtained.

It seems quite natural to carry out the study of inverse problems of finding the kernels of the integral terms of a
system of integro-differential equations directly in terms of the system itself. The present article is a natural continuation
of this circle of problems and, to a certain extent, generalizes the results of (see [38]-[39]) to the case of the system of
Maxwell’s equations with memory , .

Suppose that functions J(z1, 2,t), ¢i(z1,2), and g;(x1,t), occurring on the right-hand side of @D and the data 7
have some compact support with respect to x; for every fixed z and t. The existence for @D of a finite dependence
domain and the property of having compact support with respect to z; of the right-hand side of @ and the data ,
imply that solutions to problem @- have the compact support with respect to xi.

We investigate the properties of solutions to this problem. More exactly, we will confine ourselves to the study of the
Fourier transform of a solution with respect to x1. Denote

‘7(17,2,15) :/V(ml,z,t)eimldml, j(n,z,t) :/J(ml,z,t)ei"zldml, (13)

where 7 is the parameter of the transform.
In terms of the function V we write problem @ as follows:

< aatJeraa ) /KZT (n,z,t — 7)dr + J(n, 2, 1), (14)

. 3
here C(n, 2) = C2 — inC1 = (¢ij); j—;- - N
Fix n and for convenience introduce the notation V(7, z,t) = V(z,t). We will adopt these notations for the Fourier
transforms of the functions occurring in the initial, boundary conditions , :

Vil,_y = i(2), i=1,2,3, (15)
‘,}1‘2=L :gl(t)z ‘,72‘2:0 :§2(t)7 (16)

and additional conditions
Vilz=o = ha(t), Vals=r = ha(t). (17)

The direct problem

Let Q = {(2,t) : 0 < z < L, t > 0} be the projection of the domain D to the plane of the variables z, ¢. Consider an
arbitrary point (z,t) € Q on the plane of the variables &, 7 and draw a characteristic of the 7 equation of system
through (z,t) till the intersection with the boundary of Q in the domain 7 < ¢. The equation is taking as

§=z+m(r—1), (18)
here
-1, t=1,
Vi = 1, i1 =2,
0, 1=3.

For «2 = 1 this point lies either on the interval [0, L] of the axis t = 0, or on the straight line z = 0, and for 1 = —1,
either on the interval [0, L] or on the straight line z = L.
Integrating equations over characteristic (18) from (z§,t4) to (2,t), we find

t

i) = it + [ [T ch W (e.r H dr+
§=z+7i(r—1)

i
to
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t7'3

+//§:m&mﬁa577mmy dr, i=1,2,3. (19)
o J=1

A §=z+7;(T—t)
th

Let we find ¢} in (19) and consequence it depends on the coordinates of (z,t). It is easy to observe that t)(z,t) has

the form
t+z—L, t>z—1L,

0,0<t<z—L, i=1,
th(z,t) = t—=z, t> 2,

0,0<t<z i=2

0, =3
Then the condition that the pair (2, t)) satisfy to the equation implies

L, t>z—-1L,
ttz, 0<t<z—L, i=1,
2b(z,t) = 0, t> z,

z—t 0<t<z, i=2;

z, 1=3.

The free terms of the integral equations are defined through the initial and boundary conditions and
as follows:
git+z—-L), t>2—-1L,

pr(t+2), 0<t<z—L, i=1,
Vilzh, th) = ot —2), t >z,

ba(z—t), 0<t<z i=2;

¢3(z), i=3.

It is required that YN/Z(z& th) be continuous in Q. Note that, for these conditions to be fulfilled, the given functions 51
and g; must satisfy the metting conditions at the angular points of 2:

$1(L) = G1(0),  2(0) = 5a(0). (20)

Here and below, the values of g; at ¢t = 0 and ;52 at 2z = 0 and z = L are understood as the limit values at these
points as the argument tends from the side of the point where these functions are defined.

Suppose that all given functions in are continuous functions of their arguments in 2. Then we have a closed
system of Volterra-type integral equations with continuous kernels and free terms. As usual, such a system has a unique
solution in the bounded subdomain

Qr ={(2,t):0<2<L, 0<t<T}
of ©, where T' > 0 is fixed number.

Introduce the vector-function

w(z,t) = %f/(z,ty

For obtaining a problem for w(z,t) similar to — , we differentiate and the boundary conditions with
respect to t and find the condition for ¢ = 0 by means of and the initial conditions . We get

(Is% Ty c<z>) Wz, ) = K5 00(2) + [ K(zmwlet = i+ 550 (21)
0
w(z,t) B = P(z2), (22)
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= —52(t), (23)

where ®(z) = (91, P2, P3)(2) and
Bi(2) = Ti(20) — 75 3i(5) = D20y, =123, (21)

Once again, integration along the corresponding characteristics reduces — to the integral equations

¢ 3
wila0) = wi(ehth) + [ [ ch Jus(6) + 3 ks (6,705 (@} ] drt
A j=1 =zt (T—t)
to
73
//Z (& Q)w; (€, 7 — a)da dr, i=1,2,3. (25)
5 d=1 E=z+;(T—1)
th
For the functions w;, the additional conditions takes as
wizt)| = Lh), wzt| = Lha (26)
I T T T
In equations , the functions w(z),ty) are defined as follows:
%'gvl(tJrsz), t>z—1L,
Di(t+2), 0<t<z—L, i=1,
w(zé7t6) = %52(75 - 2)7 t 2>z,
Doz —t), 0<t <z, =2
D3(z), i=3
Suppose the fulfillment of the conditions
(D)= | Samm| 0= | Ta0 (27)
' ~ L =0 T a” t=0

It is not hard to see that the fitting conditions for the initial data (22)) and the boundary data coincide with
at the angular points of €2. It is clear that if the same equalities e fulfilled then have unique continuous
solutions w;(z,t) and the same (8/0t)Vi(z, ).

Thus, we proved the following;:

Theorem 1. Suppose that

&(x3) € C[0,00), flzs) € C0,00), d(x3) € C [0, 0],

g(t) € C[0,00), K(z,t) € C1[0,00), J(ws,t) € C*(Q)
and conditions and are fulfilled. Then there is a unique solution to problem — in €.

Analyzing of the inverse problem.

Consider an arbitrary point (z,0) €  and draw the characteristic through (z,0) till the intersection with the lateral
boundaries of 2. Iterating the i component of equation , using the data , we obtain

(ti(2))

3
w20 = SR+ [ [37 £7) Zcu Yoy (€, 7) Zku(s,ﬂm)} dr+
dt 5 9 j=1 §=z+7;7
(=) 7 4
[ kst st - ayda dr, =12, (28)
j §=z+7;

0 0 J=1
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where
1 ( L—z i=1,
Integrating the 3 component of equation leads to the integral equations
ws(z,t) = /{ 203] 2)w;(z,7) Zkgjoqb] :|d7'+
t T 3
+//Zk3j(z,a)w]-(z,7' — a)dadr. (29)
0o o J=1
Taking into the initial data and additional conditions , rewrite as
(ti(2) 4 () 7 4
Z kij(z+vi1, T)@j(z + viT)dT + / /Z kij(z + v, @)w;(z + i1, T — a)dadT =
o J=t o o J=t
d (ti (2)) 9
= @i(2) = S ha(ti(2)) - / i T T) = ;Cij(z +vim)w;(z + w7, 7)|dr, =12,
2 —
t T 3 d
/Zk:sg (0,7);(0 dT—l—//Zkg] (0, )w; (0,7 — a)dadr = ah,:,»(t)—
—P3(z /263] Yw; (0, 7)dT.
Differentiate the first equations with respect to z, and the second, with respect to t. Then
3 ti(z) 4 5
D kig(z 4 vita(2), t(2)) b5 (2 + vita(2) — e / > % (kij (2 + 7T, )b (2 + 7)) dT+
j=1 0o J=1
ti(2) 4
/ z (2 + it (2), T)wy (= + yita(2), ta(2) — 7)dr—
ti(2) =
—i y 9 (kij(z + T, 0)w;(z + 71, T — @) dadr = — ifb(z) - d—Qﬁ(t(z))—
Yi 2 oy \" ViT, Jj YiT, = 'dez i gz il
o o =1
3 t;(z) 5
0 =~ 0° =
—| g1z Hiti(2), ti(2)) — > iz +yiti(2)ws(z + viti(2), i(2) | + v Rl e b
j=1 0
L9
=3 o sl et i) dr i = 1,2 (30)
=%
Now, replace t;(z) by t in (30). We get
3 _ t o3 P
> k(0,4)¢5(0) = Pa(t) +/Z 5 (e1i(t = Pw;(t = 7, 7)) dr
; z
Jj=1 Jj=1
t t 3 a
/Zklj (0,7)w;(0,t — 7)d /Z& kaj (¢ 7T)¢j(t77—))d’r7
0 J=1
t T 3 8
_//Z&(kjlj(t—r,a)wg(t—r,r—a)) dadr, (31)
o o J=1
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_ / Z koj(L,T)w;(L,t — 7)dT + / Z %(ij(L —(t—-7), T)(Ej(L —(t— T)))d7'+
0 Jj=1 0 j=1

T

+//;§z(k2j(L— (t—71),0)w;(L—(t—71),7—a))dadr,

where P;(z) are defined by the formulas

Piz) = L du(e) = L Rui(2)) — 2 T+ wti(), ()

t;(2) 5

3
0° = .
+ 3 eue bty e+t @)+ [ g e+, i = 1,2
Jj=1 0

Let’s rewrite the equations (3I)), in the following form:

5c (@10)+62(0) ¢ (1) + 5 (41(0) 220D w' () = ~P) — [ 35

<
1

Let us introduce the following notation:
2 (00 +0(L) & (-61(D) + (L)
Reckoning with , rewrite as follows:

wi(z,t) = wi(z0, to) +/ [%ji(&ﬁ) - Zcij(ﬁ)wj(ﬁﬁ) +Y Fy( 5)%‘(7)}

¢

dr+
§=z+7i(r—1)

t7'2

+//ZFij(§;w(§,T*a))‘lfj(a)da’ dr, i=1,2,
¢4 0 I

f E=z+7;(T—t)
0

t

ws(z,t) :<I>3(z)+/ {203j(z)wj(z,T)+$iiz)\I/2(T)} dT+/t/TW\I/2(a)dadT,
here

Fzw(z 1)) = (Fij<z;w<z,t>>)jj_1.

(32)

(34)

(35)

(36)

(37)
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Using (3 , we can also rewrite and (| so that

t

S B S5 (0) = ~PuCE) + 3 [ 3 [ (=ult = 1wy (=it = 7))+

j=1

bt = 1) grws(=ut = ) ]dr+ [ 3 Figloss st - 1) (r)ar+
o J=1
[ 30 5B =l = 7850 = e~ )W ()t
+7¢//Z%F¢j(m — 7t —T1);wi(vi — vt —7), 7 — @) ¥;(a)dadr, (38)

here
[0, i=1, . i=1
”1_{ L, i=2, tl(t)_{ L—t, i=2.
Let ¥(t) = (90/ (t), ¥ (t))* be the vector-function composed of the derivatives of the unknown functions of the inverse

problem, where U;(t) are the entries of this vector-function.
In what follows, we assume the fulfillment of the condition

det F(vi; §) # 0, (39)

which is equivalent to the inequalities B B B B
#1(0)p1(L) # ¢2(0)¢2(L).
Now, solving with respect to ¥;(t), we obtain

2 t o3 P
wi(t) = detFV“ z_j[ )+ / 3 [gzen(ule = (o= 7))+
Fen(=(t = 7)) pown(—(t = 7), 7)) + / ZF]z w55 (e = ) | Fvis B+

e F i) 2 { Fia(vy =75t =) du(0y =7 (t = ﬂ))%(ﬂdf} Fiolvs: o)+

Jj=

detFyl, i{%//

0 =1

Il
-

o\ﬂ
Mw
¥l

3

Fju(v; —vi(t = 1);wi(v; —vij (¢ — 1), 7 — a))‘lll(oc)dadr] Fji(vi; 5), (40)

%’\Qa

where Fj; are the algebraic complements to the entries Fj; of F, i =1, 2.
Equations 1} contain the unknown functions %wj, j = 1,3. For them we obtain integral equations from 1) and
(37) by differentiating in z. Moreover,

gwi(z,t) = @wi(zo»to) 5 [5 (26, t0) ZC’LJ 20)w; Zo,to)+2Fij(20;¢)‘1’j(to)}+

/ 9 . d
[@ de Ew; (&, 7) ch §7)+

2 th
9 s 9 i i i
+> 5, Ful& <¢>)%(¢)H dr — >t / > Figz0; Hy (26, to — 7)) 5 (r)dr+
=1 9% E=z+7i(r—1) j=1
//Z 6 U £7 57 T = O{))\I/] (a)da dT, 1= 17 27 (41)
i §=z+7;(7—1)
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+%$3;i) ]d7+0//aazw3 w357 = )y (a)dadr, (42)

where

H'(Zé,té—T) =
’ doi (5= -7), i=1

The main result and the proof

The main result of the present article is as follows:
Theorem 2. Suppose the fulfillment of the conditions of Theorem 1 and also the conditions

b(z) € C*[0, L], §(t) € C*[0, o0), h(t) € C*(0,00), J(z,t) € C?(II)

condition , and the fitting conditions ll and . Then, for every L > 0, on the interval [O,L], there exists a
unique solution to the inverse problem 1|1D l| of the class ¥(t) € ct [0, L].

Proof. Equations , and (40)-(42) supplemented with the initial and boundary value conditions from
constitute the closed system of equations on the unknown w;(z,t), ¥;(¢), and %wi(z,t), 1 =1,2,3, j = 1,2. Now,
consider the square

Qo:={(2,t):0<z<L,0<t<L}.

Equation , and — show that the values of wi(z,t), W;(t), and Zwi(z,t) for (2,t) € Qo are expressed
in terms of the integrals of some combinations of these functions over segments lylng in Qo.
Write , and — as a closed system of Volterra-type integral equations. For this introduce the vector-

functions v(z,t) = (v,l, ’U?,’US), 1=1,2,3, j = 1,2, by defining their components by the equalities

Uz‘l(zvt) = wi(z,t)v ’U?(z,t) = \Ili(t)a

2
V(e t) = i)+ fi > Fuleti O (t) 5= th
here L
w={o 23"
Then the system , and — takes the operator form
v = Av, (43)

where A is the operator A = (A%7 .A% .Af’) ;1 =1,2,3, j = 1,2 that is defined in accordance with the right-hand sides
of , and — by the equalities

2

Ajv =0 (2 7t)+/ [—Zcij(2+7i(7—t))vjl'(ZJr%'(T—t)aT)+2Fij(z+%(7—t);$)vg2-(7) dr+

/ =1
o

+//ZFij(Z+’yl'(T—t);’UJl'(Z—F"YrL'(T—t),T—Oé))U?‘(a)dOédT, i=1,2, (44)

t

Asv =03 (2, t /{ 2031 ¢3( v3( ]d7+//v3 g(a)dadT7 (45)

0

Ao =P (z1) + / 3, 2 8 et = 7)o (gt = 1), 7 Fra(vis B)

det F'(v;; ¢ ==

t o9

. d
+Wofj§zjll§_jlwcﬂ(vj<tT»[vm(tT BlZFlpZm Bth) gt dr v+
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t

2
9 ~ ) ~
i—Fa(vi —vi(t—71);01(v; —v(t — dr Fji(vi;
detF (o O/E E ’YJaZFJl( 5 =it = 7) vy — v (t —7)))vi (T)d7 Fji(vi; §)+

j=11=1

/ S5 Fuleys SRyt = )R (I F s+

detF (vis ¢ io1=

/ / S  Fanlws = 33t = 70k = gt = 7),7 — @) (@)dadr Fia(is 6),  (46)

detF (vi; & iD=t

2
o= pie - [ [ s @6 + S (16 -3 S a2
L =1

t02

2
8 ~
—ZaFij(f;qs)v?(T)H to / ZF” 205 Hj (20, to — 7))vj (T)d7+
J=1 E=z+v;(T— t)
t T 2 a
+ [ [ g s& vl - a)eiaida dr, i =12 (47)
=1 9% E=z+;(T—1)

ty 0

t g 2

Ajv = vz’ ( / {Z 123 'U] &7+ Z cs;(§ (UJ (&7)—B; Z Fik(2g5 #)vi (%)&%)"’
j=1 =1

i
)

+; 9s(2) }d +//{ Wz, — )i (a) — %vé(z,Tfa)vg(a)]dadT. (48)

In these formulas, we used the notations

o at) = wilaht) + [ ST =0 =12 (0 = 2a(2)

i
t()

9 A
02 03 141
v; (z,t) = Fii(vi; @), v (z,t) = —wi(z0,t
G0 = }_: s d) o5 0) = —wi(a 1) -

0 ;0 ~
0z

toa Ji(26, th)+

t

9 i v N 9 = , d

+8Zt0j216ij(20)w]'(2’0,t0)+/szi(z+7i(7t),T)dT, i=1,2 v3(2,t) = @‘I’s(z)-
- b

Endow the set of continuous functions Cs () with the norm

[lvlls = max sup  [vi(z,t)e” ™
1<i<8, 1<I<3 (4 1)eq,

wheres > 0 is a number to be chosen below. Obviously, for s = 0 this space coincides with the set of continuous functions

with the norm ||v||s. By the inequality,

—sL
olls < llls < vl

the norms ||v||s and ||v|| are equivalent for ant fixed L € (0, c0).
Further, consider the set of functions S (UO7 r) C Cs (Q0) , satisfying the inequality

lo =0l <7, (49)

where the vector-function
v(z,1) = (v (2, 1), OQ(t), v (z,t), 1=1,2,3, j=1,2)
is defined by the free terms of the operator equation (43| . It is not hard to observe that the following estimate holds for
veES (UO, r):
[vlls < 0°ls 47 < [[°)] 47 := ro.

Thus, ro is known.
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Introduce the notations

o= [0y 90 = g Nocaoy Jo = i |7 o,
ho == max |[|hillg2(o 1) 5 co == max  {cij(2)}, To :=max{go, ho}, Po := min {|F(0)|, |F(L)|},

1<i<3 1<i<3, 1<;5<3

Qo= max{ xR0 ma (701}

T0¢0 = max )
1<i<n

Fii(z+ »L'T—t;~H
et ur=0:0)|

The operator A takes Cs (€20) into itself. Show that for a suitable choice of s (note that L > 0 is an arbitrary fixed
number) it is a contraction operator on S (UO,T). Let us first verify that A takes the set S (vo,r) into itself; i.e., the
condition v(z,t) € S (’UO,T) implies that Av € S (UO,T), if s satisfies some constraints. Indeed, given (z,t) € Qo and
veSs (vo,r) we have

t o2

/ {Z Fiy(z+7(r = t);9)e 03 (1)e T =

j=1

{(A}v—v?l) e =

i
t()

=D iz = 0))e i (z 4+ vl - )77)6757]d7-+

j=1

IA

t T 5
+ / / Z Fij(z + (T — t);0) (2 + yi(m — ), 7 — a))efs(T*a)U?(a)efmdadT
A j=1

~ t (b 1 ~
< [(2T0¢0+3co)\|u|\s+2ro||v||37]/ et )dfgg((2T0¢0+3co)+T0Lro) ro = ~au,
0

’(Aév — vgl) e_St| = { ZC3 (2)e —s(t=m) l(z T)e T + Ls}iz) U%(T)G_ST:| dr+

—|—// 7= ) e T3 (a)e**dadr| <

1 1~ 1~ 1
< < [3e0+ 1590 + mnvnn] ol < < [Sco + 5o + 2Toror] [[vl].ro = —aua,

(A2 — o) | =

/Zzw‘%cﬂ(—%(t—ﬂ) U (=i (= 1), T)e T dr Fri(vis 6)+

det F(v;; ¢) e
2 N 5 . N
—h Z FZP(Z(lﬁ (b)vfr(té)&t(])} eisT)dT]:ji(Vﬁ o)+
p=1
L2
1 o o - _
Yoo 5, L = (t—1)))e T (r)e T dr Fii(vis ¢)+
detF(yi;(j))O/;;%az (v =t — )‘z’l( —(t—"1))) i (T) TFji(Vi; @)
¢
1 /iiF (V3 SRu(— (¢ = ))e "R (1)e "D drFyi (i )+
det F(vs ) ) 227"y 0 Gi(vis
0 J=11=1
1 t T 4 2
— . Fa(v t—71)0v i (t — —a)e s(t—a)
detF(ui;qs)O/O/;;%a (s = (¢ = )il (0 = (¢ = 7). 7 = )

1

—sa % 6F ~ ~
xvf(a)e™ " dadr Fya(vis )| < o (2¢0 (1+ Yodo) + Todo + Yol +ToLro) ro := az,
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3 2
e (v? &) =B85 > Frlad; q?)v?(té)%ﬂ;) e -

=1
2 a _
=D S Pl ¢)e*s<“”v?(7)e*”>] ’ dr—
=1 E=z+v;(T—1t)

t02

8 —T —S8T
to/ZFzg 207 ZOvtO_T)) o >UJ2'(T)€ Vdr+

dr
E=z+;(T—1)

<

/ / Za (6 )€ = e v @) da

< % [200 (1 + Toqgo) + Yoo + Tolo + YOLTO] ro 1= éash

t

3
|<A§’U — UgB) 67“‘ = ‘ / |:Z di *S(t*T),U]l_ (6,7_)6737')4,

to

3 2
—s(t—T1 i iy 0 —sT d ¢ —s(t—7 —sT
# el )(U?(&T)—6;-;ij(zé;¢)v?(té)azté>e 1 L9 e g ar+

t T
1 1
+// [;vg(zw —a)e T (a)e ™ — Evé (2,7 — a)eis(T*a)vg(a)efsa} dadr| <

0 0

3 ~ 17 _ 1
S g |:260 (1 + To(ﬁo) + Mo 1¢0 =+ Q[JO 2LT0] To = gOé32.

These together with ? — imply the estimates

|Av —0°||s = max{ max sup ’(A}U - 'U?l) efSt‘ max sup ‘ .A2U - 0?2) eisﬂ ,
1<:<3 (2,£)€Qq 1<:<3 te[0,L]

_ 1
max sup | A3v - U?S) e St| < ~ap,
1<’L<3t€[0 L] S

where g := max (@11, ai2, a2, asi, asz) Choosing s > (1/r)ap, we obtain that A takes S (Uo,p) into itself.
Now, take v,0 € S (UO, r) and estimate the norm of the difference Av — Av. Using the obvious inequality

k

k ~ !
v, —U;

V;

~k l ~1
V| |V — Uy

—st

e < e+ e < 2rgllv —Ts

k1 ~k~l
V; Uy — U U;

and estimates for the integrals analogous to those above, we arrive at

t -2

/ {Z Fi(z+n(r —t);0)e 7 (v (7) = T3 (7)) e 7=

|(Aiv — A;D) e =

) =
)

3

. Zcij(z + ’Yi(T _ t))e_S(t_T) (,U]l(z +’Yi(T — t),T) — 17]1(2 + ’Yi(T - t)vT)) e_ST:| dr+

t
+//Z{ i (z 4+ vi(r —t);v%(z—!—m-(‘r—t),7'—a))e_s(T_a)U?(a)e_‘sa—
th 0 =1

—Fij(z+%(1 —1);0; (2 + vi(T — ), 7 — a))e_s(f_a)ﬂf(a)e_m} dadr| <
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<

[

~ - 1 ~
((2T0¢0 +3co) + 2T0Lro) llo = Blls == <Bullo - olls

t

/- icwwe“”) (v} (27) =B} (zm)) e T+

0

|(Azv — A3D) e "] =

M1)27-7527 T)e T |dT
+ 22 (30) - 330r) (e ]+

<

t T

1 _ _~1 _

+// U3 (Z7T CY) p US(ZaT a) e—s(T—a) (’US(O&) _ 5%((1)) e **dadr
0 0

1 1 ~ 1 ~
< < [3e0 + pg G+ 4ToroL] v = B i= <Buaflv = B,

Likewise, we obtain the estimates

}(A?v _ A?@) efst| < % (200 (1 + TOEEO) + Togo + Yolg + QTOLTO) lv—="2]|s = éﬂgHv —0|s,

‘(Af’v - Af@) e | < g [260 (1 + Toao) + Togo + Tolo + ZTOLTO] lv—"o|s := éﬂ;ﬂHU —0s

: 5 _st) _ 3 ~ P _ _ 1 _
|(Afv — A3B) €| < 2 (20 (1+ Yado ) + s "o + 4" Lro] [[v = Bl = Bz lv = 7]
Hence,
Sl = Ly ALE) et 20— A2F) e
| Av — AD||s = max{lrglag(s (zi;lgno |(Aiv — AjD) e, Jnax, teSE(J)PL] |(Afv — AfD) e,
3 3~\ —st 1 ~
juax, sup. |(Afv — AiD) e } < < Pollv = alls,

where fy := max (B11, Bi2, B2, Bs1, Bs32).
Now, choosing s > (3p,, we conclude that A contracts the distance between v and v by S (UO, p).
As follows from the estimates above, if s is chosen so that

s > s* = maz{ao, fo},

then A is a contraction on S (v% p). In this event, by the Banach Principle (see [39], p. 87-97), equation has a
unique solution in S (UO, p) for every fixed L > 0. Theorem 2 is proved. O

Knowing gp/(t) and w/(t), we can find the functions ¢(t) and (t):
t t

o(t) = 9(0) + / & (r)dr, $(t) = p(0) + / W (r)dr.

0 0
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