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BIR ZARRACHALI DISKRET SHREDINGER OPERATORI
XO0S QIYMATI HAQIDA
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Samargand Davlat Universiteti
E-mail: alladustova.iroda@mail.ru, dbtashpulatova@mail.ru

Ma’lumki, g va A haqigiy parametrlarga bog’liq bo’lgan ikki zarrachss
Shredinger operatori xos qiymatlari sonini aniglash va bu xos giymatlarning muhim
tashqaridagi joylashuv o’mini aniqlash kabi masalalar [1], [2] ishlarda o’rganilgan.

[3], [4] ishlarda A(A)=-A+AV Shredinger operatori yetarlicha kichik 1> @1
potensialga qo’yilgan ba’zi sharilarda bog’langan holat (xos giymat)ga ega ekanlig:
Ushbu xos giymatlarning A — 0 dagi asimptotikalari o’rganilgan. ;

L*(T)-T=(-x,x] bir o’lchamli torda aniqlangan kvadrati bilan integralias

funksiyalar gilbert fazosi va H, tashqi maydon bilan bir va ikki qadamda ta’sirlas

zarrachali diskret Shredinger operatori bo’lsin. Ushbu operator L/ (T) fazoda @
aniqlanadi: '

(Hmf)(q) =s(q)f(g)—pj‘cosqcos{f(t)dt——A;[cos?_qcosZg”(t)dr

bunda £(q)=(1-cosq) va fe L' (T.

Veyl teoremasiga asosan H ,; operatorning muhim spektri o, (H ) M va A pars
bog’liq bo’lmasdan H, operatorning @, (H,) muhim spektri bilan ustma-ust tushads
tenglik o’rinli:

O'm(HM) =0, (H,)=[0,2].

Teorema. u,Ae R bo'lsin. Agar A+u+3ui>0 bo'lsa, H . Operatornmg
spektrdan chapda yagona xos giymati mavjud.
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In this paper, we assume 1< p<2 and -3 +i' =1, eg p,p' are conjugate sun
i '

We shall-consider the problem on L — L (where and further Z? := L?(R’)) bounde
Fourie_r multiplier operators of the following type:

M, =F'e"®g (&F,

220



F is the Fourier transform operator, @€ C”(R"\{0}) is a non-vanishing real analytic,
s=nous function of order 1, @, € C™(R") is a classical symbol of a pseudo-differential
or of order —k . For simplicity we assume that g, is a smooth homogeneous function of
—k for large [£| . Following, M. Sugimoto [6] we assume @(&) >0 forany £ #0 and set:

S={e R"\{0}:p(5)=1}. (1
w5 the case, when @(£) <0 for any £ #0, can be treated by using quite similar arguments.
‘8¢ classical Euler homogeneity relation S is a compact, closed analytic hyper-surface
singularities. The main problem is the following: for which & > k(p) the operator M, is

+d as a bounded operator from L’ to 1" ?
In the case when §=S"" is the unite sphere centered at the origin, which is related to
lassical wave equation, the L” — L’ boundedness of M, is obtained by Stricharts [4].

= this result has been extended to the case when § has everywhere non-vanishing
sn curvature by Brenner [2]. Under these conditions S is a strictly convex hyper-surface.
=stimates are obtained for such kind of convolution operators for the case when § is convex
cessarily strictly convex) and also for some classes of non-convex hyper-surfaces in R’ by
moto [$]-[6]. However, as remarked in [6] the problem still is remained open for some
s of hyper- surfaces. In this paper we have some estimates which cover the open cases
r=d by M.Sugimoto in [6].

We consider estimates for the convolution operators in the case when n=3. Since § isa
-t set, we can localize the operator. Thus, we can write the convolution operator as a sum
2= number of operators for which the associated symbol is concentrated in a sufficiently
conic neighborhood of points of the unite sphere. So, following [6], we shall assume that
%y is supported in a sufficiently small conic neighborhood T of a particular point
& fwhere S is the unite sphere centered at the origin of R’ ), and @(£)e C”(T). Without
 of generality we may assume v=(0,0,)e §° and ¢(0,0,1) =1,V(0,0,1) =(0,0,1). Then, in
:ghborhood T the surface § can be expressed as

SnT'={fel: @) =1} ={(y1+ (), yeU}.

he C®(U) (here Ue R’ is an open neighborhood of the origin) is a real analytic function.
possible linear change of variables we may and shall assume that B is a real analytic
on satisfying the conditions: /#(0,0) =0,VA(0,0) =(0,0) Let’s reduce the classification of
#on h given by M. Sugimoto[6]. For the sake of being definite we assume that
«’fh(o,())l}2

2—. dxkaxj | k, j=1

. Then after possible rotation of coordinate axes we may suppose that the function h satisfies
Siowing conditions:

=0. Otherwise, the result can be derived from the main Theorem by Brenner

2 2 1
a”*h(0,0) “0 d*h(0,0) -0, d h(Ol,O) S 2
- ox; o, ox, ox;
Due to the classical implicit function Theorem it is easy to sce that the equation
%)

=0 has a unique solution:
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By (x,) = hi(By (x,):%,) - S
The following definition was given in the paper [6]. It gives a classification of singularities of the

function 4. : ‘ 3
Definitionl. Let h be a real analytic function at the origin satisfying (2) and b,,b, be m

real analytic functions defined by (3), (4). Then we dc_ﬁne 0 ; 10 be the smallest integer m 2. i.:’j:
such that b;"”(O)‘#O, and we say that & is of type 1if 8, <o, type WLif g =e, and 6, <=3
typeﬂ'iifﬁ(,:é,:m. %

First, we give a simple statement, which follows from the classical division Theorern.
Proposition 1. Assume that h is a smooth function satisfying the assumptions (2). 2 :
the function i can be written in the following form on a sufficiently small neighborhood &f et 5 8

origin:

: h(x1sxz)=u(x1sx2)(x1 —b1{xz))2 +by(x,) - ‘
where u,b,,b, are smooth functions  satisfying the conditions: #(0,0)#0, and
b (x,) = x +O(xf"“) (c# 0) unless it is a flat function, by(x,)= cxf‘ * O(xf'l ]
unless it is a flat function.

The following statement characterize the classification given by M. Sugimoto[6].
Proposition2. Let  bea real analytic function at the origin satisfying (1) and b,.5
real analytic functions defined by (3), (4). Then h is of type 1if and only if h has A
singularities at the origin; h is of type 11 or III if and only if i has A, type singularines
origin. Moreover, if # has A_ type singularities at the origin, then it is the type 1 if and
the projection of the zero sct of the Gaussian curvature to the plane R? is a smooth curve
has no tangent line with infinite order of contact.
See [1] for the definition of 4 ftype singularities. In this paper we mainly deal %
type singularities. :
If b, isa flat function (we have b, (x,)=0 whenever 2 isa real analytic fume
it has 4_ type singularities. It is easy to see that in the latter case, the curve in the plane
given by the equation x, = b,(x,), coincides with the projection of the zero set of tae ik
curvature. Hence, the number d, —1 coincides with order of contact with the curve @

line at the origin.
Note that singularities of the so-called phase function defined by

D(x,, X,,8,,8;) = h(x, X)) + 5% +8,%5,
depend on classification of the function A(x). In the monograph [1], there

characterizations of singulatities of that function and also for the phase function i &
both in a generic position up to some number of variables and up to some Milnor russes

It should be noted that behavior of the convolution operator depends o=
transform of measures supported on the surface §. We introduce a more general S

supported on family of hyper-surfaces. Let (S,),8, c R™" be a family of smoo
smoothly depending on a parameter a€ R", and let Y€ Co(R™ XR™) be a2 s
with compact support. The Fourier iransform of the signed measure = di_ °
determined by the integral

dp, &) = e au, ()

Sa

The following result proved in the paper]6].
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.m 1. Suppose that h(x) is of type Il with &, 23 and satisfies

o* [ °h(b(%,), %) | _
e -

3.6, ~1and v=23,. then M, is L7 — L” bounded if

el

wually, the conditions (6) can be formulated in terms of the function u.
ama. Suppose that h(x) is of type Il with &, 2. Then the conditions (6) are
10 the following conditions posed to the function i ;
My ‘
¢ s =0, for u=123,..,6, -1 and v=0123,...
dx} oy,

% e other words, if we consider power series expansion of the function u, then all exponents

210 coefficients lie above the line given by the equation x, = £ but trivial term.

The lemma can be proved by using straightforward calculations.

The following Theorem gives a solution of the problem posed by M. Sugimoto in the paper [6].
Theorem 3. Suppose that A(x) is of type Il with 6, 23then M, is L' =L " bounded if

il et 52

.m 3 is a generalization of the Theorem 2, because it gives estimate for the convolution
eors without the conditions (6). A proof of the Theorem 3 is based on estimates for the
; gseure (5). Our estimates are based on the theory of singularities and quite different than the
deal ml getods used in the paper [6]. The measure (5) can be written as the following oscillatory

ak:

J(.«l,z) = fe"l‘”("'"‘""' "?]g(x, \ X, )dx,dx,,
R!

; @(xl,xz,si,sz):-—- h(x,,X,)+8.X +5,%,, and g is a smooth function concentrated in a
iciently small neighborhood of the origin.
If the point (s,,5, ) belongs to the outside of the some ball centered at the origin then the

- function has no critical points provided the support of the function g is concentrated in a
iciently small neighborhood of the origin. Hence, we shall consider the oscillatory integral
(sl,sz)e ¥, where Vis a sufficiently small neighborhood of the origin. We prove the

owing inequality which was proved in the paper [6] under the conditions (6):

n_f}E cake f1 2

nber. “J(i | <C A..:LE*E{}'S

n the Fe 3 2 By ke &

ned mezs E here C ¢ is @ constant depending on a positive number £ and maximum of derivatives of the

fanction g up to the second order. A required estimate for the norm HJ (A,-)\ b g follows from

| ¢ intogration by parts formula, because the phase function has no critical points provided
- amplitude function g is concentrated in a sufficiently small neighborhood of the origin. Thus,
. combining the obtained two estimates we get the following result:

(1.2 ),
"J(A")"L‘““(R’) < Cg,s’l-t'z ‘.5|+l }* B
. From the last estimaie follows a proof of the Theorem 3 by using standard interpolation
arguments.

i
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But, as indicated in [6] there was an open problem whether we can remove the
assumption &, 23 and (5) or not. The following Theorem gives a solution of that i)roblem.

Theorem 4. Let S ={(x,h(x)+1)} be the surface and h be a real analytic function
with A(0,0) = 0,VA(0,0) = 0. If K(0,0)=0 and VK (0,0)#0 (where K is the Gaussian curvatue
of the surface) then M, is L7 — L” bounded if

k>mﬂﬁlﬁ(§.-;)_;,§&_;}

provided the cone neighborhood T" is chosen sufficiently small. =
Remark. Actually a solution of the problem posed by M. Sugimoto [6] follows from the
more general Theorem 4. If 6, =2 then the surface satisfies the conditions of Theorem 4. A proas

of Theorem 4 follows from the following results of the paper [31.

Theorem 5. [3] Let(S,),5, © R™ . be a family of analytic hyper-surfaces depending o=
parameter a€ X (where X C R™ is a compact set). If for some fixed a=a, and for s
xe S, NSupp(du,) the relation | K (ay,x) | +| VK(ay,x) [# 0, holds, then the maximal func

M, (@)= sug) r2 ‘dﬁ % (ra))\
belongs to L**(8") = M L7(S"). Moreover, there exists a neighborhood V of g, such
p<d

any ae ¥ NE and for any p <4 the integral
j Mldw
Sl]
s bouided on ¥ NE. The result is sharp in the sense that if the hyper-surface S satis®
conditions: K(x,)=0 and VK(x,)#0 at some point x,,¥ is a smooth function suppe

sufficiently small neighborhood of the point x, and w(x,) #0, then the maximal Ruscss

corresponding to df(ra) does not belong to L*(S").

Now, we show that if the function % is of type Il and &, =2 then the comss
surface satisfies the condition of the Theorem 4. Actually, the following result bolds trss

Proposition 6. Let § ¢ R’ be a smooth surface containing the origin of &
the graph of the function h. If the surface S satisfies the conditions K{0@%
VK(0,0)#0, then either the phase function (I)(xl,xz,sl,sz} is the R_-universal &5
of A, type singularities, either the function h is of type Il with 0, =2. Con®
CI)(xm,xz,sl,sz) is the R, -universal deformation of 4, type singularities or the %
is of type Il with &, =2 then for the graph of the function & is the surface =&
conditions K(0,0)=0 and VK(0,0)#0.
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