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𝑾𝟐,𝝈
(𝟐,𝟏)(𝟎, 𝟏) HILBERT FAZOSIDA OPTIMAL INTERPOLYATSION FORMULANING 

EKSTREMAL FUNKSIYASINI TOPISHNING METODOLOGIYASI 
 

Biz 𝜑(𝑥) ≅ 𝑃𝜑(𝑥) = ∑ 𝐶𝛽 ∙ 𝜑(𝑥𝛽)
𝑁
𝛽=0  interpolyatsion formulani tahlil qilamiz. So’ngra bu 

interpolyatsion formulaning xatoligini baholaymiz. ℓ xatolik funksionalining ekstremal funksiyasini topamiz. 

Kalit so’zlar: Hilbert fazosi, optimal interpolyatsion formula, xatolik funksionali, norma, ekstremal 

funksiya, differensial operator, fundamental yechim. 

Анализируем интерполяционную формулу 𝜑(𝑥) ≅ 𝑃𝜑(𝑥) = ∑ 𝐶𝛽 ∙ 𝜑(𝑥𝛽)
𝑁
𝛽=0 . Затем мы оцениваем 

погрешность этой формулы интерполяции. l найти крайнюю функцию функции ошибок. 

Ключевые слова: Гильбертово пространство, оптимальная интерполяционная формула, 

функция ошибок, норма, экстремальная функция, дифференциальный оператор, фундаментальное 

решение. 

We consider the interpolation formula 𝜑(𝑥) ≅ 𝑃𝜑(𝑥) = ∑ 𝐶𝛽 ∙ 𝜑(𝑥𝛽)
𝑁
𝛽=0 . Then we evaluate the error 

of this interpolation formula and find the extremal function of the error functional ℓ. 

Key words: Hilbert space, optimal interpolation formula, error function, norm, extremal function, 

differential operator, fundamental solution. 

 

Kirish. Quyidagi interpolyatsion formulani muhokama qilamiz: 

𝜑(𝑥) ≅ 𝑃𝜑(𝑥) = ∑ 𝐶𝛽 ∙ 𝜑(𝑥𝛽)
𝑁
𝛽=0  (1) 

Bunda, 𝐶𝛽 va 𝑥𝛽 lar mos ravishda (1)- interpolyatsion formulaning koeffitsiyentlari va tugunlari. Bunday 

turdagi interpolyatsion formulalar turli fazolarda [1], [2], [3], [6] va [7] ishlarda ham o’rganilgan va qurilgan. 

Shuningdek, ushbu fazoda 𝜎 = 1 bo’lgan holda Furye integrallarini taqribiy hisoblash uchun [4], [5] va [8] 

ishlarda optimal kvadratur formulalar qurilib, ularning xatoliklari baholangan. 

Asosiy qism. Faraz qilamiz 𝜑 funksiya Hilbert fazosiga tegishli bo‘lsin. 

𝑊2,𝜎
(2,1)(0,1) = {𝜑: [0,1] → 𝑅|𝜑′ 𝑎𝑏𝑠𝑜𝑙𝑢𝑡 𝑢𝑧𝑙𝑖𝑘𝑠𝑖𝑧 𝑣𝑎 𝜑′′ ∈ 𝐿2(0,1)} va norma quyidagicha 

aniqlangan: 

||𝜑||
𝑊2,𝜎
(2,1) = {∫ (𝜑′′ + 𝜎𝜑′)2𝑑𝑥

1

0
}
1

2 , (2) 

Bu yerda 𝜎𝜖𝑅, 𝜎 ≠ 0 va skalyar ko‘paytma: 

〈𝜑, 𝜓〉
𝑊2,𝜎
(2,1) = ∫(𝜑′′(𝑥) + 𝜎𝜑′(𝑥)(𝜓′′(𝑥) + 𝜎𝜓′(𝑥))𝑑𝑥.

1

0

 

(1) - interpolyatsion formulaning xatoligi 

(ℓ, 𝜑) = 𝜑(𝑧) − ∑ 𝐶𝛽(𝑧) ∙ 𝜑(𝑥𝛽)
𝑁
𝛽=0  , 𝜑 funksiyaning ℓ funksionali. 

Bundan yuqoridagi skalyar ko’paytmaning formulasidan foydalanib, quyidagilarga ega bo’lamiz: 

ℓ(𝑧) = 𝛿(𝑥 − 𝑧) − ∑ 𝐶𝛽(𝑧) ∙ 𝛿(𝑥 − 𝑥𝛽)
𝑁
𝛽=0  (3) 

(ℓ, 𝜑) = 〈𝜑, 𝜓ℓ〉𝑊2,𝜎
(2,1)     (4) 

Shunday qilib oxirgi tenglikdan ‖ℓ‖
𝑊2,𝜎
(2,1)∗=‖𝜓ℓ‖𝑊2,𝜎

(2,1) tenglikni olamiz. 

Bunda 𝜓ℓ funksiya ℓ funksionalning ekstremal funksiyasi. 

(1)-formulaning xatoligini baholash uchun Koshi-Shvars tengsizligidan foydalanamiz:  

|(ℓ, 𝜑)| ≤ ‖ℓ‖
𝑊2,𝜎
(2,1)∗‖𝜑‖𝑊2,𝜎

(2,1) 

Yuqoridagi tengsizlikni tenglikka aylantiradigan 𝜓ℓ funksiya ℓ funksional uchun ekstremal funksiya 

deyiladi. 

Muhokamalar va natijalar. Ekstremal funksiya 

(4)- tenglikning o’ng tomonining integral ko’rinishini bo’laklab integrallaymiz: 
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〈𝜑, 𝜓ℓ〉 = ∫(𝜑
′′(𝑥) + 𝜎𝜑′(𝑥))(𝜓ℓ

′′(𝑥) + 𝜎𝜓ℓ
′(𝑥))𝑑𝑥

1

0

= 

= ∫𝜑′′(𝑥)

1

0

 (𝜓ℓ
′′(𝑥) + 𝜎𝜓ℓ

′(𝑥))𝑑𝑥 + 𝜎∫𝜑′
1

0

(𝑥)(𝜓ℓ
′′(𝑥) + 𝜎𝜓ℓ

′(𝑥))𝑑𝑥 = 

= 𝜑′(𝑥)(𝜓ℓ
′′(𝑥) + 𝜎𝜓ℓ

′(𝑥))|0
1 −∫𝜑′(𝑥)(𝜓ℓ

′′′(𝑥) + 𝜎𝜓ℓ
′′(𝑥))𝑑𝑥

1

0

+ 

+∫𝜑′(𝑥)(𝜎𝜓ℓ
′′(𝑥) + 𝜎2𝜓ℓ

′(𝑥))𝑑𝑥

1

0

= 

= 𝜑′(𝑥)(𝜓ℓ
′′(𝑥) + 𝜎𝜓ℓ

′(𝑥))|0
1 −∫𝜑′(𝑥)(𝜓ℓ

′′(𝑥) − 𝜎2𝜓ℓ
′(𝑥))𝑑𝑥

1

0

= 

= 𝜑′(𝑥)(𝜓ℓ
′′(𝑥) + 𝜎𝜓ℓ

′(𝑥))|0
1 − 𝜑(𝑥)(𝜓ℓ

′′′(𝑥) − 𝜎2𝜓ℓ
′(𝑥))|0

1 + 

+∫𝜑(𝑥) (𝜓ℓ
𝐼𝑉(𝑥) − 𝜎2𝜓ℓ

′′(𝑥))𝑑𝑥

1

0

= 

= ∫𝜑(𝑥)

1

0

(𝜓ℓ
𝐼𝑉(𝑥) − 𝜎2𝜓ℓ

′′(𝑥))𝑑𝑥 = (ℓ, 𝜑) 

Bu yerdan quyidagi chegaraviy masalani olamiz: 

(𝜓ℓ
′′(𝑥) + 𝜎𝜓ℓ

′(𝑥))|0
1 = 0, (5) 

(−𝜓ℓ
′′′(𝑥) + 𝜎2𝜓ℓ

′(𝑥))|0
1 = 0, (6) 

𝜓ℓ
𝐼𝑉(𝑥) − 𝜎2𝜓ℓ

′′(𝑥) = ℓ(𝑥). (7) 

Endi (7)- tenglamani (5)- va (6)- shartlarda yechamiz. (7)- tenglamaga mos bir jinsli tenglama: 

𝜓ℓ
𝐼𝑉(𝑥) − 𝜎2𝜓ℓ

′′(𝑥) = 0 (8) 

(8)- tenglamaning xarakteristik tenglamasi  

𝑎4 − 𝜎2𝑎2 = 0 

Bundan 𝑎1 = 𝑎2 = 0 va 𝑎3,4 = 𝜎−
+ . 

(8)- tenglamaning umumiy yechimi 

𝑑0 + 𝑑1𝑥 + 𝑑2𝑒
−𝜎𝑥 + 𝑑3𝑒

𝜎𝑥 

va (7)- tenglamaning xususiy yechimi: ℓ(𝑥) + 𝐺(𝑥). 

Bunda 𝐺(𝑥)-bu 
𝑑4

𝑑𝑥4
− 𝜎2

𝑑2

𝑑𝑥2
 differensial operatorning fundamental [9] yechimi, ya’ni quyidagi 

tenglamani qanoatlantiradi 
𝑑4

𝑑𝑥2
𝜓ℓ −

𝜎2𝑑2

𝑑𝑥2
𝜓ℓ = 𝛿(𝑥). (9) 

Ushbu qoidalarni qo‘llaymiz. Buning uchun 
𝑑

𝑑𝑥
 operatorni p parametr bilan almashtiramiz va 

operatorga mos ko‘phadni olamiz va 𝒫(𝑝) bilan belgilaymiz: 

𝒫(p) = 𝑝4  − 𝜎2𝑝2 = 𝑝2(𝑝 − 𝜎)(𝑝 + 𝜎). 

Endi 
1

𝒫(𝑝)
 kasrni elementar kasrlarga yoyamiz: 

1

𝒫(𝑝)
=

1

𝑝2(𝑝 − 𝜎)(𝑝 + 𝜎)

𝑎

𝑝2
+

𝐵

𝑝 − 𝜎
+

𝐶

𝑝 + 𝜎
=

1

2𝜎3
(−

2𝜎

𝑝2
+

1

𝑝 − 𝜎
−

1

𝑝 + 𝜎
). 

Bundan quyidagi fundamental yechimga ega bo’lamiz: 

G(x) =  
𝑠𝑖𝑔𝑛𝑥

4𝜎3
(−2𝜎𝑥 + 𝑒𝜎𝑥 − 𝑒−𝜎𝑥) . (10) 

Va uning hosilalarini olib, (8)- tenglikga qo’yib tekshirib ko’rishimiz mumkin: 

𝐺′(𝑥 ) =
𝑠𝑖𝑔𝑛𝑥

4𝜎3
(−2𝜎 + 𝜎𝑒𝜎𝑥 + 𝜎𝑒−𝜎𝑥),  

𝐺′′(𝑥) =
𝑠𝑖𝑔𝑛𝑥

4𝜎3
(𝜎2𝑒𝜎𝑥 − 𝜎2𝑒−𝜎𝑥),  

𝐺′′′(𝑥) =
𝑠𝑖𝑔𝑛𝑥

4𝜎3
(𝜎3𝑒𝜎𝑥 + 𝜎3𝑒−𝜎𝑥), 
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𝐺𝐼𝑉(𝑥) =
𝑠𝑖𝑔𝑛𝑥

4𝜎3
(𝜎4𝑒𝜎𝑥 − 𝜎4𝑒−𝜎𝑥) + 𝛿(𝑥). 

U holda (7) tenglamaning umumiy yechimi quyidagi ko’rinishda bo’ladi: 

𝜓ℓ(𝑥) = (𝐺 ∗ ℓ)(𝑥) + 𝑑2𝑒
−𝜎𝑥 + 𝑑3𝑒

𝜎𝑥+𝑑1𝑥 + 𝑑0 (11) 

𝑊2,𝜎
(2,1)

 fazasiga 𝜓ℓ(𝑥) funksiya yagona ya’ni uni (5)- va (6)- shartlardan aniqlaymiz: 

𝜓ℓ
(𝑘)(𝑥) = ℓ(𝑥) ∗ 𝐺(𝑘)(𝑥) + 𝑑2(−𝜎)

𝑘𝑒−𝜎𝑥 + 𝑑3𝜎
𝑘𝑒𝜎𝑥 + (𝑑1𝑥 + 𝑑0)𝑥

𝑘,  

𝑘 = 1,2,⋯ ,𝑚 − 1. 

𝜓ℓ
′(𝑥) = ℓ(𝑥) ∗ (

𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (−2𝜎 + 𝜎𝑒𝜎𝑥 + 𝜎𝑒−𝜎𝑥)) + 𝑑3𝜎𝑒

𝜎𝑥 − 𝑑2𝜎𝑒
−𝜎𝑥 + 𝑑1, 

𝜓ℓ
′′(𝑥) = ℓ(𝑥) ∗ (

𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (𝜎2𝑒𝜎𝑥 − 𝜎2𝑒−𝜎𝑥)) + 𝑑3𝜎

2𝑒𝜎𝑥 + 𝑑2𝜎
2𝑒−𝜎𝑥, 

𝜓ℓ
′′′(𝑥) = ℓ(𝑥) ∗ (

𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (𝜎3𝑒𝜎𝑥 + 𝜎3𝑒−𝜎𝑥)) + 𝑑3𝜎

3𝑒𝜎𝑥 − 𝑑2𝜎
3𝑒−𝜎𝑥. 

Endi (5)- shartga ko’ra  

𝜓ℓ
′′(𝑥) + 𝜎𝜓ℓ

′(𝑥) = ℓ(𝑥) ∗ (
𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (𝜎2𝑒𝜎𝑥 − 𝜎2𝑒−𝜎𝑥)) + 𝑑3𝜎

2𝑒𝜎𝑥 + 𝑑2𝜎
2𝑒−𝜎𝑥 

+ℓ(𝑥) ∗ (
𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (−2𝜎2 + 𝜎2𝑒𝜎𝑥 + 𝜎2𝑒−𝜎𝑥)) + 𝑑3𝜎

2𝑒𝜎𝑥 − 𝑑2𝜎
2𝑒−𝜎𝑥 + 𝑑1𝜎 = 

= ℓ(𝑥) ∗ (
𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (2𝜎2𝑒𝜎𝑥 − 2𝜎2)) + 2𝑑3𝜎

2𝑒𝜎𝑥 + 𝑑1𝜎 = 

= (ℓ(𝑦),
𝑠𝑖𝑔𝑛(𝑥−𝑦)

2𝜎
(𝑒𝜎(𝑥−𝑦) − 1)) + 2𝑑3𝜎

2𝑒𝜎𝑥 + 𝑑1𝜎. 

Hosil bo’lgan tenglikga (5)- chegaraviy shartlarni qo’yib 

{
 
 

 
 𝑥 = 1 𝑢𝑐ℎ𝑢𝑛: (ℓ(𝑦),

𝑠𝑖𝑔𝑛(1 − 𝑦)

2𝜎
 (𝑒𝜎𝑒−𝜎𝑦 − 1)) + 2𝑑3𝜎

2𝑒𝜎 + 𝑑1𝜎 = 0,

𝑥 = 0 𝑢𝑐ℎ𝑢𝑛: (ℓ(𝑦),
𝑠𝑖𝑔𝑛(−𝑦)

2𝜎
 (𝑒−𝜎𝑦 − 1)) + 2𝑑3𝜎

2 + 𝑑1𝜎 = 0

 (12) 

Endi (6)- chegaraviy shartdan  

𝜓ℓ
′′′(𝑥) − 𝜎2𝜓ℓ

′(𝑥) = ℓ(𝑥) ∗ (
𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (𝜎3𝑒𝜎𝑥 + 𝜎3𝑒−𝜎𝑥)) + 𝑑3𝜎

3𝑒𝜎𝑥 − 

−ℓ(𝑥) ∗ (
𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (−2𝜎3 + 𝜎3𝑒𝜎𝑥 + 𝜎3𝑒−𝜎𝑥)) − 𝑑3𝜎

3𝑒𝜎𝑥 + 𝑑2𝜎
3𝑒−𝜎𝑥 − 𝑑1𝜎

2 

= ℓ(𝑥) ∗ (
𝑠𝑖𝑔𝑛𝑥

2
 ) − 𝑑1𝜎

2 = (ℓ(𝑦),
𝑠𝑖𝑔𝑛(𝑥 − 𝑦)

2
) − 𝑑1𝜎

2. 

Shunday qilib 𝑥 = 1 va 𝑥 = 0 uchun quyidagi sistemaga ega bo’lamiz: 

{
(ℓ(𝑦),

𝑠𝑖𝑔𝑛(1−𝑦)

2
) − 𝑑1𝜎

2 = 0

(ℓ(𝑦),
𝑠𝑖𝑔𝑛(−𝑦)

2
) − 𝑑1𝜎

2 = 0
 (13) 

=> {

1

2
(ℓ(𝑦), 1) − 𝑑1𝜎

2 = 0

−
1

2
(ℓ(𝑦), 1) − 𝑑1𝜎

2 = 0
 => d1 = 0, (ℓ(𝑦), 1) = 0. (14)   

Endi (12) sistemadan 

{

𝑒𝜎

2𝜎
(ℓ(𝑦), 𝑒−𝜎𝑦) −

1

2𝜎
(ℓ(𝑦), 1) + 2𝑑3𝜎

2𝑒𝜎 + 𝑑1𝜎 = 0

−
1

2𝜎
(ℓ(𝑦), 𝑒−𝜎𝑦) +

1

2𝜎
(ℓ(𝑦), 1) + 2𝑑3𝜎

2 + 𝑑1𝜎 = 0

  

(14)- tenglikni hisobga olib, 

{

𝑒𝜎

2𝜎
(ℓ(𝑦), 𝑒−𝜎𝑦) + 2𝑑3𝜎

2𝑒𝜎 = 0

−
1

2𝜎
(ℓ(𝑦), 𝑒−𝜎𝑦) + 2𝑑3𝜎

2 = 0

 => 𝑑3 = 0, (ℓ(𝑦), 𝑒
−𝜎𝑦) = 0 . 
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(11)- ifodadan a=d2 , d=d0 deb belgilab, (11)- ifodaningning koeffitsiyentlari aniqlangani uchun qayta 

yozamiz: 

𝜓ℓ(𝑥) = (𝐺 ∗ ℓ)(𝑥) + 𝑎𝑒
−𝜎𝑥 + 𝑑. (15) 

Shunday qilib, quyidagi teorema isbotlandi. 

Teorema 1. (5)- va (7)- chegaraviy masalalarning yechimi (3)- xatolik funksionalining ekstremal 

funksiyasi bo‘ladi va quyidagi ko‘rinishga ega 

𝜓ℓ(𝑥) = ℓ(𝑥) ∗ 𝐺(𝑥) + 𝑎𝑒
−𝜎𝑥 + 𝑑,  

bunda: 

𝐺(𝑥) =
𝑠𝑖𝑔𝑛𝑥

4𝜎3
 (−2𝜎𝑥 + 𝑒𝜎𝑥 − 𝑒−𝜎𝑥). 

Xulosa. Ushbu ishda, 𝑊2,𝜎
(2,1)(0,1) fazosida (1)- optimal interpolyatsion formula qurishdagi xatolik 

funksionalining ekstremal funksiya aniqlandi. 
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