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I ШЎЪБА.  МАТЕМАТИК АНАЛИЗ.  MATHEMATICAL ANALYSIS. 
 

ON THE LOCATION  OF AN  EIGENVALUE OF THE SCHRÖDINGER OPERATOR 

ON THE THREE DIMENSIONAL  LATTICE 
1,2Abdullaev J.I., 2,1 Khalkhuzhaev A.M. 

1 Samarkand State University,  Samarkand, Uzbekistan 
2 Institute of Mathematics of the Academy of Sciences of the Republic of Uzbekistan 

In this work we consider Hamiltonian 𝐻𝜇,𝛾 for a system of three quantum particles, two fermions 

with mass 1 and another particle with mass 𝑚 =
1

𝛾
> 0 with zero range pair potentials 𝜇 > 0 on three 

dimensional lattice 𝑍3. In the momentum representation the total three-body Hamiltonian appears to be 

decomposable  

𝐻𝜇,𝛾 = ∫
𝕋3
⨁𝐻𝜇,𝛾(𝑲)𝑑𝑲. 

The fiber Hamiltonian 𝐻𝜇,𝛾(𝑲) = 𝐻𝟎,γ(𝑲) − 𝜇𝑉 depends parametrically on the total 

quasimomentum 𝑲 ∈ 𝕋3 ≡ R3/(2𝜋𝑍3). 
Let 𝕋3 be a  three-dimensional torus, 𝐿2

𝑎𝑠[(𝕋3)2] ⊂ 𝐿2[(𝕋
3)2] be the Hilbert space of square-

integrable functions, defined on (𝕋3)2 and antisymmetric with respect to the  coordinates. The  three-

particle Schrödinger operator  

𝐻𝜇,𝛾(𝑲) = 𝐻𝟎,γ(𝑲) − 𝜇(𝑉1 + 𝑉2), 

acts in 𝐿2
𝑎𝑠[(𝕋3)2], where  

(𝐻0,γ(𝑲)𝑓)(𝒑, 𝒒) = 𝐸𝑲,𝛾(𝒑, 𝒒)𝑓(𝒑, 𝒒), 

𝐸𝑲,𝛾(𝒑, 𝒒) = 휀(𝒑) + 휀(𝒒) + 𝛾휀(𝑲 − 𝒑 − 𝒒),   휀(𝒑) = 3 − ∑ 𝑐𝑜𝑠𝑝𝑖
3
𝑖=1 , 

(𝑉1𝑓)(𝒑, 𝒒) = ∫𝕋3 𝑓(𝒑, 𝒔)𝑑𝒔,     (𝑉2𝑓)(𝒑, 𝒒) = ∫𝕋3 𝑓(𝒔, 𝒒)𝑑𝒔. 

For any 𝑲 ∈ 𝕋3 we put  

𝐸𝑚𝑖𝑛,𝛾(𝑲)= min
𝒑,𝒒𝜖𝕋3

𝐸𝑲,𝛾(𝒑, 𝒒),         𝐸𝑚𝑎𝑥,𝛾(𝑲)= min
𝒑,𝒒𝜖𝕋3

𝐸𝑲,𝛾(𝒑, 𝒒). 

𝜏𝑚𝑖𝑛,𝛾(𝜇,𝑲) = min
𝒑𝜖𝕋3

{𝑧𝜇,𝛾(𝑲 − 𝒑) + 휀(𝒑)}, 

𝜏𝑚𝑎𝑥,𝛾(𝜇,𝑲) = max
𝒑𝜖𝕋3

{𝑧𝜇,𝛾(𝑲 − 𝒑) + 휀(𝒑)},  

where 𝑧𝜇,𝛾(𝑲 − 𝒑) −  is the eigenvalue of the two-particle operator ℎ𝜇,𝛾(𝑲 − 𝒑)  on the lattice. 

The essential spectrum 𝜎𝑒𝑠𝑠(𝐻𝜇,𝛾(𝑲)) of 𝐻𝜇,𝛾(𝑲) is 

𝜎𝑒𝑠𝑠(𝐻𝜇,𝛾(𝑲)) = [𝜏𝑚𝑖𝑛,𝛾(𝜇, 𝑲), 𝜏𝑚𝑎𝑥,𝛾(𝜇, 𝑲)] ∪ [𝐸𝑚𝑖𝑛,𝛾(𝑲), 𝐸𝑚𝑎𝑥,𝛾(𝑲)]. 

The main results of the work are the following theorems: 

Тhеоrem.  Let 𝛾 > 𝛾0. Then there exist 𝜇𝛾 > 0 and 𝛿 > 0 such that, for any 𝜇 > 𝜇𝛾 the operator 

𝐻𝜇,𝛾(𝟎) has a unique triple  eigenvalue in the 𝛾 − neighborhood of 𝜏𝑚𝑖𝑛,𝛾(𝜇, 𝟎).  

REFERENCES  

1. Lakaev S. N., Dell'Antonio G. F.  and Khalkhuzhaev A. M. 2016.   Existence of an isolated band 

of a system of three particles in  an optical lattice J. Phys. A: Math. Theor. 49 145204—15. 

2. Khalkhuzhaev A. M. 2017.  The essential spectrum of the three-particle discrete operator 

corresponding to a system of three fermions on a lattice, Russian Mathematics.  61, p. 67–78. 

 

THE DYNAMICAL SYSTEM ON THE INVARIANT CURVE OF A NONLINEAR 

OPERATOR 

Absalamov A.T., Ziyadinov B.A. 
Samarkand State University,  Samarkand, Uzbekistan  

 Consider the following nonlinear operator 

𝑉:  {

𝛼′ = 𝛼 + 𝛽 + 𝛼𝛽

𝛽′ =
𝛼𝛽

1 + 𝛼 + 𝛽

  

where 𝛼 ≥ 0, 𝛽 ≥ 0 − an initial condition.  

The main problem for a given operator 𝑉 and arbitrarily initial point 𝑠(0) ∈ ℝ+
2  is to describe the 

limit points of the trajectory {𝑠(𝑚)}
𝑚=0

∞
, where 
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𝑠(𝑚) = 𝑉𝑚(𝑠(0)) = 𝑉(𝑉(…𝑉⏟      
𝑚

(𝑠(0)))… ) 

It is not hard to see that s = (α; 0) is the non-hyperbolic fixed point of the operator V with the 

eigenvalues 𝜆1 = 1  and  𝜆2 =
𝛼

1+𝛼
∈ [0,1). Since 𝑉 is a continuous operator, its trajectories have as a 

limit fixed points. Thus for any initial point 𝑠(0) = (𝛼, 𝛽) ∈ ℝ+
2  , we have always that  

𝛽(𝑚) → 0. 
Lemma. The following sets  

𝑀1 = {(𝛼, 𝛽):  𝛼 ≥ 0, 𝛽 ≥ 0,      𝛼𝛽 ≥ 1} 
and 

𝑀2 = {(𝛼, 𝛽):  𝛼 ≥ 0, 𝛽 ≥ 0,      𝛼𝛽 < 1} 
are invariant sets with respect to the operator 𝑉. 

The curve 𝛽 =
1

𝛼
   is invariant with respect to 𝑉 and the trajectory on this curve has limit (+∞, 0).  

The following set  

𝛾𝜃 = {(𝛼, 𝛽) ∈ [0,+∞)
2:  𝛽 =

𝜃 − 𝛼

1 + (2 + 𝜃)𝛼
},   

is a one-parametric family of invariant curve respect to the operator 𝑉, where 𝜃 =
2−𝑝

𝑝−1
≥ 0, 𝑝 ∈

(1,2].  
Theorem.  

(i) For any initial point 𝑡 = (𝛼, 𝛽) ∈ 𝑀1 we have 

lim
𝑚→∞

𝛼(𝑚)(𝑡) = +∞ 

(ii) For any initial point 𝑡 = (𝛼, 𝛽) ∈ 𝑀2 we have 

lim
𝑚→∞

𝛼(𝑚)(𝑡) = 𝑓𝑖𝑛𝑖𝑡𝑒. 

  Summary, we have showed that operator 𝑉 has infinitely many fixed points and for each such 

fixed point there is a nonintersected trajectories which converge to the fixed points. 

REFERENCES 

1. Devaney R.L. An introduction to chaotic dynamical system.Westview Press.(2003).  

2. Ganikhodzhaev R.N., Mukhamedov F.M., and Rozikov U.A. Quadratic stochastic operators 

and processes: results and open problems. Inf. Dim. Anal. Quant. Prob. Rel. Fields. 14(2), 279-

335. (2011). 

3. Absalamov A.T., Rozikov U.A. The Dynamics of Gonosomal Evolution Operators. Jour. 

Applied Nonlinear Dynamics. 9(2), 247-257. (2020). 

4. Absalamov A.T.  The Global attractiveness of the Fixed Point of a Gonosomal Evolution 

Operator. Jour. Discontinuity, Nonlinearity and Complexity. 10(1), 143-149. (2021). 

 

ON ESTIMATES FOR CONVOLUTION OPERATORS RELATED TO STRICTLY 

HYPERBOLIC EQUATIONS 

Akramova D.I, Ikromov I.A.  
Samarkand State University and Institute of Mathematics named after V.I. Romanovsky 

Consider the Cauchy problem (C.P.):   

𝑃(𝐷𝑡 , 𝐷𝑥)𝑈 = 0,    𝐷𝑡 ≔
𝜕

𝑖𝜕𝑡
,   𝐷𝑥 = (

𝜕

𝑖𝜕𝑥1
, … . ,

𝜕

𝑖𝜕𝑥𝑛
),   𝐷𝑡

𝑘𝑈|𝑡=0 = 𝑔𝑘 , 

 𝑘 = 0,… ,𝑚 − 1,   and 𝑔𝑘, 𝑘 = 1,… ,𝑚 − 1 belongs to the 𝐿𝑝(𝑅𝑛) space, where 1 ≤ 𝑝 ≤ 2. Here 𝑃(𝜏, 𝜉)  
is a homogeneous polynomial of degree 𝑚, for which the characteristic equation 𝑃(𝜏, 𝜉) = 0 has 𝑚 

distinct real smooth solutions 𝜑1(𝜉),… , 𝜑𝑚(𝜉) with respect to 𝜏  for any 𝜉𝜖𝑅𝑛 ∖ {0}.  
 Then any solution, in then sense of distribution,  to the (C.P.) can be written as a sum of 

convolution operators (see [2]) of the following form: 

𝑀𝑘(𝑡) = 𝐹
−1𝑒𝑖𝑡𝜑(𝜉)𝑎𝑘(𝜉)𝐹, 

where, 𝐹 is the Fourier transform operator and 𝐹−1 its inverse, 𝑎𝑘 is a smooth and homogeneous function 

of degree -𝑘, for large |𝜉| and  𝜑𝜖𝐶∞(𝑅𝑛 ∖ {0}) is homogeneous function of order 1, which coincides  one 

of the solutions 𝜑𝑗(𝜉), 𝑗 = 1,… ,𝑚.  Further, we will assume that  𝜑𝑗(𝜉), 𝑗 = 1,… ,𝑚  everywhere 

preserves sign, e.g. it is everywhere positive or negative. The operator 𝑀𝑘(𝑡) acts in the space of initial 

dates. 
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