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V]IK: 517.518.5
NEWTON POLYHEDRA IN ESTIMATES FOR THE FOURIER TRANSFORM OF
CHARACTERISTIC FUNCTIONS AND CONVOLUTION OPERATORS

D.l.Akramova, A.Soleev
Camapranockuii 20Cy0apCmeeHHblll YHUSepCUumenm

Annotation. In this paper, we prove analog of Randol Theorem, on estimates for the Fourier
transform of indicator functions of convex domains with analytic boundaries, for some classes of non-
convex domains. Also, we obtain estimates for convolution operators related to solutions to the strictly
hyperbolic equations.

Keywords: Newton polyhedra, oscillatory integrals, height of function, convolution operator,
boundedness.

Xarakteristik funksiyalar Fur’e almashtirishlarini va o‘rama operatorlarini baholashda
Nyuton ko‘pyoqliklari

Annotatsiya. Ushbu maqolada, analitik chegarali kompakt sohalar indikator funksiyasi Fur’e
almashtirishining baholari hagidagi Rendol teoremasining analogi ba’zi noqavariq sohalar singi uchun
isbotlangan. Bundan tashqari, biz gat’iy giperbolik tenglamalar yechimlari bilan bog‘langan o‘rama
tipidagi operatorlar uchun ham baholar olamiz.

Kalit so‘zlar: Nyuton ko‘pyoqligi, tebranuvchan integral, funksiyaning balandligi, o‘rama
operatori, chegaralanganlik.

Mmuororpanauku HeloToHA B oleHKaX npeodpazoBanus @ypbe XapakTepucTHYeCKUX (PYHKIUH
U CBEPTOYHBIX ONIEPATOPOB

AHHOTauus. B »sTOif pabore, Mbl JOKakeM aHalor TeopeMbl PeHgena o0 oueHkax
npeoOpazoBanusa Pypbe HHIUKATOPA BBITYKJIBIX KOMIAKTHBIX 00J1acTel ¢ aHaJIUTUYECKOW rpaHULeH,
JUIST HEKOTOPBIX KJIaCCOB HEBBIMYKJIBIX OONacTeld. A TakKe MBI MOJYYMM OLEHKH JJIsSi CBEPTOYHBIX
OTIepaTOPOB, CBA3aHHBIX C PEIIEHUSIMH CTPOTO THIIEPOOTNIECKIX YPaBHEHHH.

KiroueBas ciioBa: MHororpaHHuk Hpl0TOHa, OCHMIIISATOPHBIA MHTETPaj, BICOTA (QYHKIUH,
OIepaTop CBEPTKH, O'PAHUIEHHOCTb.

Introduction. Let D — R"" be a compact domain with C* boundary and u € C*(R"") be a
smooth function. We consider the integral

0, (&) = [ u(e'*Idx,

where (x,&) is the inner product of the vectors X and &, e.g. (X,&) := X,& +X,&, +...+ X

n+1>n+l"

If u(x)=1 for any xe D then U, coincides with the Fourier transform of the indicator
function of the set D .

In this paper, we will assume that 0D is a smooth compact and connected hypersurface. Note
that the case when 0D is a finite union of such hypersurfaces can be treated by similar arguments.

If D isa strictly convex (e.g. convex and the Gaussian curvature of the hypersurface does not
vanish) then due to the classical Hlawka [3] result the following

n+2

U, (E)=0(&] 2) (as |&]> o)
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asymptotic relation holds true. But, for the general domains by using integration by parts arguments
one can get only the relation

0,8 =0(&I7) (as [&l> ).
By B. Randol had been introduced [6] the following maximal function:

n+2

M (@) :=sup r7|uD (ro)|
r>0

in order to investigate behavior of the function U, (&), when | &| gets large, where S" is the unit

sphere in R"™ centered at the origin and @ e S", also we write £ in polar coordinates system e.g
E=rm.

The function defined by the relation (1) is called to be a Randol maximal function.

It is easy to see that M is a Borel’s measurable function (see section 2).

In this paper, we consider the problem: Find LUP (least upper bound) of the set:

{p<l0,0):M eL”(S"}.

Also we apply the estimates for the Fourier transform of measures to a boundedness problem for
convolution operators.

B. Randol [6] proved that if D is convex compact domain with analytic boundary then there

exists an £ >0 such that M e L**(S"). Further, I. Svensson [11] obtain analogical result for

convex domain with C® boundary of which has finite line type. It means that any tangent hyperplane
to 0D does not contain any straight line having contact of infinite order with 0D . Note that surface in
R*® may be convex but, not finite line type. For example, the usual cylinder with a circle base is
convex but, not finite line type. Surely, one can construct compact convex domain with C* boundary
and the boundary has no finite line type. Surely, if 0D is convex and analytic then it has finite line
type.

The paper organized as follows: In the next section 2 we reduce some facts about Randol
maximal functions. The section 3 contains results on LP —estimates for the Randol’s maximal
functions. Then we consider estimates for the convolution operators in the last section of the paper.

2. Preliminaries

In this section we will give necessary definitions and notions. These definitions will be used
through the paper. More general notion of Newton polyhedra and normal cones are given in the book
[2] (also see [10] for applications of Newton polyhedrons to problems related to behavior of solutions
to ODE).

Let ¢ be a smooth function. Consider the associated Taylor series

#(X) : icax“
of @ centered at - the origin. Where
a:=(ay,....a,) e Z" \{0}Z, ={0}UN,|a =, +...+ &, X" :=X1...x;". The set
T(p):={a €z} \{0}:c, = ﬁafﬁ ...0."$(0) = 0}

will be called the Taylor support of ¢ at the origin. If the function ¢ is analytic at the origin then the
last series converge, provided | X | is sufficiently small. Otherwise, the series (2) will be considered as
a formal power series.

21
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Similarly, the Taylor support of a function ¢ at the point x° denoting by T o (@), which is

defined on a neighborhood of the point x°.

The Newton polyhedron A (g#) of ¢ at the origin is defined to be the convex hull of the
union of all the octants a+R" in R", with aeT(g). The associated Newton diagram
N, (@) c N(¢) in the sense of Varchenko [13] is the union of all compact faces of the Newton
polyhedron; here, by a face, we shall mean a face of dimension bigger than one or a vertex.

We shall use coordinates t for points in the space R, containing the Newton polyhedron, in
order to distinguish this space from the R} - space.

The Newton distance in the sense of Varchenko, or shorter distance, d = d(¢) between the
Newton polyhedron and the origin is given by the coordinate d of the point (d,...,d) at which the
bi-sectrix t; =t, =... =t intersects the boundary of the Newton polyhedron.

The principal face z(¢) of the Newton polyhedron of ¢ is the face of minimal dimension
containing the point (d,...,d) . Deviating from the notation in [13], we shall call the series

G (X):= D C,X°
aern(p)
the principal part of ¢. In case that z(¢) is compact, @, is a mixed homogeneous polynomial;
otherwise, we shall consider ¢pr as a formal power series.

Note that the distance between the Newton polyhedron and the origin depends on the chosen
local coordinate system in which ¢ is expressed. By a local coordinate system (at the origin) we shall

mean a smooth coordinate system defined near the origin which preserves 0. The height of the
smooth function ¢ is defined by

h(g) := sup{d, },
where the supremum is taken over all local coordinate systems y at the origin, and where dy is the
distance between the Newton polyhedron and the origin in the coordinates v .

A given coordinate system X is said to be adapted to ¢ if h(¢) =d, . If restrict ourselves

with linear coordinates system then we came linear adapted coordinates system and a linear height
h,.,(¢) . By definition we have d(¢) <h,,(#) <h(@). If ¢ is a smooth convex function then there

exists an adapted coordinates system, moreover h, (#) =h(¢) (see [8] and also see [5] for more

general case of convex functions).

In [4] it is proved that one can always find an adapted local coordinate system in two
dimensions, thus generalizing the fundamental work by Varchenko [13] who worked in the setting of
real-analytic functions ¢ without multiple components.

Notice that if the principal face of the Newton polyhedron A/(¢) is a compact face, then it
lies on a unique principal hyperplane
L={teR":(«x,t) =1},
with x; >0,j=1,...,n. The weight x = (x,...,x,) will be called the principal weight associated
to ¢. It induces dilations & () := (r'*x,,...,r""x.), r >0, on R", so that the principal part P, of
¢ is x -homogeneous of degree one with respect to these dilations, i.e., ¢, (5, (X)) =rg, (x) for
every >0, and we find that

where we used notation: |k |:= x; +...+ k.
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More generally, we assume that x = (x;,...,k,) isany weight with 0 <« ;,j =1,...,n such

that the hyperplane L_:={t e R" : (x,t) =1} is a supporting hyperplane to the Newton polyhedron
N (@) of ¢ (recall that a supporting hyperplane to a convex set K in the Euclidean space is a
hyperplane such that K is contained in one of the two closed half-spaces into which the hyperplane
divides the space and such that this hyperplane intersects the boundary of K). Then LKﬂN (@) isa

face of N (¢), i.e., either a compact face or a vertex, and the « -principal part of ¢ defined by
$.(x):= D> ¢, x*
aeLK
is a non-trivial polynomial which is & -homogeneous of degree 1 with respect to the dilations
associated to this weight as before. By definition, we then have ¢(X) = ¢, (X) + terms of higher x -
degree. The same notions can be defined for arbitrary dimension n. However, the adapted coordinates
system exists only for the case when n = 2. It is worth to note that, any local coordinates system is
adapted in the case n =1. But, for the case N >3 as had been shown by A.N. Varchenko adapted
coordinates system does not exist. However, if ¢ is a convex smooth function having finite line type

then linearly adapted coordinates system exists and moreover h;,.(#) = h(¢) . The result belongs to H.
Schultz. More precisely, by H. Schultz [8] it is proved existence of adapted coordinates system for
smooth convex functions having finite line type. More general smooth convex functions had been
considered in the paper [5].

Let ¢ be a smooth function defined in a neighborhood of the origin and ¢(0)=0 and
V¢(0)=0.

Definition. A rank of the critical point X = 0 is called to be the rank of the hessian matrix at
the origin, e.g. rank of the matrix {0;0,#(0)}] -,, in particular, if rank{0;0,#(0)}; ., =n then

X = 0 is called to be a non-degenerate critical point.
The classical Morse Lemma yields:
Lemma 2.1 If a smooth function ¢ has critical point at the origin with rank k then there

exists a diffeomorphic map ¢(y) defined in a neighborhood of the origin such that ¢(0) = 0 and the
following relation holds true:

#(o(y)) = (BY',Y) + i (y"),
where ¥V = (Y, Y)Y = Yeirr---Y,), and B is a kKxk non-degenerate symmetric matrix

and also ¢, is a smooth function of y'" having order 3 at the origin, i.e. all derivatives up to order 3
at the origin vanish.

The following result holds:

Proposition 2.2 Let ¢ be a smooth function defined in a neighborhood of the origin of R",
satisfying the conditions ¢(0) = 0 and V¢(0) = 0. If rank of the critical point at the originis n—2
then there exists a smooth adapted coordinates system.

Indeed, by the Lemma 2.1 we first, reduce the function to the form (3) and then applying
result of the paper [4] we came to a proof of the Proposition 2.2.

Remark. Note that in the general case n >3 adapted coordinates system does not exist. So,
in the statement 2.2 the "rank” condition is essential.

Theorem 2.3 If D is a compact domain with smooth boundary then M is Borel’s
measurable function and finite for a.e. e S".

Indeed, one can define the following sequence of functions:

n+2

M, (@) =maxr 2 |0,(ro)| k=1.2,....

0<r<k

23
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n+2

Since r 2 |0, (re) | is a continuous functionon S" xR, sois M, on S". Consequently M, isa

Borel’s measurable function. On the other hand M, is a monotone increasing sequence. Hence, there

exists the limit
lika(w) =M (w).

Now, we show that the limit is finite for a.e. € S".
Let N:0D — S" be the Gaussian normal map. Then X € 0D is the critical point of the map
N if and only if K(x) =0 (where K(x) is the Gaussian curvature of the hypersurface at the point

X e dD).

Since by the classical A. Sard’s theorem [7] the set of critical values has zero Lebesque
measure. Consequently, the preimage N ™ (w) does not contain any critical point for a.e. @< S". By

the inverse mapping Theorem N () is a discrete set (any point of the set is isolated) for any regular
value of @ € S" and since 0D is a compact set, hence the cardinality of the set N () is finite.

Let @< S" be a regular value of the normal map. Thus, for any x° € N*(w) we have
K(x%) # 0. It means that the phase function (X,®) |, has non-degenerate critical point at x = x°.
By stationary phase method if x° € dD is a non-degenerate critical point and ¢ is a smooth function

concentrated in a sufficiently small neighborhood of the point (xo;a)) € 0D xS" then the following
asymptotic relation

LD(p(x,a))e"(X“")dS(x) =0O(r 2), as r-—w
holds true. Moreover, the last asymptotic relation is locally uniform with respect to @< S". More
precisely, if @, € S" is not any critical value of the normal map N then there exists a neighborhood
V(w,) of @, and a constant ¢ > 0 such that for any @ €V (w,) the inequality
C

n/2
r

n
|O(r 2) I
holds true.
Moreover, if @, €S" is not critical value and supp@(-, @) contains all critical points and

(X, w) =1 for @ eV (w,) in aneighborhood of the critical set N (e, ) .
Then
[ atx @) (1-F(x @)e"™7ds =0(r™) (as |r|>o0),

where ae C”(0DxS") and N is a natural number. The number N can be chosen as large as we
. n
wish, so, we may assume N > E

Thus, we came to the following conclusion: If @, S" is not a critical value of the normal
map then there exists a neighborhood V (@,) of the point @, such that for any ae C”(0DxS")
and for any @ €V (w,) the asymptotic relation

L Da(x,a))e"(x"”)dS(x)=O(r_2) (as r — o)

holds true.
Proposition 2.4 If 0D is a bounded closed smooth hypersurface then for a.e. @ € S" M (w)
is finite and

M(@) = limM, ().
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The last limit exist for ae. weS". Since M, is a continuous function then M is a Borel’s

measurable function.

Proof. We use the following divergence Theorem: If F:D — R"™" is a smooth vector
function (vector fields) then

delv(F)dx = LD(F,v)dS,
where v is the unit outer normal to the hypersurface 0D and div(F):=(V,F). Let’s define the

vector function F(x, &) := e“f'x)u(x)% assuming & # 0. Then, we have
i

div(Fy =5 . i& (e‘(f'x)u(x)): ey (x) + 1) (4, wy),
j=1 6XJ I | 5 | I | 5 |
where @ := i
=
Now, we define the new function u, (X, ) := (@, Vu) and have
_ 1)
divF = e'“Pu(x) + ?l | u, (X, @).
i
Therefore
i) - i) i€
e Pu(x)dx = ——| e u(x)(w,v)dS —- e u, (X, w)dx.
J.D i|&| .[aD i|& |.[ 1
By a recursion formula we define
i g
F(X,w) =e"* - .
1 i &I
Again by using divergence Theorem we get
J.Dei(‘f'x)ul(x,a))dx = j e'“u, (x, @)(@,v)dS ——— [ &' u, (x, @)dx,

i | |§|

where U, (X, ®) := (@, Vu, (X, ®)) . Continuing the procedure we obtam.

je'wu(x)dx— |§II e'“Pu(x)(@,v)dS + Z( |§|)“1 LD e'“u; (x,0)(@,v)dS +
( 1)N+l i(&,x) :L i(&,x) i
e e s T L a(x H wjds+
D™ e
(u|§|)N”Ie i Gl
where
a(x,I; j— U (@) + (@, V)Z( Ié)l)l’ (x,).
Thus, since U, (&) is an analytic function, then taking N +1> n+2 we have

n+2
M (@) <supr ? |[U,(r@)|+sup|l,(ro)|
r>1 0<r1

and

M (@) <supr?

r>1

j gl X)a(x ,)dS(X)| + C(w),

25
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where C(®) :=sup,.,, | U, (r@)| is a bounded function.

In particular, if @, €S" is not a critical value of the normal map then by stationary phase
method we have

jaDe"‘”O'”a(x,l,wo)ds =0(r 2), (as r—» )
r

and hence by (4) M (w,) is a finite number. Proposition 2.4 is proved.

For the convenience of readers we reduce simple fact from the classical differential geometry.
Proposition 2.5 Let 0D be an analytic compact hypersurface, then K(x) #0.

Proof. Since 0D is a compact set then there exists a ball B(R) of radius R such that
oD < B(R) . Also, we can choose B(R) the ball with minimal radius. Then there exists a point

x®edDNB(R) and oD cB(R). Thus by the definition of the Gaussial curvature
| K(x°) |2% >0, where K(X,) is the Gaussian curvature of the hypersurface 0D at the point

X, € 0D . Since K(x) is an analytic function and 0D is a connected set then by uniqueness Theorem

for real analytic functions we have K(x) #0. Because K is a real analytic function defined on 0D

for fixed first and second fundamental forms. Proposition 2.5 is proved.
3. Integrability of the Randol maximal functions

In this section we prove results on the Randol maximal functions. Through the section we use
notation of the paper [1] (also see [9] for related results on Randol maximal functions).

The following result holds.

Theorem 3.1 Let D < R™" be a compact domain with C* boundary. If oD is a smooth
hypersurface of type | then for any u e C*(R™™) there exists an & > 0 such that the associated
maximal operator M belongs to the space L**(S"),e.g. M e L**(S").

Proof. Since u € C*(R"™™) then by (4) we have

M (w) < supr2

r>1

where C is a bounded function. By the Theorem 1 of the paper [1] there exists an & > 0 such that

+C(w),

i 1
ir(w,x) -
LDe a(x, ; , @)dS(X)

supr? e L2 (SM).

rx1
Indeed, note that order k is an upper semi-continuous function defined on the hypersurface oD .
Since 0D is a compact set then there exists K such that for any x, € 6D order of the hypersurface

[ e"a(x, =, w)ds(x)
oD r

oD s less or equal to K . Then by the Theorem 1 of the paper [1] we have M e L***(S") for any

e <

. Theorem 3.1 is proved.

Corollary 3.2 If D is a compact domain with C* boundary and D is a smooth

hypersurface of type | and also order of any points of the boundary is bounded by k then for any
2k

=0
ueC”(R") the relation M € L (S") holds true.
A proof of the Corollary 3.2 follows from the Theorem 3.1.
Theorem 3.3 Let D be a compact domain and 0D is an analytic hypersurface and also

oD € E then for any smooth function u € C(R™") the associated Randol maximal function M
belongs to L*°(S").

Proof. Again we use the relation (4). Since C is a bounded function. Then the Theorem 2 of
the paper [1] yields the relation M e L*°(S").

26



ILMIY AXBOROTNOMA MATEMATIKA 2022-yil, 3-son

Theorem 3.4 Let D be a compact domain with analytic boundary. If 6D — A, ; then there

exists an & > 0 such that for any u e C*(R"") the inclusion: M e L***(S") holds true.

Proof of Theorem 3.4. We remark that if D is a convex domain then the statement of the
Theorem 3.4 follows from more general Randol Theorem [6]. Note that the Randol Theorem holds

true for any convex compact domain with analytic boundary. So, may by oD ¢ A, ,. But, on the
other hand from the condition 0D — A, does not follow convexity of the set D . For example, any
compact domain with analytic boundary satisfies the conditions of Theorem 3.4. For example, suppose
D is a compact domain defined by D:= {xf + xfxz2 + x;‘ sl}, having analytic boundary
oD ={(x,,%,) : X; +X’x2 +x; =1}. But, D is not a convex domain. Indeed in a neighborhood of
(0,1) boundary has the form

1
X, = 1_Z X2 +0(x)).
Hence D is not a convex domain.

First, due to the Proposition 2.5 we see that K(x)#0. Then Theorem 3 of the paper [1]

yields the following: there exists an & >0 such that the inclusion M e L**(S") holds true.
Theorem 3.4 is proved.

Note that for the C™ boundary such kind of result does not hold. More precisely, there exists
a compact plane domain with C* boundary such that M ¢ L (ShH.
4. Boundedness problem for convolution operators

In this section we consider L” — L” boundedness problem for the convolution operators,
related to strictly hyperbolic operators. The convolution kernel of the operator is given by the
following relation

M, = Fe"Oa ()F,
where F is the Fourier transform ¢ € C*(R" \{0}) is a smooth homogeneous function of order 1
a, € C”(R") is homogeneous of order —k for large | £|. It means that for r >0 and | &[> 1 and

r| &[> 1 the relation a, (ré) = ra, (&) holds true.
The relation (5) can be written as

M, )() = (27) " [ e€Ve"Da, ()] e f(y)dy,
Rg Ry
where f is a smooth fast decay function with all derivatives which belongs to the Schwartz class of
functions. So, the kernel function denoting by K, (X) is a distribution defined by
K, = F7(€"Ya.()).
Such kind of convolution operator arises as a solution (up to a smooth function) to the
following Cauchy problem:
P(D,,D,)u=0, here D, ::_i, D, := ii
iot 10X, 10X,
DUl ,=0,, D/ul,=0, (1=01,..m-1]=Kk),
where P(D,,D,) is a homogeneous constant coefficient partial differential operator of degree m in
the time t and space x € R". Moreover, we will assume that P(D,,D,) is strictly hyperbolic. It

means that for any & € R" \{0} the associated polynomial P(z,&) has m different real zeros, so we
have the following factorization

P(z,8) = (t =@ (S))--.(r = ¢, (S)),

where ¢,,...,@, are real-valued real analytic functions on R" \{0} and for any & e R" \{0} we
have ¢, (&) # @, (&), where k =1 .
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Let’s look at simple example:

62
P(D,,D,):= el —A,

where A is the usual Laplas operator. Then we have P(r,&)=—c°+|&|°. Hence m=2 and

P (&) =IEENE +..+ & and 9, (8) =[S,

Analogically, we can consider the pseudo-differential operator P(D,,D,). Moreover, one

can consider hyperbolic system of equations.
The solution to the Cauchy Problem (7) is a linear combination of operators of Fourier

multiplier of the type (5) and the phase function ¢ is one of {tg, (£)}L,. Further, for the sake of
being definite we will assume that ¢ is smooth (real analytic) function definite on R" \{0} and
@(&) >0 forany & e R"\{0}. Then Z:={& e R" \{0}: ¢(&) =1} is a smooth hypersurface due

to the following Euler’s homogeneity relation

250 =001 on 3

and by the classical |mpI|C|t function Theorem. Indeed, at any point & of X we have V(&) # 0.

First, we use A.N.Varchenko [14] result on average decay of the Fourier transform and get
estimate for the convolution operator in the case of arbitrary smooth hyper-surface ¥ (compare with
Theorem 4.2) .

Theorem 4.1 Let ¥ — R™ be a smooth compact closed hypersurface. If 3/4 < p <2 and
k, >2(n +1)(£—1) then the convolution operator M, is L? (R") — L* (R") bounded, where
p 2
p, p’ are conjugate exponents, e.g. 1/p+1/p' =1.

Proof. A proof of the Theorem 4.1 is based on result on average decay Fourier transform of

surface-carried measure.
For completeness, let us formulate a well-known statement on the estimate of the averaging of
an oscillatory integral (for more information, see [14]). Consider the oscillatory integral

J(4,s,a):= '[Rne”q’(x's'a)go(x, s,a)dx. 9)
Denote by X2, (a) the critical set of the phase:
Zo(@)={(x,5) e R"xR" : 00(x,s,a)/0x; =0,j =1,...,n}.
Theorem 4.2 Suppose that (0,0) € 2, (0), the differentials
dys (OD(X,8,8)/0%;),] =1,...,n

are linearly independent at the point (0,0,0)e R" xR™ xR' and the support ¢ lies in a sufficiently
small neighborhood U xV xW of the origin. Then the following uniform with respect to a e W

asymptotic relation is valid:
[13(Asa)[ ds=0(4]?), as |A|>+o. (10)
Actually, the following Proposition hold:
Proposition 4.3 Let ¥ be a smooth surface defined by T :={& e R" \{0}: (&) =1},

where ¢ is homogeneous of order one a smooth function defined on R™* \{0} then the following
asymptotic relation

AL ey (£ )do (&) Zda(a)) =0(4") as A —+wo (11)
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holds true, where do (&) is the induced surface-carried measure on ¥ and do(w) is the induced
surface-carried measure on S" (here S" is the unit sphere centered at the origin).

Proof of Proposition 4.3. In order to prove the Proposition 4.3 we fix @ = @, € S". For the
sake of being defined we will assume that @, = (0,...,0,1). Since £ € X s a critical point for the
function (&, @,) if and only if the normal n, = V(&) | V@(S) |= £, . Thus, we get the critical set

C, ::{gez:ag—?:o, for j:1,...,n} (12)

The C, is a closed set and hence it is a compact set. Let » be a smooth cut-off such that
(&) =1 in a neighborhood of the set C, defined by (12). Then there exists a positive number
0 > 0 such that we have the following localization relation
[y (& @)do(@) = [eCOy (£ 0) 1o +O(™) as A—dw,  (13)

where N is a large number, we can chose N as large as we wish for example we can choose
N >n/2.

Further, we can write the principal part of the integral (e.g. integral over the support of ) as
a finite sum of oscillatory integral with small support.

Later, possible after rotation in the space Rg” WLOG we may assume that
£%:=(0,...,0,1) € T is the critical point and then 8, (&%) =1+ 0. By implicit function Theorem
there exists a neighborhood V (£°) of the point &° such that in the neighborhood V (&£°) the
hypersurface X can be written as the graph of a smooth function ¢:

V(E)NE={LeR™, & =¢(.E0h
where ¢ is a smooth function satisfying the condition ¢(0)=1 and V¢(0) = 0.
Then we have the phase function

D& w) = o+ (G100 60)- (14)

We use local coordinates s; := w;/®,,, j =1,...,n and a little abuse of notation we write ®(&,s)
instead ®(&, @(S)). Thus, we have

Yo ={(&,85) eR"xR" :s=-Vg(&,....E)}

@, ,

S 4.+

,

n+l

It is obvious that
dis) (0D(&,9)/08;),j =1,...,n
are linearly independent, more precisely det{aéaskCD(0,0)}? 1 = 0. Consequently, the phase
J i

function (14) satisfies the condition of the Theorem 4.2.
Due to the Theorem 4.2 we obtain a proof of the Proposition 4.3.
Let’s use notation

|(2,0) = [£"Cy (&, w)do(£).

Now, for the convenience of the readers we reformulate the proposition proved in the paper
[12] (compare with Proposition 1, page no. 385).

Proposition 4.4 Let =2 and a > 0. Suppose, forall y e C*(£xS") and 4 >0,
PIANP g on SC, 4 (15)

n

where C,, is independent of 4. Then K, € LY(R"™"); hence M, is L*(R") LP(R") bounded
for p=29/(29-1),if k>n+1-a-1/q.
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We first, consider the function defined by (6). We write the kernel function as a sum of two
functions:

K, = F7'(€" ya,)+F (€Y (1- z)a,) = K. + K, (16)
where y is a cut-off function such that y,(x) =1 in a neighborhood of the origin. Corresponding
convolution operators are denoted by M, and M, respectively.

Lemma 4.5 The following inclusion: K e L (R™™") holds true for any p > 1. Hence for
any p > 1 the convolution operator M is bounded as an operator L°(R"") — L (R"™).

Proof of Lemma 4.5. Since y,a, is a smooth function with compact support then K. isa
smooth function. Therefore it is enough to show that K. e L? (R"™* \ B, (0)), where B, (0) is the
ball of radius N centered at the origin. The number N will be chosen later.

Let y, be a smooth function supported in the annulus D:={&eR":1/2<£|<2[}
satisfying the condition

S n@E=1, for &eB,(0)\{0}

I=—L
where L is a number depending on R . Hence we have

KP() = Y F(e 7,(2" ) 70a) = K, (X).
I=—L
So, we have

K2 () = [ .8 7, (2'9) 14 (£)a (£)dE
We use change of variables given by the shift 2' & — & and obtain:

KE () =210 [ | @260 4 (2 7 (27 D), (27 £)de.

Note that ¢ € C” (D) and since D is a compact set we may assume that | V(&) |< N/2. Therefore
the phase function @(&)—(x,&) has no critical point on D, whenever x e R™ \ B, (0) and
moreover | V(&) — X || x| /2. Hence by using integration by parts argument we have

K ()€ C, 27D (1427 [ x|) 2,
where C is a constant depending on n. Consequently, we get
; (1)

0 p B
(_[RnA\BN o | K () | dxj <C,2 )

where C, is a constant depending on n, p . Therefore, the series

z KI?I ()1

I=—L
converge in the space L”(R"™ \ B, (0)), whenever p >1, because the space is complete. Then we
get K2 e LP(R"™). Hence the due to Young’s inequality the convolution operator M is bounded

as operator L (R™) — L” (R"™) forany p >1.Lemma 4.5 is proved.

Now, a proof of Proposition 4.4 follows from the arguments proved in the Proposition 1 (see
page no. 385) of the paper by M. Sugumoto [12].

Proof of the Theorem 4.1. From the Proposition 4.4 it follows that for p =4/3, if
k > n+1—g—1/2: (n+1)/2 the operator M, is bounded. We define the following family of

convolution operator M, (z) defined by:

3,(6,2)= (- 20 EDO ™8, (@), where K, =2, 17)
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with a smooth cut-off function y satisfying:
1, |x[K1

Z(X)z{o X[ 2.

The operator M, (2) is bounded L*(R"™™) > L*(R"™™) for R(z) =1 by Plansharel identity
and due to the Proposition 4.4 M, (z) is bounded L**(R™) — L*(R™") for 9(z) =0. Hence by
Stein analytic interpolation Theorem M, is bounded LP(R"™) L”(R™) for

k, >2(n +1)(i - 1), where 4/3< p < 2. The Theorem 4.1 is proved.
p 2

Now, we will assume that X is an analytic hypersurface.
Theorem 4.6 Let ¥ — R™ be an analytic compact hypersurface. If X e A, ,and

hs 1= max hy (&).
Eex

Then the convolution operator M, is bounded LP(R™)+— L” (R™) for 1< p <2 provided that

Remark. Note that if N >3 and £ € A, then index y,(X) introduced by M. Sugumoto
(see page no. 383) is equal to 2, e.g. y,(X) = 2. Thus, from the results by M. Sugumoto we obtain
k>(@2n+2-1)(1p—-1/2) = (2n+1)(1/p —1/2) (see Theorem B, page no. 383). Thus, we get better
lower bound. Moreover, if n=2 then we the inequality y,(Z)>h, and the relation y,(X) = h;

holds true for for n =1. Hence for the case n =1 the result of the Theorem 4.6 coincides with result
by Sugumoto. Consequently, we obtain more sharp result for general n> 2.

Proof of the Theorem 4.6. A proof of theorem 4.6 is based on the following Proposition 2
(see Sugumoto page no. 386).

Proposition 4.7 Let & > 0. Suppose, for all y e C*(XxS") and 1 >0,
Pl (ﬂ;.)PLw( ) <C,A* (18)

where C,, is independent of 1. Then M, is L*(R") = L”(R") bounded for 1< p < 2, provided

gn

k >(2n+2—2a)(1—1).
p 2

Remark. Note that the notion of height is defined for any hypersurface £ e R"™ . If
X e A, _, then any critical point of the associated phase function (X, ®) |5 has singularity of rank at

least N —2. Hence, by the classical Varchenko result there exists adapted coordinates system.
The following statement follows from more general Karpushkin’s Theorem.

Lemma 4.8 Let ¥ = R™ be an analytic compact hypersurface. If = € A, ,and
h; = max h; (£).
Eex

Then the following estimate

n-2 1
— =t

e 2ap0ds| <, (a1 £]) * ™

holds true, where a € C”(X) and C, a constant depending on C" norm of the function a where
& >0 is asmall number. Moreover, we can choose the & > 0 as small as we wish.
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Finally, a proof of Theorem 4.6 follows from the Lemma (4.8) combined with Proposition 4.7.
Surely, in the case when £ € A, it is possible h = oo.

Theorem 4.9 Let £ < R™ be a smooth compact hypersurface. If T € A, (where k>n)
then the convolution operator M, is bounded L (R™") - L” (R™") for 1< p < 2 provided that

k, > (2n—k)(£—1).
p 2

Remark. If k =0 then the result of the Theorem 4.9 is worst then the Theorem B of the
paper by Sugumoto. However, if k >1 then we have y,(X) =2 and hence we get better result

whenever k >1.

From the classical Walter Theorem it follows the following estimate:
k

[ 2a0)ds ()| < C, (1 1£) 2,

where a € C*(Z) and C, a constant depending on C* norm of the function a
Then again by using the Proposition 4.7 we obtain a proof of Theorem 4.9.
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