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УДК: 517.518.5 

NEWTON POLYHEDRA IN ESTIMATES FOR THE FOURIER TRANSFORM OF 

CHARACTERISTIC FUNCTIONS AND CONVOLUTION OPERATORS 

 

D.I.Akramova, A.Soleev 

Самаркандский государственный университет 

 

 Annotation. In this paper, we prove analog of Randol Theorem, on estimates for the Fourier 

transform of indicator functions of convex domains with analytic boundaries, for some classes of non-

convex domains. Also, we obtain estimates for convolution operators related to solutions to the strictly 

hyperbolic equations. 

 Keywords: Newton polyhedra, oscillatory integrals, height of function, convolution operator, 

boundedness. 

 

Xarakteristik funksiyalar Fur’e almashtirishlarini va o‘rama operatorlarini baholashda 

Nyuton ko‘pyoqliklari  

Annotatsiya. Ushbu maqolada, analitik chegarali kompakt sohalar indikator funksiyasi Fur’e 

almashtirishining baholari haqidagi Rendol teoremasining analogi ba’zi noqavariq sohalar singi uchun 

isbotlangan. Bundan tashqari, biz qat’iy giperbolik tenglamalar yechimlari bilan bog‘langan o‘rama 

tipidagi operatorlar uchun ham baholar olamiz. 

Kalit so‘zlar: Nyuton ko‘pyoqligi, tebranuvchan integral, funksiyaning balandligi, o‘rama 

operatori, chegaralanganlik. 

 

Многогранники Ньютона в оценках преобразования Фурье характеристических функций 

и сверточных операторов 

 Аннотация. В этой работе, мы докажем аналог теоремы Рендела об оценках 

преобразования Фурье индикатора выпуклых компактных областей с аналитической границей, 

для некоторых классов невыпуклых областей. А также мы получим оценки для сверточных 

операторов, связанных с решениями строго гиперболических уравнений. 

 Ключевая слова: Многогранник Ньютона, осцилляторный интеграл, высота функции, 

оператор свертки, ограниченность. 

 

Introduction.  Let 
1 nD   be a compact domain with 

C  boundary and )( 1 nCu   be a 

smooth function. We consider the integral  

 ,)(=)(ˆ
),( dxexuu xi

D
D

   

where ),( x  is the inner product of the vectors x  and  , e.g. 112211 ...:=),(  nnxxxx  . 

If 1=)(xu  for any Dx  then Dû  coincides with the Fourier transform of the indicator 

function of the set D . 

In this paper, we will assume that D  is a smooth compact and connected hypersurface. Note 

that the case when D  is a finite union of such hypersurfaces can be treated by similar arguments. 

If D  is a strictly convex (e.g. convex and the Gaussian curvature of the hypersurface does not 

vanish) then due to the classical Hlawka [3] result the following  

 )||()|(|=)(ˆ 2

2






 asOu

n

D  
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asymptotic relation holds true. But, for the general domains by using integration by parts arguments 

one can get only the relation  

 ).||()|(|=)(ˆ
1   asOuD

 

By B. Randol had been introduced [6] the following maximal function:  

 ,)(ˆsup:=)( 2

2

0>

 rurM D

n

r



 (1) 

 in order to investigate behavior of the function )(ˆ Du , when ||   gets large, where 
nS  is the unit 

sphere in 
1n  centered at the origin and 

nS , also we write   in polar coordinates system e.g 

 r= . 

The function defined by the relation (1) is called to be a Randol maximal function. 

It is easy to see that M  is a Borel’s measurable function (see section 2). 

In this paper, we consider the problem:  Find LUP (least upper bound) of the set: 

 )}.(:)[0,{ np SLMp   

Also we apply the estimates for the Fourier transform of measures to a boundedness problem for 

convolution operators. 

B. Randol [6] proved that if D  is convex compact domain with analytic boundary then there 

exists an 0>  such that )(2 nSLM  . Further, I. Svensson [11] obtain analogical result for 

convex domain with 
C  boundary of which has finite line type. It means that any tangent hyperplane 

to D  does not contain any straight line having contact of infinite order with D . Note that surface in 

3  may be convex but, not finite line type. For example, the usual cylinder with a circle base is 

convex but, not finite line type. Surely, one can construct compact convex domain with 
C  boundary 

and the boundary has no finite line type. Surely, if D  is convex and analytic then it has finite line 

type. 

The paper organized as follows: In the next section 2 we reduce some facts about Randol 

maximal functions. The section 3 contains results on pL estimates for the Randol’s maximal 

functions. Then we consider estimates for the convolution operators in the last section of the paper. 

2. Preliminaries 

In this section we will give necessary definitions and notions. These definitions will be used 

through the paper. More general notion of Newton polyhedra and normal cones are given in the book 

[2] (also see [10] for applications of Newton polyhedrons to problems related to behavior of solutions 

to ODE). 

Let   be a smooth function. Consider the associated Taylor series  

 






 xcx 


0|=|

)( :  (2) 

 of   centered at the origin. Where 

n
nn

n

n xxx
  1

1101 :=,|:=|,{0}:={0},\),,(:=    . The set  

 0}(0)
!!

1
=:{0}\{:=)( 1

1

1

  






n

n

n

n cT 


  

 will be called the Taylor support of   at the origin. If the function   is analytic at the origin then the 

last series converge, provided || x  is sufficiently small. Otherwise, the series (2) will be considered as 

a formal power series. 
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Similarly, the Taylor support of a function   at the point 
0x  denoting by )(0 

x
T , which is 

defined on a neighborhood of the point 
0x . 

The Newton polyhedron )(  of   at the origin is defined to be the convex hull of the 

union of all the octants 
n

  in 
n , with )( T . The associated Newton diagram 

)()(   d
 in the sense of Varchenko [13] is the union of all compact faces of the Newton 

polyhedron; here, by a face, we shall mean a face of dimension bigger than one or a vertex. 

We shall use coordinates t  for points in the space 
n

t  containing the Newton polyhedron, in 

order to distinguish this space from the 
n

x  - space. 

The Newton distance in the sense of Varchenko, or shorter distance, )(= dd  between the 

Newton polyhedron and the origin is given by the coordinate d  of the point ),,( dd   at which the 

bi-sectrix 
nttt === 21   intersects the boundary of the Newton polyhedron. 

The principal face )(  of the Newton polyhedron of   is the face of minimal dimension 

containing the point ),,( dd  . Deviating from the notation in [13], we shall call the series  

 






 xcxpr 
 )(

:=)(  

the principal part of  . In case that )(  is compact, pr  is a mixed homogeneous polynomial; 

otherwise, we shall consider pr  as a formal power series. 

Note that the distance between the Newton polyhedron and the origin depends on the chosen 

local coordinate system in which   is expressed. By a local coordinate system (at the origin) we shall 

mean a smooth coordinate system defined near the origin which preserves 0 . The height of the 

smooth function   is defined by  

 },{:=)( ydsuph   

where the supremum is taken over all local coordinate systems y  at the origin, and where yd  is the 

distance between the Newton polyhedron and the origin in the coordinates y . 

A given coordinate system x  is said to be adapted to   if 
xdh =)( . If restrict ourselves 

with linear coordinates system then we came linear adapted coordinates system and a linear height 

)(linh . By definition we have )()()(  hhd lin  . If   is a smooth convex function then there 

exists an adapted coordinates system, moreover )(=)(  hhlin
 (see [8] and also see [5] for more 

general case of convex functions). 

In [4] it is proved that one can always find an adapted local coordinate system in two 

dimensions, thus generalizing the fundamental work by Varchenko [13] who worked in the setting of 

real-analytic functions   without multiple components. 

Notice that if the principal face of the Newton polyhedron )(  is a compact face, then it 

lies on a unique principal hyperplane  

 1},=),(:{:= ttL n   

with njj ,1,=0,>  . The weight ),,(= 1 n   will be called the principal weight associated 

to  . It induces dilations ),,(:=)( 1
1

n
n

r xrxrx


  , 0>r , on 
n , so that the principal part pr  of 

  is  -homogeneous of degree one with respect to these dilations, i.e., )(=))(( xrx prrpr   for 

every 0>r , and we find that  

 ,
||

1
=

1
=

1  n

d


 

where we used notation: n 1|:=| . 
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More generally, we assume that ),,(= 1 n   is any weight with njj ,1,=,<0   such 

that the hyperplane 1}=),(:{:= ttL n    is a supporting hyperplane to the Newton polyhedron 

)(  of   (recall that a supporting hyperplane to a convex set K  in the Euclidean space is a 

hyperplane such that K  is contained in one of the two closed half-spaces into which the hyperplane 

divides the space and such that this hyperplane intersects the boundary of K ). Then )( L  is a 

face of )( , i.e., either a compact face or a vertex, and the  -principal part of   defined by  

 






 xcx
L




:=)(  

is a non-trivial polynomial which is  -homogeneous of degree 1  with respect to the dilations 

associated to this weight as before. By definition, we then have )(=)( xx   terms of higher  -

degree. The same notions can be defined for arbitrary dimension n . However, the adapted coordinates 

system exists only for the case when 2=n . It is worth to note that, any local coordinates system is 

adapted in the case 1=n . But, for the case 3n  as had been shown by A.N. Varchenko adapted 

coordinates system does not exist. However, if   is a convex smooth function having finite line type 

then linearly adapted coordinates system exists and moreover )(=)(  hhlin
. The result belongs to H. 

Schultz. More precisely, by H. Schultz [8] it is proved existence of adapted coordinates system for 

smooth convex functions having finite line type. More general smooth convex functions had been 

considered in the paper [5]. 

Let   be a smooth function defined in a neighborhood of the origin and 0=(0)  and 

0=(0) . 

 Definition. A rank of the critical point 0=x  is called to be the rank of the hessian matrix at 

the origin, e.g. rank of the matrix 
n

kjkj 1=,(0)}{  , in particular, if nrank n

kjkj =(0)}{ 1=,  then 

0=x  is called to be a non-degenerate critical point. 

The classical Morse Lemma yields: 

Lemma 2.1  If a smooth function   has critical point at the origin with rank k  then there 

exists a diffeomorphic map )(y  defined in a neighborhood of the origin such that 0=(0)  and the 

following relation holds true:  

 ),(),(=))(( 1 yyyBy    (3) 

 where ),,(=),,,(= 11 nkk yyyyyy  
 , and B  is a kk   non-degenerate symmetric matrix 

and also 1  is a smooth function of y   having order 3  at the origin, i.e. all derivatives up to order 3  

at the origin vanish.  

The following result holds: 

Proposition 2.2  Let   be a smooth function defined in a neighborhood of the origin of 
n , 

satisfying the conditions 0=(0)  and 0=(0) . If rank of the critical point at the origin is 2n  

then there exists a smooth adapted coordinates system.  

Indeed, by the Lemma 2.1 we first, reduce the function to the form (3) and then applying 

result of the paper [4] we came to a proof of the Proposition 2.2. 

 Remark. Note that in the general case 3n  adapted coordinates system does not exist. So, 

in the statement 2.2 the "rank" condition is essential. 

Theorem 2.3  If D  is a compact domain with smooth boundary then M  is Borel’s 

measurable function and finite for a.e. 
nS .  

Indeed, one can define the following sequence of functions:  

 ,.1,2,=|)(ˆ|max=)( 2

2

0

krurM D

n

kr
k 




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Since |)(ˆ|2

2

rur D

n

 is a continuous function on 
nS , so is 

kM  on 
nS . Consequently 

kM  is a 

Borel’s measurable function. On the other hand 
kM  is a monotone increasing sequence. Hence, there 

exists the limit  

 ).(=)(lim  MM k
k 

 

Now, we show that the limit is finite for a.e. 
nS . 

Let 
nSDN :  be the Gaussian normal map. Then Dx   is the critical point of the map 

N  if and only if 0=)(xK  (where )(xK  is the Gaussian curvature of the hypersurface at the point 

Dx  ). 

Since by the classical A. Sard’s theorem [7] the set of critical values has zero Lebesque 

measure. Consequently, the preimage )(1 N  does not contain any critical point for a.e. 
nS . By 

the inverse mapping Theorem )(1 N  is a discrete set (any point of the set is isolated) for any regular 

value of 
nS  and since D  is a compact set, hence the cardinality of the set )(1 N  is finite. 

Let 
nS  be a regular value of the normal map. Thus, for any )(10 Nx  we have 

0=)( 0 xK . It means that the phase function 
Dx |),(   has non-degenerate critical point at 

0= xx . 

By stationary phase method if Dx 0
 is a non-degenerate critical point and   is a smooth function 

concentrated in a sufficiently small neighborhood of the point 
nSDx );( 0   then the following 

asymptotic relation  

 


 rasrOxdSex

n

xir

D
),(=)(),( 2),(   

holds true. Moreover, the last asymptotic relation is locally uniform with respect to 
nS . More 

precisely, if 
nS0  is not any critical value of the normal map N  then there exists a neighborhood 

)( 0V  of 
0  and a constant 0>c  such that for any )( 0 V  the inequality  

 
/2

2 |)(|
n

n

r

C
rO 


 

holds true. 

Moreover, if 
nS0  is not critical value and ),(~  supp  contains all critical points and 

1),(~  x  for )( 0 V  in a neighborhood of the critical set )( 0

1 N . 

Then  

 ),||()(=)),(~)(1,( ),(  

 rasrOdSexxa Nxir

D

  

where )( nSDCa  
 and N  is a natural number. The number N  can be chosen as large as we 

wish, so, we may assume 
2

n
N  . 

Thus, we came to the following conclusion: If 
nS0  is not a critical value of the normal 

map then there exists a neighborhood )( 0V  of the point 0  such that for any )( nSDCa  
 

and for any )( 0 V  the asymptotic relation  

 )()(=)(),( 2),( 


 rasrOxdSexa

n

xir

D

  

holds true. 

Proposition 2.4  If D  is a bounded closed smooth hypersurface then for a.e. 
nS )(M  

is finite and  

 ).(lim=)(  k
k

MM

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The last limit exist for a.e. 
nS . Since 

kM  is a continuous function then M  is a Borel’s 

measurable function.  

Proof. We use the following divergence Theorem: If 
1:  nDF   is a smooth vector 

function (vector fields) then  

 ,),(=)( dSFdxFdiv
DD

 
 

where   is the unit outer normal to the hypersurface D  and ),(:=)( FFdiv  . Let’s define the 

vector function 
2

),(

||
)(:=),(




 

i
xuexF xi

 assuming 0= . Then, we have  

   ),,(
||

),(
)(=)(

||

1
==)( ),(),(

1

1=
2

1

1=

u
i

xi
xuexue

xix

F
Fdiv xixi

j

j

n

jj

j
n

j





















 

 where 
||

:=



 . 

Now, we define the new function ),(:=),(1 uxu   and have  

 ).,(
||

)(= 1

),(
),( 




 xu

i

e
xuedivF

xi
xi   

Therefore  

 .),(
||

1
),)((

||

1
=)( 1

),(),(),( dxxue
i

dSxue
i

dxxue xi

D

xi

D

xi

D









 


 

By a recursion formula we define  

 .
||

),(=),(
21

),(

1



 

i
xuexF xi

 

Again by using divergence Theorem we get  

 ,),(
||

1
),)(,(

||

1
=),( 2

),(

1

),(

1

),( dxxue
i

dSxue
i

dxxue xi

D

xi

D

xi

D






 

 


 

where )),(,(:=),( 12  xuxu  . Continuing the procedure we obtain:  

 


  
dSxue

i
dSxue

i
dxxue j

xi

Dj

jN

j

xi

D

xi

D
),)(,(

|)|(

1)(
),)((

||

1
=)( ),(

1
1=

),(),( 






 

 

 







  



dSxae
i

dxxue
i

xi

D
N

xi

DN

N







 ,
||

1
,

||

1
=),(

|)|(

1)( ),(),(

1

1

 

 

 ,),(
|)|(

1)( ),(

1

1

dxxue
i

N

xi

DN

N









  

where  

 ).,(
|)|(

1)(
),(),)((=,

||

1
,

1=







xu
i

xuxa jj

jN

j











  

Thus, since )(ˆ Du  is an analytic function, then taking 
2

2
1




n
N  we have  

 |)(ˆ|sup|)(ˆ|sup)(
10

2

2

1

 rururM D
r

D

n

r 





  

 and  

 ),()(),
1

,(sup)( ),(2

1

  CxdS
r

xaerM xir

D

n

r

 


 (4) 
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 where |)(ˆ|sup:=)(
10

 ruC Dr
 is a bounded function. 

In particular, if 
nS0  is not a critical value of the normal map then by stationary phase 

method we have  

 )(),(=),
1

,( 2
0

),
0

(




 rasrOdS
r

xae

n
xir

D



 

and hence by (4) )( 0M  is a finite number. Proposition 2.4 is proved. 

For the convenience of readers we reduce simple fact from the classical differential geometry. 

Proposition 2.5  Let D  be an analytic compact hypersurface, then 0)( xK . 

Proof. Since D  is a compact set then there exists a ball )(RB  of radius R  such that 

)(RBD  . Also, we can choose )(RB  the ball with minimal radius. Then there exists a point 

)(0 RBDx   and )(RBD  . Thus by the definition of the Gaussial curvature 

0>
1

|)(| 0

nR
xK  , where )( 0xK  is the Gaussian curvature of the hypersurface D  at the point 

Dx 0
. Since )(xK  is an analytic function and D  is a connected set then by uniqueness Theorem 

for real analytic functions we have 0)( xK . Because K  is a real analytic function defined on D  

for fixed first and second fundamental forms. Proposition 2.5 is proved. 

3. Integrability of the Randol maximal functions 

In this section we prove results on the Randol maximal functions. Through the section we use 

notation of the paper [1] (also see [9] for related results on Randol maximal functions). 

The following result holds. 

Theorem 3.1  Let 
1 nD   be a compact domain with 

C  boundary. If D  is a smooth 

hypersurface of type I then for any )( 1 nCu   there exists an 0>  such that the associated 

maximal operator M  belongs to the space )(2 nSL 
, e.g. )(2 nSLM  . 

Proof. Since )( 1 nCu   then by (4) we have  

 ),()(),
1

,(sup)( ),(2

1

  CxdS
r

xaerM xir

D

n

r

 


 

where C  is a bounded function. By the Theorem 1 of the paper [1] there exists an 0>  such that  

 ).()(),
1

,(sup
2),(2

1

nxir

D

n

r

SLxdS
r

xaer   




  

Indeed, note that order k  is an upper semi-continuous function defined on the hypersurface D . 

Since D  is a compact set then there exists K  such that for any Dx 0
 order of the hypersurface 

D  is less or equal to K . Then by the Theorem 1 of the paper [1] we have )(2 nSLM   for any 

1

2
<

K
 . Theorem 3.1 is proved. 

Corollary 3.2  If D  is a compact domain with 
C  boundary and D  is a smooth 

hypersurface of type I and also order of any points of the boundary is bounded by k  then for any 

)( 1 nCu   the relation )(
0

1

2

nk

k

SLM


  holds true. 

A proof of the Corollary 3.2 follows from the Theorem 3.1. 

Theorem 3.3  Let D  be a compact domain and D  is an analytic hypersurface and also 

ED  then for any smooth function )( 1 nCu   the associated Randol maximal function M  

belongs to )(04 nSL 
. 

Proof. Again we use the relation (4). Since C  is a bounded function. Then the Theorem 2 of 

the paper [1] yields the relation )(04 nSLM  . 
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Theorem 3.4  Let D  be a compact domain with analytic boundary. If 
1 nD  then there 

exists an 0>  such that for any )( 1 nCu   the inclusion: )(2 nSLM   holds true. 

Proof of Theorem 3.4. We remark that if D  is a convex domain then the statement of the 

Theorem 3.4 follows from more general Randol Theorem [6]. Note that the Randol Theorem holds 

true for any convex compact domain with analytic boundary. So, may by 
1 nD . But, on the 

other hand from the condition 
1 nD  does not follow convexity of the set D . For example, any 

compact domain with analytic boundary satisfies the conditions of Theorem 3.4. For example, suppose 

D  is a compact domain defined by  1:= 4

2

2

2

2

1

4

1  xxxxD , having analytic boundary 

1}=:),{(= 4

2

2

2

2

1

4

121 xxxxxxD  . But, D  is not a convex domain. Indeed in a neighborhood of 

(0,1)  boundary has the form  

 ).(
4

1
1= 4

1

2

12 xOxx   

Hence D  is not a convex domain. 

First, due to the Proposition 2.5 we see that 0)( xK . Then Theorem 3 of the paper [1] 

yields the following: there exists an 0>  such that the inclusion )(2 nSLM   holds true. 

Theorem 3.4 is proved. 

Note that for the 
C  boundary such kind of result does not hold. More precisely, there exists 

a compact plane domain with 
C  boundary such that )( 12 SLM  . 

4. Boundedness problem for convolution operators 

In this section we consider 
pp LL


  boundedness problem for the convolution operators, 

related to strictly hyperbolic operators. The convolution kernel of the operator is given by the 

following relation  

 ,)(= )(1 FaeFM k

i

k 
 (5) 

 where F  is the Fourier transform {0})\( nC   is a smooth homogeneous function of order 1 

)( n

k Ca   is homogeneous of order k  for large ||  . It means that for 0>r  and 1|>|  and 

1|>|r  the relation )(=)( 1  kk arra 
 holds true. 

The relation (5) can be written as  

 ,)()()(2=))(( ),()(),( dyyfeaeexfM yi

n
y

k

ixi

n

n

k





 

 
 

 where f  is a smooth fast decay function with all derivatives which belongs to the Schwartz class of 

functions. So, the kernel function denoting by )(xKk
 is a distribution defined by  

 )).((= )(1 

k

i

k aeFK 
 (6) 

Such kind of convolution operator arises as a solution (up to a smooth function) to the 

following Cauchy problem:  

 






















n

xtxt
xixi

D
ti

DhereuDDP ,,:=,:=0,=),(
1

  (7) 

 ),1,0,1,=(0,=|,=| 0=0= klmluDguD t

l

tkt

k

t   (8) 

 where ),( xt DDP  is a homogeneous constant coefficient partial differential operator of degree m  in 

the time t  and space 
nx  . Moreover, we will assume that ),( xt DDP  is strictly hyperbolic. It 

means that for any {0}\n  the associated polynomial ),( P  has m  different real zeros, so we 

have the following factorization  

 )),(())((=),( 1  nP    

 where m ,,1   are real-valued real analytic functions on {0}\n  and for any {0}\n  we 

have )()(  lk  , where lk  . 
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Let’s look at simple example:  

 ,:=),(
2

2






t
DDP xt  

 where   is the usual Laplas operator. Then we have 
22 ||=),(  P . Hence 2=m  and 

22

11 |==|)( n   and ||=)(2   . 

Analogically, we can consider the pseudo-differential operator ),( xt DDP . Moreover, one 

can consider hyperbolic system of equations. 

The solution to the Cauchy Problem (7) is a linear combination of operators of Fourier 

multiplier of the type (5) and the phase function   is one of 
m

llt 1=)}({  . Further, for the sake of 

being definite we will assume that   is smooth (real analytic) function definite on {0}\n  and 

0>)(  for any {0}\n . Then 1}=)(:{0}\{:=  n  is a smooth hypersurface due 

to the following Euler’s homogeneity relation  

 



 on

j

j

n

j

1=)(=
)(

1=





  

 and by the classical implicit function Theorem. Indeed, at any point   of   we have 0)(   . 

First, we use A.N.Varchenko [14] result on average decay of the Fourier transform and get 

estimate for the convolution operator in the case of arbitrary smooth hyper-surface   (compare with 

Theorem 4.2) . 

 

Theorem 4.1  Let 
1 n  be a smooth compact closed hypersurface. If 23/4  p  and 

)
2

11
1)(2(> 

p
nk p  then the convolution operator 

kM  is )()( npnp LL    bounded, where 

pp ,  are conjugate exponents, e.g. 1=1/1/ pp  .  

 

 Proof. A proof of the Theorem 4.1 is based on result on average decay Fourier transform of 

surface-carried measure. 

For completeness, let us formulate a well-known statement on the estimate of the averaging of 

an oscillatory integral (for more information, see [14]). Consider the oscillatory integral  

 .),,(:=),,( ),,( dxasxeasJ asxi

n
 

  (9) 

Denote by )(a  the critical set of the phase:  

 }.,1,=0,=)/,,(:),{(:=)( njxasxsxa j

mn    

Theorem 4.2  Suppose that (0)(0,0)  , the differentials  

 njxasxd jsx ,1,=),)/,,((),(   

are linearly independent at the point 
lmn  (0,0,0)  and the support   lies in a sufficiently 

small neighborhood WVU   of the origin. Then the following uniform with respect to Wa  

asymptotic relation is valid:  

 .||),|(|=|),,(| 22 


  asOdsasJ

n

V
 (10) 

Actually, the following Proposition hold: 

Proposition 4.3  Let   be a smooth surface defined by 1}=)(:{0}\{:=  n , 

where   is homogeneous of order one a smooth function defined on {0}\1n  then the following 

asymptotic relation  

 

  asOdde ni

nS
)(=)()(),(

2
),(

 (11) 



ILMIY AXBOROTNOMA                    MATEMATIKA                                       2022-yil, 3-son 

29 

 

 holds true, where )(d  is the induced surface-carried measure on   and )(d  is the induced 

surface-carried measure on 
nS  (here 

nS  is the unit sphere centered at the origin).  

Proof of Proposition 4.3. In order to prove the Proposition 4.3 we fix 
nS0=  . For the 

sake of being defined we will assume that ,0,1)(0,=0  . Since   is a critical point for the 

function ),( 0  if and only if the normal 0|=)(|)/(=  n . Thus, we get the critical set  

 .,1,=0,=
)(

::=















 njforC

j





  (12) 

 

The C  is a closed set and hence it is a compact set. Let   be a smooth cut-off such that 

1=)(  in a neighborhood of the set C  defined by (12). Then there exists a positive number 

0>  such that we have the following localization relation  

 ,)()()(),(=)(),( ),(),(  

    asOdede Nii
 (13) 

 where N  is a large number, we can chose N  as large as we wish for example we can choose 

/2nN  . 

Further, we can write the principal part of the integral (e.g. integral over the support of  ) as 

a finite sum of oscillatory integral with small support. 

Later, possible after rotation in the space 
1n

  WLOG we may assume that 

,0,1)(0,:=0   is the critical point and then 01=)( 0

1   n . By implicit function Theorem 

there exists a neighborhood )( 0V  of the point 
0  such that in the neighborhood )( 0V  the 

hypersurface   can be written as the graph of a smooth function  :  

 )},,,(=,{=)( 11

10

nn

nV  

   

 where   is a smooth function satisfying the condition 1=(0)  and 0=(0) . 

Then we have the phase function  

 ).,,(:=),( 1

1

1

1

1
nn

n

n

n










  



 (14) 

 We use local coordinates njs njj ,1,=/:= 1   and a little abuse of notation we write ),( s  

instead ))(,( s . Thus, we have  

 )}.,,(=:),{(:= 1 n

nn ss     

It is obvious that  

 njsd js ,1,=),)/,((),(    

are linearly independent, more precisely 0(0,0)}{det 1=,  n

kj
k

s
j

 . Consequently, the phase 

function (14) satisfies the condition of the Theorem 4.2. 

Due to the Theorem 4.2 we obtain a proof of the Proposition 4.3. 

Let’s use notation  

 ).(),(:=),( ),(   deI i

  

Now, for the convenience of the readers we reformulate the proposition proved in the paper 

[12] (compare with Proposition 1, page no. 385). 

Proposition 4.4  Let 2q  and 0 . Suppose, for all )( nSC    and 0> ,  

 


   CI
nS

q
L )(

);( PP  (15) 

 where C  is independent of  . Then )( 1 nq

k LK  ; hence kM  is )()( npnp LL    bounded 

for 1)/(22= qqp , if qnk 1/1>   .  
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We first, consider the function defined by (6). We write the kernel function as a sum of two 

functions:  

 ,=:))(1()(= 10

0

)(1

0

)(1

kkk

i

k

i

k KKaeFaeFK    
 (16) 

 where   is a cut-off function such that 1=)(0 x  in a neighborhood of the origin. Corresponding 

convolution operators are denoted by 
0

kM  and 
1

kM  respectively. 

Lemma 4.5  The following inclusion: )( 10  np

k LK   holds true for any 1>p . Hence for 

any 1>p  the convolution operator 
0

kM  is bounded as an operator )()( 11  npnp LL   .  

 Proof of Lemma 4.5. Since 
ka0  is a smooth function with compact support then 

0

kK  is a 

smooth function. Therefore it is enough to show that (0))\( 10

N

np

k BLK   , where (0)NB  is the 

ball of radius N  centered at the origin. The number N  will be chosen later. 

Let 1  be a smooth function supported in the annulus |}2||1/2:{:= 1    nD   

satisfying the condition  

 {0},\(0)1,=)(21

=

R

l

Ll

Bfor 




  

 where L  is a number depending on R . Hence we have  

 ).(=:))(2(=)( 0

,01

)(1

=

0 xKaeFxK lkk

li

Ll

k  




  

 So, we have  

 .)()()(2=)( 01

)),()((

1

0

,  daexK k

lxi

nlk



  

 We use change of variables given by the shift  l2  and obtain:  

 .)(2)(2)(2=)( 01

)),()((2

1

1)(0

,  daexK l

k

lxli

n

nl

lk







  

 Note that )(DC  and since D  is a compact set we may assume that /2|)(| N  . Therefore 

the phase function ),()(  x  has no critical point on D , whenever (0)\1

N

n Bx   and 

moreover /2|||)(| xx   . Hence by using integration by parts argument we have  

 ,|)|2(12|)(| 2)(1)(

1

0

,

  nlnl

lk xCxK  

 where C  is a constant depending on n . Consequently, we get  

 ,2|)(|
)

1
(11)(

2

1

0

,
(0)\1

p
lnpp

lk
N

Bn
CdxxK













  

 where 2C  is a constant depending on pn, . Therefore, the series  

 ),(0

,

=






lk

Ll

K  

 converge in the space (0))\( 1

N

np BL  , whenever 1>p , because the space is complete. Then we 

get )( 10  np

k LK  . Hence the due to Young’s inequality the convolution operator 
0

kM  is bounded 

as operator )()( 11  npnp LL    for any 1>p . Lemma 4.5 is proved. 

Now, a proof of Proposition 4.4 follows from the arguments proved in the Proposition 1 (see 

page no. 385) of the paper by M. Sugumoto [12]. 

 Proof of the Theorem 4.1.  From the Proposition 4.4 it follows that for 4/3=p , if 

1)/2(=1/2
2

1>  n
n

nk  the operator kM  is bounded. We define the following family of 

convolution operator )(zM k  defined by:  

 ,
2

1
=),()(|))(|(1:=),( 0

0

0



n

kwhereaza k

zk

k   (17) 
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 with a smooth cut-off function   satisfying:  

 








2.||0

1||1,
=)(

x

x
x  

 

The operator )(zM k
 is bounded )()( 1212  nn LL    for 1=)(z  by Plansharel identity 

and due to the Proposition 4.4 )(zM k
 is bounded )()( 1414/3  nn LL    for 0=)(z . Hence by 

Stein analytic interpolation Theorem 
kM  is bounded )()( 11  npnp LL    for 

)
2

11
1)(2(> 

p
nk p , where 24/3  p . The Theorem 4.1 is proved. 

Now, we will assume that   is an analytic hypersurface. 

Theorem 4.6  Let 
1 n  be an analytic compact hypersurface. If 

2 n
 and  

 ).(max:= 





 hh  

Then the convolution operator 
kM  is bounded )()( 11  npnp LL    for 21  p  provided that 

)
2

11
)(

2
4(> 

ph
nk p .  

 

 Remark. Note that if 3n  and 
2 n
 then index )(0   introduced by M. Sugumoto 

(see page no. 383) is equal to 2 , e.g. 2=)(0  . Thus, from the results by M. Sugumoto we obtain 

1/2)1)(1/(2=1/2)1)(1/2(2>  pnpnk  (see Theorem B, page no. 383). Thus, we get better 

lower bound. Moreover, if 2=n  then we the inequality 
 h)(0  and the relation 

 h=)(0  

holds true for for 1=n . Hence for the case 1=n  the result of the Theorem 4.6 coincides with result 

by Sugumoto. Consequently, we obtain more sharp result for general 2n . 

 Proof of the Theorem 4.6. A proof of theorem 4.6 is based on the following Proposition 2 

(see Sugumoto page no. 386). 

 

Proposition 4.7  Let 0 . Suppose, for all )( nSC    and 0> ,  

 


 

  CI nSL )(
);( PP  (18) 

 where C  is independent of  . Then kM  is )()( npnp LL    bounded for 21  p , provided 

)
2

11
)(22(2> 

p
nk  .  

 

 Remark. Note that the notion of height is defined for any hypersurface 
1 n . If 

2 n  then any critical point of the associated phase function |),( X  has singularity of rank at 

least 2n . Hence, by the classical Varchenko result there exists adapted coordinates system. 

The following statement follows from more general Karpushkin’s Theorem. 

Lemma 4.8  Let 
1 n  be an analytic compact hypersurface. If 2 n  and  

 ).(max:= 





 hh  

Then the following estimate  

 


 













h

n

a

Xi CxdSXae

1

2

2

),( |)|(1)()(  

 holds true, where )( Ca  and aC  a constant depending on 
nC  norm of the function a  where 

0>  is a small number. Moreover, we can choose the 0>  as small as we wish.  
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Finally, a proof of Theorem 4.6 follows from the Lemma (4.8) combined with Proposition 4.7. 

Surely, in the case when 
2 n
 it is possible =h . 

Theorem 4.9  Let 
1 n  be a smooth compact hypersurface. If 

k  (where nk  ) 

then the convolution operator 
kM  is bounded )()( 11  npnp LL    for 21  p  provided that 

)
2

11
)((2> 

p
knk p .  

Remark. If 0=k  then the result of the Theorem 4.9 is worst then the Theorem B of the 

paper by Sugumoto. However, if 1k  then we have 2=)(0   and hence we get better result 

whenever 1k . 

From the classical Walter Theorem it follows the following estimate:  

 ,|)|(1)()( 2),(

k

a

Xi CxdSXae



 

 

 where )( Ca  and 
aC  a constant depending on 

kC  norm of the function a  

Then again by using the Proposition 4.7 we obtain a proof of Theorem 4.9. 
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