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DISCRETE BACK PROJECTION USING OPTIMAL INTERPOLATION FORMULA 
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We consider the following inerpolation formula 

𝜑(𝑥) ≅ ∑ 𝐶𝛽𝜑(𝑥𝛽)

𝑁

𝛽=0

 

in 𝑊2,𝜎
(2,1)

 space, where  𝐶𝛽 and 𝑥𝛽 are coefficients and nodes of interpolation formula, respectively. The 

first, we construct this interpolation formula, then we apply the interpolation formula to the problem of 

diskret back projection. 

In the continious setting, the back projection is defined by 

        ℬℎ(𝑥, 𝑦) ∶=
1

𝜋
∫ ℎ(𝑥𝑐𝑜𝑠(𝜃) + 𝑦𝑠𝑖𝑛(𝜃), 𝜃)𝑑𝜃.
𝜋

𝜃=0
        (1) 

Definition 1. In the discrete setting, the continiously variable angle 𝜃 is replaced  

by the discrete set of angles { kπ / N : 0 ≤ k ≤ N – 1} . So the value of dθ becomes π/N and the back-

projection integral is replaced by the sum 

    ℬ𝐷ℎ(𝑥, 𝑦) =
1

𝑁
∑ ℎ(𝑥𝑐𝑜𝑠(𝑘𝜋/𝑁) + 𝑦𝑠𝑖𝑛(𝑘𝜋/𝑁), 𝑘𝜋/𝑁).𝑁−1
𝑘=0     (2) 

Remark 1. We wish to apply formula (2) to (ℱ𝐷
−1𝐴) ∗̅ (ℛ𝐷𝑓). The grid within  

which the final image is to be presented will be a rectangular array of pixels, located at a finite set of points 

{(𝑥𝑚, y𝑛)}. We will compute the values ℬ𝐷ℎ(𝑥𝑚, 𝑦𝑛), each of which represents a color or greyscale value 

to be assigned to the appropriate point in the grid. To do this, we require the values of (ℱ𝐷
−1𝐴) ∗̅ (ℛ𝐷𝑓) at 

the corresponding points {𝑥𝑚cos(𝑘𝜋/𝑁)  +  y𝑛sin(𝑘𝜋/𝑁), 𝑘𝜋/𝑁}. However, the X-ray scanner will give 

us samples of the Radon transform of 𝑓, and, hence, of  (ℱ𝐷
−1𝐴) ∗̅ (ℛ𝐷𝑓), only at the set of points 

{(𝑗τ, 𝑘𝜋/𝑁)}. These points are arranged in a polar grid and generally do not match up with the points 

needed.  

 To overcome this obstacle, observe that , for a given (𝑥𝑚, y𝑛) and a given 𝑘, the  

number 𝑥𝑚cos(𝑘𝜋/𝑁)  + y𝑛sin(𝑘𝜋/𝑁) must lie in between some two consecutive integer multiples of τ. 
That is, there is some value 𝑗# such that  

𝑗#𝜏 ≤ 𝑥𝑚cos(𝑘𝜋/𝑁)  + y𝑛sin(𝑘𝜋/𝑁) ≤ (𝑗# + 1)𝜏. 

Hence, we will assign a value for (ℱ𝐷
−1𝐴) ∗̅ (ℛ𝐷𝑓) at (𝑥𝑚cos (

𝑘𝜋

𝑁
) + y𝑛sin (

𝑘𝜋

𝑁
) ,

𝑘𝜋

𝑁
), based on the known 

values at the points (𝑗#𝜏, 𝑘𝜋/𝑁) and ((𝑗# + 1)𝜏, 𝑘𝜋/𝑁) on either side. The process of assigning such values 

is called interpolation. 
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 Even if a differential equation can be solved analytically, considerable effort and sound  

mathematical theory are often needed, and the closed form of the solution may even turn out to be too 

messy to be useful. If the analytic solution of the differential equation is unavailable or too difficult to 

obtain, or takes some complicated form that is unhelpful to use, we may try to find an approximate solution. 

We focus on numerical solutions using computers, especially the use of finite difference or finite element 

methods for differential equations.  

In this work we talk about Galerkin finite element method for 1D model  

−𝑢′′(𝑥) = 𝑓(𝑥),   0 < 𝑥 < 1,   𝑢(0) = 0, 𝑢(1) = 0          (1) 

problem.  

There are at least three different formulations to consider for the differensial  

problem (1): original differensial equation, the variational or weak form, and the minimization form. The 

Galerkin method based on variational or weak form. The Galerkin method includes the following steps: 

• To choose an integral form ∫ 𝑢′𝑣′𝑑𝑥 = ∫ 𝑓𝑣𝑑𝑥
1

0

1

0
 for any v(x) in the Sobolev space 𝐻1(0,1) 

with 𝑣(0) = 𝑣(1) = 0; 

• Mesh generation (For a 1D problem, a mesh is a set of points in the interval of interest, say, 

x0 = 0, x1, x2, ⋯ , x𝑀 = 1); 

• Construct or choose basis functions 𝜙𝑖 from solutions space, 𝑖 = 0;𝑀 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅;  
• And the finite element solution sought is   

𝑢ℎ(𝑥) = ∑ 𝛼𝑖𝜙𝑖(𝑥)

𝑀−1

𝑖=1

 

• Consequently, we have the following system of equations 

∫ (∑ 𝛼𝑖𝜙′𝑖

𝑀−1

𝑖=1

)𝜙′𝑗𝑑𝑥 = ∫ 𝑓𝜙𝑗𝑑𝑥
1

0

1

0

,     𝑗 = 1;𝑀 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 

 We construct optimal interpolation formulas in 𝑊2
(𝑚,𝑚−1)

 space, and we choose  

the coefficients of this interpolation formulas as basis function. 

 

DIGITAL PROCESSING OF GASTROENTEROLOGICAL SIGNALS BASED ON A 

LOCAL INTERPOLATION CUBIC SPLINE MODEL CONSTRUCTED AT UNEQUAL 

INTERVALS WITH AN APPROXIMATION ORDER 
3( )h  

1Bakhromov Sayfiddin, 2Muydinov Lazizbek. 
1National University of Uzbekistan Named After Mirzo Ulugbek, Tashkent, Uzbekistan; 

baxromovsayfiddin@gmail.com 

2Andijan State University, Andijan, Uzbekistan 

lazizbekmoydinov91@gmail.com 

At present, the application of spline functions in the development of science and technology is a 

topical issue. Spline features have several advantages in approaching from classical interpolation 

polynomials. The local interpolation cubic spline function is one of the most important issues in the 

development of science and technology, especially in the application of practical problems. In particular, 

in geophysics, biomedicine, environmental processes and other fields, many results are being achieved in 

the field of signal recovery, processing and forecasting based on spline models.  

Digital processing of signals based on local interpolation cubic spline model built on unequal 

interval. 

We review the gastroenterological signal recovery process shown in Table 1 using the proposed local 

interpolation cubic spline model and the Lagrange polynomial. Based on the signal in Table 1, a spline 

model and a Lagrange polynomial were constructed in the MATLAB programming environment and used 

for signal processing (Figure 1).  
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