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UOK 51

LAPLAS INTEGRAL ALMASHTIRISHI VA UNING DIFFERENSIAL TENGLAMALARGA
QO“‘YILGAN MASALALARNI YECHISHDA QO‘LLANILISHI
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Annotatsiya. Ushbu magola ilm-fan sohasida keng tatbigqga ega bo ‘Igan Laplas almashtirishi va bu
tushunchadan differensial tenglamalarga qo ‘yilgan masalalarni yechish usullariga bag ‘ishlanadi. Dastlab
almashtirish va uning ba’zi xossalar, so‘ng uning tatbiqlari haqgida ma’lumotlar keltirilgan. Magolada
keltirilgan  ma’lumotlardan  matematika  yo ‘nalishida  tahsil olayotgan bakalavrlar, magistrlar
foydalanishlari mumkin.

Kalit so“zlar: integral almashtirishlar, Laplas almashtirishi, differensial tenglamalar, Koshi masalasi.

ITPEOBPA3OBAHME JIAIIVIACA " ET'O IIPUMEHEHME ITPU PEHIEHUUH 3AJTAY,
IHOCTABJIEHHBIX TU®PEPEHIINAJBHBIM YPABHEHUAM

Annomauua. J[annas cmames noceswena npeobpazoeanuto Jlannaca, Komopoe WUpOKo
UCNOL3Yemcs 8 00aacmu HAyKU, U Memooam peuwieHus 3a0ay, HOCMABLEHHbIX OughepenyuanbHbvim
ypaenenuAMU npu nomowsu 3mozo nouamus. Cuauanra oano onpeoenenuss npeobpaszosanus Jlaniaca u e2o
HeKomopble C80UCMEA, a 3amem NOKA3aHo e2o npumenenue. Mngopmayus, npedcmasnennas 6 cmamue,
Modicem Obimb UCNONBb308AHA OAKANABPAMU U MASUCTIPAMU, U3VHAIOWUMU MAMEMATNUKY.

Knioueswie cnosa: unmezepanvhvle npeobopasosanus, npeobpazosanus Jlaniaca, ouggepenyuanvhvie
ypaenenus, 3adaua Kowu.

LAPLACE TRANSFORMATION AND ITS APPLICATION IN SOLVING PROBLEMS
POSED BY DIFFERENTIAL EQUATIONS

Abstract. This article is devoted to the Laplace transform, which is widely used in the field of science,
and methods for solving problems posed by differential equations using this concept. First, the definition of
the Laplace transform and some of its properties are given, and then its applications are shown. The
information presented in the article can be used by bachelors and masters students studying mathematics.

Keywords: integral transformations, Laplace transforms, differential equations, Cauchy problem.

Kirish. Integral almashtirishlar matematik amal bo'lib, u matematik ifodalarni boshga ekvivalent
oddiy shaklga aylantiradi. Oddiy va aynigsa xususiy hosilali differensial tenglamalarni yechishning eng
kuchli vositalaridan biri bu integral almashtirishlar usulidir. Furye, Laplas, Xankel va boshga almashtirishlar
elastiklik nazariyasi, issiglik o'tkazuvchanlik, elektrodinamika va matematik fizikaning boshqga bo'limlari
masalalarini hal gilish uchun go'llaniladi. Integral almashtirishlardan foydalanish differensial, integral yoki
integro-differensial tenglamani algebraik tenglamaga, xususiy hosilali differensial tenglamalar holida
differensial tenglamani oddiy differensial tenglamaga keltiradi. Hozirgi vaqtda kasr tartibli hosila gatnashgan
tenglamalarga qo‘yilgan masalalarni yechishda almashtirishlardan keng foydalanilogda ([2]-[7] ga garang).

Ko'plab turdagi almashtirishlar mavjud, ammo Laplas va Furye almashtirishlari eng ko‘p
go‘llaniladigan va mashhur almashtirishlardandir. Biz Laplas almashtirishiga to’xtalamiz. Laplas
almashtirishi algebraik usullarni qgo'llash orgali differensial tenglamani yechish imkonini beruvchi
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MATHEMATICS

almashtirishlardandir. Ushbu almashtirishni birinchi marta 1790 yilda fransuz matematigi Laplas ehtimollar
nazariyasi ustidagi ishlarida kiritgan.

Laplas almashtirishi va uning xossalari

Ta'rif [1]: Faraz gilaylik, y = f(t) funksiya quyidagi shartlarni ganoatlantirsin:

1°.t > 0 da f(t) bo‘lakli uzluksiz ya’ni cheklita 1-tur uzilishga ega.

2°.t<0da f(t) =0.

3°. Bu funksiya biror ko‘rsatkichli funksiyadan oshmaydi, ya'ni shunday M > 0 son olish va Re s > 0
ixtiyoriy t > 0 uchun

If ()] < Me** €Y)
shartni ganoatlantiruvchi inf Re s = sy > 0 ga f (t) funksiyaning o‘sish ko‘rsatkichi deyiladi.
Ta'rif [1]: Yuqoridagi 3ta shartlarni ganoatlantiruvchi hagiqiy argumentli kompleks giymatli f(t)
funksiya original deyiladi.
Faraz gilaylik, f: R — C akslantirish va s = o + iy berilgan bo‘lsin.
Ta'rif [1]: Quyidagi xosmas integralga

F(s) = [ et f(tdt ()
F (s) funksiyaning Laplas almashtirishi deyiladi va quyidagicha yoziladi:
f(t) = F(s).
Misol: f(t) = 1 funksiyaning Laplas almashtirishini aniglang.
+00
1 +oo 1
— -st — _ ,—st — (1 — T —-sty —
F(s)—fe 1dt—se | 0 5(1 tlirge ) K
0
1

1=~

S
Ta'rif [1]: F(s) ga f(t) originalning tasviri deyiladi va quyidagicha belgilanadi:
L{f(©}(s) = F(s).
Misol: f(t) = e® funksiyaning tasvirini aniglang.
1

+oo0  _ +00 — 1 — [o%e)
F(S) — fo e St gty = J‘O ea=s)t 4¢ :Ee(a s)t|+0 zg,

at=-
Ss—a

e

Laplas almashtirishining xossalari
1°. £(t) ning originali F va g(t) ning originali G bo‘lsin, u holda Va. 8 € C(R)
af + fg = aF + G
ga teng.
Misol: f(t) =sinwt. F(s) =?
sinwt = %(ei“’t —e Wty ya %= ﬁ ga ko‘ra
£{si t}()—l(l 1)_1 2iw w
SO = is—iw  s+iw) 20 2+ w? 52+ w?
2°.0*xshashlik teoremasi: Va > 0 (@ = const) uchun

f(at) = %F (2)

o‘rinli.
Misol:  L{sint}(s) = :

s24+1°

1

2
(@) +1
3°.Originalni differensiallash. Agar f € C (t>0) da uzluksiz va f'(t) yoki f™(t) —ham original
bo‘Isa, u holda quyidagi munosabatlar o‘rinli:
1) L{f'®)}(s) = sF(s) — f'(0),
2) L{FMD)}(s) = s"F(s) — TpZg sk =D (0).
Isbot. L{f M (D)}(s) = [7" e S F™(t)dt =

L{sinat}(s) = é .
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+oo

+o00
=e ] +s-f e Stf(1) dt =

0

= —f=D0) + 5 |e st =D ()| +0°° +s f e stf(n=2)(¢) dt] =
0
= —f=D(0) — s f("72(0) + 52 f e~ St (t) dt =...

0
+ oo

= 5" f e=StF() dt — [fD(0) + 5 - fF™=2(0) + - sP1£(0)].

0
4° Originalni integrallash
F(s
[ roar =52

5°.Tasvirni differensiallash
FM(s) =2 (=Dt f ().
6°.Tasvirni integrallash ( f;OOF (s)ds < +00)

+ 00

f F(s)ds = @

P
7°.0‘ramaning Laplas almashtirishi.

L{f * g} = L{f}- L{g}

f va g original funksiyalarning Laplas o‘ramasi deb quyidagi integralga
t

fxg= ff(p)g(t —p)dp
0

aytiladi.
Bizga f0+o° e Stf(t)dt < oo va f0+00 e Stg(t)dt < oo yaqinlashuvchi funksiyalar berilgan bo‘lsin.

LU»g}=J:we*%f*gxodt=f+“'*RFf@Oga—yden

+ 00

_ f £6) f ~Stg(t — y)dtdy

0<y<t
400 400 0
= ~5 [ o5 gt = pyaray = |° 2 7] =
| rores [ e ge—yyaeay=[ 7
0 y
+00 +00
=_f f(y)e‘g’f e=5% g (2)dzdy =
0 0

=[" fevdy - [T e 5% g(2)dz = L{f} - L{g}

Misol. Riman-Liuvill kasr integralining Laplas almashtirishini topaylik.

a—1
1&. f(t ft—r“lrdr— t).
§1(0) = H)( <@t = s+ £0)
O‘ramaning Laplasiga ko‘ra, L{I§, f(t)} = {%} L{f}
+coo +0o
ts=1z z%dz
al — —st ra _ _ -z~ T
L{t}—fe tedt = dt=@_je s
0 S 0
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+00 +00
_ ! e ?z%dt = ! e Zz0t1 gt = ‘Tla+1)
T ga+l T ga+l T oga+l :
0 0
1 . — 4+ ta_l — i
e Fa+1)=t* va @ T s

td—l

1

LUSF©) = L {5} LU = F(s) 57 ga teng.
Misollar. Quyidagi funksiyalarning Laplas almashtirishini toping.
1L.f(t)=t?2—2 .F(s) =?
sa1+1 Ta+1)=t¥ vals= % ga ko‘ra bu funksiyaning Laplasi. U holda
t2 -2 :%—% val'(n+ 1) = n! ekanligidan t* — 2 .=';i3—§
2.f(t) = 4t3 +t2 . F(s) =?

4t3 +t2 =4

3.f(t) = sinwt. F(s) =?
sinwt = %(ei“’t —e Wty ya %= ﬁ ga ko‘ra
1 ( 1 1 ) 1 2iw w

r4) r@) 24 4
T TTE Tetg

L{sinwt}(s) = — T2 2t w? sZtw?

2i

S—iw S+iw

4.f(t) = coswt. F(s) =?
coswt = %(ei“’t +e”wty va e = ﬁ gako‘ra
1 1 1 1 2s S
Heoswt}(s) = E(s —iw +(§) + ia)) T2 2+ w? sitw?
3 va 4 misollarga o‘xshab L{shwt}(s) = SV L{chwt}(s) = "
5.f(t) = cos?t. F(s)=?

2, I#cos2t 1 1 1. 2it —2ity =14 1 2it —2it
cos t—1 . —12+2 S(e + e ) =2+ (e +e7?)
et =—val= S & ko‘ra bu funksiyaning Laplasi quyidagicha topiladi:

s—a

2 —l 1(1 1):i l 25=
L{COS t}(s)_25+4 5—2i+s+2i ZS+4- s2+4

lar topiladi.

_ + S _1(1+ S )
T 2s 2 s244 2\s s2+4+4
6.f(t) = sin?2t F(s)=?

in2o¢ — 1Zcos4t 11 1 ait —4ity 1 _ 1/ ait —4it
sin?2t : 222(e+e)24(e+e)

et = ﬁ val= % ga ko‘ra bu funksiyaning Laplasi quyidagicha topiladi:
in2 -1 1. (2 Lyt 25 _
Lisin®2t}(s) = 2s 4 (s—4-i s+4-i) T 25 4 s2+16

S 1/1 S
=252 sz+16_2<s+52+16>'
Quyida ba’zi differensial tenglamalarga qo‘yilgan Koshi masalasini Laplas almashtirishi yordamida
yechilishini ko‘rsatamiz:
1. Boshlang’ich shart bilan berilgan quyidagi differensial tenglamani Laplas usulida yechaylik.
y'=3y' =4y =4x-5 y(0) =-1, y'(0) =2
Bunda quyidagi xossalardan foydalanamiz:

L)) = SF(S) = £/(0)
LF®©)(s) = s"F(s) = ) sk (0)

k=0
y" = s%F(s) = y'(0) = sy(0)
y' = sF(s) —y(0)
y = F(s)
y" —3y"—4y = 4x — 5 tenglama quyidagicha ko’rinishga keladi:
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4 5
s2F(s) —y'(0) — sy(0) — 3(sF(s) —y(0)) — 4F(s) = S
bu yerdan F(s) ni topamiz .
S2F(s) — 2 — (—1)s — 3(sF(s) — (=1)) — 4F (s) = ;iz _é

4 5
s2F(s) — 3sF(s) — 4F(s) = _S+5+s_2_§

—s3 4+ 552 —-5s+4
(s2—3s—4)F(s) = 2

—s3+5s2—-5s5+4
s2(s+ 1D(s—4)
Bu ifodani soddalashtirib teskari Laplas qo’llab bo’ladigan darajaga keltiramiz.
A B C D _ —s>+5s?—55+4
s sZ2 s+1 s—4 s2(s+1(s—4)
As(s+1)(s—4)+B(s+1)(s—4)+Cs*(s—4)+Ds?*(s+1) = —s3+5s2 — 55+ 4
A(s® =3s* —4s) + B(s* =35 — 4) + C(s® — 45?) + D(s® + 5%) = —s® + 55> = 55 + 4
A=2,B=-1,C=-3,D=0
Bizga quyidagi ifoda hosil bo’ldi:

F(s) =

F(s) = 2 1
TS TS 541
Laplas operatori xossalariga ko’ra
——1 L=y i—e"‘ F(s)=y

sz’
Teskari Laplasga keltirsak, blzga quyidagi yechlmga kelinadi:
yx)=2-1—x—-3-e7*
y(x)=2—-x—3e7*

2. Yuqoridagi tenglamaga o’xshab quyidagi tenglamaga qo‘yilgan masala ham yechiladi:
y" 4+ 4y = (8x + 4)e?, y(0) =4,y'(0) =-1
Laplas operatorining ba’zi xossalaridan foydalanib F(s) ni topamiz.

F(s)=y, y"=s*F(s)—y'(0)— sy(O)

8
SF() = (0) = sy(0) + 4F () = oy + -
4

8
S2F(s) — (1) —4s + 4F(s) = (5_2)2+5—2
4

2 _
s“F(s) + 4F(s) = 4s 1+(s—2)2+s—2
(4s—1)(s> —4s+4)+8+4(s—2)
(s —2)?
4s3 —17s% + 24s — 4
F(s) =
(s2+4)(s—2)2
A B Cs+D 4s3—17s*>+24s—4
s—2+(s—2)2+52+4_ (s2+4)(s—2)2
A(s24+4)(s—2)+B(s?*+4) +(Cs + D)(s®> —4s + 4) = 453 — 17s% + 24s — 4
A(s® —25>+4s—8)+B(s?2+4) +C(s3 —4s2+4s) + D(s®> —4s +4) = 453 — 17s® + 245 — 4
A=0,B=1,C=4D=-2
1 4s —2 1 4s 2
(5—2)2+52+4_(s—2)2+52+4 s2+4
Bundan teskari Laplasga o’tsak,

(s2 +4)F(s) =

F(s) =

F( ) —_ 1 — 2Xx
S) =y, —(5—2)2'_xe

s ] 1 1
SZ-I-—ZZ = CcoS2x, Py n 22 > —sin2x
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quyidagi tenglama yechimiga kelamiz:
y(x) = xe?* + 4cos2x — sin2x
Xulosa. Ushbu maqolada keltrilgan ma’lumotlar o‘z ilmiy ishlarida Laplas almashtirishi
tushunchasidan foydalanadigan tadqiqotchilarga dastlabki ma’lumotlarni olish imkonini beradi.
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