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Abstract—This paper is devoted to obtaining a unique solution to an inverse problem for a two-
dimensional time-fractional integrodifferential equation. In the case under additional data, we
consider an inverse problem. The unknown coefficient and kernel are determined uniquely by the
additional data. The existence and uniqueness result is based on the Fourier method, fractional
calculus, properties of Mittag-Lefller function, and Banach fixed point theorem.
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1. INTRODUCTION

For studying objects or processes in the surrounding world, methods of mathematical modeling
are extensively used. An efficient way to study processes by mathematical methods is modeling these
processes in the form of differential equations.

Fractional differential equations have excited, in recent years, a considerable interest both in math-
ematics and in applications. They were used in modeling of many physical and chemical processes and
engineering (see, e.g., other studies [[—8]). Other studies [9—14] demonstrate a number of interesting
features of the fractional diffusion-wave equations, which represent a peculiar union of properties typical
for second-order parabolic and wave differential equations.

According to the fractional order «, the diffusion process can be specified as sub-diffusion (« € (0, 1))
and super-diffusion (a € (1,2)), respectively. There are abundant of literatures on the studies of
fractional equations on various aspects, such as physical backgrounds, weak solution and maximum
principle and numerical methods [15].

Practical needs often lead to problems of determining the coefficients, kernel or the right-hand side of
a differential equation from a certain known information about its solution. Such problems have received
the name inverse problems of mathematical physics. Inverse problems arise in various domains of human
activity, such as seismology, prospecting for mineral deposits, biology, medical visualization, computer-
aided tomography, remote sounding of Earth, spectral analysis, nondestructive control, etc. (see [1—4]).
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DETERMINATION OF A COEFFICIENT 801

Let Q7 := S x [0, 7] for a given time T' > 0, where S defined by the inequalities0 <z < 1,0 <y <
1. We consider a fractional integrodifferential equation with fractional derivative in time ¢

t
atau:urm+uyy+q(t)ut+/k(t_T)u(l‘vyaT)dT"i'f(x’yyt)’ (:L‘ayat) € QT7 (1)
0

with the Gerasimov—Caputo time fractional derivative 0§ of order 1 < o < 2, defined by
1 t
ofv(t) = ) /(t — ) (r)dr,

I'2 -«
0

where I" is the Euler’s Gamma function.
We supplement the above fractional wave equation with the following initial conditions

u(a:,y,O) = (I(ﬂj’,y), Ut(ﬂl’,y,o) = b(l‘vy)7 (2)
and the boundary conditions
uz(0,y,t) =u(l,y,t) =0, 0<t<T, (3)
u(z,0,t) = uy(z,1,t) =0, 0<t<T, (4)
In this paper, we take the following additional overdetermination and integral conditions
w(0,1,t) = ho(t), 0<t<T, (5)

where A are defined by
A[R](t) := // h(z,y, t)dzdy,
s

where h;(t) are given functions [21].

The inverse problem considered in this paper is stated as follows.

Definition. By the classical solution of the inverse boundary value problem (1)—(6), we mean
the triple functions u(x, y,t), q(t), k(t), if

U(l’,y,t) S YT7 (7)
q(t) € C[0, T}, k(t) € C[0,T] and relations (1)—(6) hold in the usual sense, where
Yri={u: u(,-t) € C¥S),t €[0,T] and wu(w,y,) € C30,T), (z,y) € S},

om0, 7] := {v(t) o) e CMI0,T], and 8%v(t) € C’,Y[O,T]}, 000, T] = C2[0, T,

where > 0,n € N, 0 < < 1besuch that y < a (see[5], p. 199) and here
CLl0,T]:=={f(®): 7f(t) € C[0,T]},  |flley = )l cror)-

We make the following assumptions:

(C1) 9 hi(t) € C[0,T], i = 1,2;

(C3) [[gala,y)dzdy = hi(0), [[gb(z,y)dady = Ny (0);

(C4) h(t) = hi(0)h(t) — ho(0)R) (t) # 0.

The outline of the paper is as follows. In Section 2, an equivalent problem is presented. In Section 3,
the existence and uniqueness of the solution of the direct problem (1)—(4) is established by using the
Fourier method and the Gronwall—Bellman type integral inequality. In Section 4, an inverse problem is
investigated.
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802 RAHMONOV et al.
2. EQUIVALENCE

Lemma 1. Let I(t fo T)dr. Suppose that a(z,y),b(z,y) € C(S), f(z,y,t) € C(S)NC[0,T),
q(t) € C[0,T), k(t) E C[0,T], h (t) € C?[0,T] (i =0,1) and the validity conditions

a(O, 1) = h0(0)7 b(O, 1) = th(O)’ (8)
J[ aw sty =), [[ vwg)dody = o) (9)
S S

hold. Then, the problem of finding a classical solution of (1)—(6) is equivalent to the problem
of determining the functions u(,-,-) € Yr, q(t) € C'[0,T] and k(t) € C[0,T) satisfying (1)—(4),
and the following conditions

t

(00D (t) = (Aw)(0, 1,) + B (H)a(t) + (0 +/lt—rh0 Jir+ folt), 0<t<T; (10)
0

(0%hy)(t) = AlAu)(t) + R (#)q(t) + hi(0 +/lt—7h’ ydr + fi(t), 0<¢<T, (11)
0

where A := 82+ 02, fo(t) :== f(z,y, )‘ , fi(t) :== A[f]. On the other hand, if (1)—(4), (10),
and (11) has a solution and the compatzbzlzty conditions (8), (9) and the technical condition
(C4) hold, then there exists a solution to the inverse problem (1)—(6).

Remark 1. From Lemma 1, we know that (1)—(4), (10), and (11) is an equivalent form of the original
inverse problem (1)—(6). So, in the following next sections, we turn to discuss (1)—(4), (10), and (11),
other than the original one.

Proof. Let the three {u(z,y,t),q(t),k(t)} functions be a classical solution of problem (1)—(6).
Taking into account the conditions h;(t) € C2[0,T] (i = 0, 1), and fractional differentiating twice both
sides of (5) and (6) with respect to ¢ gives

(07 u)(0,1,8) = (07 ho) (1),  Al(OFw)](t) = (67h1)(t), 0<t<T. (12)
Setting z = 0 and y = 1 in Eq. (1), the procedure yields

(0%u)(0,1,) = tg(0,1, 1) + 11, (0,1, 1)
t

+ q(t)u(0,1,1) +/k(t —7)u(0,1,7)dr + f(0,1,¢t), 0<t<T. (13)
0

From (13), taking into account (5) and the first equality of (12), we conclude that condition (10) is
satisfied.

Moreover, integrating Eq. (1) with respect to = and y over the interval [0, 1] gives
(O Alu])(t) = A[Aul(t) + q(8)Alue](t) + k(@) Alul(t) + ALFI(#). (14)
We note that (¢ fo 7)d7. Then, by integration by parts, we get the following equality

t t
/k(T)hl (t — 7)dT = h1(0)I(t) + /l(t — 7)Ry(T)dT. (15)
0 0

From the equality (14), with the help of (5), (6), and (15), we obtain (11).

Now we assume that (u, g, k) satisfies (1)—(4), (10), and (11). In order to prove that (u, ¢, k) is the
solution to the inverse problem (1)—(6), it suffices to show that (u, ¢, k) satisfies (5) and (6).
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DETERMINATION OF A COEFFICIENT 803

According to the definition I(¢), then from (10) and (13) we get

8ta (U(O, 17t) - hO(t)) = Q(t)j (U(O, 17t) - hO(t)) + l(t) (U(O, 170) - hO(O))

t
—|—/lt—7’ w(0,1,7) — ho(7))dr, 0<t<T. (16)
0

Using (2) and the matching conditions (8), we obtain the following relation

Since problem (16) and (17) has only a trivial solution, so from u(0, 1,¢) — ho(t) = 0,0 <t < T, we get
that the condition (5) is satisfied.
Now, from (11) and (14) we find
d
OF (Al — h)(t) = a(t) & (Alu] = h)(1) + KAl — h)(1), 0<t<T.  (18)

By using the initial conditions (2) and the matching conditions (9), we may write

// u(z,y,0)dzdy — hi(0) = // a(z,y)dxdy — hi(0) =0,
S

// u(z, y,0)dzdy — K, (0 /ba:yda;dy K, (0) = (19)

Hence, relations (18) and (19) give us conclude that Afu(-, -, )] = hy(t),0 <t < T, i.e., the condition is
satisfied. The proof is complete. O

3. CONSTRUCTION AND INVESTIGATION OF THE SOLUTION OF DIRECT PROBLEM

Let L?(S) be a usual L?-space. Since —A := 92 + 85 is a symmetric uniformly elliptic operator,
the spectrum of —A is entirely composed of eigenvalues and counting to the multiplicities, we can set
0 < A1 < A2 < ... Now, we will solve the following boundary-value problem

Ugz + Vyy + A0 = 0;
v2(0,9) =0, v(l,y) =0, ye[0,1]; (20)
v(z,0) =0, wvy(x,1)=0, ze€][0,1].
Thus, the eigenvalue problem reduces to the solution of the homogeneous equation with homoge-
neous boundary conditions. We shall solve this problem by the method of separation of variables,

assuming v(z,y) = X (x)Y (y). Carrying out a separation of the variables, we obtain the following one-
dimensional eigne-value problems

{X”JruzX:O; @)

X'(0)=0, X(1)=0;

{Y” +12Y =0 (©29)
Y(0)=0, Y'(1)=0;

where g and v are constants of the separation of variables connected by the relationship p? + v? = A2,
The boundary conditions for X (z) and Y (y) follows from the corresponding conditions for function wv.
For example, from v(0,y) = X’(0)Y (y) = 0 it follows X (0) = 0, since Y (y) # 0 (we have only non-
trivial solutions).

The solutions of equations (21) and (22) have the form

X (x) = cos(pm),  Yin(y) = sin(vay);
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804 RAHMONOV et al.

T 2n—1), m,neN.
2

The eigenvalues A2, = p2 + /2 have corresponding eigenfunctions v, (z,y) = Amp cos(fimx) X
sin(v,y), where A, is some constant factor. We choose this so that the norm in L2(S) of function
Umn With weight 1 equals unity

1 1
// v2, drdy = A%m/COSQ(me)da;/sin2(l/ny)dy = 1.
s 0 0

Umn (2,Y) = 2 cos(pm) sin(v,y) (23)

™
Mmzz(zm_l)a Up =

Hence, A,,, = 2. So,

is the orthonormal eigenfunction corresponding to —\;,,. Then, the sequence {v,,, }m nen is orthonor-
mal basis in L%(S).

3.1. Uniqueness of the Solution

The following theorem is valid.
Theorem 1. If problem (1)—(4) has a solution such that

lim wu,cos(pmz) =0, 0<y<1l, 0<t<T, (24)
r—1-0

lim w,sin(v,y) =0, 0<z<1, 0<t<T, (25)
y—+0

then this solution is unique.
Proof. Applying the method of separation of variables, we seek a solution of (1)—(4) with the form

u(z,y,t) = u(t)v(z,y). (26)
Substituting (26) into (1) with F(z,y,t;u,q,l, f) = 0, where

t
Flzy tiuq L, f) = gz, y,1) + alz, y)I(t) + / It — myur(a,yo7)dr + f(eyt), (27)
0

we require that v(z, y) satisfies the spectral problem (20) and its non-trivial solution gives by (23).

Let a function u(z,y,t) stand for a solution to problem (1)—(4) which satisfies conditions (24)
and (25). We consider the integral

wnnl®) = [ [ gty )y (28)
S

Introduce an auxiliary integral, namely,

_ / / W@, g, £ (2, y)ddy,
555

here e, ¢ are given sufficiently small positive values,
Sa={(yle<r<l-es<y<1-5}.
Fractional differentiating equality (28) and making use of Eq. (1), we get the correlation
(orui) @) = [ [ orute,vityvnn (o p)dody = [ [ @80+ Fla,ytiu..0 ) (o, p)dzdy

Ses Ses
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DETERMINATION OF A COEFFICIENT 805

// Umwvmn(xyy)dxdy+ // Uyyvmn(l‘ay)dxdy
Ssé Ssé

4 / F@,y,t;0,0,1, f)vmn (2, y)dady = a (I + L) + FS3 (6, q,1, f), (29)
555

where

F20(tu,q,l, f) = // Ty, tu, g, 1, f)omn (2, y)ddy.

Calculating integrals I; and I3 by parts, we conclude that

1-6  1-e 1-6 1—¢
b= [y [ wesonnteiz = [ dy (um@: i [ umvmmcc,y)dx)
é € 1) €
1-6 l—e
= /dy (uxvmn(m,y) — W (2, )17 + /uvmnm(az,y)daz) ,
5 e
- - 1—e 1-5
- / dx / Uyy Unn (2, Y)dy = / dz (uyvmn(:r Y)ls 10 / uyvmny(aj,y)dy)
b 5 € 5

1—

1-6
= /dm (uyvmn(g; y) 1-4 uvmny(l’ y)}; 6+ / uvmnyy(xay)dy) .

e 4

Proceeding to the limit in integrals I; and Iy as ¢ — 0 and 6 — 0, taking into account condi-
tions (3), (4), (24), and (25), from formula (29) arrives

(O umn) (£) = A2, / / (@, Yo (@, y)dady + Fpn(t0, 0,1, f,p)
555

or

(O wmn) (t) + Azrmumn(t) = Fpn(t;u,q,1, f), (30)

where

Fn (i, .1, f) = / / Foy b0, 0, L, f)omn (2, y)dady.
S

Taking into account (27), the last equality has a form

t
Fon (11, 4,1, £,1) = @8t (£) + Qo (8) + Frun () + / It — 7)., (7)dr,
0
where
Fron(®) //fﬂcy ) omn (@, y)dady, 0<t<T. (31)
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806 RAHMONOV et al.

The initial conditions (2) give

(0 / [ .0 v}y = / [ ate, )z, )dxdy = an. (32)

0= // w (2, Y, 0)vmn (2, y)dwdy = é b(@, y)vmn (2, y)dwdy = bon. (33)

According to the Lemma 3, the initial-value problem (30), (32), and (33) is equivalent in the space
C10,T] to the Volterra integral equation of the second kind
Ui (t) = G B (= A20t%) + bint Eg (= A2, t%)
t
+ /(t —7)*  Baa (~Ann(t = 7)) Fn(T5u, 4,1, f)dr (34)
0
or

() = G | Ba=X20nt?) = (001" B (~ N2 %)| + biunt B 2 (22,17

+ [ (t— T)O‘_lEom (—)\%m(t — 7')0‘) fmn(T)dT

o .

)T ’E., a—1 ( )\%m(t — T)O‘) q(T) U (T)dT

)T lEa o ( A (t— 7')0‘) q (7) Uy (T)dT

Je
Je

t T

+ /(t — 1) 1 Bga (A2, —7)%) /k:(T — 8) U (8)dsdT. (35)

0 0
This means that the solution to problem (1)—(4) is unique, because with a(z,y) =0, b(z,y) = 0, and
f(x,y,t) =0 we get identities @y =0, by = 0 and f,,,(¢t) = 0, and then formula (34) implies that
Umn (t) = 0 (this fact follows from Lemma 2). O

Lemma 2 (see [22], p. 188). Suppose b >0, 5 > 0 and a(t) is a nonnegative function locally
integrableon 0 <t <T (someT < 4+00), and suppose u(t) is nonnegative and locally integrable
on0<t<Tuwith

on this interval. Then,

u(t) < a(t) + Q/E/B(Q(t —s))a(s)ds, 0<t<T,

where
> P d
6= (0 (8)"/%, Es(z) = . Ejz) = O By(2).
B nz::OI’(nﬁ—l-l) p dz" "

If a(t) = a, constant, then u(t) < aE3(6t).
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DETERMINATION OF A COEFFICIENT 807

In view of formula (28) the latter equality is equivalent to that

[ v 0 oy =0,
S

Since the system vy, (, y) is complete in the space L?(9), the function u(z,y,t) = 0 almost everywhere
in S and with any ¢ € [0,7]. Since in view of condition (7) the function u(x,y,t) is continuous on
Qr, we conclude that u(x,y,t) =0 on Qp. Thus, we have proved the uniqueness of the solution to
problem (1)—(4).

Remark 2. Note that the second condition of (25) means that first derivative u, near the correspond-
ing face of the parallelepiped Q)1 can have singularities of order less than one.

Example 1. Here we can bring many functions of the fulfillment of the second condition of
Theorem 1. For example, if we take u(z,y,t) = y*~1f(x,t), where f(x,t) € C ([0,1] x [0,T7]), then
the condition (25) is valid.

3.2. The Existence of a Solution
The following assertion is true.
Lemma 3. Let 0 <~ < 1. If q(t) € C0,T), k(t) € C[0,T), and fmn(t) € C,[0,T), then there
exists a unique solution um,,(t) to the Cauchy problem 30), (32), and (33) in the space C?,"I[O, T1.
The proof is similar to that of Theorem 3.25 in [20].
Moreover, the following estimates are valid with large m and n:

[Umn (t)] < 1 (|amn‘ + [bmn| + HfmnHCn,) , tel0,T], (36)
‘u;nn(t)‘ <c (Aznn|amn| + |bmn| + ||fmn||C«,) , te [OvT]7 (37)
|06t mn (t)] < )‘qznnc3 (|amn‘ + [brmn | + HfmnHCn,) , tel0,T], (38)

hereinafter ¢; are positive constant values independent of a(z,y), b(x,y) and f(z,y,t) and dependent of
a, T, besides continuous norm of ¢(t), k(t).
The validity of estimates (36)—(38) immediately follows from formula (30), (34) and Lemma 2.

Under certain requirements to functions ¢(t), k(t), f(z,y,t), a(x,y), and b(x,y) we can prove that

the function

u(z,y,t) = Z Umn () Umn (T, Y), (39)

mn=1
where vy, (z, y) obeys formula (23), while w,, (t) does (35) is a solution to problem (1)—(4).
Lemma 4. If a(z,y) € CLD(S), b(x,y) € CLV(S), f(z,y,t) € CED(S) N CH0,T), and
(i1) a(ly) =0, ay(z,0)=0, (z,y) €S;
(i2) b(l’y) =0, b;(l‘,O) =0, (:L‘vy) € 5;

(iS) f(17y7t) =0, fg/c(:L’,O,t) =0, (‘T7y7t) S QT?
then the following representations are valid

(1,1) (1,1) (1,1)
Qmn = — o bmn = bmn ) fmn(t) = _fmn (t); (40)
NmVn HmVn HmUn

here a%rll), b%rll ,and fmn (t) are coefficients of the expansion of functions ayy(x,y), byy(x,y), and

fay(x,y,t) in series with respect to the function system v,g,,)q(x,y) = 2sin(pumx) cos(vpy), m,n =

1,2, ... such that

Z lalbD 2 < // aly () dudy, Y BLDP < // (02, (x,1))” dady, (41)

m,n=1 m,n=1

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.2 2024



808 RAHMONOV et al.
[ee]
Z|f ) < // oy (T, 1, 1) d:l:dy, 0<t<T.
m,n=1

Proof. Calculating integrals (31)—(33) by parts (one time z and one in y), taking into account
conditions (i1)—(i3), we get formula (40). Estimates (41) represent the Bessel inequalities with respect
1)

to the orthonormal system vy, (z,y). The Lemma 3 is proved. 0
In view of Lemmas 3 and 4 series (39) with any (z,y,t) € Q1 is majorized by the convergent series
— 1
(L1) (1,1) (1,1)
o3 (1l 1+ D+ 1D O, ) (42)

Consequently, the function u(x, y, t) is continuous on Q.
Formally termwise differentiating the series in formula (39), we get the following series

Umm(wayat) = Z (_M%@)umn(t)vmn(way)y uyy(az,y,t) = Z (_Vg)umn(t)vmn(xyy)a (43)
m,n=1 m,n=1
(‘T Y, ) Z u;nn(t)vmn(m y) (44)
m,n=1
(06w) (@,y,1) = Y (Osttnn) ()vmn (), (45)
m,n=1

Lemma 5. /f a(z,y) € CGD(S), b(x,y) € COV(S), f(z,y,t) € CED(S) N Co,T), and

(i4) a(lvy) =0, a;(O,y) =0, a (1 y) =0, ag;x(l‘,O) =0, (:L‘vy) € S;

(1‘5) b(17y) =0, bf’c(oay) =0, ng( ) =0, bg;x(l’,O) =0, (xay) € S;

(16) f(lvyvt) = 07 fa/c(oaya ) - 07 zx(laya ) - 07 :i:/:/c:c(xﬂ 07t) = 07 (xayat) € QT7
then the following representations are valid

(3,1) (3,1) (3,1)
G = P by = b’;m s () =" W o<i<r, (46)
/Lmyn HmVn HmVn
here a,(m), bff’;nl ,and fmn (t) are coefficients of the expansion of functions Gypay(,y), byzay(z, ),

wozy(T,y,t) in series with respect to the function system vﬁ,}}z x,y), m,n=1,2,... such that
Y

S PP < // ol (2.9)) dady,

m,n=1

S DR < // b0, () ddy, (47)
m,n=1

e 2

DN OP < // [y y.t)) dudy, 0<t<T.

m,n=1

In view of Lemma 5, the first series (43) with any (x, y,t) € @ is majorized by the convergent series

= 1
s 3 o (1 0+ 1A e,) "

m,n=1
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Lemma 6. /f a(z,y) € CU3(S), b(x,y) € CUI(S), f(z,y,t) € C13(S) N CSo,T), and
(Z7) (1(33‘,0) =0, a;(ﬂj‘,l) =0, CL” (:L‘ 0) =0, agéy(lvy) =0, (l‘,y) €5
(is) b(z,0) =0, b (z,1) =0, by, (2,0) =0, by, (1,y) =0, (z,y) €S;

(i9) f(,0,¢) =0, fyz,1,t) =0, fj,(x,0,t) =0, fr, (Ly,t) =0, (z,y,t) € Qr,
then the following representations are Ualzd

(1,3) (1,3) (1,3)
amn bmn mn (t)
mn — mn = ) mn(t) = ) StST, 49
¢ Nmyg NmVE’L frunt) NmVE’L 0 (49)

here ab), b\, and £ ( ) are coefficients of the expansion of functions azyyy (z,y), bayyy(z,y), and

Jayyy(x,y,t) in series with respect to the function system v%%(a: y), myn = 1,2, ... such that

e 2
S IR < [[ (o) dods, > P < / [ (4 (o.0) " ey,
m,n=1 S m,n
> IR < ff (féi‘,éy(%yi)) dudy, 0<t<T. (50)
S

m,n=1

In view of Lemma 6, the second series (43) with any (x,y,t) € Q is majorized by the convergent
series

=1
e 20 o (JaSP T PP+ 1752 e, ) 51
m,n=1
Now, we set

Hi = {o(z,y) € CWI(S) : p(z,0) = sO(Ly) = ¢2(0,9) = soy(l’ 1) = ¢z (,0)

= Py (,0) = @iy (2,1) = @Z;y( ) 0, (ﬂf,y) € S}

Lemma 7. Let a(x,y) € H1, then the following representations are valid

1 4 »
amnl =y D <j>|a£%>|, (52)

MR +j=4
where
alpd) = —/ al (2, y)vimn (2, y)dzdy, alD) = // al3D (z, )L (z,y)dzdy,
(1(22 // wwyy :L‘ Y Umn(aj y)dajdy, aq(%?; // yyy :L‘ y mn(l' y)d:z:dy,
a0l = / alP (2, y)Vmn (, y)dzdy, (53)
while
0*a(z, .
> lafi) H . Z;’)' L iti=4 (54)
m,n=1 oy L2(S)
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Proof. Suppose a(z,y) € Hi. Then, taking into account the condition (3.13) and four-times

integration by parts in x, we get a;u, = a,(fi;?)/pﬁl. In a similar way, we can easily get the following
representations

(3,1) (2,2) (1,3) (0,4)
a __ Qmn a __ Qmn a . Qnn Gy, = Gmn
mn — 3 9 mn — 2 27 mn — 37 mn — 4
m¥n mYn HmVp Vn

4
where a'b?) are defined by (53). According to the binomial formula (a + b)* = (])a4_jbj, we have
=0

Anl@mnl = lal | + 4ol | + 6[a? | + 4l + lamn>|
and this equality is (52).
Estimate (54) represent the Bessel inequalities with respect to the orthonormal systems vy, (z,y)

and v%%(m, y). The proof is complete. O

Furthermore, the above Lemma 5 is valid for the functions b(z,y) € H1 and f(z,y,t) € H1 N

C%'[0,T). From this assertion and in view of Lemma 5 with any (z,y,t) € Qp the series (39) and
(43)—(45) are estimated by the convergent series

=1 g y y
v 3 (01 + D+ 17, ) 5
m,n=1

The proved assertion and Lemma 3 implies the next theorem.

Theorem 2. Let q(t) € C[0,T] and k(t) € C[0,T). If functions a(z,y), b(z,y), and f(x,y,t)
satisfy conditions Lemma 7, then problem (1)—(4) has a unique solution, which is defined by
series (39) and belongs to class (7).

4. INVESTIGATION OF THE INVERSE PROBLEM (1)—(4), (10), AND (11)
Substituting the expression of umn(t) m,n € N, into (39), we find

m,n=1

t
+ /(t ~ 1) 1 Eya (—)\%m(t — 7)) Fon (750, ¢, k, f)dT} cos(pm) sin(vpy). (56)
0

Now from (10) and (11), we get
ho(t)a(t) + ho(0)I(t) = (9f"ho)(t) — fo(t) — 1(t)ho(t)

+2 i (=)™ N2 (), 0<t<T, (57)
m,n=1
i (t)q(t) + hi(0)U(t) = (95 ha)(t) — fi(t) — U()RY (1)
+2 ) (—1)m+1:‘%m Umn(t), 0<t<T. (58)
m,n=1 m¥n

Due to (C4), we can solve the system (57), (58) and we find
«wzh“{@( 1(O)ho(t) = ho(0)r (1)) = (B (0)fo(t) = ho(0)fa (1)) = L(E)A()
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m,n=1 mn

— By (1) (l(t)h’o(t)) + hy(t) (l(t)h’l(t))
12y < 1R (1) - (= 1>m+1h6“)>&numn<t>}, 0<t<T (60)

1%
m,n=1 HmVn

The following expressions for the second and third components of the solution {u(z,y,t),q(t),1(t)} to
problem (1)—(4), (10), and (11)

q(t)zh(l){at( 1(O)ho(t) = ho(0)r (1)) = (B (0)fo(t) = ho(0) /2 (1)) = L(E)A()
n+1 m+1 hO(O) a 22 g«
”m;f (1 (0) = (<17 0 (B (-25,,8%)
+ bt Eeo(=A2, %) +/ ) Bpe (- A2 (t— )a)an(T;u,q,k,f)dv-)}, (61)
0

0= 0 {h’l(t)(afho)(t) — ()P h)(8) = B (0 fo(t) + B (0 f1(6) = B (1) (1(8) = (1))

L) (z( VA )+2 Z A2, ( )"+ (1 )—(—1)’”“26(5))(amnEa(—A%mto‘)
m,n=1 men

¢
+ bmntEOC,Q(—)\gnnta) + /(t - T)a_lEa,a (—)\%m(t - T)a) an(Ta u, q, ka f)dT) }7 (62)
0
respectively, were obtained by substituting (34) into (59) and (60). Thus, the solution of problem (1)—
(4),(10), and (11) was reduced to the solution of systems (56), (61), and (62) with respect to unknown
functions u(z,y,t), q(t), and I(t).

The following lemma an important role in studying the uniqueness of the solution to problem (1)—
(4),(10), and (11).

Lemma 8. /f {u(x,y,t),q(t),l(t)} is any solution to problem (1)—(4), (10), and (11), then the
functions

Uy (£) = / / (@, o ) omn (2, y)dady  (mom = 1,2, )

satisfy the system (34) on the segment [0, T].

Proof. Let {u(x,y,t),q(t),l(t)} be any solution of the problem (1)—(4), (10), and (11). Multiplying
both sides of the Eq. (1) by the eigenfunctions v, (7, y), (m,n = 1,2, ...), integrating with respect to x
and y over the rectangular S and using the relations

/ 082, s Yoy (, y)dady = G, ( / / (s g, £ omn i, y)dmdy>
S S

= (Opptmn)(t), m,n=1,2,..,
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/ Au(z, Y, t) U (2, y)dedy = // u(x, y, t)vmn (z, y)dedy = —Agmumn(t), m,n=1,2,..,

we obtain that the Eq. (30) is satisfied.

In like manner, it follows from (2) that condition (31) is also satisfied. Thus, the system of functions
Umn(t), (m,n =1,2,...) is a solution of problem (30) and (31). Hence, it follows directly that the
functions wmn (t), (m,n = 1,2, ...) are also satisfy the system (34) on [0, T']. The lemma is proved. O

Obviously, if tyn (1), (m,n = 1,2, ...) is a solution to system (34), then the triple {u(z, y,t), q(t), 1(t)}
of functions w(z,y,t) = > 27 1 Umn(t)vmn (2, y), q(t), and I(t) is also a solution to system (56), (61),
and (62). It follows from the Lemma 8 that

Corollary 1. Assume that the system (56), (61), and (62) has a unique solution. Then the
problem (1)—(4), (10), and (11) has at most one solution, i.e., if the problem (1)—(4), (10),
and (11) has a solution, then it is Lmique

Let us consider the functional space 32 5 thatisintroduced in the study of [23], where 32 5 denotes

a set of all functions of the form

u(z,y,t) = Z U () Vi (T, Y)

m,n=1

considered in Q7. Moreover, the functions w,, (t), (m,n = 1,2, ...) contained in last sum are continu-
ously differentiable on [0, 7] and

- 1/2 - 1/2
J(u) { 3 (A%numn<t>C[O,T})2} +{ 3 (A%mu;mu)cm,ﬂ)?} < co.

m,n=1 m,n=1
The norm on the set J(u) is established as follows: [[u(z,y,t)||gs2 = J(u).
2,2,T

Let E%2 denote the space consisting of the topological product BS’ST x C[0,T] x C[0,T], which is
the norm of the element z = {u, ¢,1} defined by the formula

el g2 = o,y DIz +lla@llepn + 1) lep

[t is known that the spaces BS’ST and E%2 are Banach spaces.
Let us now consider the operator
A(u7 q, l) = Al(uv q, l)7 AQ(U7 q, l)7 A3(u7 q, l)v

in the space E3?%, where
Ay (u7 q, l) = ft(x, Y, t) = Z amn(t)vmn(xa y)? A (u7 4, l) = Q(t), A3(u7 4, l) = lN(t)ﬂ

m,n=1

and the functions @y, (t), (m,n = 1,2,...), G(t), and I(t) are equal to the right-hand sides of (56), (61),
and (62), respectively. The derivative of w,,, (t) follows from (34), i.e.,
Ul (1) = = A2t B o (= A2 t®) + binn Ba (= A2,,t%)

mn

+ [ (t=7)* 2Eqa 1 (A2, (t — 7)) Fnn(Tiu, ¢,1, f)dr, (63)

o _

here we have used

jt(Ea(—Ata)):_Ata—lEa,a(—Ata), and jt(tﬁ_lEa,ﬁ(—)\tO‘)):tﬁ_2Ea7g_1(—)\t0‘)

forae > 0,8 >0,and A > 0.
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Obviously, @y (t) (m,n = 1,2,...) are determined by right-hand side of (63).
The following proposition we will use to get a uniqueness and stability estimate for our inverse
problem.

Proposition 1. [let 0 < a <2 and 8 € R be arbitrary. We suppose that k is such that
/2 < k < min{rm, 7a}. Then, there exists a constant C = C(«, 8, k) > 0 such that

|Ea,p(2)] <

<

For the proof, we refer to [24] for example.
[t is easy too see that

k < |arg(z)| < .

Ao < (W + V2) (lam + V) = W3, + BV + iy + V.

Taking into account Proposition 1 and this relation, for all ¢ € [0, 7] and sufficiently large m,n € N, we
obtain

{ Z (A%nﬂmn(t)C[O,T])Q} < e (Z (N%zamn)z) + ( Z (N?n’/namn)Q)

m,n=1

+ ( i ('umygamn)z) 2 + ( i (V?Lam”)z) 2 +T ( i ('u%lbm”)z) 2

m,n=1

+T ( i (,uqznvnbmn)Q) 2 +T ( i (,umuibmn)z) 2 +T ( i (y%bmn)Q) 2

m,n=1 m,n=1 m,n=1

1 1
00 2 1S9 2
2 9
+ Tllg(®)llcpo,1] ( Z (Al [ )| cp0,77) ) + TNl ero,m) ( Z (2 |amn]) )

m,n=1 m,n=1

o 2 T }
+TW@)HC[O7T} ( Z ( n‘amn‘ ) +\/T (/ Z Nm|fmn QdT)
0

m,n=1 m,n=1

1

T é 0o 2
VT ( D> (vzfmnm)QdT) + T2 lepo ( > (Wl COT>2)  (64)
0

m,n=1

{ Z ()‘grmﬂ;nn(t)C[O,T])z} < ¢ (Z Nm|amn| ) + ( Z (Nazn’/namn)z)

m,n=1 m,n=1

+ ( i (Nszamn)z) + ( i (Vgamn)Q) + ( i (N%@bmn)Q)

m,n=1 m,n=1 m,n=1

1

oo % oo 2
+ ( Z (sznbmn)2) +Ta_l||Q(t)||C[O7T} ( Z ()‘%’Lnu;nn(t)C[QT})2)

m,n=1 m,n=1

m,n=1 m,n=1

1 1
0o 2 o ?
a— 2 a— 2
+ T D21(t) | oo ( > (Hilamnl) ) + T D21t | oo ( > (valam) )
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1

4 pla-1)/2 (/TZ (i frrn (T )2+\/T</T§: V2| fon (T 7)2
0

L 1 m,n=1

o >
+T2([1(#)llofo 7y ( > ()‘grmu;rm(t)C[O,T})2) } (65)
1

l1a()leo,7)

co,1]

< coll(h() " lcrom { |28 (A1 R0 (t) = o () (1)) = (R1(0)fo®) = ho(0)12(1) )|

+ T co,m 1) | epo,r) + (Z A ) (1h1(0)] + [ho(0)])

m,n=1

X [( i (,uf’namn)z) + ( i (N%@Vnamnf)

+ ( i (NmVa%amn)Q) 2 + ( i (Vgamn)Q) 2 +T ( i (Naznbmn)Q) 2

m,n=1 m,n=1 m,n=1

+T ( i (N?n”nbmn)Q) +T ( i (:“szbmnf) i (ngbmn)Q)

+
S~
-~

m,n=1 m,n=1 m,n=1
1 1
0o 2 ) 2
2 2
+ Tllg®)llefo, ( > (Al ®llcpm) ) + TI[1(t)]| 10,1 ( > (pmlamnl) )
m,n=1 m,n=1
1 1
00 2 T 00 2
2 2
O con | 2 @)’ ) VT | [ 3 (210 dr
m,n=1 0 m,n=1
1
T 2
+VT / > (el fun(D))) dr
0 m,n=1
1

0o 2

2
T3/2||l ||COT (Z mn||umn ||COT) ) ] }7 (66)
m,n=1
HlN(t)HC[QT}

clo,1]

< ewll(h(e) e { [BA &)@} (&) = Bo(E)@Em(E) = B0 folt) + Ro(t) ()|
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+ 27|11l cpo,m 1P1 (B)llero,m 1A e, r) + (Z A ) 112 + 176 (Ol cro,r)

m,n=1

. 2 - 2
o ( Z (Ni@amn)Q) + ( Z (N%@Vnamn)2)
m,n=1 m,n=1

1

+ ( i (Nm’/zamn)z) + ( i (Vgamn)z) +T ( i (N%nbmn)z)

m,n=1 m,n=1 m,n=1

+T ( i (,ugnl/nbmn)2) +T ( i (Mm’/gbmnf) +T ( i (ngbmn)z)

m,n=1 m,n=1 m,n=1
1 1
0o 2 L) 2
2 2
+ T'llg(®)lcjo,y ( Z (Aol [t (D)l | c0,77) ) + Tl e, ( Z (ko lamn]) )
m,n=1 m,n=1

- 2 T 2
+TW@)HC[O,T} ( Z (Vr%amn)2) +\/T (/ Z (Ngn,fmn(T))QdT)

m,n=1 0 m,n=1

1

00 2
2
+T32)1(t) | o1y ( 3 (2l () lof0,77) ) , (67)

Here, we have used
a—1

a—1
yo (a—=1)-
max =
0<y<too 1 4+y 14+ (a—1)

and ¢;, i = 8,9, and 10 are depend only a. Then, from (64)—(67), respectively, we obtain

1/2
2
HU(IL’,y,t)HBg,gT { Z (AglnHumﬂ(t)HC’[O,T] } { mn”u;nn(t)HC’[O,T]) }
” m,n=1

m,n=1

< () + DO lletor) + w1 (T (la®llow + 11O lcom ) u@ v Dl 2 o (68)
1®)llcinm < 22(T) + BTNl g

+ B2(T) (g @)l o,y + Hl(t)HC[O,T]>Hu(m7 Yy Ollgs2 s (69)

L&) |co.r) < 73(T) + Bs(D)11(E)]| ooy
+ 53(T)<||Q(t)||C[O,T} + ||l(t)||0[o,T])||U($,y,t)||Bg,§T7 (70)
where

n(T) = 08{2||a(3’ (@ 9l Lacs) + 211V (@, 9)l 1,05 + 2lat™ (@, )|y s) + 210 (@ 9)llys)
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+ T3 (@, )|, (s) + TIHO®D (@, 1) 1o (s) + TS (@, ) o (s) + THDCD (@, 9) Lo(s)
+ 2V £ 20 (2, )| 1o (syx, 0.1 + 2V T |02 (xay)HLz(S)xC’ﬂ,[O,T]}

BUT) = es(TCD2 4 ) (1120 @, ) |1as) + 11 (@,9)1a05) ).
k1 (T) = 25T (1 +TY?),
12(T) = eoll(h(0) ey § |07 (A (0)ho()) = ho(@)ha(8)) = (h(0)fo(t) = ho(0) (1)) |

0,1

1

( Z Am ) (|h1(0)] + [ho(0)]) {Ha(?,o (@, ) o5y + Ha(Q’l)(%y)HLz(S) + Ha(l’z)(%y)HLz(S)

m,n=1

+ 1P (@, )l Ly(s) + TIOE (@, 9)| o) + TIBD (2, 9)l 1 (s) + TIB? (@, 9)]| s s)

+ T3 (@, )| sy + VTP (@, 9| 5y 0y 0,1 + VL2 (@ 9) 1559001 | ¢

m,n=1

B2(T) := coT||h(t)l|cpo,r) + 2T ( > ) (1h1(0)] + [ho (0)])

% (1120 @, )l zacs) + 1002 (@,9) lnas) )

C[0,1]

73(T) = clo||<h<t>>—1||cm,ﬂ{Hh&(t)(afhoxw — () (OF ha)(t) — B (1) Fo(t) + R () fu(0)|

m,n=1

1
2 ( > Am%) 1P @)+ 16 O] o017 [Ha(?’o @ Laes) + 11621 (@,9) 1o

+ ||(I(1 2) (33,3/)||L2(S) + ||a(073)($’y)||L2(S) + T||b(370)($7y)||L2(5’)
+ T[o3(a, Y Lacs) + 7o) (z, Y L2(s)
+ T3 (@, )| sy + VT (@, 9| 15y 0y 0,11 + VIO (@9 105y 0 0,17

B3(T) := 2c10T [P (t)] o, | 1P (E) | o1

1
+2T(Z A ) @]+ s Olleoz) (11830 @ 9)llzags) + 1% @9l zas)) -

m,n=1

k3(T') := c10r1(T).
From inequalities (68)—(70), we conclude

[,y Dl + 1T+ )]
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< (1) + B[O loror) + #(T)(la@®l e + 1O owpllul, v, Ol g2 (71)

where

Y(T) ==7(T) +7(T) +v3(T), B(T):=pu(T) + B2(T) + Bs(T),
K(T) == k1(T) + k2(T) + r3(T).

Theorem 3. Lef the conditions Lemma 7 and the condition
K(T)(y(T)+2)* <2 and B(T) < 1/2 (72)
be fulfilled. Then, problem (1)—(4), (10), and (11) has a unique solution in the ball B =
By(||2|| gz2 < v = 5((T) +2) of the space.
T

Proof. Let us denote z = (u(z,y,t),q(t),(t))" (where x is the symbol of transposition) and rewrite
the system of equations (56), (61), and (62) in the following operator equation

z= Az, (73)

where A = (A1, Ag, A3)*, A1(2), Aa(z), and As(z) defined by the right sides of (56), (61), and (62),
respectively.

Analogously to (71) we obtain that for any z, z1, 2o € B, the following estimates hold
1A2[[gg.2 < (1) + B o) + £ Hla@) e,y + O o)l lul@, v Ol g2 5 (74)

1421 = Azl < r(B(T) + KT () — Ol
Tl (t) = @®llcpn + @, 5.6 — ua(z, v, 2 ). (75)

Then, taking into account (72) in (74) and (75), it follows that the operator A acts in the ball B = B,
and is contractive. Therefore, in the ball B = B, the operator A has a unique fixed point {u, q,{} that
is a unique solution of (73), i.e., it is unique solution of system (56), (61), and (62), in the ball B,.. The
Theorem 3 is proved. O

Remark 2. Inequality (72) is satisfied for sufficiently small values of 7.
Theorem 4. Suppose that all the conditions of Theorem 3 are satisfied and (C2)—(C4). Then,
problem (1)—(6) has a unique classical solution in the ball B, of the space E:?;’2.

5. CONCLUSIONS

In this paper, we investigate time-dependent coefficient and kernel for a two-dimensional fractional
diffusion-wave equation. The existence and uniqueness for the direct problem and the uniqueness for
the inverse problems are proved. The method of separation of variables are used to solve the problems.
The conditions of unique solvability of a solution to the direct and inverse problem are obtained.
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