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Abstract. In this paper, we consider two dimensional inverse problem for a fractional-wave equation with variable coefficient.
The inverse problem is reduced to the equivalent integral equation. For solving this equation, the contracted mapping principle is
applied. The local existence and global uniqueness results are proven. Also, the stability estimate is obtained.

INTRODUCTION

Denoting as usual x,7 the space and time variables and u = u(x, ) the response variable, this equation read:

(CDu) (x,1) — Dsu(x,t) +qx1, Dulx,t) = f(x,0), x€R 0<t<T, (1)
where 1 < o < 2, C@ta is the Caputo fractional derivative, that is
1 ! 1
(“2u) (x1) = m/o (t=1)" %ure(x,7)dr, (2)
and A, := ;—; + ;—;, f(x,1) is the known source term.
1 2
For the Cauchy problem corresponding to the initial conditions

I/l(x70) :Ml(x), u,(x,O) :u2(~x)7 XGR27 3)

where u(x), j = 1,2 are given functions.

We assume that the functions f,u;,u, are bounded; f is a continuous in (x,#) € R? x [0,T], and locally Holder
continuous in x, uniformly respect to ¢, u; and its first derivatives are bounded and Holder continuous with the exponent
é < ¥ < 1; uy is Holder continuous. Under this assumption, the problem (1), (3) possesses a classical solution u(x,1)
as [1]. This means that u(x,t) belongs to C? in x for each t > 0; for each x € R? u(x,t) belongs to C' in (x,7) on
R? x [0, T}, and for any x € R? the Caputo derivative (“Z%u) (x,t) is continuously in  for # > 0; u(x,) satisfies the
equation (1) and initial conditions (3).

For the given functions g(x1,t), f(x,), u1(x), uz(x) and a number & € (1,2), the problem of determining the solu-
tion to Cauchy problem (1) and (3) we call as the direct problem.

Many modern science and engineering technology areas can be described very successfully by models using frac-
tional differential equations (see [2, 3]). When ¢(x;,#) = 0, this equation was studied by many authors (mostly [1, 4,
5] and the references therein). The equation (1) describes the propagation of stress pulses in a viscoelastic medium
[1]. In practical situations, the function g represents some physical property, which is very hard to be measured di-
rectly in advance. So we consider an inverse problem of determining source term function g from some additional
measurement on u.

For classical integro-differential and time-fractional wave equations, sometimes the initial value, part of boundary
value, wave coefficient, kernel or source term are not known. If we recover some of them by additional measured
data, we can deduce many inverse problems for integro-differential and time-fractional wave equations. There have
been some results for integro-differential and time-fractional wave equations, for instance the reconstruction of the
kernel [6, 7, 8, 9, 10, 11, 12, 13, 14], the reconstruction of the time-dependent source term [15, 16, 17, 18, 19, 20,
21], the Cauchy problem [21, 22, 23, 24, 25], the reconstruction of order of fractional derivative and source term [26,
27]. However, as we know, the inverse problems of fractional wave equations have only a few papers such as inverse
problems on an unbounded domain [28, 29].

Inverse problem consists of determining the time and horizontal variable dependent unknown coefficient of the
source term ¢(x;,7) and the wave distribution u(x, ), from the initial condition (3) and

u(xy,0,t) =g(x1,1), x1 €R,r€][0,T], 4)
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where g(xi,7) is given.

The remainder of this paper is composed of three sections. Section 2 is devoted to the study of the properties of
the solution of the direct problem (1), (3). In section 3, the existence and uniqueness of the solution of the inverse
problem (1)-(4) is established by using the Banach fixed point theorem and the continuous dependence of the solution
of the inverse problem upon the data of {f,u;,uz,g} is shown.

By D7 := {(x,t) : x € R?,0 <t < T} we denote a strip with the thickness T, where T > 0 is any fixed number.

Let C*™(Dr) be the class of the m times continuously differentiable, bounded with all derivatives of order up to m
with respect to x € R? and its fractional derivative © 2% is continuous in ¢ on [0, T].

Everywhere in this paper we will denote by H'(R?) locally Holder continuous functions with exponent / € (0, 1).
The norms in H'(IR?) are determined in [30].

By C(H'(R?),[0,T]) we denote the class of continuous with respect to ¢ variable on the segment [0, 7] with values
in H'(R?) functions. For a fixed #, the norm of the function ¢ (x,7) in H'(R?) will be denoted by |¢|'(¢). The norm of
a function ¢ (x,¢) in C(H'!(IR?),[0,T]) is defined by the equality

91l := max [l9['(1)].

t€[0,T]

INVESTIGATION OF DIRECT PROBLEM (1)-(3)

The functions ¢, f and u;, (i = 1,2) satisfy the following assumptions:

(A1) g(x1,¢) is bounded, uniformly Holder continuous in x;, uniformly with respect to #;

(A2) f(x,t) is a bounded function, jointly continuous in (x,¢) € Dy, and locally Holder continuous in x, uniformly
with respect to t;

(A3) u; (x) is bounded, continuously differentiable, and its first derivatives are bounded and Holder continuous with
the exponent é <y<l1;

(A4) uy(x) is Holder continuous.

Let us transpose the last term on the left in (1), the fractional differential equation becomes

(Cgtau) (x,1) — Au(x,t) = F(x,t), x¢€ R?, 0<t<T, 5)

where F (x,1) = —q(x1,t)u(x,t) + f(x,1).
To solve problem (1) and (3), we apply the Laplace transform with respect to ¢:

(Lu)(x,s) = / e Su(x,t)dt, xeR? seC, (6)

0

and the Fourier transforms with respect to x € R?:
(Fa)(En) = [ e Duxndr, £ 1>0, ™

R

here x = (x1,x) € R?, & = (£1,&) € R?, (x,&) =x1 - & +x2- &, dx = dxdxs.
Applying the Fourier transform (7) to (5) and using a formula of the form

(D) (1) = —[E[P (Fa) (§,1),
we arrive at the following relation:
(CD* Fau)(&,0) + 1§ (Fau) (&,1) = (FF) (&.1). ®)
Applying the Laplace transform (6) to (8), and taking into account the formula of the form
(LD T)(E,5) = s* (LT (E,5) 5% (Fau)(§,0) =577 (Faur) (&,0)
with & € R? and initial conditions in (3), we have

Soc—l soc—2 1

(Faur)(8) + W(ﬂxuﬁ(é) + W(Z%F)(é,s)
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=®1(&,5) +D2(E,5) +@3(E,5), R’ seC. ©)
Now we obtain the explicit solution u(x,) by using the inverse Laplace transform with respect to s:
1 L e 2
(L7 u) (x,t) = E/ e“u(x,s)ds, xeR% >0
l — joo
and the inverse Fourier transform with respect to &:
1
(F w0 = g [ @ DuEndz,  EeRr>0,

where dé = d&d&,; and Y= R(s) > inf|s|. First, these operations we carry out for ®@;(&,s). It may be performed by
using the equality

a—1
S 1 1

— R 1
N s 1—1—‘%2 (10)

and expanding the second factor on the right side of this expression into an infinitely decreasing geometric series:

o0 2. n
=L (-5

2
1+ 58

for |£] < s%/2. On bases of (10) from last equality we have

s*! S 2\" —na—1
_ —no—
e~ & (Cer) st (an
n—
Then, according to the following relation
(25 =
I'(v)

for R(v) > 0 and %i(s) > 0, we have
(L' @1)(8.1) = Ea(— &%) (Frur) (8).

Similarly, we can calculate the inverse Laplace transform for ®;, j = 2,3 like that and generally after applying this
transform to (10), we get

(Fat0) (§,1) = Ea(—[E*1%)(Fatt1) (§) + 1Eaa (—1E 1%)(Fuia2) (§)

+ Ega(—|EP1%) % (FF)(6,1), & €R%,1>0, (12)

where *; and Eq g(z) := Zor(#lﬁ), o,B,z€ C,R(a) > 0,R(B) > 0 are the Laplace convolution operator and
e

Mittag-Leffler functions respectively (see [31], p. 19 and p. 42, [32]). Before applying the inverse Fourier transform
to (12), we bring a formula which is relation between Mittag-Leffler and Fox functions, i.e.,

Fap@ =3[~

(more information about Fox’s H—function see [33].) Besides the following formula useful for the Fourier transform
of a radial function, that is, if y(x) € L'(R") NC(IR") is radial with y(x) = ¢(|x|), then its Fourier transform is also
radial and is given by (see [32])

1 . 1 oo
(27[)"/"@’("'5)(P(|<§|)d€ B )n/z\ x| ”/2/0 P2Q(r) 21 (|Jx|r)dr. (13)
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In particular,

/]1.%2 ei(x’é)Ea’ﬁ(—a\§|2)d§ = 27‘[/0oo rEaﬁﬁ(—arz)Jo(|x|r)dr. (14)

The right hand of (13) is the Hankel transform of ¢(r) and we will use it later. Firstly, we do change the last equality
by Fox function and so (14) becomes

(0,1)

i) B 5 _ o L[ 2
[ Eap(alePrag =2 [ ran(rypz o]

] dr. (15)
Furthermore, using the Hankel transform of the H —function [33], i.e.,

= b )

(1_ p;v A%)v(‘lmAp):(l_p%v x%)i|
+2,9
(bg,By) P a

= pflj Hm™n {b o]
/x v(ax) o | BX o5

0

If, we apply the last formula to (15), then we get the inverse Fourier transform for two parameter Mittag-Leffler
function:

{|x| (B,a) } (16)

i(x,€)
L e Eap(—algP)ag = s N I

here we used the reduction formula of the H—function (see [31], p. 11, formula (1.57)). We can represent the last
function by definite integral and Wright function (see, [34]). Firstly, we bring the following useful formula [5]:

= (57w (2)

where

o

= W(— 567_ 2_1 Eild, >07
fp(zp,6) = F<%)-{ (=B.8:—zy)y"=1)2 " dy, u
W(_ﬁ76;_z), IJ:O,

=

(—B.,8:2) = Zn,m 08 B e (0,1).

n=0

Then from (16) for a = t* follows

[ DB (-l P = 7 (1.8 - )

If taking into account € {1,2, o} and using the definition of the Fourier convolution operator, then after applying
the inverse Fourier transform to (12), we have

i) = o) = [ e [ ¥(r— &= 10l D&, 0)de, (18)
where d€ = d&d&,,

w(et) = [ Zile—E0m(E)dg + [ Zo(r—Eun(E)dE

!
+ [an [ vix-Ea-0)f(E ndE, (19)
and the Green kernels Z;, (j = 1,2), Y have the following form

[

Zj(x,[) 3/2f(1/2( L/|2’ a.] )a Y()C,l) :”3/2fa/2( a/27170>
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Lemma 1. Suppose (Al)-(A4) be satisfied. Then there exists a unique solution of the integral equation (18) with
u(x,t) € C**(Dy) where a € (1,2).

Proof. Since the unknown function u appears in the integral, this is not a solution formula, but an integral equation
for u. It can be shown that the only continuous solution of the integral equation (18) is the solution of the problem (1),
(3). To solve the integral equation (18), we use the method of successive approximations and consider the sequence
of functions defined recursively by the formulas:

1 (5,1) = 10 (x,1) —/(:dr/ﬂézY(x— E.t— D)q(Er, Dun(E, D)dE, n=1.2,... 20)

where ug(x,t) is determined by the equality (19). We wish to show that the sequence u, converges to the solution u.
Further we use the following estimates [1]. Let pg(x,7) = exp{ —o (r~%/? \x\)ﬁ }, 0 > 0. Then

Zien)| < € [1+ (e 21| po(x.0), @1
Za(e)] < € [T+ (x| po(x.1), (22)
¥ (x,0)| < €' po(x.1), (23)
DY (x,0)] < G L [In( 2]} ] po (x.0), | = 1, (24)
92160 < e [T (2} ] po 1), (25)
19Z26,0)] < € [14 [0~ | por (5,0, (26)
0 (x,1)| < Ct2pg (x,1), 27)
(€27 21) (e.0)| < €72 |14 [in(e= 1)) | po (x,0). (28)
[(202) (x,0)| < Ci72e! [1 +|In(e~/? |x|)|} Po(x,1), (29)
(€727 (o] < e {1+ InG 1) ] po (x,0). (30)
The estimates

DY 21 (x,1)] < C%|x] ™" po (x.1), (31)
DY Zy(x,1)| < Ct™ T x| ™" pg (x,1) (32)

with 1 <m < 3 and the estimate
DY (x,1)| < Ct™ x| " po(x,1) (33)

with 2 <m < 3, valid. In (21)-(33) the letter C denotes various positive constants. These estimates for Z;, j = 1,2, Y
are based on the following inequality (see, [S])

1
|fp(z:1t,8)| < Cexp(—0z'F)Inz,

040012-5
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where C and o are positive constants, and related only the parameters 3, i, 8. We also note that the following integral

formulas hold:
/ Zi(x,t)dx =1, / Zy(x,t)dx =t, (34)
R2 R2

10— 1
Y (x,1)d 35
e Fle) )

Note that ug(x,7) is the solution to the problem (1), (3) for ¢(x;,7) = 0. For a comparison, note that for the wave
equation corresponding formally to & = 2, with the initial conditions (3), a counterpart of the kernel Z;, j = 1,2,Y
from (19) are a distribution supported on light cone {|x—&| <r}.

Thus in the fractional order case, though the fundamental solution of the Cauchy problem is not concentrated on the
set {|x— &| <1*/?}, it decays exponentially outside it, possessing a kind of weak hyperbolicity property. Of course,
the equation (1) "interpolates”" between the heat and wave equations, and possesses some "parabolic" properties too,
as it is clear from (19).

Under the assumptions of Lemma 1 it is true inclusion ug(x,#) € C*?(Dr). The last assertion we will show step-
by-step. Indeed, in accordance with the estimates (21)-(33), the first derivatives in ¢ of function ug, given by formula
(19) is exists i.e., the following differentiation formula is valid:

%uo(x,t) - /RZ %Zl (x—=&,1)up(§)d&

b2 e @+ [ar [ vt gi-n)s(E 04, 30

that is the last improper integral converges in Dr. Indeed,

won(r) = [ Z1(x—Et = (&)

+/Rzzz(x—g,z—h)u2(5)d§ +/0t7hdr/ﬂ%2Y(x—§,t— Of(E, )dE.

Then

St = [ Sz LM (€ + [ 57 &t~ mua(§)d

t—h 0
[ YagnsEa—ndg+ [ e[ Sy Ea-0f(E 0

=h+hL+hL+1L.
By (26) and first equality in (34),

Ih| = ‘/]RZ %Zl(x—é,t—h)[ul(é)—u1(X)]d§‘ SC(f—h)_'H/ (1+‘1 )éoc|/2’)

Xpo(x—E 1 —h)|x—E|TdE < Co(t —h)* ™! < oo,

as h — 0, here we used the fact that

/Z%ZI( _ &, —h)dE = 0.

Using (26) and second equality in (34), we have

il =| [ 3720 &t = Wlua() ~ o |+ ol < - [ (14 o= h)i'/z )
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Xpo(x—&, 1 —h)|x—&EMNdE < Co(t —h)*T < oo,

as h — 0. Similarly, by using (23), we find
il =] [ Y= Em (& —mag| < Cah™ ' o0, 37)

as h — 0.
Let

J
Lo = [, 5:Y (=&t =TS (6 0)dE.
Using (23), then
ol <Ca=m)" [ palv—&.—h)dE < Calt =)™ ", (38)

Since ¢ > 1, that means the convergence of 14, as & — 0, which implies (36).
It follows from (37) and (38) that

d
s = iy 510 )

It is straightforward to check, using the estimates for Z;(x,7), j = 1,2 and Y (x,t), that the first derivative in x of
uo(x,1) can be obtained by differentiating under the sign of integral in (19). Other derivatives from ug(x,) repeats the
reasoning in [4] (pp. 342-347).

Now, we continue of the proof of Lemma 1.

Setd; := |uy = |ua|™, qo :=||¢||* and d3 := || f||">, where 0 < 71,7» < 1. We wish to show that the sequence
u, converges to the solution #. We consider the difference

Oy = Uy — Upy—_1-

We subtract (20) with n replaced by n — 1 from (20) to find that

i1 (1.1) = /dr/ (x— &1 = T)q(&, 7)0a(E, T)dE (40)

From (19) we can easily obtain upper estimate for ¥, i.e.,

doqo o
K| < ———t f t<T
B0 < g for 1<,
where d —dl—l—dzT—i—r( T¢.
Then by (40) withn =1

1+a)

doq% 2a
< ———17.
%201 < Fi g
Again by (20), but withn =2
doq?) 3a
< ———17".
1501 < T 34
Continuing in this fashion, we see that
doqp et

|t (x,1) — 1 (x,2) | = [Ou(x,7)| < m

, for t<T. 41

Thus foranym >nandt <T

[ (X,1) = (,0)| = [ O + Ot + -+ + Ot | < [ O] + [ Ot |+ -+ [ Gt

040012-7
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<do ¥ FLH‘“. (42)

k
The series 2 T4k (X)tk converges uniformly for # < T to E¢(goT%). Hence u,, — u, — 0 uniformly in 7. This is the

Cauchy crlterlon Hence the sequence u,(x,) converges uniformly in x and ¢ (for z < T') to a function. Letting n — oo
in the recursion relation (20) gives the integral equation (18). The limiting function u(x,7) solves (18) and hence the
problem (1), (3).

The uniqueness of the solution follows the same considerations. For if ¥ is the difference of two solution of (18),
we have

- [laz [ y(e- &0 - D)g6, 00(E DaE.
0 R

The derivation of (37) leads to the inequality

doqq
|0 (x,1)] < =—————1"* sup |O(x,1)]
I'(1+na) (x,t)eDT

for all n. Letting n — oo, we find that ¥ = 0.
Letting m — oo in (38) leads to the inequality

I k n—1 k
40 ka _ ( « 2 90 ko‘)
1) — 1) <d, e — =dy|E t - ! .
Ju(x,1) = un(x,0)] < ok:an(Hka) 0{Ealgor™) & T(1 +ka)

This is a bound for the error |u — uy,| in terms of the maximum dy of the difference |u; — ug| between the first and
second approximations. For fixed ¢ the error bound approaches zero quite rapidly as n — co.

AUXILIARY PROBLEM AND INVESTIGATION OF INVERSE PROBLEM (1)-(4)

Let u(x,t) be a classical solution to Cauchy problem (1), (3) and f,up,u;,g be enough smooth functions. We carry
out the next converting of the inverse problem (1)-(4). Denote for this purpose the second derivative of u(x,#) with
respect to x, by v(x,7) i.e. v(x,7) := uy,y, (x,7). Differentiating (1) and (3) twice in x>, we get

(Cv) (x,1) = Dv(x,1) + g1, 1)v(x,1) = 95 f(x,1), x€R* 0<1<T, (43)

v(x,0) = (8)32u1)(x), ve(x,0) = (afzug)(x), xeR?, (44)

To obtain an additional condition for the function v(x,#), we note that the second term of Laplacian in (1) is v(x,7).
Setting xo = 0 in (1) and using equality (4), we obtain

v(x1,0,0) = (CZfg) (x1,1) = (95, 8) (x1.1)

+q(xn,0)g(00,1) = f(41,0,1), x €R, 0<r<T. (45)
When the matching conditions u;(x1,0) = g(x1,0) and ua(x1,0) = g/(x1,0) are fulfilled, it is easy to derive from
(43)-(45) the equations (1)-(4).
In (43), introducing the notation 8)(22 f(x,t) —q(x1,t)v(x,t) =: F(x1,x2,¢) and applying the formula (18) to direct
problem (43), (44), we obtain the integral equation for determining v(x,7):

V(1) = vo(x,1) — /Otdr/Rz Y(x— &t — 1)g(&, T, T)dE, (46)
where

o(x,1) / Zi(x— &) (1) (E)dE
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+ / Zo(x— &,1)(Fu2) (€)dE + / dr / Y(x—&,1— 1) )& T)dE. 47)

Set

dy = | |2, ds:=|uz|""?, de:=|f||I'".

The following lemma is valid.

Lemma 2. Let g(x1,t) € C(H*(R);[0,T)), f(x,t) € C(H"2(R?);[0,T]), us (x) € H2(R?), upy(x) € HN2(R?),
where v, Y;, i = 1,2 are defined in Lemma 1. Then, there exists a unique solution of the integral equation (8) with
v(x,t) € C2~%2(Dr) where a € (1,2) and

[v(x,1)| < d7Eq(qoT*) =: doo (48)

estimate holds, where dy := dy + dsT + F(1+a) T®

The proof of Lemma 2 is similar to the proof of Lemma 1 and so we omitted it.

Let M(dno) be the set of functions v(x,?) € C>~%2(Dr) satisfying the inequality |v(x,?)| < doo with a fixed positive
constant dy for (x,7) € Dy. This constant is determined by (48).

Lemma 3. Ler v(x,t) € M(dy) and v(x,t) € M(doo) be solutions of integral equation (47) with respective data sets

{4, feyeys (U1)xyxy (U2) xyxy } AN {G, fryxy s (i1 ) xyxy > (#2) xyx, }- Then the stability estimate
v =] <dg [lur — |2+ Juy — "2+ || f = £+ |lg — gl|*]

is hold, where dg will be defined bellow.

Proof. Let v, v denote the solutions to (46) corresponding to the functions ¢, §. If the difference between two
functions, whose only difference in notation is the overbar, is denoted by the same letter with a tilde (~), for instance
V=v—"¥,§=q—q, etc., then equation (46) give the following equality

) = o) - [ dt [ V(- & -0l DvE )+ ale, DnE Dl
where

o) = [ Zi(e— ) (03 (E)d

+ / Zo(x— &,1)(3 ) (€)dE + / dr / Y(x— &1~ ) (92 F)(E. T)dE.

Note that the functions 7 and ¥, included in it can be estimated on the basis of the a priori information on the problem
data. Indeed, there is the obvious estimate

= Ol < i v+2 ~ 71+2 rn+2
o) < 124 72 4 s ]
and
- - d7
)] < ()| + g T“EalaoT) a1 +do [ e [ ¥(s=G—oli(&.0lE. (9)
where go := [|]|*.

Let dg := max { 1, r<1 - a) T T 1 T @ T*Eq(qoT?), qo}. Applying the successive approximation method to inequality

(11) with the help of the scheme
[9(x,1)]o < dy [[i[772 + [ "2 + (| £ + 1141 ]

1
0l <o [ de [ Y- Er = DFEDh1dE =12
we arrive at the estimate

9(x, )| < ds [Jain |72+ Jaia| 02+ || 1122+ 1G]] (50)
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where dg := dydpo, which will be used to solve the inverse problem. Indeed the expression (50) is the stability estimate
for the solution to the Cauchy problem (43) and (44). The uniqueness for this solution follows from (50).

Now, we investigate the inverse problem (43)-(45). Setting in (46) x = 0 and using additional condition (45), after
simple converting, we get the following integral equation for determining ¢(x,):

alo0) = o1 = s [ [ ¥ =61t = DG (& &

qo(x1,1) = g(xll ) [VO(XhO,[) — (C@tag) (x17t)+8flg1(x1,t)},

where v (x1,0,7) is defined by (47) when x, = 0.
The solution of integral equation (46) depends on ¢, i.e. v =v(x,1;q).
We introduce an operator ./ defining it by the right hand side of (51).

1 t
Flaer0) = aolert) = ——— [ a7 [ Y0 &1 - D& v(E Tg)dE.
glxi,1) Jo  Jre2
Then the equation (51) is written in a more convenient form as
q<xlvt):d[q](xlvt>' (52)
Let djo := ||go||*. Fix a number p > 0 and consider the ball
BT[qur] = {C] € C(Ha(R)v[OvTD : ”q_qUHa < V}, o< (172)'

Theorem 1. Let f(x,t) € C(H"*2(R?);[0,T]), us (x) € H"2(R?), uy(x) € H"2(R?), g(x1,t) € C*(H*(R);[0,T)),
ui(x1,0) = g(x1,0), i = 1,2 and the condition

lg(xi,0)|*>g0>0, xieR, r€[0,T]

is fulfilled, then at sufficiently small Ty € (0,T) the solution to the inverse problem (1)-(4) on the intercept R x [0,T]
exists, unique and belongs to the class C(H*(R); [0, Tp]).

Proof. Let us first prove that the operator <7, defined by (52), is a contraction on the Banach space Br[qo, ] into
itself, if the final time 7 > 0 is small enough. Indeed, for any continuous function g(xi,?), the function <7 [g](x},?)
calculated using formula (52) will be continuous. Moreover, estimating the norm of the differences, we find that

—1l7ra
gy T
”A[CI] _CIOHa < F((i +a)d00||qHa’

here we have used the estimate (48). Note that the function occurring on the right-hand side in this inequality is
monotone increasing with 7', and the fact that the function g(x;,7) belongs to the ball Br[qq, r] implies the inequality

lqll* < r+dio. (53)

Therefore, we only strengthen the inequality if we replace ||¢||* in this inequality with the expression r+ djg. Per-
forming these replacements, we obtain the estimate

& a7
IAlg] — gol|* < =2

< mT'x (r+d)Eq ((F-i—dlo)Ta) .

Let 77 be a positive root of the equation

1) = 80D _1a(, 4 410) B (-4 dr)T) —
ri( )—m (r+dio) Eq ((r+dio)T*) =r.

Then for T € [0,71] we have A[g](x1,7) € Br[qo,r].
Now consider two functions ¢(x;,7) and g(x,#) belonging to the ball Br[qo,r] and estimate the distance between
their images A[g](x1,7) and A[g](x;,7) in the space C(H*(R),[0,T]). The function v(x,¢) corresponding to g(xi,?)
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satisfies the integral equation (46) with the functions (11)x,x, = (1) xyxys (42) 120y = (#2) 2%y iy, = fxm. Composing
the difference Alg|(x;,t) — A[g](x1,t) with the help of equation (46) and then estimating its norm, we obtain
~1
— gO o —|o o -

Algl(ri,1) —Alg) (e, 0| ¢ < =207 [ - - } . 54

[Alg](x1,1) — Alg](x1,0) | < T +a) vllllg —all* +[l]|“[lv — || (54)
Using inequality (48) and the estimate (49) with (i1 )xyx, = (i#1)xyxy> (42) 120, = (#2)x3xy5 Sroxs = frpx,» We continue the
previous inequality in the following form:

—1
. 8o d7
A t)—A HI*F< 22—
|| [Q]('xla ) [q}(xlv )” = F(l+a)
The functions g(x;,t) and g(x;,z) belong to the ball Br[qo,r], and hence for each of these functions one has in-
equality (53). Note that the function on the right-hand side in inequality (54) at the factor ||g — g||* is monotone
increasing with ||¢||%, ||g|| and T. Consequently, replacing and in inequality (54)(including in dg) with r+ d;o will

only strengthen the inequality. Thus, we have

7% Ea(qoT) +dodo| lg— 7|

—1
ALa] (1) = Alg] ()| < Ffff;)T“ |Eal(r+d10)T) +do(r+duo) |l —al|

Let 7> be a positive root of the equation

—1
aT) = LT [Bul (-4 )T (-t o) = 1.

Then for T € [0, 75] we have that the distance between the functions A[g](x;,#) and A[g](x],¢) in the function space
C(H*(R),[0,T]) is not greater than the distance between the functions ¢(x;,7) and g(x,¢) multiplied by r(T) < 1.
Consequently, if we choose Ty = min{7}, 7>}, then the operator < is a contraction in the ball Br[r,qo]. However, in
accordance with the Banach theorem, the operator A has a unique fixed point in the ball Br[r,qo]; i.e., there exists a
unique solution of the equation (52). Theorem 1 is proven.

Let T be a positive fixed number. Consider the set Q (1) (i; is some positive fixed number) of the given functions
(f,u1,uz,g) for which all conditions from Theorem 1 are fulfilled and so that max {|| f||'*2, |u1|"*2, |u2|"*2, ||g||*}. By
Qy(12) we denote the class of functions g(x1,7) € C(H*(R),[0,T]), satisfying the inequality ||¢||* < up with some
fixed positive number {i;.

Theorem 2. Suppose (f,ui,us,g) and (f,iiy,iir,g) are in Q(U1). Then for the solution of the inverse problem
(43)-(45) the following stability estimate is valid:

lg—qll* <dn (\Ml — iy [ Jup — N || = Fl R+ ||g—§||“)7

where the constant dy depends only on T, o, L1, L.

The proof of Theorem 2 is identical to the proof of Theorem 2 in [28]. So we don’t repeat it and the following
uniqueness theorem for any 7 > 0 follows from Theorem 2:

Theorem 3. Let the functions q, f,u,us,g and G, f, i, it>, g have the same meaning as in Theorem 2. Besides, if

f=1Ff w =i, uy=ir, g =g for Dy, then q(x1,t) = q(x1,t), (x1,¢) € R x[0,T].

CONCLUSION

In this paper, we investigated an inverse space and time-dependent source problem of a two dimensional time-
fractional wave equation with additional condition. The existence and uniqueness of a solution for the direct problem
are obtained by the integral equation theory. Then, the well-posedness for the inverse problem are obtained by the
Contraction Theorem.
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