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MATHEMATICS

UO‘K 52

3x3 MATRISANING SONLI TASVIRI

Abdullayev Sarvar Anvar o ‘g ‘li,
Buxoro davlat pedagogika instituti o ‘gituvchisi

Annotatsiya. Ushbu magqolada 3x3 o‘lchamli o z-o°ziga qo‘shma sonli matrisaning sonli tasviri,
uning xos giymatlari va sonli tasvir bilan spektr orasidagi bog ‘liglik o ‘rganilgan. Matritsaning sonli tasviri
uchun umumiy teoremalar isbotlangan hamda ayrim maxsus holatlar uchun lemma va misollar orgali aniq
ifodalar keltirilgan. Natijalar orqali sonli matritsalar spektrining joylashuv oralig ‘i va ularning sonli tasviri
orasidagi uzviylik tahlil gilingan.

Kalit so’zlar: sonli tasvir, xos qiymat, spektr, chizigli operator, o z-o ziga qo ‘shma matrisa, Gilbert
fazosi, rezolventa.

NUMERICAL RANGE OF A 3x3 MATRIX

Abstract. Ushbu magolada 33 o ‘lchamli o z-o ziga qo ‘shma sonli matrisaning sonli tasviri, uning
xos giymatlari va sonli tasvir bilan spektr orasidagi bog ‘liqlik o ‘rganilgan. Matritsaning sonli tasviri uchun
umumiy teoremalar isbotlangan hamda ayrim maxsus holatlar uchun lemma va misollar orgali aniq ifodalar
keltirilgan. Natijalar orqali sonli matritsalar spektrining joylashuv oraligi va ularning sonli tasviri
orasidagi uzviylik tahlil gilingan.

Keywords: sonli tasvir, xos giymat, spektr, chizigli operator, o°‘z-o‘ziga qo‘shma matrisa, Gilbert
fazosi, rezolventa.

YUCJOBOE U30BPA’KEHUE MATPHUILIBI PASMEPA 3x3

Annomauusa. B dannol cmambe ucciedyemcs Yuciosoe u300pasiceHue camoCconpaiCceéHHOU YUci080ll
Mampuybl pasmepa 3X3, eé cobcmeeHHvle 3HAUEHUS U B3AUMOCEA3b MENCOY CHEeKMPOM U YUCTOBbIM
obpazom. Ilpusedenvl u 0OKA3aHbI OCHOBHbIE MEOPeMbl U JeMMbl, A MAKHCe PACCMOMPenbl KOHKpemHble
npumepvl 018 CHeyuanvHulx ciyyaes. llomyuennvie pe3yromamsl NO360JAI0M ONPEOeiumsb 63AUMOCEA3L
MedAHCOY CNEKMPOM MAMPUYbl U UHMEPBATLOM €€ YUCT08020 0bpa3a.

Knioueswie cnoea: uucnogoe uzobpadxcenue, cobcmeentvle 3Ha4eHus, CNeKmp, IUHelNbld onepamop,
CAMOCORPSIICEHHAS, MAMPUYaA, 2UnbOepmoso NPOCMPAHCIMEO, PE30bEEHMA.

H Gilbert fazosi va A: H — H aniglanish sohasi D(A) < H bo’lgan chiziqli operator bo’lsin.

Ushbu

W(4) = {(4x,x):€ D(A), |Ix]| = 1}

to’plamga A operatorning sonli tasviri deyiladi. Ta’rifdan ko’rinib turibdiki, W(4) to’plam kompleks
sonlar tekisligining gismi bo’ladi va W(A4) to’plamning geometrik xossalari A operator hagida bir gancha
ma’lumotlarni tavsiflaydi.

Gilbert fazosidagi chiziqli operatorning sonli tasvirni o’rganish bunday operatorlar spektrining
joylashuv o’rnini o’rganishdagi muhim usullardan biri hisoblanadi.

Matrisaning sonli tasviri uning barcha xos qiymatlarini 0’z ichiga oladi.

Faraz gilaylik, C kompleks sonlar to’plami bo’Isin. €2 fazoda ushbu

a;; a;; 0
M = (&12 32 ‘123)
0 a3 as;

ko’rinishidagi sonli matrisani qaraymiz, bu yerda a,;;, i= 1,2,3 lar ixtiyoriy haqgiqgiy sonlar,
a;;, L<j, Lj=1273 laresaixtiyoriy kompleks sonlar.

M matrisaning elementlariga qo’yilgan bunday shartlarda bu matrisa €* dagi chizigli chegaralangan va
0’z-0’ziga qo’shma bo’lgan operatorni ifodalaydi. Shu sababli uning barcha xos qiymatlari haqiqiydir.

1-lemma.M matrisaning sonli tasviri uchun ushbu
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W(M) = [min{d;, 45, 4;}, max{d,, 1, 15}]

tenglik o rinlidir, bu yerda A,,1,, A3 sonlari M matrisaning xos qiymatlaridir.

Isbot. Faraz gilaylik, M matrisa 4,,4,, 1; xos gimatlarga ega bo’lsin. M matrisaning min{4,,4,, 15}
xos giymatiga mos keluvchi birlik xos vektorlarni X bilan, max{4,,4,,13} xo0s giymatiga mos keluvchi
birlik xos vektorlarni Y bilan belgilaymiz, u holda

(MX,X) = min{A,, A,, 13}, (MY,Y) = max{i,,4,,45}

x|l = 1, |[|l¥|l = 1munosabatlar o’rinlidir.

Ko’rinib turibdiki, (Mz, z) kvadratik formaning || z|| = 1 birlik sfera bo’yicha eng kichik qiymati X
da, eng katta qiymati esa Y erishiladi. Demak,

W(M) = [min{A;, A, 43}, max{l,,1,, A5}]

1-lemma isbot bo’ldi.

2-lemma. Agar a,, = a,; = 0 bo’lsa, u holda
W(M) = [min{ay,a;;,as3}, max{a,;,a;5;,a33}]
tenglik o rinlidir.

Isbot. Faraz gilaylik, a,, = a,; = 0 bo’lsin, u holda
M matrisaning xos giymatlari

ay; 0 0
M= ( 0 a,, 0 )
0 0 agq
(ay; —A)(az; —Dlaz;; —4) =0

xarakteristik tenglamaning nollari bo’ladi. Bundan esa M matrisaning xos giymatlari
A, = a4, A, = a,,,4; = ay; ekanligi kelib chigadi. 1-lemmaga ko’ra,
W(M) = [min{d;, A5, A3}, max{d;, 1;, A3}]
3-lemma. Agar a,, = 0 bolsa, u holda
W(M) = [min{a,;, 4 }max{a;;,4,}]
tenglik o rinlidir, bu yerda
A = gy + Qa3 /(030 — a33)? + 4ay,|?
= 2
Ishot. Faraz gilaylik, a,, = 0 bo’lsin, u holda
ay; 0 0
M= ( 0 a,, azg)
0 @z @i
M matrisaning xarakteristik tenglamasi esa
(@, — A (az; — Dlags — 1) — lays*(a;;, — ) =0 (1)
bo’ladi.
(ayy _A)((azz —Dlazz; — 4 —la; |2) =0
Bizga ma’lumki, xarakteristik tenglamaning yechimlari M matrisaning xos giymatlaridir. (1)-
tenglamani yechish a,; — A = 0 va 2?2 — (a,, + a3 )4 — |a,3|* = 0 tenglamani yechishga keladi.

Bundan esa,
Ay; + 033 £ \f(a” — @33)* + 4|ay;|?
Ay =ayq, Az = 2 .
Quyidagicha
A = A5 T 033 £ \fj(azz —@33)% + 4|ay;|?

2

belgilash kiritaylik. 1-lemmaga ko’ra,
W (M) = [min{a,;,A_}, max{a,,,1,}]
4-lemma. Agar a,; = 0 bolIsa, u holda
W(M) = [min{az;, p_} max{azs, p.}]
tenglik o ’rinlidir, bu yerda
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Ay +a; £ \fﬁ(au — 035)% + 4lay,|?

Hy = 2

1-Misol.

1 i 0
M= (—i 1 1+ i)

0 1-i 1
matrisaning sonli tasvirini toping.
Bu matrisa uchun

Po .o Va @, giymatlarni topish formulalariga asosan

Po = _%{(an —0y,)% + (@13 — a33)% + (@5 — 033)°} — laz3]® — lag,|* =
—%{(1— D2+ (1-1)2+(1-1)2}—1-2=-3

Go = Agzlaps|* + ay;laz|® —ay 05,055 — %(au +a;; +a33)° +
+%(a11a22 + 031033 + Ay3033 — [053]% — g, [P)(ay; + ayy +azy) =
=%(1-1+1-1+ 1-1-1-2)(1+1+1)+1-1+1-2—1-1-1—

2
——-27=-2+2=0

27
34, 3 3-0 3 s
@, = arccos| ——— |—— | = arccos | — — = arccosQ = —
2pg Do 2-(-3) (—3) 2
ga teng.
U holda
1 +2(k— Um
Vi = (@, +ayp +ag3) +2 f—p—ocos% ( ) =
3 3 3
o k—1)n
=1+ ?.COSZT , bu yerdak = 1,2

Zio
k=1day, =1+ 2cos2—=1+2cos==1++3
1 2 6

T
+2T

k=2day, =1+ 2cos 2

=1+2c0sZ=1-43
3 &6

1-teoremaga ko’ra matrisaning sonli tasviri W(M) = [1 — /3,1 + /3] bo’ladi.

2-Misol.
1 V"E — V"EE 0
M = \.’E + \.’Ei 2 —i
0 i 0

matrisani sonli tasvirini topaylik.
Bizga ma’lumki,
ﬂ,ll == 1,(122 = 2,(133 =0,(I12 == \IE_\IEE,GQS = _i,lalzlz == 4,
2
lazs]* =1

po=—%{(1—2)2+(1—0)2+(2—0)2}—4—1=—6

1 2
Go=3(1-2+1-0+2:0-4-1(1+2+0)——-27-1-2-0+
+4-0+1-1=-3-2+1=—4
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o 3-(—4) 3 o V2 _?:-H
o = arccos | —— o) =1 arccos > =2

U holda,
3T 4 2k — D
4
Y = 1+ 24/ 2cos 2 k=12
k=1 da jr1=1+2\,"_cosg=l+2=3 ga
k=2da y, = 1+2ﬁcos%= 1—+/2V3 + 4 gateng.

1-teoremaga ko’ra, matrisaning sonli tasviri uchun ushbu

W(M) = [1— [2V3 + 4; 3]

tenglik o’rinlidir.
3-Misol.

2 1 0
M= (—i 1 —E)
0o i 3

matrisaning sonli tasvirini toping.

Bizga ma’lumki,

Ay =2,0=1,033=3,a, =1,8,3=—10,|a;;[* =1,|a*P=1
Sodda hisoblashlarni bajarib, p, , g, va @, ning giymatini topamiz:

po=—%{(2—1)2+(2—3)2+(1—3)2}—1—1=—3

1 2
Go=3(1-2+2:3+1-3-1-1)(2+1+3)-—-27-1-2-3+
+1-3+1-2=5-22+18=1

3-1 3 1 @
- = Arccos — = —
2-(-3) (-3) 2 3

P, = arccos | —

U holda,
%+2(k— Dn
]-’;:=2+2C08f, k=1,2

k=1 da y1=2+2msg

k=2 day, =2+2€os?—:

1-teoremaga ko’ra, matrisaning sonli tasviri uchun ushbu
W(M) = [2 + Zcosg L2+ Zcosg—ﬁ]

tenglik o’rinlidir.

Ushbu maqolada 3%x3 o‘lchamli o‘z-o‘ziga qo‘shma sonli matritsaning sonli tasviri va uning Xos
giymatlari orasidagi bog‘liglik tahlil qilindi. Matritsaning sonli tasviri orqali xos qiymatlar to‘plamining
joylashuv oralig‘i aniglanib, bu holat uchun umumiy teorema va lemmalar isbotlandi. Keltirilgan misollar
asosida sonli tasvirning spektr bilan bevosita bog‘liqligi amaliy tarzda ko‘rsatildi. Olingan natijalar chizigli
operatorlar va matritsalar spektral nazariyasini yanada chuqurroq o‘rganishda hamda funksional analiz
masalalarida qo‘llash imkonini beradi.
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UOK 51
BLOK OPERATORLI MATRISALARNING SONLI OBRAZLARI

Abdullayev Sarvar Anvar o ‘g ‘li,
Buxoro davlat pedagogika instituti o ‘gituvchisi

Annotatsiya. Ushbu magolada blok operatorli matrisalarning sonli, kvadratik va kubik sonli obrazlari
tushunchalari hamda ularning asosiy xossalari tahlil gilinadi. Chizigli chegaralangan operatorlarning blok
shaklidagi tasviri orqali ularning spektral xususiyatlari, sonli obrazlar to ‘plamining chegaralanganligi va
yopiq bo ‘lishi, shuningdek, operatorning o ‘z-o‘ziga qo ‘shmalik holatlarida yuzaga keluvchi alogalar
o ‘rganilgan. Tadgiqot natijalari funksional analiz va operatorlar nazariyasidagi ayrim muammolarni
yechishda qo ‘llanilishi mumkin.

Kalit so’zlar: blok operatorli matrisa, chizigli operator, sonli obraz, kvadratik sonli obraz, kubik sonli
obraz, Gilbert fazosi, xos giymat, spektr.

NUMERICAL RANGES OF BLOCK OPERATOR MATRICES

Abstract. This article examines the numerical, quadratic, and cubic ranges of block operator matrices
and their fundamental properties. Using the block representation of bounded linear operators, the study
explores spectral characteristics, the boundedness and closedness of numerical ranges, and their
interrelations in the case of self-adjoint operators. The obtained results can be applied to solving certain
problems in functional analysis and operator theory.

Keywords: block operator matrix, linear operator, numerical range, quadratic numerical range, cubic
numerical range, Hilbert space, eigenvalue, spectrum.

YUCJIOBBIE OBPA3bI BJIOYHO-OIIEPATOPHBIX MATPUL]

Annomayusa. B 0annol cmamee paccmampueaiomcs 4uciogvle, KeaopamHule u Kyouueckue oopasvl
O104UHO-0nepamopubIx Mampuy u ux ocHognwvle ceoticmea. C nomowbio 6104H020 NPeocmasienus TUHeUHbIX
02PAHUYEHHbIX — ONepamopos UCCAeOYIOMCs  CNeKMpAalbHble XapaKmepucmuku, O0paHuyeHHOCmb U
3AMKHYMOCIb MHONMCECME HUCTO8bIX 00pA308, A MAKIHCE UX B3AUMOCEA3b 6 CVUde CAMOCONPANCEHHbIX
onepamopos.  Ilonyyennvie pesyromamvl  Mocym — Oblmb  UCHONb306AHbI  NPU  peuleHuu  3a0ay
@YHKYUOHANLHO20 AHANU3A U MEOPULU ONEPAMOPOS.

Kniouesvie cnosa: 6n10uHo-onepamopHas mampuyd, JUHEUHbIL ONnepamop, Huciosol obpas,
K8AOpAMHbBIL YUCTOB0U 00pa3, KybuyecKuii yuciosol obpas, npocmparcmeo [ unvbepma, cobcmeenHbie
3HAYeHUs, CneKmp.

Faraz gilaylik, H, va H, lar Gilbert fazolari bo’lib, H orqgali ularning to’g’ri yig’indisini belgilaymiz,
L(H) esa H ni H ga o’tkazuvchi chizigli chegaralangan (uzluksiz) operatorlar fazosi bo’lsin. Bizga
ma’lumki, har ganday A € L(H) operator

All A12

a=(i 42 W

blok operatorli matrisa ko’rinishda tasvirlanadi, bu yerda

AjjiHy = H;, 1,j=12 elementlar chizigli chegaralangan operatorlar. Agar A operator uchun
A, =41, Ay, =43, Ay, = A3, tengliklar bajarilsa, u holda A o’z-0’ziga qo’shma operator bo’ladi,
ya'ni A* = A. (-,-); va [||l;, i= 1,2 lar orqali H; fazodagi mos ravishda skalyar ko’paytma va normani
belgilaymiz.

f=(f)eH, |fill;=1, i=12 elementlar uchun

A = ([:Allfl’fl)l (4125 ’.fl)l)

(AEIfl !,f?)? (AZZE :f:‘z)z

Af matrisaning barcha xos qiymatlari to’plamiga A € L(H) blok operatorli matrisaning (1)-

ko’rinishiga mos keluvchi kvadratik sonli obrazi deyiladi va W?2(A4) kabi belgilanadi, ya'ni
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W2 (4) = U o,(4r)

Il ll
i=1,2

bu yerda, o, (Af) orgali 4¢ ning nugtali spektri belgilangan. 4 — 2x2 sonli matrisa bo’lganligi uchun
g, (Af) to’plam A matrisaning xos giymatlaridan iborat bo’ladi.

H Gilbert fazosining turli yoyilmalariga turli kvadratik sonli obrazlar to’g’ri keladi.
Masalan, ushbu

2 1.1 0
1 -2 0 1
M = _
—2 -1 0 -3i
-1 -2 3 0

sonli matrisaning €2 € €% va €?* @ C?* yoyilmalariga mos kvadratik sonli obrazlar turlicha bo’ladi.

Ba’zi hollarda kvadratik sonli obrazning quyidagi ekvivalent ta’rifidan foydalanish qulaydir, bunda f;
va f; lar nolmas bo’lib, normasi 1 ga teng bo’lishi shart emas.

f; € H\{0}, i = 1,2 element uchun

)
AR\
i.j=2
matrisani garaymiz va
. _ (A11f1:f1)1_'1(f1:f1)1 (Auf?_!fl)l
o) = de (RGN e A )
bo’lsin.
U holda
W2(4) = U 0,(4;) ={a e c:af,e H\{0}, =12,
Ffiea o}, i=1.2

munosabat o’rinli.

Chizigli operatorning kvadratik sonli obrazi hamisha uning sonli obrazida saglanadi:
W2(4) c w(4).

Agar A operator yuqori yoki quyi uchburchak ko’rinishiga ega bo’lsa, ya’ni

A A . A 0
A= ( 11 12) oki A= ( 11 ) bo’lsa, u holda
0 4y Y Azy Ay

W?(4) = W(4,,) UW(A,,) tenglik o’rinlidir. Chiziqli chegaralangan blok operatorli matrisaning
kvadratik sonli obrazi C kompleks sonlar to’plamining chegaralangan qism to’plami bo’ladi:

w?(4) c {Aec:|Al <|4ll}

Agar dimH < o bo’lsa, u holda W?(A4) yopiq to’plam bo’ladi. Sonli obrazdan farqli ravishda

kvadratik sonli obraz umuman olganda qavariq to’plam bo’lmasligi ham mumkin, bu to’plam ko’pi bilan
ikkita komponentdan iboorat bo’lishi mumkin.
Agar a,b, c,d € € sonlar orgali aniglangan

(e

sonli matrisada a,d € R va ¢ = b bo’lsa, u holda uning xos qiymatlari

1 2|b|
A; = max{a,d} + |bltg Saretg la—b|/)’

_ 1 2|b|
A, = min{a,d} — |b|tg S arety la—b|)

ko’rinishida tasvirlanadi.
f; € H;\{0} element uchun
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. _ (A11f1:f1)1_(‘422fz:f2)2)2 (A11/1 /1)1 Ao )2
d”’*(f”m‘( TAF A A TATAE
belgilashni kiritamiz. Agar dis,(f;, f>) = 0 bo’lsa, u holda

h _E((“qufpﬁh (Azzfz:fz)z)
% (F) =3 AE AR )T
1 |((Aufi )1 (Aoofs ,fg)z)z (Ausfi fi)1- (Asafs )2
iz\j( TAE A ANERTARTAE

belgilashni kiritamiz. Agar 0’z-0’ziga qo’shma bo’lsa, u holda W2(A4) c R bo’ladi va
W2(A) = A_(A) UA,(A)

tenglik o’rinlidir, bu yerda
AL(4) = {;{i @1) . f; e H\{0},i = 1,2}
2

Shunday qilib, chizigli chegaralangan blok operatorli matrisalarning kvadratik sonli obrazini
o’rganishda sonli matrisaning xos qiymatlari muhim o’rin egallar ekan.

Endi chizigli operatorning kubik sonli obrazini garaymiz. Agar operatorning spektri uchta
kesishmaydigan kesmalar birlashmasidan iborat bo’lsa, u holda bu operatorning sonli obrazi ham, kvadratik
sonli obrazi ham spektri yetarlicha o’rganish imkonini bera olmaydi. Quyida biz kubik sonli diopozon va
uning ba’zi xossalariga to’xtalamiz.

H, ,H, va H, lar Gilbert fazolari, H esa bu fazolarning to’g’ri yig’indisi, ya’ni

H=H, @®H & H,

bo’lsin. U holda istalgan A € L(H) operator

All A12 AIE
A= (‘q21 A22 A23) [:2)
AE 1 A32 AEE

ko’rinishidagi 3 x 3 blok operatorli matrisa kabi tasvirlanadi, bundad;;: H; — H; ,

i,j = 1,2,3 lar chizigli chegaralangan operatorlar.

Sorgali H dagi birlik sferani belgilaymiz, ya’ni

s={fe(fi.f.)er:fill=1 =123}

f € § element uchun ushbu

(Auafi.fi) (Afefi) (Afifi)

A= (Azlfi:f?_) (Azz,fzrfz) (Azafar,fz)

[:Aglfl’fa) ("qSEfZ’fE) (-‘qaafz:fz)
3 x 3 matrisani garaymiz.
U holda

w3 (4r) = | ou(4f)
fes
to’plamga A5, 5 blok operatorli matrisaning (2) ko’rinishiga mos kubik sonli obrazi deyiladi.
Ma’lumki, har bir uchun
o,(4;) ={1ec: det(4; — 1) = 0}.

tenglik o’rinlidir. Shu sababli, W=(A4) to’plam uchun quyidagi ekvivalent formula o’rinli:

wi(4)={1ec:3fes, det(4 —1) =0}

Chiziqli operatorning kubik sonli obrazi hamisha uning sonli obrazida yotadi, ya'ni

W3(4) c w(4).
Agar A operator yuqori yoki quyi uchburchak ko’rinishda bo’lsa, ya’ni
"qll Al? A1a "qll 0 0
A= ( 0 A, Azg)yokiﬂ = (Au Ay O )
0 0 ASE AS 1 ASQ ASE
ko’rinishga ega bo’lsa, u holda W?3(A4) uchun
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W3(A) = W(A;;) UW(A5;) UW(A;;)

tenglik o’rinlidir.
Chizigli chegaralangan blok operatorli matrisaning kubik sonli obrazi C komleks sonlar to’plamning
chegaralangan qism to’plamidir, ya’ni
wW3(A) c{Aec: |a =|A]}.
Agar dimH < o bo’lsa, u holda W?3(4) yopiq to’plam bo’ladi. Kubik sonli obraz ko’pi bilan uchta
komponentlardan iborat bo’lishi mumkin.
Yugqorida keltirilgan ma’lumotlardan shuni xulosa qilish mumkinki, 3 x 3 blok operatorli matrisa

kubik sonli obrazini o’rganishda 3 x 3 sonli matrisa xos qgiyatlari muhim o’rin egallaydi.
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UO’K 517.9(021)
TARMOQLANUVCHI TASODIFIY JARAYONNING TA’RIFI VA TALQINI

Muxtorova Shohida Negmat gizi,
Qarshi davlat texnika universiteti o qituvchisi
muxtorovashohidal998@gmail.com

Annotatsiya. Ushbu magolada tarmoglanuvchi tasodifiy jarayonlarning nazariy asoslari, ularning
matematik ta rifi hamda ehtimollik nugtayi nazaridan talgini yoritilgan. Tarmoglanuvchi jarayon — bu vaqt
o ‘tishi bilan elementlarning ko ‘payishi yoki yo ‘qolishi ehtimoli orqali rivojlanadigan tasodifiy tizim sifatida
qaraladi. Magolada bunday jarayonlarning Markov xossasi, stasionarlik, o ‘sish tezligi va yo ‘qolish ehtimoli
kabi asosiy xususiyatlari tahlil gilinadi. Shuningdek, Galton—-Watson modeli misolida tarmoglanuvchi
tasodifiy jarayonning amaliy talgini va uning populyatsiya dinamikasini modellashtirishdagi ahamiyati
ko ‘rsatib o ‘tilgan. Tadgiqot natijalari tarmoqlanuvchi  jarayonlarning biologiya, demografiya,
epidemiologiya va axborot tizimlaridagi qo ‘llanilishini nazariy jihatdan asoslashga xizmat giladi.

Kalit so‘zlar: tarmoglanuvchi tasodifiy jarayon, ehtimollik modeli, Markov xossasi, Galton—Watson
jarayoni, stasionarlik, populyatsiya dinamikasi.

DEFINITION AND INTERPRETATION OF THE BRANCHING RANDOM PROCESS

Abstract. This article examines the theoretical foundations of branching stochastic processes,
providing their mathematical definition and probabilistic interpretation. A branching process is considered
as a stochastic system that evolves over time through the probabilistic reproduction or extinction of its
elements. The paper analyzes key properties such as the Markov property, stationarity, growth rate, and
extinction probability. The Galton—Watson model is presented as an example to illustrate the practical
interpretation of branching stochastic processes and their role in modeling population dynamics. The results
of the study contribute to the theoretical justification of branching process applications in biology,
demography, epidemiology, and information systems.

Keywords: branching stochastic process, probabilistic model, Markov property, Galton—Watson
process, stationarity, population dynamics.

ONPEJEJEHUE U UHTEPIIPETAIIAA BETBSIIETOCA CJIYYAMHOT'O ITPOILIECCA

AnHomayusa. B OaHnnOlU cmamve paccmMampueaomcs meopemudeckue OCHOBbL BeMBAUSUXCSL
CIYYAUHbIX  APOYEccos, UX Mamemamuyeckoe onpeoeieHue U BePOSIMHOCMHASL  UHMEPHpemayus.
Bemesawuiica npoyecc paccmampugaemcsi Kax CMOXACMUYECKas Cucmema, KOMoOpas pa3gueaemcs 60
8peMeHU 3a CUEm BePOAMHOCHHO20 PAZMHOJICEHUS UMU UCHUEIHOGeHUs dNemenmos. lIpoananuzuposanvl
OCHOBHblE C8OLICMBA MAKUX NPOYEccos8, GKII0UAs MAPKOBCKOE CBOUCMBO0, CMAYUOHAPHOCMb, CKOPOCHb
pocma u 8epossmHOCmb 8blpodicOeHus. B kauecmee npumepa npusedena modenv I anbmona—Yomcona,
O0eMOHCMPUPYIOWAsL NPAKMUYECKOe NPUMeHeHUe 8emBAWUXCA CNYHALHbIX NPOYeccos Npu MoOeluposanu
Ounamuky nonyaayui. Pesynomamsl uccredosanus cnocobcmeyiom meopemuieckomy 0O0CHO8AHUN
NPUMEHEHUsT 8eMBAUUXCA NpoYecco8 6 oOuoaocuu, Oemozpaguu, nUOEMUOIOSUU U UHPDOPMAYUOHHBIX
cucmemax.

Knwuesvie cnosa: eemsawuiics CRy4auHulii NpoYecc, 6EpOIMHOCMHASL MOOelb, MAPKOBCKOe
ceoticmeo, npoyecc I anbmona—Yomcona, cmayuoHapuocms, OUHAMUKA NONYIAYUU.

Bu maqolada biz bir turdagi zarrachalar bilan berilgan eng sodda tur Markov tarmoglanuvchi
jarayonlarini o‘rganamiz. Vaqtga nisbatan bir jinsli Markov jarayonlarini [ ={l,2,...} holatlar fazosida

qaraymiz. Markov jarayonining o‘tish ehtimolligi B;(t), teT quyidagi shartlarni ganoatlantiradi:
R t)=0 (1)
barcha i, jell vateT uchun (nomanfiylik sharti);
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2 Ri=1 2)
j=0
ixtiyoriy i, jed vateT da (normalanganlik sharti);
P ()= Py (U)Ry(t-u) ®)
k=0

ixtiyoriy i, je0 va0<u<t, u,teT (markovlik xossasi);

lLi=]j :
R, (0) =5 :{ I_ Jj (boshlang‘ich shart)

0,i=
(4).
Ta’rif 1.1.1. Agar B;(t) o‘tish ehtimolligi P;;(t) ning n-karrali tagsimot kompozitsiyasi
RO=RIO= > R0OR,0-R0 5)
Wttt tli=]

(tarmoglanish sharti)ga ega bo‘lsa, Markov jarayoni [] da tarmoglanuvchi deyiladi, xususan, i =0da
(1.1.5) shart Ry;(t) =,; ni bildiradi [14].

T ning qism to‘plamlari nomanfiy butun sonlar to‘plami [ ={0}UE yoki te[O,oo) bo‘lishi
mumkin. Birinchi holatda diskret vaqtli, ikkinchi holatda uzluksiz vaqgtli tarmoglanuvchi jarayonlar hagida
gapiramiz.

te [O, oo) uzluksiz bo‘lgan holatda odatda yana qo‘shimcha

ItITT R =1 (6)
uzluksizlik sharti ishlatiladi. (6), (1) va (2) shartlardan birdaniga har bir i uchun barcha j =1 larda bir
tekis
lim P, (t) =0, 7)
(3) shartdan esa barcha P, (t) o‘tish ehtimolliklarining Vt >0 da uzluksizligi kelib chigadi.

(5) tarmoqlanish shartlari ko‘rib chigilayotgan tarmoglanuvchi jarayonlar sinfini  Markov
jarayonlaridan ajratib turadi. Bunday tanlash ikki nugtayi nazardan asoslanadi. Bir tomondan,
tarmoglanuvchi jarayonlar fizikada, kimyoda, biologiyada, texnikada, demografiyada va boshqalarda real
hodisalarning ancha keng sinfini tavsiflaydi. Boshqa tomondan, juda qulay matematik apparat bo‘lgan hosil
qiluvchi funksiyalar tarmogqlanuvchi jarayonlarni chuqur o‘rganish imkonini beradi. Tarmoqlanuvchi
jarayonlar nazariyasida ularning o‘ziga xos muammoli bayonlari va ularni hal qilish usullari tabiiy ravishda
ajralib turadi [3].

Kelgusida biz fizik va kimyoviy hodisalar bilan bog‘liq bo‘lgan tarmoqlanuvchi jarayonlarining
haqgigiy mazmunini aks ettiruvchi vizual terminologiyaga amal gilamiz. Bizga bir xil turdagi zarrachalar
berilgan bo‘lsin. Tizimning holati zarrachalar soni bilan aniqlanadi. t vaqtdagi zarrachalar sonini X (t) bilan

belgilaylik. Faraz gilaylik, tvaqgtda bir zarracha, kelib chigishi va boshqga zarrachalar mavjudligidan gat’iy

nazar, P, (t)ehtimollig bilan n ta zarrachaga aylanadi vaz P, (t) =1. Bundan agar dastlabki vagtda k ta
n=0

zarracha mavjud bo‘lsa, keyin t vaqt o‘tishi bilan ular X @ (&) + X @ (t) +...+ X ¥ (t) zarrachaga aylanadi,
bu yerda X®(t) - i-zarrachaning avlodlar soni, barcha X®(t),i=12,...k lar bog:ligsiz va bir xil
Pln(t):P{X“)(t)zn} tagsimotga ega. Shunday qilib, t vaqt ichida P, (t) ning k zarrachadan n ta
zarrachaga o‘tish ehtimoli uchun B, (t) ning k-karrali kompozitsiyasi, ya’ni

Pa =Py = > R, OR,®..R, 1

M +Ny+.. 4N =N

o‘rinli.
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Bundan tashqari, biz zarrachalarning o‘zgarishi oldingi davrdagi tarixiga bog‘liq emas, deb faraz
gilganimiz uchun, X (t)jarayon Markov jarayonidir, ya’'ni B, (t) o‘tish ehtimolligi (3) shartni
ganoatlantiradi [13].

Tarmoglanuvchi tasodifiy jarayon — bu ehtimollik nazariyasida o‘ziga xos o‘rin egallagan, avlodlar
bo‘yicha takrorlanadigan stoxastik tizim bo‘lib, uning asosiy strukturasini elementlarning mustaqil
replikatsiya mexanizmi tashkil etadi. Har bir element ma’lum ehtimollik taqsimotiga ega bo‘lgan tasodifiy
sonli avlod hosil qilishi bilan jarayonning keyingi holati aniglanadi. Shuning uchun tarmoglanuvchi
jarayonlarning dinamikasi diskret vaqtli va tasodifiy ko‘payish mexanizmiga ega bo‘lgan Markov jarayoni
sifatida garaladi.

Tarmoglanuvchi jarayonni tavsiflashda asosiy parametrlar quyidagilardan iborat:

1. Avlodlar tagsimoti

Jarayonning rivojlanishi p, = P(X =k) ehtimollik tagsimoti orgali belgilanadi. Bu tagsimot har bir

element nechta avlod hosil qilishi mumkinligini ko‘rsatadi. Avlodlar tagsimoti jarayonning bargarorligi va
uzog muddatli xatti-harakatini aniglovchi asosiy omildir.

2. Matematik kutilma:

Jarayonning o‘sish yoki yo‘qolish holati quyidagi kutilma bilan aniglanadi:

m="> kp,
k=0

Agar (m < 1) bo‘lsa — jarayon degeneratsiyalanuvchi, ya’ni yo‘q bo‘lib ketadi.

Agar ( m = 1) bo‘lsa — kritik holat, jarayonning uzoq muddatli barqarorligi sezilarli darajada
tasodifiylikka bog‘liq.

Agar (m > 1) bo‘lsa — jarayonning cheksiz o‘sish ehtimoli mavjud bo‘ladi.

3. Generatsiya funksiyasi

Tarmoglanuvchi jarayonlarning matematik tahlilida quyidagi generatsiya funksiyasi muhim rol
o‘ynaydi:

G(s) =) pys*
k=0

Bu funksiya jarayonning avlodlar soniga oid barcha ehtimollik xususiyatlarini o‘zida
mujassamlashtiradi. Jarayonning asimptotik tavsifi va yo‘qolish ehtimoli aynan ushbu funksiyaning qat’iy
matematik xususiyatlari orgali aniglanadi.

4. Yo‘qolish ehtimoli:

Jarayonning yo‘qolish ehtimoli q generatsiya funksiyasining quyidagi tenglamani gqanoatlantiruvchi
eng kichik musbat ildizidir:

q=G(q).

Bu matematik mezon jarayonning uzog muddatli bargarorligini baholashda asosiy nazariy vosita
hisoblanadi.

5. Tarmogqlanuvchi jarayonlarning qo‘llanilish sohalari:

Ushbu jarayonlar ko‘plab amaliy sohalarda qo‘llaniladi:

Biologiya — populyatsiya o‘sishini modellashtirish

Genetika— nasl zanjiri va mutatsiya jarayonlarining rivojlanishi

Epidemiologiya— infeksiya targalishi zanjiri

Yadroviy fizika — neytronlarning ko‘payish jarayoni

Axborot tizimlari — tarmoqlanuvchi ma’lumot ogimlarining modellarini yaratish

Har bir sohada jarayonning o‘ziga xos interpretatsiyasi mavjud bo‘lib, ular orqali murakkab
tizimlarning tasodifiy rivojlanish gonuniyatlari aniglanadi.

6. Tarmoglanuvchi jarayonning talgini:

Tarmogqlanuvchi jarayon nafagat matematik model, balki tizimlarning o‘z-o‘zidan rivojlanishiga oid
universal konsepsiya sifatida garaladi. U tizimdagi har bir elementning mustaqil garor gabul gilishi yoki
mustaqil ko‘payish mexanizmi mavjud bo‘lgan holatlarni aniqlashda qo‘llanadi. Shuning uchun ushbu
jarayon tasodifiy tizimlarning o‘z-o‘zidan tashkil bo‘lishi va o‘sish dinamikasini tushuntiruvchi fundamental
nazariy model sanaladi.

Diskret vaqtli tarmoglanuvchi jarayonlar nazariyasi XIX asrning ikkinchi yarmida yashagan angliyalik
statistiklar Galton va Vatsonlar nomlari bilan bog‘lig. Ular familiyalarni yo‘qolib ketishi masalasini
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yechishda o‘zlarining matematik modelini taklif etishgan. Keyinchalik bu model umumlashmasi bilan
bog‘liq jarayonlar (diskret vaqtli) Galton-Vatson jarayonlari deb nom oldi. Galton-Vatson jarayonining
uzluksiz vaqtdi umumlashmasi esa tarmoglanuvchi Markov jarayonlaridir. Demak, Galton-Vatson jarayoni
tarmoglanuvchi jarayonlarning eng sodda Ko‘rinishi ekan. Jarayonda ishtirok etayotgan alohida zarrachalar
evolyusiyasi zarrachalar o‘tmishi va soniga bog‘liq bo‘lmagan holda amalga oshadi. Bunday bog‘ligsizlik
real jarayonlar uchun juda kuchli chegaralanishdek tuyulsada, ko‘plab holatlar uchun bunday chegaralanish
mutlago tabiiydir. Yuqoridagi kabi masalalarni o‘rganishda eng yagin model bo‘lgani uchun ham
tarmoglanuvchi jarayonlar nazariyasi keyingi vagtdarda tez suratlar bilan rivojlanmoqda. Tarmoglanuvchi
jarayonlarni o‘rganishda juda kuchli matematik apparat bo‘lgan hosil giluvchi funksiyalar apparatidan
foydalanish imkoniyati bu rivojlanishdagi yana bir muhim mezondir. Bugungi kunga kelib, tarmoglanuvchi
jarayonlarning ko‘plab modellari mavjud va rivojlanmoqda. 1957 yilda B.A.Sevastyanov tomonidan
ta’riflangan immigrasiyali jarayonlar 1948 - yilda AQShlik olimlar Bellman va Xarrislar tomonidan
kiritilgan zarrachalar yoshiga bog‘liq jarayonlar, migrasiyali jarayonlar, diffuziyali jarayonlar, energiyali
zarralar uchun tarmoglanuvchi jarayonlar, tug‘ilish va o‘lim jarayonlari va hokazolar shular jumlasidandir.
Deyarli barcha klassik teoremalar dastlab Galton-Vatson jarayonlari uchun isbotlangan va keyin boshga
modellar uchun umumlashtirilgan.

Uzluksiz vaqtli tarmoglanuvchi jarayonlar ba’zi hollarda kimyoviy zanjir reaksiyalarining dastlabki
bosgichlarini yaxshi tasvirlashi mumkin. Biror muhitda (masalan, molekulalar, ionlar, alohida atomlar va
boshgqalar) oz miqdordagi faol zarrachalar bo‘lsin. Faraz qilaylik, reaksiya faol zarrachalar muhit zarrachalari
bilan to‘qnashganda sodir bo‘lsin. Har bir bunday to‘qnashuv natijasida ma’lum bir ehtimollik bilan ikkita
faol zarracha paydo bo‘lishi yoki yutilish sodir bo‘lishi mumkin. Reaksiyaning dastlabki bosqichida faol
zarrachalar kam bo‘lgani uchun ularning bir-biri bilan to‘nashuvini e’tiborsiz qoldirishimiz mumkin. So‘ngra
faol zarralarning har biri boshgalardan mustaqil ravishda yangi faol zarrachalarni hosil giladi. Shuning uchun
bunday reaksiyani uzluksiz vaqt bilan mos keladigan tarmoglanish jarayoni bilan juda yaxshi tasvirlash
mumkin [12].

Quyida biz illyustratsiya sifatida tarmogqlanish jarayonlarini qo‘llash mumkin bo‘lgan turli misollarni
keltiramiz. Xususan, bir necha turdagi zarrachalar bilan berilgan tarmoglanuvchi jarayonlar kimyoviy zanjir
reaksiyalarini tavsiflash uchun ko‘proq mos keladi, chunki reaksiyada odatda bir necha turdagi molekulalar
yoki ularning gismlari ishtirok etadi.

Xulosa. Tarmogqlanuvchi tasodifiy jarayonlarning nazariy asoslarini o‘rganish natijasida ushbu
jarayonlarning murakkab ehtimollik tuzilmasiga ega ekani aniglangan. Ularning rivojlanish mexanizmi har
bir avlod elementlarining tasodifiy tarmoqlanish jarayoni orqali ifodalanadi, bu esa tizimning vaqt bo‘yicha
o‘sishi yoki yo‘qolish ehtimolini aniglash imkonini beradi. Tadqiqot davomida tarmoqlanuvchi
jarayonlarning Markov xossasi, stasionarlik shartlari, shuningdek, Galton—-Watson modeli misolida ularning
o°sish dinamikasi matematik jihatdan tahlil qilindi.

Olingan nazariy natijalar tarmoglanuvchi tasodifiy jarayonlarning matematik modellashtirish usullarini
yanada takomillashtirish, ularning chegaraviy tagsimotlarini o‘rganish va turli sohalarda (biologiya,
demografiya, epidemiologiya, axborot tizimlari) qo‘llash imkoniyatlarini kengaytirish uchun ilmiy asos
yaratadi. Mazkur tadqiqot natijalari tarmoqlanuvchi jarayonlar nazariyasining rivojiga hissa qo‘shadi hamda
murakkab tasodifiy tizimlarni tavsiflashda yangi tahliliy yondashuvlarni shakllantirishga xizmat giladi.
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UOK 51

QATORLARNING YAQINLASHISHINI TAHLIL QILISHDA D’ALAMBER ALOMATI VA
UNGA O‘XSHASH ALOMATLAR

Shog ‘dorova Qunduz Samad qizi,

O zbekiston milliy pedagogika universiteti talabasi
qunduzshogdarova@gmail.com

Omonov Olim Isogovich,

O zbekiston milliy pedagogika universiteti katta o’ qituvchisi

Annotatsiya. Klassik D’alamber alomati — matematik analizda musbat hadli gatorlarning
yaqinlashishini aniglashda qo ‘llaniladigan muhim alomatlardan biridir. Ushbu maqolada D alamber
alomatidagi limit mavjud bo ‘Igan holatda uning Koshi alomati bilan ekvivalentligi isbotlanadi. Shuningdek,

shunday k € N son uchun lim ™% [imitining mavjudligi asosida gatorning yaginlashishi yoki uzoglashishi

n—oo dp
tahlil gilinadi.
Kalit so’zlar: limit, ketma-ketlik, Shtolts teoremasi, musbat ketma-ketlik, D alamber alomati, Koshi
alomati.

HNPU3HAK J’AJTAMBEPA U AHAJIOTMYHBIE IPU3HAKHU B AHAJIU3E
CXOIUMOCTH PSAJ0OB

Annomauus. Knaccuueckuii npusnax [’ Anambepa s61s1emcsi OOHUM U3 GANCHLIX NPUSHAKOG 6
MamemMamuyecKkom ananuze 0 onpedenenus cCXxoOuMoCcmu pso0os ¢ NOJLONCUMENbHbIMU YieHamu. B oanuoil
cmamve 00KA3bl8Aemcs IK8UBANIEHMHOCMb npusHaka [ 'Anambepa ¢ npusnakom Kowu 6 cnyuae

. [« -
cywecmeosanus coomeemcmeyrowezo npedeia. Kpome mozo, na ocnose cywecmsosanus npedena lim —2+%
n—coco
01 Hekomopozo k € W npoooumcs ananus cxoouUMoCmu ULy pacxooumocmu psod.

Knwouesvie cnosa: mnpeden, nociedogamenvrocms, meopema Llmonvya, nonoscumenvuas
nocnedogamenvrocmy, npuzuax /[’ Anambepa, npusnax Kowu.

THE D’ALEMBERT TEST AND ITS ANALOGUES IN THE ANALYSIS OF SERIES
CONVERGENCE

Abstrct. The classical D’Alembert test is one of the important criteria in mathematical analysis for
determining the convergence of series with positive terms. In this article, the equivalence of the D’ Alembert
test with the Cauchy test is proved in the case when the corresponding limit exists. In addition, based on the

existence of the limit lim ~™** for some k € N, the convergence or divergence of the series is analyzed.

n—coco

Keywords: limit, sequence, Stolz theorem, positive sequence, D’Alembert test, Cauchy test.

Kirish. Cheksiz qatorlar ko‘plab amaliy masalalarni yechishda muhim ahamiyat kasb etadi, ilm-fan va
muhandislikning turli sohalarida keng qo‘llaniladi. XVIII asrda fransuz matematigi J. D’ Alamber tomonidan
taklif etilgan D’Alamber alomati cheksiz qatorlarning yagqinlashishini aniqlashda asosiy usullardan biri
bo‘ldi. D’Alamber limitlar nazariyasini qat’iy matematik asosda shakllantirish zarurligini ilgari suradi [10].
Aynan shu g‘oya D’ Alamber alomatining rivojlanishiga olib keldi.

1.1-teorema (Dalamber alomati [1]). Agar

p = lim 2% (1.3)

n—ow Qn
mavjud bo‘lsa, u holda:
e agarp < 1 bo‘lsa, };_, a,, qator yaginlashuvchi;
e agarp > 1 bo‘lsa, 2., a,, gator uzoglashuvchi;
e agar p = 1 bo‘lsa, 7>, a,, qator yaqinlashuvchi yoki uzoglashuvchi bo‘ladi.
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Bugungi kunda ham D’Alamber alomati oliy ta’lim muassasalarida matematik analiz fanining asosiy
mavzularidan biri sifatida o‘qitilib kelinmoqda. Shu bilan birga, ushbu alomatning qo‘llanish doirasi
cheklangan: agar

a
lim = =1
n—o ({1,
bo‘lsa, qatorning yaqinlashishi yoki uzoqlashishi haqida aniq xulosa chiqarib bo‘lmaydi. Aynan mana shu
noaniglik yangi yaginlashish alomatlari — Koshi, Raabe, Gauss, Bertrand, va boshgalar — ishlab

chiqilishiga turtki bo‘lgan.
1.2-teorema (Koshi alomati [1]). Agar
q = lim ’{,’a—n (1.4)

mavjud bo‘lsa, unda:

e agar g < 1bo‘lsa, 3.2, a, qator yaginlashuvchi;

e agar q > 1 bo‘lsa, )i, a,, qator uzoglashuvchi;

e agar g = 1 bo‘lsa, }.io_, a,, qator yaqinlashuvchi yoki uzoglashuvchi bo‘ladi.

1834-yilda nemis matematigi J. Raabe [11] D’Alamber alomatining umumlashtirilgan shakli sifatida
tanilgan Raabe alomatini taklif etdi. Shuningdek, yana bir nemis matematigi K. Gauss gatorlar nazariyasida
hozirda Gauss alomati nomi bilan mashhur bo‘lgan yaqinlashish alomatini ishlab chiqdi.

Ali [9] tomonidan 2008-yilda ikkinchi nisbat alomat deb nomlangan yangi alomat taklif etilgan bo‘lib,
u Raabe va Gauss alomatlarining o‘rnida qo‘llanishi mumkin. Quyidagi teorema ushbu alomatning
matematik ifodasini beradi:

1.3-teorema (ikkinchi nisbat alomat). {a,,}— musbat hadlardan iborat ketma-ketlik bo‘lsin. Agar

. Aoy, Qopeq

L = max4 lim sup , lim sup——
n—oo an n—oo n
va
| = min [ lim inf22%, lim inf 228+t }
n—co an n—o an
U holda
1 . .

a) Agar L < . bo‘lsa, u holda }'°_, a,, qator yaginlashadi.

b) Agar [ = ibo‘lsa, u holda }'*_, a,, qator uzoglashadi.
c) Agar I = 3 < L bo‘lsa, u holda }7_, a,, qatorning yaginlashishi yoki uzoglashishi hagida yakuniy

xulosa chiqarib bo‘lmaydi.
Monoton kamayuvchi ketma-ketliklar uchun Koshining quyidagi natijasi mavjud:
1.4-teorema. {a,} — musbat va monoton kamayuvchi ketma-ketlik bo‘lsin. Shunda };°_, a,, qator

yaginlashishi uchun ¥%_, 2" a,n» gatorning yaginlashishi zarur va yetarli.
Keyingi holda, Ali [9] Ikkinchi nisbiy alomatda ishlatiladigan ikkita nisbatdan foydalangan holda
nisbiy taqqoslash alomatining quyidagi ko‘rinishini isbotlagan:
1.5-teorema (Ikkinchi nisbiy tagqoslash alomati). {a,} va {b,} musbat sonlardan iborat ketma-
ketliklar bo‘lsin. Faraz gilaylik, barcha yetarlicha katta n lar uchun quyidagi tengsizliklar bajariladi:

B2n = bon Qanti = bon+s

an by va an by
U holda:
(i) agar ¥.=_, b,, qatori yaginlashsa, >._ a,, qator ham yaginlashadi;
(if) agar ¥:°_, a,, qator uzoglashsa, ¥.;—, b,, gqator ham uzoqglashadi.

Ma’lumki, ko‘p hollarda, {x,} va {v,,} ketma-ketliklarining nisbatidan tuzilgan {?} ketma-Kketlikning

yaginlashuvchiligini tadgiq etishda Shtolts teoremasidan foydalaniladi.
1.5-teorema (Shtolts [2]). Faraz qilaylik, {y, }—osuvchi va limiti cheksiz ketma-ketlik bo‘lsin, va

{'T;?} ketma-ketlik yaqinlashuchi bo‘lib, uning limit qiymati a ga teng bo‘lsin. Unda {'?} ketma-ketlik
In+i1i—rFn ST

ham yaginlashadi va uning limiti ham a ga teng bo‘ladi.
Shunday qilib,
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lim =2 = lim 271 g (1.5)
n—co ¥Vp n—o ¥nt+1~Vn
Ushbu magolaning magsadi — D’Alembert alomatida limit mavjud bo‘lgan taqdirda, Koshi

alomatidagi limit ham mavjud bo‘lishini va bu ikki alomatning o‘zaro ekvivalentligini isbotlashdan iborat.
Olingan natijalar. Faraz qilaylik, {a, }—musbat ketma-ketlik berilgan bo‘lsin. Quyidagi nisbat
barcha n € N uchun aniqlangan bo‘lIsin:
Bn+a
_—

T, =

n

1.2-teorema. Agar 11111 1,, = p limiti mavjud bo‘lsa, u holda 11111 ""_ = p bo‘ladi.

Isbot. Avvalo, p = 0 ekan11g1n1 e’tiborga olamiz, chunki a,, > 0 bo‘lganda r;, > 0 bo‘ladi. Endi ikki
holatni ko‘rib chigamiz:
1-holat. p =0 bo’lsin. Har ganday & > 0 uchun r, — 0 bo‘lganligi sababli mavjud n, € N

shundayki n = n, uchun r,, < £. Shundan kelib chigib:

n—1
Ay, = ay, n T = @, ",
k=ng
Bu tengsizlikdan
n—nm
"a, < fa, & n >
n-n
kelib chigadi. Ma’lumki, lim /@, = 1va lime =» =g, shuning uchun
n—oo n—oo
Y <
Shuningdek, £ > 0 ixtiyoriy tanlanganligi sababli ii_x;;’{,’a—n = 0. Musbatlikdan ALIED Va, =0
ekanligi ayon, demak,
i, an =0=p.
2-holat. p > 0 bo’lsin. Ma’lumki, har bir a,, ni oldingi hadlar orgali quyidagicha ifodalash mumkin:
n—1
— LBz % % _ Sk+1
a, = a, R a, l_LFl t (2.1)
Endi bu tenglikning har ikki tomonidan n-ildiz olamiz:
n—la ) 1/n
Va, =Va;- (ﬂ i) . 2.2)
k=1 9
Ushbu tenglikning ikki tomonini logarifmlab yozamiz:
n—1
In Va, = na, 4 iZ In £ (2.3)
n T e =1 ag
Endi ushbu ifodani tahlil qilib, Stolts teoremasini qo‘llash uchun zarur shaklga keltiramiz:
gty
T =—"
kT
Shunday qilib,
In Yfa, = mna* + iEE;} In 7. (2.4)

Agar ;1.:im 1, = p mavjud bo‘lsa, unda ;l:im In 1, = In p. Endi quyidagi yig‘indini qaraymiz:

n—-1
S, = Z In 7.
k=1

U holda

n-1
1 Sn
—Z In r, =—
n n
k=1

Stolts teoremasiga ko‘ra, agar Iltim In 1, = In p bo‘lsa, u holda
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Sn
lim —=1In p.

n—w 1

Demak,
lim iZE;ihl 1, =In p. (2.5)

n— oo

Shunday qilib, (2.2) va (2.5) formulalardan quyidagi tenglikni hosil gilamiz:

n—1
Ina 1
lim In ’{,’?n = lim ( R rk) =In p.

n—oo n—co n n
k=1

Bundan

lim /a, =e"? =p.

n—oco

Teorema isbotlandi.
2.1-misol. lim 3/n! limitni hisoblang.

n— oo

Yechish. a,, = n! teng bo’lib, 1;,, = % =n + 1 ga teng. Demak, lim r,, = oo, 2.1-teoremaga ko’ra

T n—oo

lim Yn'! = oo.

n—co
2.2-misol. Hisoblang
~on(1t. 22"
L= 1111_120 W
. 1t.22%..0M -
Yechish. a,, = G teng. Shunday qilib,
HE:ikk (szlkk}(?l-i- 1)+t
W= eyl (e D)
Nisbati
Gy (D)
e, T (D)
Lekin (n + 1)! = (n + 1)n!, shuning uchun
(m+ DN = (n+ 1) (n)"+L
Bularni o‘rniga qo‘yib, oddiylashsak:
‘ (n+ 1) mH" 1
= (n+1)"*1(n)n+t Tar
Demak,
oo e 1
a, n!
bunga ko‘ra 111111; 1,, = 0 va 2.1-teoremadan yoki yuqoridagi tahlildan 1111111>D ’{,"a_n =0.
2.3-misol. lim n\l? limitni hisoblang.
n—ow y n!

Yechish. r,, topamiz
(n+ 1)*!
Apsy (m+ 1)! (n+ 1)"*n!
r o= _ _

"oa, n? (n+1)!n® "’
n!

Endi (n + 1)! = (n + 1) n! bo‘lgani uchun:
m+ 1™ (n+ 1)
T = =
" (m+1)n® n®
Ma’lum limitga ko‘ra:
1
lim (1 +-—)" =e.

n— oo i

Shuning uchun:
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lim r, =e.
n— oo
2.1-teoremaga ko‘ra, agar lim 1,, = e, u holda:
n—oo
J‘ll|'_
lim Y/a, =e.

n— oo

2.1-natija. Agar ushbu lim “2** limit mavjud bo‘lsa, u holda Dalamber va Koshi alomatlari

ekvivalent bo‘ladi.

Demak, (1.3) limit mavjud bo‘lganda Dalamber va Koshi alomatlari ekvivalent bo‘lib, ular gatorning
yaginlashishi yoki uzoglashishi hagida bir xil xulosaga olib keladi.

2.4-misol. Quyidagi gator p = g bo’lishini tekshiring:

n!

n"’
n=1

Yechish. (1.5) dan ma’lumki har bir a,, oldingi hadlar orgali quyidagicha ifodalash mumkin:

n=1 (g41)
! ( k+1
a, = ﬂ_n _ .’\+J.) _ | | (26)
n _ .r\ﬁ k= 1(k+1

Har ikki tomonidan n-ildiz olib:

1/n

n njn! n-l Kk 27
RN (B0 @7

Ushbu tenglikning ikki tomonini logarifmlab yozamiz:

11\f In f Zk ) In (;:+1]’\ (2.8)

Endi ushbu ifodani tahlil qilib, Stolts teoremasini qo‘llash uchun zarur shaklga keltiramiz:
kk
= G DF
Shunday qilib,
In 3/a, = —ZE 1n 7. (2.9)

k
Ma’lumki, lim 17, = lim k— =2 bo’ladi. Shunda lim In 1, = —1. Endi quyidagi yig‘indini

e co koo (k+1)8 & n—sco

garaymiz:
n—1

S, = Z In ry,.

k=1
U holda

n-1
1 Sn
—Z In r, =—
n n
k=1

Stolts teoremasiga ko‘ra, agar lim In 1, = —1 bo‘lsa, u holda

n—oo
s
lim — = —1.
n—wo 1
Demak,
lim —EE tin 1, =—1. (2.10)
n—sco N

Shunday qilib, (2.8) va (2 10) formulalardan quyidagi tenglikni hosil gilamiz:

1
lim In /a, = lim —Z Inr =—-1

n—sco n—co 7l

Bundan

1
lim \/a, =e™ ! =—

n—+oo e
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Demak,
= ! <1
t?—e .

Dalamber mezoniga ko‘ra esa:

@y . (m+1DY/(m+ 1™ n" 1
p=1lim — = lim =lim ———=—-
n—em @, n—oo n!/n" n—e(n+1)" e
Demak, p =q = 2,
a
2.1-izoh. Agar (1.3) limit mavjud bo‘lmasa, bu holatda (1.4) limitning ham mavjud emasligini
anglatmaydi.

@ _(_qyn
2.5-misol. Z 221 qatorni qaraylik, D’ Alamber alomati:
n=1

n

7 — [:_l)n+1
an+1= n+1 _ n Iz_(_l)m-l
a, 2-C=ED" n+1 2—-(-1)n
n
Agar n juft bo‘lsa:

n  2-(-1)"*
lim : (1) =3
n—eoh+1 2—(-1)"
Agar n toq bo‘lsa:

. n  2—(-1)"* 1
lim : =
n—eoh+1 2—(-1)" 3

Demak,
lim <% |imit mavjud emas.
n—oo O
Koshi alomati:
1/n 1/n
2- (=17 (2— (MY
; fa =i — 1 -
1111—120 Van = 1111335 ( n ) B 111123,0 nt/n =t
2.3-teorema. Agar k& € N shunday son topilib, ushbu
d = lim 2 (2.11)

limit mavjud bo‘lsa, u holda
() agar d < 1 bo‘lsa, (1.2) qator yaqginlashuvchi bo‘ladi;

(b) agar d = 1 bo‘lsa, (1.2) qator uzoglashuvchi bo‘ladi.
Isbot. (a) Faraz qilaylik, (2.11) limit mavjud bo‘lin. d < 1 bo‘lganligi sababli, shunday kichik £ > 0

sonni tanlash mumkinki,
dy=d+¢e< 1. (2.12)

Limit ta’rifiga ko‘ra, shunday n, € N son topiladiki, barcha n > n, lar uchun quyidagi tengsizlik
bajariladi:

—“‘ < d,. (2.13)
Demak,
A < dp@,, n > ng. (2.14)

Endi (2.14) tengsizlikni ketma-ket qo‘llaymiz:
ano+k < dﬂano! an0+2k < dﬂano+k < dﬂzanor"'r
va umuman olganda, barcha m € M uchun
Ay emie < Ao Q. (2.15)
Endi ixtiyoriy n > n, ni garaymiz. U holda n = n, + mk +r ko‘rinishda yozish mumkin, bu yerda
0<r<k.
(2.15) dan quyidagi baho hosil bo‘ladi:
Ay < Qg < o Ay - (2.16)
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Endi berilgan (1.2) gatorni quyidagi geometrik gator bilan solishtiramiz:
D do"an, = ay, T yde" = e (217)

1-dgy
U0 < d, < 1 bo‘lgani uchun yaqinlashuvchi bo‘ladi.
(2.16) dan ko‘rinadiki, a,, hadlari ushbu geometrik gator hadlari bilan chegaralangan, shuning uchun
(1.2) qator yaqinlashuvchi bo‘ladi.
(b) Faraz qilaylik,
d=lim 2 > 1, (2.18)

n—oo dn
Demak, limit ta’rifiga ko‘ra, shunday musbat son £ > 0 va natural son n, topiladiki, barchan = n, lar
uchun
k> 1+ e

Bu tengsizlikdan:
e > (14 8)a,. (2.19)
Endi (2.19) ni ketma-ket m marta qo‘llaymiz:
ano+k = (1 + S)anor

Ayizr = (L+&)ay, > (1 + S)Q‘IN:

Apemie > (L+ )", . (2.20)
Endi a,,, > 0 bo‘lgani uchun (2.20) dan quyidagini olamiz:

: : m o_
lim a = TLII_I.IW Ay, (1+ &)™ = +oo.

—oo
Shuning uchun
lim a, # 0.

n—oo

Demak, p > 1 bo‘lsa, a,, hadlari nolga intilmaydi. Shuning uchun (1.2) gator uzoqlashuvchi bo‘ladi.
2.2-izoh. Agar d = 1 bo‘lsa, (1.2) qatorning yaqinlashishini aniglash uchun boshqa usul qo‘llanadi.
2.3-izoh. Agar k = 1 bo‘lsa, Dalamberning klassik alomatiga aylanadi.

Xulosa. Maqolada D’Alamber va Koshi alomatlari o‘rtasidagi bog‘liglik isbotlandi. Agar

Sty mavjud bo‘lsa, bu ikki alomat ekvivalentligi ko‘rsatildi. Shuningdek, limn_,mm= d
an 2n

bo‘lganda, d < 1 uchun gator yaginlashishi, d > 1 uchun esa uzoglashishi isbotlandi. Bu natijalar
D’ Alamber alomatining qo‘llanish doirasini kengaytiradi va qatorlarning yaqinlashishini tahlil qilishda yangi
imkoniyatlar yaratadi.

g +m

lim

n—oo
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UO‘K 517.98

IKKI O'LCHAMLI SIMPLEKSDA ANIQLANGAN V — TARTIBLI BISTOXASTIK
OPERATORLAR OILASI DINAMIKASI

Utayev Azizbek Toyir o°g'li,

Qarshi davlat universiteti

Matematik analiz va differensial tenglamalar kafedrasi o gituvchisi
azizbekutayev42@gmail.com

Annotatsiya. Ushbu ish ikki o’lchamli simpleksda aniqlangan nochizigli bistoxastik operatorlar
dinamikasini  o’rganishga bag’ishlangan. \Kki o’lchamli simpleksda 'V — tartibli bistoxastik
operatorlarning aniq bir oilasi qurilgan. Ushbu operatorlarning invariant to’plamlar va qo’zg’almas
nuqtalar xossalari o’rganilgan. Ko'rib chigilayotgan operatorlar oilasi uchun gqo’zg’almas nuqtalar
to 'plami va traektoriyalarning xatti-harakati tavsiflovchi teorema shakllantirilgan va isbotlangan.

Kalit so’zlar: qo'zg'almas nuqta, stoxastik operator, bistoxastik operator, simpleks, majorizatsiya.

DYNAMICS OF THE FAMILY OF V — TH ORDER BISTOCHASTIC OPERATORS
DEFINED ON A TWO-DIMENSIONAL SIMPLEX

Abstract. This work is devoted to the study of the dynamics of nonlinear bistochastic operators defined
on a two-dimensional simplex. A specific family of bistochastic operators of order V on the two-
dimensional simplex is constructed. The properties of the invariant sets and fixed points of these operators
are investigated. A theorem describing the set of fixed points and the behavior of trajectories for the
considered family of operators is formulated and proven.

Keywords: Fixed point, stochastic operator, bistochastic operator, simplex, majorization.

JIMHAMHMKA CEMEACTBA BUCCTOXACTHYECKHX OMEPATOPOB V o [TOPSIIKA
ONPEJIEJTEHHBIX HA JIBYMEPHOM CUMILJIEKCE

Annomauyus.  /lannoe — ucciedosamue — NOCGAWEHO — USYYEHUIO  OUHAMUKU — HENUHEUHbIX
bucmoxacmu4ecKux onepamopos, OnpeoeieHHvIX Ha 08yMepHoM cumniexce. Ha o0eymepnom cumniexce

NOCMPOEHO  KOHKpemHoe CeMeticmeo Oucmoxacmudeckux onepamopos nopaoka V — Hccredoeanwi

ceolicmea UHEAPUAHMHbIX MHOJCECME U HENnoOBUINCHLIX MOYEK DMUX onepamopoe. ﬂﬂﬂ pacemampueaemozo
cemeticmea onepamopoe cqbopMyﬂupoeaHa U  OOKA3aHA meopema, onucelearwas MHOMNCECMBO0
HENOOBUNCHBIX MOYEK U NOBeOeHUe mpaeKmopuL?.

Knrueevie cnosa: Henoosudicnuas moyka, CIMOXACcMu4ecKuil onepamop, bucmoxacmuueckuil
onepamop, CUMNJIEKC, MaAXCOPU3AYUAL.

Kirish. Tabiatshunoslik, aholi genetikasi, tur populyatsiyasi va boshqga ko'plab sohalarda jarayonning
vaqt o'tishi bilan o'zgarishini modellashtirish muhim ahamiyatga ega. Bunday jarayonlarni o'rganishda
diskret vaqtli dinamik sistemalarlar nazariyasi asosiy vositadir. Shu o'rinda, stoxastik operatorlar orgali
ifodalangan diskret dinamik sistemalar alohida o'rin tutadi, chunki ular ehtimollik tagsimotlarining
evolyutsiyasini tavsiflash imkonini beradi.

Stoxastik operatorlar orasida, barcha kordinatalari bo'yicha simmetrik xususiyatga ega bo'lgan
bistoxastik operatorlar alohida o'rganiladi. Ushbu operatorlar majorizatsiya tushunchasi bilan chambarchas
bog'lig bo'lib, ma'lum bir tartibni saglab golish xususiyatiga ega. Shuning uchun ularni o'rganish nafagat
matematik, balki go'llash jihatidan ham muhimdir.

Ikki o'lchamli simpleks - bu uch komponentli ehtimollik tagsimotlarining to'plami bo'lib, eng soddagi
chizigli bo'Imagan dinamikani o'rganish uchun qulay model hisoblanadi. Ushbu maqolada ikki o'lchamli
simpleksda aniglangan, ma'lum bir tartibdagi chizigli bo'Imagan bistoxastik operatorlarning bir oilasi
garaladi.

Ishning asosiy magsadi shu operatorlar oilasi uchun invariant to'plamlarni, operatorning qo zg almas
nugtalar to'plamini topish va boshlang'ich shartga bog'liq ravishda traektoriyalarning xatti-harakatini (ya'ni

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 26



mailto:azizbekutayev42@gmail.com

MATHEMATICS

limit xossasini) aniglashtirishdan iborat. Isbotlangan teorema orqali, ko'rib chigilayotgan operatorlar
dinamikasining barcha asosiy xususiyatlari to'liq tavsiflanadi.

Asosiy ta’rif va tushunchalar. Bizga N_ ={12,3,..,q}c N (bu yerda qeN) to’plam va

berilgan bo’lsin.

S™ ={X=(X, Xy X)) €R™, DX, =1, X; 20, jeN_ }
j=1
to’plamga R™ dagi M —1 o’Ichamli simleks deyiladi. S:”l orqali gmt simpleksning ichki nugtalari
to plamini belgilaymiz, ya'ni
S ={X= (X, Xy X)) €R™, DX, =1, X, >0, jeN_ }.
j=1
S™* simpleksning chegarasini &S™* orgali belgilaymiz. €, = (,e{,...,e), (ke N_)
orgali st simpleksni uchini belgilaymiz, ya'ni
el =1 va egk) =0 barcha j =k, ke N_ uchun.
Elementlari hagigiy sonlardan tashkil topgan MxM kvadrat matritsani A=(aij) orgali belgilaymiz.

m
Agar A-MxM kvadrat matritsa elementlari uchun a; >0, Vi, je N va Zaij =1, jeN_, tengliklar
i=1

o'rinli bo'Isa, u holda A\ stoxastik matritsa deyiladi. S, orgali n€ N ta elementning o'rin almashtirishlari
guruppasini belgilaymiz.

Tarif 1.1. Ixtiyoriy V € N uchun, quyidagi operator

SiX= (X, Xp0es Xy) €0 ™ = 0(X) = (01(X), @, (X), 0, 0, (X)) €0 (1.2)

v -tartibli stoxastik operator deyiladi, agar S>0 va

m

P ()= D P XX X, xel" keN_ (1.1.1)
iy i o, =1

bu yerda

Piliz...i‘,,k =0, ij =1m, J =1v, Kk =1m (112)

F>i1i2"'ivvk - Rn(l)iﬂ(z)---im)!k’ k=1m (1.1.3)

ixtiyoriy 7z € S, o'rin almashtirish uchun, va
ipiliz...iv,k =1 ij =1,_m, J :]-’_V- (1.1.4)
\l;iqoridagi (1.1.2) - (1.1.4) shartlardan
igok(x) =(X + X +..+X,)", xel"
k=1

bo’lishi kelib chigadi. Ko'rinib turibdiki, S operator gmt simpleksni 0°zini o0°ziga akslantiruvchi
operartordir. v=1 bo’lganda S operator chizigli stoxastik operator deyiladi, y=2 bo’lganda S operator
kvadratik stoxastik operator deyiladi, V =3 bo’lganda S operator kubik stoxastik operator deyiladi va

hokazo. S} orgali v - tartibli stoxastik operatorni belgilaymiz.
Elementlari hagigiy sonlardan tashkil topgan mxm kvadrat matritsani A= (a;) orqali belgilaymiz.

m
Agar A -mxm kvadrat matritsa elementlari uchun aij >0 . Vi, j=1m Zaij :1,
i=1
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m
Vi, j=1m Zaii :1, Vi, j=1,m tengliklar o'rinli bo'lsa, u holda A matritsa bistoxastik
j=1

matritsa deyiladi. Ba'zan bistoxastik matritsa, [/ mdagi bistoxastik operator deb ham ataladi. Ko rishimiz
mumkinki chizigli bistoxastik operator uchun A(S™™") = S™* munosabat o'rinli bo’ladi.

Endi umumiy holda bistoxastik operator ta'rifini kiritaylik. Ixtiyoriy X = (X1 1 X yeney Xm) eR"™
uchun  quyidagi X‘LZ (X[l]’X[Z]"“’X[m]) ga X ning gayta tartiblanishi deyiladi, bu yerda

X 2X12...2X
2]

[2] [m] -

=)
Ta’rif 1.2. Faraz qgilaylik, X, Y € s” bo'lsin. Agar  barcha K =1,m—-1 uchun
k k

ZX[i]SZy[i] tengsizlik o'rinli bo'lsa, u holda X element yga majorizatsiyalashgan
i=1 i=1

(kattalashgan) deyiladi va X< y korinishida belgilanadi.

Ta’rif 1.3. Agar V -tartibli stoxastik operator uchun SMx < x,¥x € S™™. munosabat o'rinli
bo'lsa, V -tartibli bistoxastik operator deyiladi.

v -tartibli bistoxastik B operatorni B[V] korinishida belgilaymiz.

S? Simpleksda bistoxastik operatorlar oilasi.

Lemma 1. Ixtiyoriy X=(X,X,,....,X,)€S™" va ixtiyoriy a; €(0;1), j=Lm uchun
min{a,, a,, .} < X + A%, + X, < Max{a,, a,, .} tengsizlik o'rinli bo'ladi.

Lemma 2. Agar |aj<1 bo'lsa, u holda ixtiyoriy h(x)=ax+bva ixtiyoriy X, €R uchun

lim h® (x,) = % tenglik o'rinli boladi.

Quyidagi B, :S? —S* chizigli bistoxastik operatorlar oilasini garaylik
X =X,
a ]
B{E{[L 13X, =aX, +(1-a)X,,
X, = (L—a)X, + aX,
buyerda « <(0,1).
1 1
Bizga  ikkita B(E[l[]ll , BLE]” chizigli bistoxastik operatorlar oilasi berilgan bo'lsin. Bu operatorlar
2 1 1
yordamida quyidagi B([x[g] = X18([21[]1] +(X, + X3)BL[Z£]1] kvadratik stoxastik operatorni hosil gilamiz, ya'ni
X, =X (X + X, +X3),
21 .)y _ 2 [2]
B o 11X =X, + (1—-a'™)X,,

X, = (1—a?)x, + o',
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2]
Bu yerda a[Z](X1)=X1a1[1]+(1—X1)0!£1] ga teng. @ (Xl) parameter X € S® ning birinchi

kordinatasiga bog'liq funksiya bo’lib, B(Eﬂ] operator dinamikasini o’rganayotganimizda o zgarmas son

2
vazifasini bajaradi, chunki BL[E] operatorning X € S? ga ta’siri x ning dastlabki kordinatasini qo zg almas

[2]
goldiradi. Lemma 1 ga ko'ra ‘06 ‘ <1

shu metodni davom ettirish V tartibli bistoxastik

Huddi natijasida,

BLTE] = Xle[llY__ﬂ + (X, +X%5) BLZ_:H operatorni hosil gilamiz, ya'ni
X =X (X %, + %),
B,E:ﬂ] : Xlz = a[V](X1)X2 + (1_05[V](X1))X , (3.1)
Xy = (L= (x))%, + a7 ()%,

v v = (vl
Bu yerda al ](X1) = Xial[ 1](X1)+(X2 +X3)05£ 1](X1) ga teng. @ (Xl) funksiya X € S?

ning fagat dastlabki Kkordinatasiga bog'liq bo’lganligi  uchun, BQTV] operator  dinamikasini

0°rganayotganimizda o’zgarmas son vazifasini bajaradi, chunki B‘Eﬂ] operatorning X € s? gata'siri X ning
. . C e C . v] < 1
dastlabki kordinatasini qo"zg almas qoldiradi. Lemma 1 ga ko'ra |« (Xl) .

Teorema 1. Ixtiyoriy 7e[0;]] va vell uchun, S, ={Xx=(X,X,,%)eS? X =7} to'plam,

B!, operatorning invariant to"plamdir.

2. B operatoring S? simpleksdagi qo'zg'almas nugtalari to’plami, uchlari®  va
u® = (O%%j nuqtalarda bo'lgan kesmadan iborat.
3. Ixtiyoriy x© = (x1(°’,x§°), x”)es?\ Fix(BE:[],]) uchun
(0) (0)

lim B3O (x©) = @ml—xl 1-x
ne @] I

tenglik o'rinli bo’ladi.

Isbot: 1) 3.1 — operatordan ko'rishimiz mumkinki, X, = X, (X,+ X,+X;) = X, tenglik o'rinli. Bundan

kelib chigadiki S, to’plam, 3.1 operator uchun invariant to"plamdir.
2) 3.1 operatorning qo zg almas nugtasi
-1
X, =X (X + X +X)",
X, = a[V](Xi)Xz +(1- a[V](X1))X3’ (3.2)
X; = (L= (x))x, + a1 ()%
sistemaning yechimi demakdir. X +X, + X, =1 va a!"!(x)) €(0,1) ekanligini hisobga olsak, 3.2

sistemaning yechimi X, = X; tenglikni ganoatlantiruvchi S simpleksning nugtalaridan iborat ekanligi
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kelib chigadi. Demak, BLV[J] operatorning Sm_l simpleksdagi go'zg almas nugtalari to plami, uchlari e1

va u® = (O%%) nugtalarda bo'lgan ko pyoqdan iborat.

3) Korrinib turibdiki, Ixtiyoriy x© =(x{?,x{?,x{”)e s\ Fix(B[aV[]V]) uchun, X, = %, tenglik

o rinli. Operatorning keyingi kordinatasi uchun
Xy = a1 (x)%, + (L= a1 (%)%, = (20" (%) =1)x, + 1-a"(x))A-x)

tenglik o'rinli  bo'ladi.  h(x,) = (a1 (x) -Dx, + Q- (x))(1-x) deb belgilaylik.
a"l(x)e(0) = ‘Za[v](xl) —1‘ <1 tengsizlik va lemma 2 gako'ra
1-x©

>

Demak , ixtiyoriy x© = (x1<°>,xg°>, x§°)) €S2\ Fix(B[aV[]V]) uchun

) T 1— 0) 1— 0)
lim BL[%()(X(O)F(XF), X ’ X

limx” =limh® (%)=

n—o0

N—o0 2 2

tenglik o'rinli bo’ladi. +
Xulosa. Ushbu ishda ikki o'lchamli simpleksda aniglangan, ma'lum bir tartibdagi chizigli bo'Imagan
bistoxastik operatorlarning aniq bir oilasi qurildi va ularning dinamik xossalari o'rganildi.

Quyidagi asosiy natijalar isbotlandi: Operator uchun X, =7, 7 e[O,l] shartni ganoatlantiruvchi

to'g'ri chizig invariant to'plam ekanligi ko'rsatildi. Bu shuni anglatadiki, agar tizim boshlang'ich holatda
ushbu to'g'ri chiziqda joylashsa, u butunlay shu to'plamda qoladi. Operatorning qo'zg'almas nugtalari
to'plami kontinum quvvatli to plam ekanligi isbotlandi.

Har ganday boshlang'ich nugta uchun operatorning qo'llanishi natijasida hosil bo'lgan ketma-ketlik
simpleksning ichiga, anigrog'i, dastlabki koordinataga bog'liq ravishda qo’zg almas nugtalarga yaginlashishi
ko'rsatildi. Bu esa, dinamikaning uzoq muddatli xatti-harakati to'g'risida aniq tasavvur beradi. Olingan
natijalar ko'rib chigilayotgan bistoxastik operatorlar oilasi dinamikasini to'lig tavsiflash imkonini beradi va
chizigli bo'lImagan stoxastik operatorlar nazariyasiga muhim hissa hisoblanadi.
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HUHTEI'PUPOBAHUE YPABHEHUA MKA® C CAMOCOI'JIACOBAHHBIM
HUCTOYHUKOM B KJIACCE ®YHKIIMI KOHEYHOM IINIOTHOCTH, B CIYYAE ITPOCTBIX
COBCTBEHHBIX 3HAYEHUI
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Annomauus. B oannoti pabome uzyuaemcs 3aoaua Kowwu ons mooupuyuposannozo ypaeHeuus
Kopmeseza-oe @puza ¢ camocoenacogannviM UCMOYHUKOM 6 KAacce (DYHKYUll KOHEeUHOU NIOMHOCMU, 6
cyuae NpOCMbIX COOCMBEHHBIX 3HAYEeHUll coomeemcmeyrouel cnekmpaivhoi 3adauu. Hccneoyemcst
960M10YUSL OAHHBIX paccesnus ONsl C6A3AHHO20 HeCaMOCONPANCeHH020 onepamopa /lupaxa, 03nuKaouezo
npu unmezpuposanuu 0anHo2o ypasuenus. Ocoboe HuManue yOeieHo KOppeKmHoCmu nOCMAanosKy 3a0adu
Kowwu. Bvisoosmes 3600yuu OaHHbIX PACCESHUS HECAMOCONPAICEHH020 onepamopa J{upaka ¢ npocmulmu
COOCMEEHHBIMU 3HAUEHUSIMU, NOMEHYUAT KOMOPO20 A6NIslemcs peuteHuem ypaenenus Kopmeseea-oe @pusa ¢
CAMOCONACOBAHHBIM UCTMOYHUKOM, 8 CIyyde KOHeyHou niaomuocmu. I[lomyuennvie pesyromamvr mozym
ObIMb UCNOTBLIOBANBL 8 CHEKMPATLHOU MeOpuU TUHEUHbIX ONepamopos, 8 MamemMamudeckol gusuxe npu
UHMEZPUPOBAHUL HETUHEUHbIX YPAGHEHUL U NPU PeUleHUU HEKOOPBIX 3a0ad (DU3UKU HIA3MbL.

Knroueswle cnoea: memoo obpamuoil 3a0auu paccesiHus, Mmoouguyuposannoe ypasnenue Kopmeseea-
de Dpusa (MKoD), onepamop qupaxa, pewenue Hocma, cobcmsennoe 3nauenue, cobemeennasn QyHkyus,
OaHnmble paccesinusl, KIacce QYHKYULl UMerwux KOHeuHyl0 RIOMHOCHb.

MKDF TENGLAMANI ODDIY XUSUSIY QIYMATLAR HOLIDAGI CHEKSIZLIK
FUNKSIYALARI SINFIDA O'Z-O'Z1 BO'LGAN MANBA BILAN INTEGRATRIYA

Annotatsiya. Ushbu ishda moslangan manbali modifitsirlangan Korteveg—de Friz (mKdF)
tenglamasini chekli zichlikli funksiyalar sinfida sochilish nazariyasining teskari masala usulida karrasiz xos
giymatlar holida o’rganiladi. Tenglamani integrallash jarayonida paydo bo ‘ladigan o‘z-o0Zziga qo ‘shma
bo ‘lmagan Dirak operatori uchun sochilish nazariyasi berilganlarining evolyutsiyasi tadqgiq etiladi. Koshi
masalasining korrektligiga alohida e’tibor berilgan. Potensiali moslangan manbali modifitsirlangan
Korteveg—de Friz (mKdF) tenglamasining chekli zichlikli funksiyalar sinfida yechimi bo’lgan o’z-0ziga
go’shma bo’lmagan Dirak operatori uchun karrasiz xos giymatlar holida sochilish nazariyasining
berilganlari evolyutsiyasi keltirib chigarilgan. Olingan natijalarni chizigli operatorlarning  spektral
nazariyasida, plazma fizikasining ba’zi masalalarini yechishda kelib qoladigan matematik fizikaning
nochizigli tenglamalarini integrallashda qo 'llash mumkin.

Kalit so“zlar: sochilish nazariyasining teskari masalasi, modifitsirlangan Korteveg—de Friz tenglamasi
(mKdF), Dirak operatori, Yost yechimi, xos giymat, xos funksiyasi, sochilish nazariyasining berilganlari,
chekli zichlikli funksiyalar sinfi.

INTEGRATION OF THE MKDF EQUATION WITH A SELF-CONSISTENT SOURCE IN
THE CLASS OF FINITE DENSITY FUNCTIONS IN THE CASE OF SIMPLE EIGENVALUES

Abstract. This work investigates the Cauchy problem for the modified Korteweg—de Vries equation
with a self-consistent source in the class of functions of finite density, in the case of simple eigenvalues of the
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corresponding spectral problem. The evolution of the scattering data is studied for the associated non-
selfadjoint Dirac operator that arises in the integration of this equation. The study devotes significant
attention to ensuring that the Cauchy problem is correctly posed. The evolution formulas for the scattering
data of the non-selfadjoint Dirac operator with simple eigenvalues are derived, where the potential is a
solution of the modified Korteweg—de Vries equation with a self-consistent source in the finite-density case.
The obtained results may be applied in the spectral theory of linear operators, in mathematical physics for
the integration of nonlinear equations, and in solving certain problems of plasma physics.

Keywords: inverse scattering problem method, modified Korteweg-de Vries equation (mKdV), Dirac
operator, Jost solution, eigenvalue, eigenfunction, scattering data, class of functions having finite density.

Beenenue. Moauguunposannoe ypasHenue Kopresera-ne ®puza (MKnd)
u +6u’u +u, =0

BCTpeUaeTcsl TP PEIIeHHH HEKOTOPBIX 3a1ad (u3MKH 1ia3Mbel. B pabote [1] aTo ypaBHeHHE OBLIO
MIPOMHTETPUPOBAHO METOIOM OOpaTHOM 3aa4uu paccesHus ais cucteMsbl Jnpaka. Meton oOpaTHON 3amaqn
paccesiHusI BEIeT CBOe Hadayo ¢ paboThl [2], B KOTOPOI OH MPEICTAaBJICH Kak METOJ| peuieHus 3a1auu Komm
s ypaBaenus Kopresera-ne @pusa.

[Ipumenenne meroma oOpatHO 3amaun s ypasHeHnss MKnd omupaercss Ha 3amady paccesHUs s
onepartopa /upaka Buna

d —u(x,t)
L) =i
d
—u(x,t) ~ix

Ha Bced ocu. OOpaTHas 3amava paccesHUs s omeparopa Jlupaka wusydanack B paboTax
M.I' TaceimoBa, b.M.Jlesurana [3], B.E.3axapoBa, A.B.Illabara [4], N.C.®ponosa [5], JLII.HwkHuKa,
A.B.Xacanoga [6], JI.A. Taxtamksna, JI.J[.@anneesa [7] u mp.

[IpumeHneHuss Meroma oOpaTHOWM 3aqadd paccesHus Jiss orneparopa Jlupaka K HHTETPUPOBAHHIO
HEJMHEWHBIX JBOJIOIMOHHBIX ypaBHEHWH wu3ydanach B paborax M.AOGnosuma, /J[.Kayma, A.Hwrosmia u
X.Curypa [8], B.E.3axaposa, JI.A.Taxtamxksna, JI.J[.@anneesa [9], B.K.Mensnukosa [10], A.b.Xacanosa,
V.A. Xoutmerosa [11], T.Y.Vpazboea, A.b.Xacanoma [12], T.Y.Vpazboea, K.A.Mamemosa [13],
A.B.Xacanosa, K.A.Mawmenosa [14] u ap. Umenno B pabore [10] GBI BBEJICH TEPMHH «CaMOCOTIIACOBAHHBIN
ucTouHUK». (CaMOoCOrIacOBaHHOCTh WCTOYHHMKA TIOHMMAeTCs B TOM CMEBICIE, YTO TIpaBas dacTh
paccMaTpuUBacMOr0  JBOJIIOLIIMOHHOTO ypaBHEHHUsl SIBJSIETCS KOMOWHAIMed COOCTBEHHBIX —(DYHKIMH
COOTBETCTBYIOIIEH CHEKTPaJbHOW 3aJadyd, IOTEHLHAl KOTOPOH €CTh pEelIeHHEe paccMaTpUBaeMOro
SBOIIIOIIMOHHOTO YPaBHEHHSI.

Otmerum, Ttakxke, 49to B pabore XK.Jleoma m A.Jlatudu [15] npuBemseHa KOHKpeTHas
¢dbuzmdeckas 3amava, KOTOpasi CBOJUTCS K penieHuto ypaBHeHuss Knd ¢ ucTounukom.

B cBs3M ¢ mpuMeHeHHWEM K KOHKPETHBIM (H3WYECKHM 3ajlauaM BO3HHKIA HEOOXOIUMOCTHh
PacCMOTPEHHMH HENMHEHHBIX BOJIOINMOHHBIX YpPaBHEHUH HE TOJBKO B Kilacce «OBICTPOYOBIBAIOIINX)
¢yHKIMH, HO B Kjaccax (QYHKIUU CIEIUATBHOTO BUA2, & UMEHHO MEPUOJUYECKUX, CTYNEHYATHIX,
MMEIONNX KOHEUHYIO IJIOTHOCTH U JIp.

Crnenyer oTMeTuTh, uTo B pabote A.b.fxmmmyparosa, M.M.XacanoBa [16] Obul0 MHTETpUPOBaHO
ypaBHenne MKa® c camocoriacoBaHHBIM HCTOYHHKOM B Kiacce MEPHOAWYECKUX (PYHKIMiA, a B ciydae

KOHEYHOIl mIoTHOCTH, T.e. B cimydae U(X,t)—>c¢ npu |X|—)oo, ceR wusyuanacs B paborax

H.H.PomanoBoii [17], K.A.Mawmezosa [18] u np.
PaccMoTpuM cucTemMy ypaBHeHUit

2N
u, +6u’u, +u,, = Z(cbkzl -,
=) (1)
Lo, =&@,  k=12,..,2N,

IIpy HA4YaJIbHOM YCJIOBUU

u(x,0)=u,(x), xeR, 2
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rae Uy(X) > ¢ npu x > o, CeR. 3xecs Havanpnas dyHkuus Uy(X) obramaer cremyrommuMu

CBOMCTBaMU:
1) j(1+|x|)|u0(x)—c|dx<oo; 3)

2) Oneparop L(0) nmeer poero 2N mpoctsix cobersennsix 3uavenuii & (0), &,(0), ..., &,y (0) .
B paccmarpuaemoii 3amaue @, = (D,,,D,,)" — cobcrennas Bextop-(yHKums omepatopa L(t)

COOTBCTCTBYHOIIAsA CO6CTBCHHOMy 3HAa4YCHHUIO ék TakK, 4TO
[ ®u®dx=A4.(), k=12,..,2N. (4)

3necy A (t) 3ananHble, HenpepbIBHBIE, HEHYJIEBbIC (YHKIMHI, KOTOPBIC YI0BICTBOPSIOT YCIOBHAM

A () =A@ mpu & =&, Q)

[pennonaraem, uro ¢yskuus U(X,t) obnagaer m0CTATOUHOM TNIAAKOCTBIO M JOCTATOYHO OBICTPO
o u(x,t)

o ]dx <o, (6)

OcHOBHas ~ Henb  JaHHOH  pabGoThl  —  TOMY4UTh  TIPEACTABIEHME  JUIS  PEIleHHUs
u(x,t), @, (x,1), D, (x,t), k=12,..., N,3anaun (1)~(5) B kmacce ¢ynkumii (6), B pamkax MeToza

CTPEMHMTCS K CBOMM IpeeiaM Ipu X —> oo, T.e.

T((1+|x|)|u(x,t)—c|+i

k=1

—00

obpatHoii 3aaun paccesmus s oneparopa L(t).

3agada paccessHusl. PaccMoTpuM cuctemMy ypaBHEHUI

{ Vix +1§ yy =u(x)y,, 0
Yox =1 ¥, =—u(x)yy,
Ha Beel ocu (—00 < X < 00), ¢ moternmanoM U(X) , yI0BIETBOPAIONIUM yCIOBHIO
j(1+|x|)|u(x)—c|dx<w, ceR. (8)

BugHo, uTo ¢ moMollbIo oniepaTopa

d

ax —u(x)
L=i| & .

) =4

u Bektop-Gpynkiuu Y = (1, ¥, )T cuctemy (7) MOXKHO TIepenHcaTh B BHIE

Ly=¢y. ©)
IIpu ycnoBum (8) cucrema ypaBHenuid (9) obmamaer pemenusimu Hocra co criemyromuMu
ACHMITTOTHKAMU

1

d(XE) ~|i(c—p) |[€™, mpu X ——o,
c

_ _ig-p))

P(x,8) ~ c e, mpu X — —o0,
1
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w(x, &)~ Cc e, mpu X— oo,
1
1

w(%,&)~| i(c-p) |€”, mpu X —> 0.
c

3neck P=+/E° +¢° ¥ BETBb KBAIPATHOTO KOPHS (DUKCHPYETCH yCIOBHEM
Imp(¢)>0 mpu IME>O0. (10)
B nanbHeiimem Mbl yacto OyzxeMm omyckats 3aBucuMoctb dyukuun P(&) or &. Takum obpasom, B
dopmynax, rme yuacreyer P(&) m &, Bcerma moppasymeBaercs, uro [ siBisiercst dyHkumeir ot &.
(Otmetum, uTO ¢7 B 00LIEM Cllydae, He SIBISeTCS KOMILUIEKCHBIM COIPSDKCHHEM K ¢ ). IIpu neicTBUTENIbHBIX

&, mapbl BeKTOpP-(GyHKIUHA {¢,¢} u {l//,l/7} SBJSIFOTCS MapaMy JMHEHHO HE3aBUCHMBIX PELICHUH ISt

CUCTeMEHI ypaBHEeHHUH (9), mosToMy
P =a@OFX ) +DEW (X &), (IME=0) (1)
¢ (x,&)=-a(Sy(x)+b(w(x &), (ImE=0), (12)
rae

W {4, W {457
a(§)=vﬁ, b(§)=vﬁ";}}

Pumanosa noBepxaocts I dyukmmn P(E) cocrout us nsyx sx3emmipoB I, u I' komruiekcHoit

fa@)f +b)f =1.

mnockoctn C ¢ paspesamm mo MHEMMOM ocu or —IC mo IC. Ycnosue (10) OXHO3HAYHO OIpEHEISET

aHanmutHaeckyro npopoipkenne ¢ynkumn a(&) ma mmer '), nekimodast toukm BerBiuenms & =ZiC.

+ 9
HesemectBennbie Hymu ¢GyHkiuun a(E) cOOTBETCTBYIOT COOCTBEHHBIM 3HaueHusiM omeparopa L(t) Ha

mucre I', . CobcerBennsie 3Hadenust oneparopa L(t) na mucre I' coBmamaror ¢ mymsvn ¢yakunn a(<s).

Urtak, uncna {§k7§_k}l’<\l:l SBJISAIOTCS. COOCTBEHHBIMU 3HaueHusiMu oniepatopa L(t), u apyrux coGcrBeHHbIX
3HAQYEHUH STOT omeparop He umeer. [IpeamonokuM, 4To BCe COOCTBEHHbIe 3HaueHmsi omeparopa L(t)
HPOCTHIE, TAK, YTO
#(X,E)=Cw (X&), d(x&)=Cw(x&), k=LN.
CripaBeIJIuBhI CIENYIOIIIE PABEHCTBA
— 4 (X1_§) — . (X1_§)
V/(X,f):[ : J ¢(X,§)=( : , (13)
-y, (%, =&) - (x,—$&)
a)=a(=¢), b(&)=b(¢), & =-¢&,C,=C,, k=LN.
Jost pyskumn (X, &) cnpaBeqyiMBO Ciie/yIoLIee HHTErPAIbHOE MPEICTABIICHHE
¢-p) . (iE-p))
vO=| o [k s ¢ |erds @)
1 X 1

e
K/(x,s) K,(X,s
K(X, S) — 1( ) 2( ) .
-K,(x,8) K,(x,5)
B npexncrasnennu (14) ssnpo K (X, y) He 3aBucut or & u csizano ¢ U(X) ¢ mOMOIIbIO paBeHCTBA
u(x)—c=2K,(x,x). (15)

Kommonentst sipa K (X, Y) mpu Y > X SIBISIOTCS PELICHUAME CHCTEMbI HHTETPAIBHBIX YPABHEHUIH
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2i( Ky (xy) . F(x+y) +T( K, (x,5) Kz(XaS)J R(s+y) ds—0
c K (xy)) (Bx+y)) (=K, (xs) K (xs) )\Fs+y))

Fl(z) = l(Z/un (é:n - pn)eipnZ +Zﬁn (gn - ﬁn)eipnzj_

rac

1 i |pz 1 T |pz
——[5;j r&)-r(=&)]e dp—zgj r(&)-r(-&)]e dé}

FZ(Z) =(Zﬂneipn2 +Zﬁneipnzj 272- J‘ r(f) pr( 5) |pzd§
b _ic  __ i G
r(éf) a(f)' Hq D, a(én v My ﬁn a(fn) .

Omnpenenenue. Habop Benmunn

{r+(§)—bE§; EeR; £,ImE >0; C,, k= 1N}

Ha3bIBACTCSI TAHHBIMH PACCESHUSA JUIsl CHCTEMBI YpaBHEeHUH (9).
[To nauHbIM paccesiHus notenman U(X) onpenensiercs ¢ noMouibio pasencrsa (15).

OtMeTnMm, 4To BeKTOp-PyHKIHN

— (p-C
h()_df@ -
a(s,)

, n=1N (16)

SBISTIOTCS petueHusiMu ypasaenuii LY =&Y .

3aMeTuM, YTO MO TPENONOKEHUIO orepaTop L uMMeeT TONBKO MpOCThle COOCTBEHHbIE 3HAYEHMS,
nosromy a(&,) OTIMYHBL OT HyJISL

Kpome toro ¢pynkmuu h, (X) obnazaror cieayrommM aCAMITOTHKAME

&, —p) |,
h,~-C, C et opu X — —0,
1
1 .
h~liE -p) e P pu x -0, (17)
C
CoracHo (17) cripaBeyiMBO paBEHCTBO
2C - —
w {¢n, hn} =¢.h,—d.h, = Py g” P,) , h=1LN. (18)

Jlemma 1. Eciu Bektop-dyukuuu Y u Z siBistorest pemenusmu ypasHenuit LY =&Y u LZ =12,
TO JUISl KX KOMIIOHEHT UMEET MECTO PABEHCTBA

d )
&(%Zl +Y,2,) == (& +n) (Y2, - ¥,Z,),

d .
&(ﬁzz =Y,2,) =—1(E-n)(Y,Z, + Y,7,).

CripaBeIITMBOCTH 3TOH JIEMMEBI JIOKa3bIBACTCSI HETIOCPEICTBEHHON TTPOBEPKOH.
DBosoUMsl AaHHBIX paccestnusi. Ilycts morenuman U(X,t) B cucreme ypasuenuii (1) sBisercs

peIHeHI/IeM ypaBHCHPISI
u, +6u’u, +u, =G(x,t), (19)
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rne G mocraTouHo GBICTPO CTPEMHUTCS K HyJt0 mpu X —>1oo. Torma ¥MMeeT MecTo Clieayromas
JIeMMa.
Jlemma 2. Eciu norenmman U(X,t) sBasercs pewennem ypasuenus (19) B kinacce dyukuuit (6), o

JIAaHHBIE paccestHus cucTeMbl ypasaenui (9) ¢ motentmanom U(X,t) 3aBucsat ot t cnenyroumm o6pasom

" @i 12c2ip)r+—mT;G-(¢f+¢§)dx, (Ime=0),

c? R
— | G- (h +h dx |C,,
2pn (pn —é:n) J; ( nl‘/lnl nzl/lnz) xj n

[ & (g2 + g2 )0

dC

L= (8ip§ —12¢%p, +

e n=iN.
2 [ a0
Hoxa3zartenbcTBo. OnepaTop
1 0)¢° 2 2uu, U
Ae_4 6—3—6 u u, 2_3 X XX , (20)
0 1)ox —u, u®jox | -U, 2uu,
YIOBJIETBOPSIET COOTHOIIEHHO Jlakca, T. €.
: 0 —6u’u, —u
[LAl=LA-AL=i| x o |
—6u‘u, —u,, 0

[Toatomy ypaBuenwue (19) MOXXHO mepencaTs B BUIC

L +[L, Al =iR, (21)
R_[O —G]
rae = G 0 .

Hubdepenuupyss mo t pasencrBo L@p=~E¢@ nonyunm L@+ L@ =E¢,, xoropoe cormacuo (21)

MOKHO IIEpEIUcaTh B BUIC

(L=8)o —Ap)=—iRgp . (22)
Vlcnonb3ys METOI BApHALIMH TIOCTOSIHHBIX U3 (22) HAXO/MM
¢ —Ap=a(x)y+p(x)g. (23)
Jst onpenenennst (X) u F(X) moxyunm
May +MB,p=-Rp, (24)

1 0
rnie M :(0 J s perienuss ypaBHeHus (24) ymoOHO BBECTH CIEAYIOIIHME O0O3HAYCHHMS

Q= (% ], W= (WZJ. Cornacho (11), (12) u onpeneneHuto BpOHCKHAHA
4

2
p(é p)

Y Mp=-¢" My ===22"2a(8), ¥ My =9"Mp=0.

A

Ymuoxas (24) Ha ¢T u lﬁT MOJIy4YUM
C2¢?TR¢ o czl/}TR¢

= P = : (25)
2ap(¢& - p) 2ap(¢& - p)

Coracuo (20) mpu X — —o0
@ — Ap — (4ip’ —6c*ip)g,
MO3TOMY Ha OCHOBaHUU (23) mpu X —> —00 HMeeM
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B(X) = 4ip® —6c%ip , a(X) >0.

CrnenoBaTelibHO, U3 (25) MOKHO OIPEAC/IUTh
2

“<X>=—W

2

c .
L(X) =———— | " Rpdx +4ip® —6c%ip.
2ap(¢ - p) [o

Taxum 00pa3om, paBeHCTBO (23) MpUMET BHJ

(Dt_A¢ (

J.(oRgodX

2

2ap(p-¢) L

2

(& AT £ 3 2.

+|——— [y Rpdx+4ip® —6¢ lpJ(p. (26)
( Zap(p—f)_[o

CornacHo (11), (12) paBeHcTBO (26) IpUMET BU/

8,77 +by — Aa +by) =

= i I @' R dxy + (—é J. ' Rpdx +4ip® — 6c2ip](al/7 +by).

—0

0 RngX]l//+

Ilepexons B mocneaHeM paBeHCTBE K Ipeaeny X —> o0 ¢ yuéroM (20) momyunm

2
= Redx,
v IW ¢
—— | 9'Rpdx—————— | " Redx+ (8ip® —12c%p)b.
2ap(p é)J 2ap( é)_jm
ITostomy, npu IM& =0 u3 paBencrsa
dr” _ba-ab
dt a’

CJICAYCT, UTO

0

art b 2 Y
= (8ip® —12c%p) —~ +(—j o' Rpdx ,
t a \2p(p-¢) Im

N

dr+ =3 2. + C4 i 2 2
: =(8ip” —12c%ip)r” — J-G'((/’l + @) )dx.

4a’p*(p-£)° 4,

Huddepenuupys Toxmectso @, = C y, 1o t, momyunm paBeHCTBO

8_¢ +a_(0 d§ dC +Cn6_l// +Cna_l// .dé:n,
ot e, o0& £et dt dt ot e, o0& £t dt
Kotopoe coriacHo (16), MOXHO mepenucaTh B BUIE
dp.  dC oy, . dé
—=—Ty +C —-a(&)h —, 27
g G e 27
rue % = 8(0 .
o ot

AHQJIOTUYHO HENPEepHIBHOMY CHEKTpY, yuuTbiBas (18), B ciyuae OUCKPETHOro CIEKTpa MOJIy4UM

CIIe/yolIee PaBEHCTBO
oo, c t T

L —Agp, =[— o, Ro, dxjhn+

at 2Cnpn(pn_§n)—'!:o

2
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chpn (pn -

KOTOpOe, SBJIsieTCst aHamoroM paseHctBa (26). Cornacuo (27) u moms3ysich paBeHctBoM @, =C v/,

C2 oA . .
+ h' Ry, dx+4ip® — 602|an¢)“,
[ il

MoCJICAHEC paBCHCTBO MOXKXHO IIEPCNHCaTh B BU/C

oC, oy,
n +C n
ot WntLn o

=l - ¢’ R djh
[ 2C,p,(p, - f)jq)” P

2
+( c IhTRC _dx +4ip® —6¢ |pnj
2C, PPy —60) =

[epexoaum B 5TOM paBeHCTBE K mpeaeny X —> o0 ¢ yuérom (16) u (20):

dc L oode L
Ny —a "h —C_(4ip> —6¢i =
il (&) il . (4ip; PV,

—| - ¢’ R djh
[ 2C,p,(p, — f)jwn P

2
— = [ ARy, dx+4ip> —6c |an
(ZPn(pn 5)_{0

dfn

_a(é:n) hn_CnAliyn:

Taxum oOpazom,

an :[8Ip3 _12021p —2 J. hTRl// dXJC
" " 2p (P08 %, '
czjg?):Rgondx
dé, _ S
dt 2C.p,(p,—&)a(s)
CnedosamenvHo,
9, _(gip? _12¢% —ZJG (. +how Vdx |C
e T (g A, e

dé, _ c?

- (¢n +¢n )dX
dt  2C,p,(p, —&)a(s, )[O B
OCTaJIOCI) 3aMeTI/ITB, qTO COrJiaCHO TO)KJIGCTBy
as,) =- —_ j Burr0X (28)

n n(é:

MOCJICAHEC paBCHCTBO MOXKHO IIEpCrCaTh B BU/IC

ae ijwe-(¢§1+¢fz)dx
dt '

2 [ fhatx

Jlemma noka3aHa.

3ameuanue. Cornacro (28) u (4), ecnu Gpynkumn A (I) ABIAIOTCS HEHYIEBBIME, TO IUCKPETHBIN
cniektp oneparopa L(t) Gyzer mpoctbim.

3aiiMéMmcst  dBONIONMEN MaHHBIX paccesHus omeparopa L(t), moreHuman kotoporo sBisieTcs
penieHneM cucremsl (1).
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Cornacuo yciosuio (5) u pasencrsam (11)-(13) mpaByro wacts B ypaBHeHnu (1), MOKHO ITEPENNCATh B

BUJIE

N
G=2 ) (P-Pp).

k=1,
Im&, >0

Jlerko 3aMeTHTb, UTO B CUJIY JieMMbl Pumana-JleGera nJist HeoTpuuaTeJbHBIX {

G(x,t) =0(2) npn |X| —> 0.

HeTp}/I[HO BUACTD, UTO IPU X —> 0 CIIPpaBCAJIMBLI CJICAYIONINC aCUMIITOTUKH

1 _ ic-n)
p~a(&)i(c-p) | +b&)| ¢ e,
c 1
i(é_p) _ i(égk_pk) )
w(x&)~ ¢ " 9 ~C c e'Px,
1 1
anpu X —> —o
1
p(x.&)~i(c-p) |e"
C

) 1 1

~-a@)| o (b9 ig-p) e‘i”",l//fci 6 —pJ) e
1

k
C c
[TprMeHUM pe3ysbTaThl JIeMMbl 2 K cicteme ypaBHenuit (1). Crauana Braucinm somormu C, . [pu

gk OTJIMYHOM OT gn corjacHo jJeMMme 1 nMeem CJICAyroIee paBEHCTBO

(q)il _q)iz)hnzl//nz + ((Dil - q)iz)hnll//nl =
= (q)ilhnzl//nz - quZhnll//nl) + (q)ilhnll//nl - q)izhnzl//nz) =

= E{(q)mhnz —OLN )@y, + D y) + (DN, + @ (D, — P y) +

HDyh, — q)kzhnz)(q)m‘//M + D ,p,) + (D hy + Do) (D, _(Dkz‘//nz)} =

1 1
:_E{é:k & dx [((Dklhnz q)kzhnl)(q)k1an_q)k2Wn1)]+

5 J];ég ix [(q)mh +O, hnz)(q)kll//nl_'_q)kzl/an)]}'

Torma nmpu K #n

_[ G- (hnll//nl + hnzV/nz)dX =0.
Ecmu k=n, 1o
(q)2 - 22)(hn2!r//n2 + hnanl) =

1 d
4I§ dx [((Dnlh +q)n2hn2)(q)n1Wn1+CDn2'//n2)]+q)n1q)n2('//n1hn2_V/nzhnl)-

U3 (4) u (18), umeem

2
[ G- (g + Ny, ) = jcbnl b jox= 2282 L) 4 g
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Takum o6pa3om, corsacHo JjeMme 2

dci” = (8ip> —12c%ip, +24 (1))C,, n=12, ..., N.

[TogoOGHBIM 00pa30M MOXKHO ITOKa3aTh, YTO

[G-(gF +92)dx=0, [ G-(¢f+95,)dx =0,

O3TOMY
ddrt — (8ip® —12¢%ip)r*,
9% 0, n=12,...N.
dt

Taxum 06pazom, T0Ka3aHa Cieayomas TeopeMa
Teopema. Ecin dyukuun U(X,t), D,,(x,1), D, (x,2), k=1 2,..., N, sBisiorcs pewieHreM 3a1aun
(1)—(5) B knacce dyukumii (6), To nanubie paccesnus oneparopa L(t) ¢ norenmmanom U(X,t) mensrores mo
t cremyronmm o6pazom
dr* . N .
— =(8ip® —12c%ip) r*, (IME=0),

dt
dC -3 2,
t” =(8ip; —12c¢ip, +2A4,())C,, n=12,.., N.

de, =0, n=12,..,N.
dt
[lony4yeHHBIE paBeHCTBA IMOJHOCTHIO OIPEIEISIOT SBOJIONMIO JAHHBIX PACCESHUs, YTO IO3BOJISET
MPUMEHUTH METOJ 00paTHOH 3a1auu paccesiaus i pemeHus 3anaun Komm (1)—(5) B kinacce Qynkiwuii (6).
3akaroueHue. BEIBOIATCS IBOIONUH TaHHBIX PacCesHUsI HECaMOCOIpsKeHHOTo onepatopa Jupaka ¢
MPOCTBIMH COOCTBEHHBIMH 3HAYCHHSIMHU, MOTEHIIMAT KOTOPOTO sIBJSIETCS pelieHueM ypaBHeHHs MKnd c
CaMOCOTJIaCOBaHHBIM UCTOYHUKOM, B CJIy4ae KOHEYHOH IJIOTHOCTH.
IMony4yeHHbIe pe3yabTaThl MOTYT OBITh KCIOJb30BAHBI B CHEKTPAILHOW TEOPHM JIMHEHHBIX
OIEPaTOpPOB, B MaTeMaTHYeCKON (hM3MKE MPU WHTEIPUPOBAHUHM HEIMHEWHBIX YPABHEHUI W MPH PEIICHUH
HEKOTOPBIX 3a/1a4 (PU3UKH IJTIa3MBI.
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V]IK 517.946.22

ABTOMOJEJIBHBIE PEHIEHUSA BBIPOXIAIOHIEIOCA JN®PEPEHIIUAJBHOI'O
YPABHEHMUS B YACTHBIX TPOU3BO/JHBIX TPETBET'O ITOPAJKA C YETBIPBMSA
INEPEMEHHBIMHA

Ap3ukynoe 3aghaprcon Oounosuu,

Cmapwuii npenooasamenv (PhD), @epeanckuii 2ocyoapcmeenvlil mexHuuecKutl YyHUueepcumem
zafarbekarzikulov1984@gmail.com,

A60yscadbo0opoe Addyxanum Adoyzadpgop yenu,

Accucmenm, Depeanckuii 20Cy0apCmMEeHHbIlL MEXHUYECKUll YHUBEPCUmem
abduzhabborov.abdukhalim@gmail.com,

Annomauus. Ilpu uszyuenuu Kpaesvix 3a0ay OJisi HEKOMOPBLIX OUD@DEPeHyUaIbHbIX YPAGHEHU &
YACMHBIX NPOUBOOHBIX, BO3HUKAIOWUX 6 NPUKIAOHOU MAmemamure, 4acmo RPUXOOUMCS COCMABUMb
cucmemy ypasHeHull 8 YACMHbIX NPOU3BOOHDBIX, YOOBIEMBOPAEMOU SUNEPLeOMEMPUYECKUMU QYHKYUAMU, U
HAaxo0umsv s6Hble TUHEUHO He3a8UCUMble peuleHls Ol MOl cucmemsl. B nacmosweli pabome mvi cmpoum
aBMOMOOeIbHblE peuleHUss 00HO20 BblpOAHCOAWe20Ccs OupdepeHyuanbHo20 YpasHeHUus 6 UYACHHbIX
NPOU3B0OHBIX Mpembe20 NOPAOKA, KOMOpble BbIPANCAIOMCS Hepe3 SUNepeeoMempuieckylo (QYHKYu om
mpex nepemMeHHbIX 8biCuUlec0 NOPAOKA.

Knioueswie cnosa: gviposicoaioweecs ypasnenue 8 YaCmMHblX NPOU3BOOHbIX, A6MOMOOENbHOe pelleHue,
cunepeeomempuieckas — (QYHKyus ~ om  mpex — NePeMEeHHbIX ~ 8biCUe20  NOpAOKd,  cucmemd
2unepeeomMempuiecko2o mund.

SELF-SIMILAR SOLUTIONS OF A THIRD-ORDER DEGENERATE PARTIAL
DIFFERENTIAL DIFFERENTIAL EQUATION WITH FOUR VARIABLES

Abstract. When studying boundary value problems for some partial differential equations arising in
applied mathematics, we often have to study of a system of PDE satisfied by hypergeometric functions and
find an explicit linearly independent solutions for this system. In the present work, we construct a self-similar
solutions of some degenerate PDE of the third order which are expressed in terms of the triple
hypergeometric functions of the fourth order.

Keywords: Degenerating partial differential equation, self-similar solution, hypergeometric function
in three variables, system of the hypergeometric type.

TYPT V3rAPYBUMJIM YUUHUYU TAPTUBJIM BY3WIAJUTAH XYCYCHIA XOCHJIAJIN
JTU®PEPEHIIUAJ TEHTJIAMAHUHT ABTOMO/IEJ] EUMMJIAPH XAKHJIA

Annomauus. Amvanruii mamemamuxada naioo Oyraouesan 6awv3u xycycuil xocuianu ouggepenyuan
menenamManap yuyH de2apaguii MAacaidaiapHu maokuk dmuuiod, Kynunyd, unepeeomMempux QyHKyuaiap
MOMOHUOGH KAHOAMAGHMUPULAOUSAH MEH2NAMANAp CUCMEMACUHU MY3Uued 6d 0y cUcCmemMaHuHe Yu3uKIu
IPKAU eHUMIAPUHY monuwea myspu xeraou. Maskyp uwioa 6y3unaduean yyuHyu mapmuoOiu Xycycuti
xocunanu oughgpepenyuan meHenaMaHuHe Yy V32apyeuuny 10KOpU MapmuoOiu 2unepeeomempurx QyHKyus
opKanu ugooanranaouean agmomooen evuMIapuH Monamus.

Kanum cy3znap: Oysunaduean xycycuu xocunamu ougpgepenyuan meHaiama, agmomooen edum, yu
V3eapysuunu I0KopU mapmuonu cunepeeomMempur OyHKYUACU, UnepeeomMempux munodacu cucmemd.

Beenenue. Teopus crenuaibHbIX QYHKIMNA, KaKk 00JACTh MAaTEeMaTHYECKOIO aHalli3a, MOCBSIIEHHAS
WCCJICIOBAHUIO U TIPUMEHEHHIO BBICIIUX TPAHCIECHACHTHBIX (DYHKIUH, MMEET NAaBHIOK HCTOPHUIO M Oorartoe
coxepkanue, 00yCIOBICHHOE MPOHUKHOBEHUEM ¥ B3aUMOCBSI3SIMH C CAMBIMH Pa3HOOOPa3HBIMHU BOIIPOCAMH
Teopud (GYHKIMH, MHTErPajibHBIX ¥ JU((EepeHINANIbHBIX YPAaBHEHUH M JIPYTHX pa3leiioB MaTeMaTHUKH.
Pemienre caMbIX pasHBIX 3a7ad, OTHOCAIIMXCS K TEIUJIONPOBOJHOCTU U AWUHAMUKE, JICKTPOMArHUTHBIM
KOJeOaHUSIM U a’pOMEXaHUKE, KBAHTOBOW MEXaHHWKE M TCOPHM MOTCHIMANA, MPUBOJAUT K CHECIHATHHBIM
¢dyskiusam. Yaiie BCero OHM MOSBISIFOTCS NpH pelieHud audQGepeHIIdalbHbIX YPaBHEHUH B YaCTHBIX
MPOU3BOIHBIX.
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MATHEMATICS

Bospiive ycnexu, TOCTUTHYTBIE B TEOPUU T'HMIEPreOMETPUYECKON (PYHKIMM OIHOIO HNEPEMEHHOTrO,
CTUMYJIMPOBAJIM PA3BUTHE COOTBETCTBYIOLINX TEOPUM A1 QYHKIMH OT ABYX MJIM MHOTHX IIE€PEMEHHBIX.

Bonbmias 3acnyra B TeopuHM THUIEPreOMeTpPUYECKUX (YHKUUH IBYX MEPEMEHHBIX NPUHAIUICKHUT K
lopuy [1], koTOpBIA HccnenoBan, B YaCTHOCTH, TMIEpreoMerpruieckue (yHKIUU BTOporo mopsiaka. OH
YCTaHOBMJI, YTO, KPOME HEKOTOPBIX (DYHKIMH, BBIpaKaeMbIX uepe3 (GYHKLUU OT OJHOTO INEPEMEHHOIO MU
yepe3 NPOM3BEINCHHS [BYX THUIEPreOMETPUYECKHX (DYHKIMH, Kaxaas M3 KOTOPHIX 3aBUCHT OT OIHOTO
MEPEMEHHOr0, CYMIECTBYeT 34 CyIIeCTBEHHO pAa3IMYHBIX THIIEPIeOMETPHUYECKUX (QYHKIUHA Mopsiaka 2
(ctmcox T'opna). Takum oOpa3oMm, B ciydae AByX MepeMeHHbIX 14 monHbix u 20 KOH(IIOIHTHBIX
TUIIEPreOMEeTPHUECKUX (YHKLIUM BTOPOro mnopsiika. I'OpH HM3y4MI CXOOMMOCTh TIHMIEPreOMETPUYECKHX
(GyHKIMI OT ABYX MEpeMeHHBbIX [2, ¢. 221 — 224] u ycTaHoBWI cucTeMbl quddepeHInanbHbIX YpaBHEHUI B
YaCTHBIX IPOMU3BOJHBIX, KOTOPHIM OHM YJOBIETBOpsitOT [2, c. 227 — 230]. T'opH orpannuuBaics
UCCIICIOBAHHEM  THIIEpPreoMeTpudeckux  (GYHKUMM  ABYX  II€PEMEHHBIX  BTOPOrO  HOpsIKA.
'unepreomerpuyeckne QyHKIHMU, MOPSAIOK KOTOPHIX MpPEBBIIAET 2, Ha3biBaroTcsa QyHKuusMu Kawmme-zae-
®epnpe [3, ¢. 27].

Kak u3BecTHO, eciay NOPSI0K BBIPOXKIAIOIIEIOCs M CHHTYJISIPHOTO U depeHInanbHbIX YPaBHEHUH B
YaCTHBIX IPOU3BOJIHBIX C TPEMsI IEPEMEHHBIMH MIPEBBIIIACT ABa, TO UX JIOOBIEC PELICHHUS BBIPAXKAIOTCS Yepe3
runepreomerpuueckyto pynknun Kamme-ne-depre, mopsaok KOTOPOH paBeH MOPSIKY PacCMaTpUBAEMOTO
ypasaenus. Hampumep, B paborte [4] Bce 8 aBTOMO/IeTIbHBIE PEIICHHS yPaBHEHUS

Lu=x"y"u, —t“y"™u_ —t"x" u,, =0, m,n,k=const >0

B o0mactu Q= {(X, y,t) x>0,y>0, t> 0} BBIKMCAHBI YEPE3 TUIEPreOMETPUYECKYIO (DYHKLIUIO

Kamme-ne-®epre. K Takomy HampaBIeHHUIO HCCIEIOBAaHUNA TPUMBIKAIOT padoTHI [5,6,7].
Cnenys T'opHy [1] ompenmenumM TUNEpreoOMeTpPHUYECKYI0 (DYHKIIUIO OT TPEX IMEPEeMEHHBIX: TPOWHOH
CTENIEHHOW pAll

Y. A(m,n, p)x"y"z* (1)
m,n, p=0
SABIIACTCA FI/IHepFCOMeTpl/I‘leCKI/IM pH,I[OM, €CJIN IBa OTHOUICHUS

A(m+1,n,p) A(m,n+1, p)
- f m,n, f = mln! ’
A(m,n, p) (1. p) A(m,n, p) 9(m.n. p)

A(m,n,p+1) _h(m.n, p),
A(m,n, p)

— paumonanbhble GpyHkuuu ot M, N u P.

CucrteMy, KOTOPYIO YJIOBJIETBOPSIET THIEpreoMeTpudeckas QyHKIHUS OT TpeX MepeMEHHBIX, MOXKHO
3aIMcaTh ¢ MOMOIIbI0 1 depeHIHANTBHBIX OIIEPaTOPOB

0 0 0
O=X—, — ul=7—
X@X o= yay VA 2 (2
B BUJIC
[F'(6,0,0)x"~F(5,0,0 ]u 0,
[G'(6,0,0)y"-G(5,5,0) Ju= 3)
[H'(6,0,0)2" -H(5,0,0 ]u 0,
u= U(X, Y, Z) MCKOMasl TUTIepreoMeTpruiecKas pyHKIHUs u
A(m+1n,p) _F(mn,p) A(mn+1,p) _ G(m,n, p)
A(m,n,p)  F'(mn,p)’ A(m,n,p)  G'(m,n,p)’

A(m,n,p+1) H(m,n,p)
A(m,n,p)  H'(mn,p)
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Takum 00pa3oMm, cucTeMa, KOTOPYIO YJOBIETBOPSET THIIEpreoMeTprueckas (YHKIHS OT Tpex
nepeMeHHBIX (1) mmeet Bug (3).

B mnacrosmee Bpemss wusBecTHbl 205 momubeie [3, €. 74 — 87] m 395 koHmodHTHBIE [8]
TUIEpreoMeTpruieckue (YHKIIMH OT TPEX MEePEMEHHBIX BTOPOTO MOpsiKa. MHTerpanbHBIC MPENCTaBICHUS
Trma Dinepa g 205 TOTHBIX TUMIEPreOMeTPHYECKUX (PYHKIIUKA OT TpeX NMEePeMEHHBIX yCTaHOBIIEHH B [9], a
CUCTEMBI, KOTOPBIM yIOBJIETBOPSIOT ATH e MOJHbIE (YHKIHH, cocTaBieHsl B [10].

Llenpto HacTosiiedl pabOTHI HAaWTH BCE AaBTOMOJICJIBHBIC PEIICHHS  OJHOTO BBIPOXKIAIOIIETOCS
G GepeHINATBHOTO YPaBHEHHUS B YACTHBIX NMPOU3BOJHBIX TPETHETO TOPSAKA C YETHIPHMS ITePEMEHHBIMH.
Jusa  pemeHns TOCTaBIEHHOW 3agadu  TpeOyeTcs BBOOUTH B PACCMOTpPEHHE  000OIIEeHHBIE
TUIEpreoMeTpruieckue QyHKIIMH OT TPEX ePEMEHHBIX 00JIee BTOPOTO MOPSIKA.

O0o0menHast  rumepreoMerpuyeckasi  (GyHknus  Tpex  mepeMeHHbIX.  O0oOuieHHas

TUIIEPreoMeTpruiecKass (YHKIHS TpPeX IEPEMEHHBIX MOpsAKa (|V| N, P) OTIPE/ICIIAETCSI PABECHCTBOM
[11](c™m. Takxe, [3, c.44]):

Oy v 7]1=E® (a)::(b);(b');(b"):(C);(C');(C");X ,
P o) (@0 ) (i)™

_ 3 Xy z
= 2 AR
rae
A B B B” C ' "
R o s O G o O G )
Am,n, p)=—+ G cf c? E W E~
[1(e),....I1(9),,. T1(a5),. TT(a7),, T T(h,) TT(R), T T(h),
j=1 = j=1 j=1 j=1 j=1 j=1
31ech (ﬂ)v — cumBoa [loxrammepa:
B B o B :F(Z,+v)
(4),=1(2), =AA+D-..-(A+v-1) —F(ﬂ,) ,

a F( Z ) — W3BeCTHAs raMMa-(QyHKITHS.

[Topsimox (M N, P) 06061eHHO# rHnepreomerprueckoil Gpynxumn F ®) [X, Y, Z] onpenensieTcs

CIeIyIonUM 00pa3zoM:

M =max{A+B+B"+C,E+G+G"+H +1},
N =max{A+B+B+C E+G+G +H'+1},
P=max{A+B'+B"+C"E+G +G"+H"+1}.
l'unepreomerpuyeckue (QYHKUMM OT TpeX IMEPEMEHHBIX NPHUHATO NENWTh Ha JBa BUpa. Ecim
M =N=P =K, ro dynxuns F ®) [X, Y, Z] Ha3bIBaeTCs MOJTHOH 0000IEHHON THIIEpreoMeTPUIECKOM
dyrxmmeii nopsaaka K , B npoTuBHOM citydae, KOH(IIIOIHTHOH (BHIPOKIEHHON).

PaccMOTpPHM KOH(IIIOIHTHYIO THIIEpreoMeTprueckyio Gynkmmo F ) [X, Y, Z] TPETHETO MOpPSIKA

o0

.. . . . a m N 5P
F(3)|:a.. Ty X , jX,y,Z}Z Z ( )m+n+p X_y_Z_

- ———! C,C; d,d,; oe,e,; a0 (G, (C2), (dy), (d2), (&), (), m! n! p!

st ynoOcTBa BBe1eM 0003HAUCHHUE:
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@lar == S - e a;
F X,y,2|=F X, Y,Z |
- v C]_;Cz; dlsdz; elsez; Cl,CZ;dl,dz;el,ez;
Takum o6pazom,
F(3)|: a, X, Y, :|: i (a)m+n+p ﬁy_nz_p
Cl’CZ;dl’dZ;el’eZ; m,n, p=0 (Cl)m (Cz)m (dl)n (dZ)n (el)p (ez)p ml n! pl
(4)
a,C, di u € - neiictBuTenbHbIe yncna, npudeM G, di, e # 0,-1-2,... (i 21,2).
CocraBuM  cucreMy  IU(QQepeHIHAIbHBIX  YPaBHCHHH  THICPreOMETPUYECKOro  THUIIA,
a,
COOTBETCTBYIOIIYIO K (pyHKimu F ® { ) _ XY, Z:| .
C,,C,;d;,d,;e,,8,;
Beenem o003HaueHME
A(m n p) — (a)m+n+p
min! p!(cl)m (CZ )m (dl)n (dZ)n (el)p (eZ)p
1 COCTaBUM OTHOLIICHUA
A(m+1n,p) a+m+n+p
A(mn,p)  (M+1)(c +m)(c,+m)’
A(m,n+1p) a+m+n+p
A(m,n,p)  (n+1)(d,+n)(d,+n)’
A(m,n,p+1) a+m+n+p
Amn,p)  (p+D)(e+p)(e,+p)

Orcrona,
F(m,n,p)=a+m+n+p, F'(mn,p)=(m+1)(c,+m)(c,+m),
G(m,n,p)=a+m+n+p, G'(mn,p)=(n+1)(d,+n)(d,+n),
H(m,n,p)=a+m+n+p, H'(mn,p)=(p+1)(e,+p)(e,+p).

Teneps nmoxcraBus F(m, n, p), G(m, n, p) u H (m, n, p) B cucteMy (3) ¥ BOCIOJIb30BABIINCH

onpeenennem (2) quddepeHIHaTbHbIX ONepaTopoB O, O 1 0, MOJy4YUM

(e ) e e (R R
CLHX— ||+ X— || I+ X— X" —|a+X—+Yy—+Z— ||u=0,
OX OX OX OX 0z

0 O Y10y )y fasxl syl 20 |ue
Kdﬁy@)(dﬁyaﬂhygjy (a+xax+yay+zazﬂu 0, (5)
e+y2 e+yi 1+yi y - a+x£+yi+zg u=0
TN Ty oy ox "oy oz |

PackpriBast ckoOku B cucteme (5), moIydum
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X2 +(C, + ¢, +1) X, +(CC, — X) @, — Yo, — 2w, —aw =0,
yza)yyy + (d2 + dl +1) XC()yy + (dld2 - y)a)y —Xo, — 10, —am = 0’ (6)
2
Z’w,, + (&, +& +1) 20, +(ee, - 7)w, - X0, — yo, —aw=0.
Takum oOpa3om, rumnepreoMeTpudeckas (YyHKIHs, ONpPEICICHHAs PaBEHCTBOM (4), JNCHCTBUTEIHLHO
YAOBIETBOPSET cucTeMe U epeHTnaIbHbIX YpaBHeHHH (6).
Temepr ompenenuM Bce JTUHEHHO HE3aBUCHUMBIC PEIICHUS CHUCTEMBI (6) B OKPECTHOCTH Hadasa

KOOp/AWHAT.
Pemenwns cuctems! (6) Oyaem uckath B BUZE

u=x'vy“z"w(x,y,z), @)
rme A, M 1V - IPOU3BOJILHBIE YHUCTIA, TOIEKAIIUE K ONPENETIEHHIO, a)(X, Y, Z) - TIPOU3BOJILHAS

GyHKIHSL.
Brrurcnme He0OX0IMMBIE IPOM3BOIHBIE OT (DYHKIIUHU U MOJICTABUB MX CUCTEMY (5), TTOIYIHM

XKo@, +[34+C, +C +1]xm, +[ 3A(A—-1) +24(c, + ¢, +1)+CC, — X |, +
HAA-14+¢)(A-1+6)x —(A+pu+v+a) |0=0,
Yo, +[3u+d,+d, +1]ya,, +[3,u(,u—1) +2u(d,+d, +1)+dd, — y]a)y +
+H u(u=1+d,)(u=1+d,)y ' =(A+ u+v+a) |o=0,
2’0, +[3v+e,+e +1|zm, +[3v(v-1)+2v(e, +& +1)+ee, — 7 |o, +

+Hv(v-1+e)(v-1+e,)z' —(A+u+v+a) |w=0,
Ortcroa moyunM orpeessrontyio cucremy (indicate system)

A(A-1+¢)(A-1+c,)=0

,u(,u—l+dl)(,u—1+d2):0 (8)
v(v-1+e¢)(v—-1+e,)=0

HMEIOIYIO 27 pEelICHUN:

1 2 3 4 5 6 7 8 9
A 0 0 0 l1-¢, |1-¢ |1-¢ |1-¢, |1-¢,| 1-¢
A0 [1-d, |1-d, |0 1-d, | 1-d, |0 1-d,| 1-d,
1% 0 0 0 0 0 0 0 0 0

10 11 12 13 14 15 16 17 18

M0 1-d, (1-d, |1-d; |[1-d, [1-d, |O 1-d, | 1-d,

v 10 0 0 1-¢ |1-¢ |1-¢ |1-¢ |1l-¢ |1-¢
19 20 21 22 23 24 25 26 27

A |0 0 0 1-¢, |1-¢ |1-¢, |1-¢, |1-c,|1—c,
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Holo 1-d, [1-d, [0 1-d, | 1-d, |0 1-d, | 1-d,

V. 11-e,|1-e, [1-e, |1-e, |1-e, |1-e, |1-e, | 1-8¢, | 1-¢,

CrnemoBaTenbHO, C y9e€TOM TaONMIly pelIeHui ompenensomeld cuctemsl (8) u mpexacrasienne (7),
cuctema auddepeHIMaTbHBIX ypaBHEHUN rumnepreoMerpudeckoro tuma (6) umeer 27 JTUHEHHO
HE3aBHCHUMBIC PEIICHUS:

a
x,y,z)=F® ' X,V,Z |, 8
% (%y.2) Ll,cz;dl,dz;el,ez; y } ©)

1-d, +a;
X,y,z)=y " 4F® e X, Y,2Z |, 9
@ (%y2)=Y Ll,cz;Z—dl, d,+1-d;; e,e,; Y } ©)
1-d, +a;
X,y,z2)=y 2F® 2 X,V,Z |, 10
@ (% Y,2)=Y Ll,cz;2—d2,d1+1—d2;e1,e2; Y } (10)

1-c +a;
X,y,2)=x"2F® v X,Y,2|, 11
@ (x.¥:2) {2—01, ¢~ +1 d,dy €8 } )

2+a-c —d;
X,y,2)=x"y"4F® L X, ¥,2 |, 12
@ (xy.2) y {2—cl,cz—cl+1;2—dl, d,—d, +Le,e,; y } 12
2+a-c —d,;
o5 (%, y,2) =x"2y ¢ ratamh XYz, (13)
2-c,C,—C+5d —-d,+1 2-d,;e,e,;

1-c,+3;
X,y,2)=x"F® 2o X,V,Z |, 14
0)7( y ) [Z—CZ,Cl—CZ+l; d,d,; e,e,; y } a4

2+a-c,—d,;
oy (x,y,2)=x"2y 4 FO a6 4 X Y,Z |, (15)
2-¢,, ¢ —C,+1d,-d +1,2-d;e,e,;

2+a-c,—d,;

@y (X,y,2)=x"2y 2F® Tamh R XY,Z], (16)
2-c,, ¢, —C,+1d,—d,+1 2-d,;e,e,;
1-e +4;
x,y,z)=2"%F0 o X,V,Z |, 17
@ (*¥.7) Ll,cz;dl,d2;2—e2,e1—e2+1; ¢ } ()
2+a-d, —e;
X,y,z)=y %z oFd L X, Y,Z |, 18
o (%y.2)=Y c,C,;2-d,d,—d +1 2-¢,e,—€+1 y (18)
2+a-d,—e;

X,y,2)=y %z fF® 2 X Y,2|, 19
@ (¥ ¥,2)=Y C,Cy; 2—d,, d —d,+L e, -6 +1 2—¢; y 49

o 2+a-c —e;

X, Y, :chlzlelF(3) XY, 2, 20
@ (xy.2) 2-c,c,—c+1d,d,; 2—-e, e, —e +1; y 20
3+a-c -d,-e;

y, (xy)= Xy iz et raTah e XY,2|, (21)
2-C,, C,—C+1 2-d,,d,-d, +1 2—-e,e, € +1
3+a-c-d,-¢;

g (X, Y,2) =Xy 27 2 F O raaTho XY,2], (22)
2-C,, C,—C +L 2-d,, d,-d,+L 2-¢,€,-¢ +1,
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3+a-c,-¢;
x,y,z)=x%zap0 2 X V.|, 23
@ (X¥.2) =X |:2—C2,01—CZ+1;d1,d2; 2-e,e,—6+1 y } (3)
3+a-c,-d -e;
X,y,z) =Xyt p e 2o XV,2|, 24
(%, Y 2-C,, C,—C+1 2-d, d,—d +1 2-¢,€,-¢ +1 Y @)
3+a-c,-d,-e;
X,y,2) =Xyt p® 25
A (%$.2) =Xy [2 C,, G, —C,+12-d,, d,-d,+1; 2-¢,¢8, e+L } (@)
1-e,+3;
x,y,2)=2"%F® 2 X Y,Z |, 26
@ (%3:2) Ll,cz; d,d,; 2-e,,6 -6, +1, y 29
3+a-d, -
X,y,2)=y 4z eF® V.71, 27
(X ¥:2)=Y c.C,; 2—d,d, d+L2 e, & —&+1 %Y @)
3+a-d,-
X, V, - yloe () 2~ % X,V,Z |, 28
@u(Xy.2)=y C.C,; 2—d,,d, —d, +1 2—e,,e, —e, +1; y ()
3+a-c —e,;
X,y,2)=xaz%F® to X V.2 |, 29
@ (X %,2) 2-¢, C,—C+1 d,d,; e —e+12-¢,; Y @)
3+a-c —d,-e,;
@y (X, Y,2) = X2y iz aTh TR XY, (30)
2-¢, ¢,-C+L2-c, 2-d, d,-d +1'2—e2,e1—e2+1;
3+a-¢-d,-
(%, Y,2) =Xy 7 " XY.2], (31)
2 C,C,—-¢+L2-d,, d d+L2 e, € -6+1
@5 (X, Y,2) =Xz % F 0 3taC,-8; XY,z (32)
A 2-¢,, ¢, —C,+L d,d,; 2—e,, e e, +1; Bt
3+a-c,-d;-e,;
X,y,7)=xeyrhzepe z 33
@5 (1Y,2) =X [2 Cp 6, —C,+L 2-d,, d,—d, +1 2-¢,, ¢ —€, +1 y] (33)
3+a-c,—d,-e,;
a)27(x,y,) 1c2y1d221e2F) 2 Y2 X,Y, (34)
2-¢,C,—-C+L 2-d,d,-d +1 2-¢,e,-€ +1;
1. ABTOMOJ€JIbHbIE pelleHdsl BbIpo:kaawumerocs AuddepeHUHATBLHOIO ypPaBHeHHs B
YaCTHBIX NPOU3BOAHBLIX Y€TBEPTOIr0 MOpsaAKa
Paccmorpum ypaBHeHue
Lu=x"y"z"u, —t*y"zPu  —t*x"zu, —t“x"y"™u_ =0, m,n,k, p=const >0 (35)
B 001aCTH Q:{(x,y,z,t): x>0, y>0, Z>0,t>0}.
Penrenue ypaBHenus (35) OyaeM UcKarthb B BHJIE
u= Pa)(gf, 7, ;)’ (36)
rac
-1
P:(itkﬂj ’ fz_Lm n+3, — Lgkl m+3’§:_L3klzp+3’(37
k+1 3(n+3)°t 3(M+3)°t"" 3(p+3)°t*"
)
m P
= = ' == . 38
n+3 = m+3 4 p+3 (38)

IloacraBnsast (36) B ypaBHenue (35), momyuuMm 1uddepeHIUATEHOES YypaBHEHHE B YaCTHBIX
IIPOU3BOJHBIX TPETHETO IOPSIKA

Aia)ﬁ +Aw oo T Aaa)m + A4w§§ + As% + Aecog + A7a)§ + Aga),7 + Aga)g +A,0=0 (39)
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rIae

A= Pth”ymz”(;ﬂjfz,

Nom k+1
A2=Pth y z (3tk+1j772,
N om K+1
A3':Pth y Zp(3tk+1]é/21
A, = Ptty" k+1(1+2a+2+a+1j§,

2tk+1 3
A = Ptx” mk+1(1+2ﬂ 2+ﬂ+1j77,

k+1

A = Ptixy” k+1(1+27/ 2+y+1j[;’

2t
A = Pty :;i(“za 2+a 35}
A, = PHExTy” I2<ttj(l+ 23 2+ﬂ 77),
A = PHExTy” 12<t1r+}(1+2y 2+;/ j

_ Ky ny,m
A, =—-3Pt'x"y
IpunnMas Bo BHUMaHWe ompeneienue (37) mapameTpoB O, [ um ¥, a Takke MOJCTaBIss
BbIpakeHus: koaduuuentos A — A, B ypasrenue (39), gerko yOeauThcsi B TOM, 4TO ypaBHeHue (39)
PaBHOCHIIBHO clieyroliei cucremMe auddepeHInanbHbIX ypaBHEHUH

§2w§§§ (l+2a+2+a+1 éga)g;+(1+32a 2;05_5)% ne, —Cw, -0 =0

1+2p 2+ 1+24 2+
7720),777,77{ 3ﬂ+ 3ﬂ+1 na),m+( Sﬂ Sﬁ nja),]—gca)é—gwg—a):O

1+2y 2+ 1+2y 2+
§2w§§§+(Ty+Ty+l Cw,, ( yexv_ ja)g—(fa)g—na)n—a)=0

3 3
CpaBHuBas Temepb NOCIEAHIOI cHucTeMy auddepeHInanbHbIX ypaBHEeHHHA ¢ cuctemoit (39),
yuutbiBast (36), Jerko BBHIKCATh BCe 27 ABTOMOJICJIBHBIE  PEIICHUS  BBIPOMKAAIOMIETOCs
¢ depeHInaTbHOTO YPaBHEHUS B YaCTHBIX MPOU3BOAHBIX (35) B BUAE:
L

u(xy.2)=A4PFY 244 1420 2+ 1428 2+y 142y En |, (40)
3 ' 3 3" 3 "3 3"/
L 4-p.
u,(x,vy,z,t)=APn 3 FO® 3 (41
(% y.2.t)= 4Py dia 1420 4—f 245 24y 142y o [
3 ' 3’ 3" 33" 3"/
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5-28
228 3
u.(x,y,z,t)=A.Pnp 3 F® . (42
(%Y 2t)=APr dba 1420 5-28 4-f 24y 142y o] @2
3 '3’ 3 " 3’3" 3"/
4—qa
e 3
u,(x,y,zt)=4Ps3 F® n,C |, @43
A e PP N S TPV IPYRPTPSLL LS B
3’ 3" 3" 3" 3" 3"/
S—a-p.
La 1p 3
Us(X,Y,2,t)=APE 3 3 FO® &g |

A—a 2+a 4-p 2+ 2+y 1+2y.

33 373" 3" 3

(44)
6-a-20.

e 2 3 (45)
Ug (X, Y,Z,t P
e(y )/16577 A—a 2+a_ 4-p 5- 2ﬁ2+7l+2 e |

3' 3’ 3" 33" 3°
5-2a |

2-2a @ 3’ (46)
u X, ,Z,t — P 3 F IE '

(% y.2t)=4Pg 5—&14—a_2+ﬂ1+2ﬂ.2+71+ﬁﬁgng
3 '3’ 33" 3" 3" |
6-20—f. |
220 1-8 3 ' (47)
u X, ,Z,t — P 3':(3) s 1y ’
o (%Y, 2.t) = 4P¢ 5-2a 4—a_ 4-p 2+ﬂ.2+y1+&afn§’
3 '3’ 3’ 3" 3" 3°' 1
7-2a-28
220 p 3 (48)
) ] lt P ) ’ ’ ’
Ug(X,y,2,t) = APE 3 5-2a 4—a 4-f 5-28 2+ 1+27/_§77§
3 '3' 3" 3" 3" 3"
4-y.
Ly @ 3’
u.(x,y,z,t)=A4 P& 3F (49)
(% Y,2.t) = 4oP¢ 240 1420 2+ 1428 2+y 4—y 577(
3’ 3 ' 3' 3 ' 3"3"
2-p-y.

N 3 (50)
uy(xy,zt)=4,Pp* {3 F
u(%y.2.4)= 4Py * ¢ 2+a 1+2a 4-B 2+B 2+y 2+y 4_7-‘577(

3’3 3" 33" 33"’
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6-24-y.
2y 3 (51)
u X’ ’Z1t: P 3 3F IV )
(% Y.2t)= 4Py 2 & 2+a 14+2a 4-B 5-28 2+y 4—7.577;
3' 3 ' 3" 3 "3 3" |
S—a-y, |
. » ;F@ 3 0| (52)
Uys (X, Y2 )'%5 4 4-q 2+a_2+ﬂ1+2ﬂ.2+74—7?ﬁ7§
3' 3" 3" 33" 3" 1
6-a-f-y.
e 1 b 3
u X’ ’Z’t: P 3 3 3F IRV K] 1(53)
14( y ) APen e A—a 2+a 4-F 24+8 2+y 4_7-577?
3' 3 3" 3" 33"
S-a-2f-y,
La 22ﬂ 1y 3 (54)
u X, ,Z’t P F 11y )
15( y ) AgPe *m * ¢ d—-a 2+a 4-p 5-28 2+y 4_7-6774/
3' 3’ 3" 3 3"3"°
i 9-2a-y.
v 1 3 (55)
,,,t: P 3 3F L !
U (XY, 2,t) = 46PS ° ¢ 5-2a 4-a 2+ 1+28 2+y 4_7-5774
. 3 "3’ 3" 3" "3 3"’
[ 1-20-p-y.
%ﬁ C2 3 (56)
u X, ,Z,t P 3 SF
(%Y )/1175 S s 20 dea 4-p 248 24y 4—y )
"3 "33 3 373
8-2a-2p-y.
pa 2 by 3 ’
U (X y.zt)=A.PE 3 3 2 FD (57)
18(y)118€?7§ 5-2a 4-a A4-B 5-2B 2+y 4~y S |
3 "3 ' 3 3 3 3
5-2y.
2 3 (58)
u X, ,Z,t: P 3F
19( y ) AoPe 2+a 14+2a 2+ 1+20 5-2y 4—y Sne
3 '3 ' 3" 3 ' 3° 3’
9-p4-2y.
sz 3 (59)
u X, ,Z,t: P 3 3F IRIE] '
o (%Y 2.8) = A0Pr7 * & 2+a 1+2a 4-pB 2+pB 5-2y 4_7-577;
3 '3 ' 33 3" 3°
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10-2p8-2y
2 2 3 (60)
Uy(X,y,2,t)=4,Pp 2 ¢ 3 F
a(Xy.2t)= 2Py 7 ¢ 2+a 1420 4-p 5-28 5-2y 4—y.§n§
3 '3 3" 3 3 "3’ |
9-—a -2y |
e 22 3 (61)
Uy (X, Y,2,t)=4,PE 3¢ 2 F
2 (%Y ) AoPC° ¢ d—a 2+a.  2+p 1+20 5-2y 4—7.5774
3 '3 3" 3" 3 "3 |
l-a-B-2y, ]
e 102 3
u X’ ’Z,t = P 3 3 3 F W Ify 1(62)
(YR =RPE T ava amp 24p 5-2y 4y €
3 '3 3" 3" 3"3" |
8—a-28-2y.
o 22 2y 3 ’
U, (XY, 2,t)=A,PE3n 3 £ 3 F g @3
24( y ) 2 e A—a 2+a 4-p 5-208 5-2y 4_7.5774/
3 y 3 y 3 y 3 1 3 ’ 3 1
10-2a -2y | |
e 22 3 (64)
Uy (X,Y,2,t)=2PE 3 & 2 F
zs( y ) AsPe * ¢ 5-2a 4—a 2+ 1+28 5-2y 4_7'5776“
3 '3’ 3" 3" 3 "3 |
I 8-2a-p-2y. |
ta L Ty 3 ’
Ug (X, Y, Zt)=46PE 2P n 3 ° F e s (%9)
26( y ) AePS 217 ¢ 5-2a 4-a 4-pB 2+ .5-2 4_7.5?7;
3 '3 3" 3" 33" |
9-2a-2p-2y.
The ZU B0 4 3 | (66)
u X, ,Z,t — P 3 3 3 F W1y ’ 66
27( y ) AP 7 76 5-2a 4-a A-p 5-28 5-2 4_7-577(
. 3 '3 33" 3" 3’
where A+, 4,, are constants.
3 xa B k+1 n+3 k+1 m+3 k+1 3
P= _t ’ - = , - , == P 1
(k+1 j ey T Emegtt) T a ey

Taxum 00pa3om, JoKazaHa CiIeayomas

Teopema. Bce aBroMojenbHbIe pelieHus BhIpokaaromierocs auddepeHipanbHoro ypaBaenus (35)
npejcTapisitorest paseHcTBamu (40) — (66).

3axmovyenue. Kak wn3BectHo, CpuBacTaBa BIEpBBIE ONpeAeiIHi OOLIME TUIEpreoMeTpudecKre
(YHKIMU OT TpeX MEePEMEHHBIX MTPOU3BOJILHOTO Nopsaka. HecMoTps Ha TO, YTO UMEETCs] MHOXKECTBO PadoT,
B KOTOPBIX HCCICAOBAHBI BOIIPOCHI CXOAMMOCTHU U IPUBOJUMOCTH, ITOJTYUYCHBI (1)0pMy.HI)I CYMMHUPOBAHUA U
npeoOpa3oBaHus, WHTETPAIbHBIC MPEACTABICHUS MJSl THIEPreoMeTpruYecKux (QYHKUMHA OT Tpex
MEPEMEHHBIX, OY€Hb Malo paboT, MOCBAIMICHHBIX MPUMEHEHUIO TMIEPreOMETPUUECKUX (YHKUUH OT Tpex
MIEPEMEHHBIX BBICIIETO MOPSAIKA K IPUKIAIHBIM 3a/1a4aM.

Hacrosimmass pabora WHTepecHa TeM, 4YTO OHa OOCYXKIAeT NPWIOKEHHS THIEPreOMETPHUSCKHX
(YHKUMH OT TpeX NMEepPEeMEHHBIX TPETHEro MOpsAKa — YCTaHABIMBAET aBTOMOJEIIBHBIC PEICHHS OIHOTO
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BEIpOXatonierocss AU QepeHIManbHOr0  ypaBHCHUS, BO3ZHUKAIONIETO B MPHUKIAIHBIX  3ajJa4ax
MaTeMaTHIeCKON (HhH3UKH.
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V]IK 517.5
ABTOMOP®U3MbI 1 TEMHUCKATA

Kaobopoe Hacpuooun Mupzooounoeuu,

Tawxenmckuii 20cy0apcmeenHbvlil IKOHOMULECKULL YHUBEpCUMem
zjabborovnasridin@gmail.com)

Xycenoe bex300 Spkun yanu,

byxapckuii 2ocyoapcmeennblii ynugepcumem
b.e.husenov@buxdu.uz

boboxonoe Llapoghuooun Coouposuu,

Kapuwunckuii 2ocyoapcmeennuiil ynusepcumem
boboxonovsharofiddin@1993gmail.com

Annomayua. B pabome uccredyiomcs asmomopuimvl JeMHUCKAMHbIX 00adcmell, 3a0a8aembix
yposuamu  modyna  mnozounena  P(Z) Joxasano, umo kaxcoas cessmas komnowenma  obnacmu

‘P(Z)‘ <Lasnsemen oomocessnoii u omobpasicenue P QO —> D sgnsemes npasunonvin 2onomoppusim
Hakpvimuem. YCmanogieHo, 4mo 6CAKUL  A6MOMOPQU3M  JEMHUCKSamyl, COXPAHAOWUL  YPOGHU

‘P(Z)‘ = CONSt u nepecmasnsioOwuil HYIU MHO20YNEHA C COXPAHEHUEM KpPAMHOCMEl, YOO081emeopsen

coomnowenuio P(f(2)) =e"P(z). okazano, umo 2pynna maxux aemomopgpuzmoe xoneuna u cognadaem

€ 2pynnoti aneedpauteckux CUMMempuLl MHO2041eHa P(Z)

Knwouesvie cnoea: nemuuckama, aemomop@usM, MHO2OUNEH, YPOBeHb MOOYIs, CUMMempus.,
npasuibHoe omoobpasiceHue, NPUHYUN apeymMenma.

AUTOMORPHISMS AND LEMNISCATES
Abstract. The paper investigates the automorphisms of lemniscate domains defined by the level sets of
the modulus of a polynomial P(Z)). It is proved that each connected component of the domain ‘P(Z)‘ <lis
simply connected and that the mapping P :Q, — D'is a proper holomorphic covering. Furthermore, any

automorphism preserving the levels |P(z)|= ‘P(Z)‘ = const and permuting the zeros of P with their

multiplicities satisfies P(f (z)) =e”P(z) . The group of such automorphisms is finite and coincides with the
algebraic symmetry group of the polynomial P(Z)

AVTOMORFIZMALAR VA LEMNISKATLAR

Annotatsiya. Magolada P(Z) ko 'phadining moduli darajalaridan hosil bo’lgan lemniskata
sohalarining avtomorfizmlari o ’rganiladi. Har bir ‘P(Z)‘ <Xsohasi bilan bog’langanligi va
P ZQO —> Dxaritasi to ‘o’ri golomorflik  bilan  qoplovchi  ekanligi  isbotlangan.  Shuningdek,
‘P(Z)‘ = const darajalarini saglovchi hamda P ko phadining nollarini ularning ko payish sonlari bilan

almashtiruvchi har ganday avtomorfizm P(f(2)) =e“P(z) shartni bajarishi ko rsatildi. Bunday

avtomorfizmlar guruhi chekli bo’lib P(Z) ko phadining algebraik simmetriyalar guruhi bilan mos keladi.

Kalit so’zlar. Lemniskata, avtomorfizm, ko’phad, modul darajalari, simmetriya, to’g’ri akslantirish,
akslantirish pirinsipi.

Beenenne. CoBpeMeHHas TeOMHTpHYECKas Teopus (QYHKIUE  HCCIeayeT B3auMOCBS3b MEXKIY
aHATMYECKIMH CBOMCTBAMHU KOMITJIEKCHBIX OTOOpakeHH u dopMoii mx obnacTedt onpenenenus. OqTHAM U3
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(yHIaMEHTANbHBIX OO0BEKTOB 3TOW TEOPHUUH SIBIISIOTCS JIEMHHUCKATHBIC 00JaCTH —MHOXECTBA 3a/1aBacMble
YpaBHSIMH MOJIYJII MHOTOWICHA MK 60Jiee 00mIero rooMapHOro oToOpaskeHus

Q={zel:|P(z)|<1} @1

I'ne P(Z) -muorowten cremenn N>1. T'pannupr Takux obnacteil ompejenseMble ypaBHEHHEM

‘P(Z)‘ = 1 , HA3UBAKOT JICMHHCKaTaMH. OHH SBIIAIOTCS €CISIOTCS €CTCCTBEHHBIM O606H.IGHI/ICM OKPY>KHOCTH

Korjga P(Z) =Z7.
HccnenoBanue aBTOMOP(U3MOB JTEMHUCKATHBIX 00JIaCTel 3aHUMAET BaXXHOE MECTO B KOMIIIEKCHOM

aHanmze. B kiaccudeckom cirydae, Koraa 00acThi0 CITYKHUT €IMHUYHBIBINA JUCK aBTOMOP(HU3MBI TIOJTHOCTHIO
OIMKCHBAIOTCA APOOHO —JIeHEHHBIMU TIpeOpazoBanusaMu MEOuyca.

w Z—a
f(z):eem, la|<1 (2

OGpasyromumu rpymy Aut ( D) COXPAHSAIOILYI0 YPOBHH ‘Z‘ = CONSt peanmusyroniyro KOHPOPMHBIE

BpAaIlCHUs B TUIIEPOOTNIECKON METPHKE.

OpnHako ecnu 00JacTh UMEET JEMHHUCKATHYI0 (OpMy, TO CTPYKTypa aBTOMOP(HU3MOB CYIIECTBEHHO
ycnoxHsiercs. B obmem ciydae Takue o0JacTH HE SIBISIOTCS KPYraMH, a WX TPaHUIBl MOTYT HMETh
HECKOJIBKO KOMITOHEHT pa3HYaloluXCcsl IO TONMOJNOTMM W KpuBu3He. Ilosramy omumcanme Bcex
ABTOMOP(QH3MOB, COXPaHSIONIMX BHYTPEHHOIO JIEMHHUCKAThl NpeAcTacT co0ol CcaMOCTasTeNbHYI0 H
HETPUBHAJIBHYIO 33]a4y.

OcoOBIX HHTEPEC BBI3BIBAIOT OTOOPAKECHUS f:Q->Q KOTOpBIE:
*COoXpaHSIOT YPOBHU (yHKITHH ‘P(Z)‘ =const ;
*Tlepecrapmsor Hym maorownena P(Z) ¢ coxpanennem nx kpatHocTei;

*[lopnep>KuBatOT MHBAPUAHTHOCTD MPAHUIIBI Q)= {|P (Z)| = 1} .

Takue o0TOOpakeHHs ECTECBEHHO paccMaTpuBaTh Kak aBTOMOP(HU3MBI JICMHHCKATHOH 00JIaCTH

COTJIaCOBaHHbIE ¢ MHOTOWICHOM £ .
Ien HacTosMIIEH PabOTHI- CTOPOTOE OMHCAHKE U JT0KA3aTENbCTBO AHATMTHKO-TEOMETPUYECKHX CBOHCTB

ABTOMOP(U3MOB JIEMHHCKAT MOPOXKAEHHBIX MHOTOUJICHOM P(Z) .
B gactHoCTH B pabore:

1. Jloka3piBaeTcs UYTO Kaxjas CBs3HAs KOMIIOHEHTa O0JacTH ‘P(Z)‘ <1 opmoces3Ha u uto

orobpaenne P 1€y —> D smnsercs npaBmibHbIM T0MOMOP(HEIM HAKPBITHEM JMCKA KOHEYHOM CTEITHH
(Jlemma 1).

2. YcTaHaBIUBAETCS YTO BCSKUH aBTOMOP(H3M COXPAaHSIOIIUN YPOBHU |P(Z)| U TIEpECTABISAIOIIUI

uymu P ynosnersopser cootHomenuo P(f(2)) = eiap(Z) (Teopema 1)

3. [NokazaHo 4TO Takue aBTOMOP(GU3MBI COXPAHSIOT KPATHOCTH HyJIeH M WHBAPHAHTHOCTH TPAHUIIBI
(Teopema 2)

4. Jloka3aHO 4TO Ipymma Bcex aBToMophu3Moii cornacoBansix ¢ P koHeuna (Teopema 3).

Mertoapl UCCleTOBAaHUUSI OCHOBAaHbI Ha COYETAHUHU KJIACHUYECKUX MPUEMOB IF€OMETPUUECKON Teopux
(hyHKIMA TPUHITAIA apTyMEHTa U JOKAIBHBIX pa3lokeHnid Belepmrpacca, 4To obecrmednBaeT CTPOTOCTh U
MIOJTHOTO JTOKA3aTeNbCTB.

TakuMm 00pa3oB cTaThst POpMHUPYET 3aKOHYCHHOE OIMCAHKE TPYIIBI aBTOMOP(U3MOB JIEMHUCKATHBIX

o0JxacTeit ornpeensieMbIX MHOTOUIEHOM P(Z) Y BBIABIISIET TUCKPETHYIO CTPYKTYPY UX CHMMETPHIl.
JlemMma 1. (O0 01HOCBA3HOCTH M NPABHJIbHOCTH KOMIIOHEHThI JIEMHHCKATB)
[lycts P(Z) -HeuyneBoit MHorouneH creneru N >1u mycrs

Q={zel :P(z)<1l} (@13
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-JIeMHHCKaTHasT o0JacTh 3aJaHHas ypaBHeM Moayis MHorowieHa. (OO6o3Hadem  depes

QO (PMKCUPOBAaHHYIO CBSI3HYIO KOMITIOHEHTY MHOXKECTBA Q.
Torna BBINOJHAOTCS CAEAYIOLIUE CBOMCTBA!

1. O6macts €2, oxHOCBs3HA:

2. OrpanuueHue P|n0 Q, > D= {W5 |W| <1} SIBJISIETCSI TIPABUIILHBIM (PrOper) roaoMopgHbIM
0TOOpaKEHUEM KaHEYHOM cTenenu M :
3. Yucno M paBHO CyMMe KPaTHOCTEH Bcex Hyleit muorownena P, npumammexarmx €2, :

m= Z ord,,P (14

neQq

IlosicHeHue mNPOUCXOKIEHUSI JeMMbl. OTOT pe3yJbTaT BOCXOOUT KJIACCHUECKHUM (aKTOM
TeOMETPHYECKON TeOpHH (DYHKITUI U TEOPUH KBA3UKOH(POPMHBIX OTOOPAKESHHUN-CM.

Lehto & Virtanen, “Quasiconformal Mappings in the Plane” (1973, §14) u Ahlfors, “Lectures on
Quasiconformal Mappings” (1966, Ch.1).

Hns ymoOcTBa JaNbHEHMIIET0 WCMOJIb30BaHUS HIDKE TPUBOJHUTCS TMOJHOE JOKa3aTelIbCTBO B
pa3BepHYTOM BUJIC.

JlokazaTeabCcTBO

Ilar 0. Peryabsipubie ypoBHH. Boibepem I € (0,1) TaK 4TO OKPYXHOCTh ‘W‘ =TI He comepxwur
KPUTHYECKUX 3HAUEHUI MHOrounena P

Critval (P)={P(z): P'(z)=0}

O603HaUNM

Q = {Z : ‘P(Z)‘ < r}, Q, (I’) -KOMIIOHEHTY, BIOXKeHHyI0 B {2 .

Hlar 1. HakpbiTHe (€3 BeTBJIEHUI

Ecnu okpyx’HOCTB ‘W‘ =T perynspna (He epecekaeT MHOKECTB KPUTHUECKHUX 3HaUeHHH). To

P, (r)—>{|w|<r}

SArnsiercs rooMOpGHBIM HAKPBITHEM 0€3 BETBJICHHIA.

Tak kak amck {‘W‘ < r} OJTHOCBSI3€H JII000€ €ro CBSI3HOE HAKPBITHUE TPUBUAIBHO Qo (I’) TaKKe
omxuocsssHa ([Lehto & Virtanen, §14]).

Iar 2. IIpenea npu I T 1

OGmacts {2, mpejcraBuma kax

Q, = 9 (r),

O<r<1
U xaxnas (2 (r) OIHOCBSI3HA.
OObennHeHne BO3pacTaroIuX OJHOCBSI3HBIX 001acTel TaKKe OJHOCBSI3HO.
CnenoBaTenpHO, Qo OJIHOCBSI3HA.
lar 3. [IpaBUIbHOCTb 0TOOPAKEHUSA
ITyck KcD- [IPOU3BOJIBHBIN KOMIIAKT.
Cymectayer O <1 taxoe, uro K < {|W| < ,0} .
Torma

P (K) N0, ={ze0y:[P(2)|< o}

3aMKHYTO ¥ OTPaHUYEHO BHYTPH Qo .
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CHCZ[OBEITCJII)HO, KOMIIaKTHO.

Dto o3mauaer, uto P|, sBsercs proper map- ob6pa3s KOMIAKTa MpH OGPATHOM OTOOPAKEHHH
0

kommakTeH (cm)[Ahlfors, Ch.1].
lar 4. CteneHs U 9UCIIO HyJIEH

[lo mpuHIMITy apryMeHTa CTeleHb MOKPHITUSL 71 paBHA YHCITy HyJen P(Z) —W B o6mactu €2 (c

y4ETOM KpaTHOCTEH):

L P
" mro P(z)-w z, W<l s

Tne 17y €O -3amnyTas kpuBas, 0XBaThIBAIONIAS BCE HYJIH P(Z) —-W s Q.

Ipu W =0 dopmyna (1,5) 1aéT uMeHHO CyMMy KpaTHOCTeH Hynell P (Z) B Qo :
m= > ord,P (1)

75€Q)
Taxum 00pazom, oToOpakeHne P ‘ , ABISETCS rONOMOP(HBIM HAKPHITUEM AMCKA KOHEUHOH CTENCHH

m , a o6nacte {2 -0HOCBA3HOI KOMIOHEHTHOI MHOMKECTBA ‘ P ( z )‘ <1

JlemMma noka3zaHa.
KommenTapmii.

* CBOWCTBO OAHOCBSI3HOCTH CIIEIyeT M3 OTCYTCTBHUS KPUTHUECKHUX 3HAYCHWH HA PETYISPHBIX
ypoBeHsx (pe3yibrarhl Jlexto-Bupranena).

* TIpaBuiIbHOCTD (Properness) u gpopmyna (1.5)-npsimoe ciencreue npuniuna Aprymenta (Ahlfors).
* dopmyna (1.6) uMeeT TaKKe TOMOJOTMYSCKOE TOJKOBAHUS KaK CTEIEeHb OTOOpaKeHUs

P:Q,—> D,

Teopema 1. (ABTOMOP}U3MBI JIEMHHUCKATHBIX 00J1acTell U COXpaHeHHe YPOBHeil)

nycts P(Z) -muorounen cremanm N >1
0O, ={zeC:P(z) <1} (1.7)
-(huKCcHpOBaHHAs CBSA3HAs KOMIIOHEHTA JICMHHCKATHOM 00JIaCTH ONPEACIUICHOH YCIOBHEM ‘ P(Z)‘ <1
[ycte f e Aut (Ql) OnekTuBHOE ToNOoMOp(dHOE OTOOpakeHHe f: Q, = yc romomopdusM

-1
00paTHBIM f
TIpeyI0’KUM YTO BBITIONHSIOTCS YCIOBUS

1. T nepecrasmsier nymm muorounena P suyrpu 2, ¢ coxpanennem kpatHocTeit

2. Inascex Z € Ql BBINOJIHAETCS PAa3€HCTBO COXPAHEHUS YPOBHEN

P(f(2)=P() @9
Torna cymectsyer konctanta & € R rakas uro
P(f(Z)) = €”9P(Z) msBeex Z €Yy (1.9)

JoxazaTenbcTBO
1. BcnomorarenbHast QyHKIHS
Omnpenenum ronoMophHyI0 GYHKLIUIO

F(2)= —P(Pf(g))

®yuxups F(Z) koppextHo onpernencra B Q, \Zrpe Z= {Z . P(Z) = 0} MHOXECTBO HyJen

(1.10)
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suytpu P €,
2. YCTpaHUMOCTh 0COOCHHOCTEH B HYJISIX MHOTOYJICHA
Hycte @ € Z -uyms P xparnocrn M>1 u nyers 0= (&) -ero o6pas raxxe nyns P Toit xe

KpatHocTd M (1m0 ycnosuio (1))
Pa3noxum GyHKINH JIOKATBHO B OKPEKHOCTSIX & U b

P(z) =(z—a)"g,(z), 9,(8)#0
P(w)=(0—-b)"g,(w), g,(b) =0

Otrobpaxenue f BOIM3M a nMeeT BHLI.
f(z)=b+c(z-a)+0{(z-a)*}

Moncrasnm £P(f(2))

P(f(2)) =(f(2)-b)"g,(f (2)) = (a(z~2a) +O0z~a)*)"g,(f (2)) =c"(z~a)" g, (T (2))(1 + O(z ~a))

CiaenoBaTeIbHO

F(z)=2U @) P(f(2) _ . 9:(1(2))
F(2) 9.(2)

Uro ananuTHyHO BONM3A A.
3HauuT ocobeHHOCTh F Ba a ycrpanmma m F mpomreBaercss mo romomopdHO# (yHKIUM Ha Beei

,c=f"a)=0

(1+0(z—-a)),

o6mactu {2

3.0rpaHudeHne MOy
U3 (1.8) cnenyet

|P(f(2))|
F(z

To ectb F(Z) — rostoMopdHas $yHKIHs mocTasHHOro Moyt 1 B oGmactn (2

=1 g Becex Z € Qo

4. IlocrosHcBO (yHKINUN F(Z) — He OblJa KOHCTaHTOH TO 1O NMPHHLUIY aTKUPUTOrO0 OTOOPaXKeHMS
e€ 00pa3 JoJKeH coJiepKaT OTKPHITYI0 o0sacThb B C.

Onnaxko (1.11) mokasbiBaeT 4TO F (Qo) - {|0)| = l} — OZHOMEpHas KpHuBas 0e3 BHYTPEHHOCTH. DTO

HEBO3MOYKHO ISl FOJIOMOPHOI0 OTKpBITOro otobpaxenus. Cienosarensao F(Z) — nocrasnua.
0
F(z)=¢" 6€eR

5.1toroBoe paBeHCTBO
Bospamasics k (1.10) momydaem

P(f(z)= QIHP(Z) st Beex Z € Q)

Uro utpeboBaiock 10Ka3arh

KommenTapun

1. Cmeici ycnosus (1.8)

aHO O3HayaeT 4to, aBToMopdu3M f coxpaHseT ypoBHH MOayJisi MHOrO€wIeHa P To ecTh oToOpaxkaer

kpueie P(Z) =CONSt B camux ce6s.

2. CoxpaHeHUE KpaTHOCTEH yCIIOBUS (1)) HEOOXO0MMO JIJIs1 yCTPaHMMOCTH OCOOEHHOCTEN B HYJIEBBIX
TOYKaX P(Z).

3. Uurepnperayust popmyiisr (1.9) Bce Takne aBToMophusMmsbl f MHAYIHMPYIOT BpallleHne MHOXKECTBA

0
P (QO)B IUIOCKOCTH (@, TO ecTh [ colntacoBaHO ¢ yMHOXKEHHEM P(Z) =e" P (Z) I'pynma Takux

aBTOMOP(hU3MOB H30MOP(HA MOATPYIINe BpameHuii nucka Aut (D) .
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4., Cps3p ¢ KiacCHYeckoil reomerpuert ¢yHkumid. I[lpu P(Z) = ZpaseactBo (1.9) maér

0 N
CTaH/IapPTHBIEABTOMOP(GU3MBl €IUHUYHOTO JHCKa f(Z) =C"Z B 6Gonee obmem cnyyae f-BHyTpeHHHmit

aBTOMOpP(]H3 JIEMHUCKATHI COTJIACOBAHHBIN ¢ MHOT'OWICHOM P.
Teopema 2. CoxpaneHnue HyJieii 1 ypoBHeil MHOro4JjieHa aBTOMOP(U3MaMHU JIEMHUCKATHI.

Iycrs P(Z) -muorounen crenesnn N >1
0, ={zeC:P(z) <1} (1.12)
-(UKCHPOBaHHAs CBA3HAS KOMIAHEHTA 00IACTH JIEMHHUCKATEL

[lycte f e Aut (Qo) — GuecTuBHOE TonoMopdHOe crobpaxkenue obnactu (2, Ha ceGs T KaTOPOro
BBITIOJTHSICTCS

P(f(2)=¢“P(z), OCR (1.13)

Toraa cripaBeIMBBI CIICIYIONINE YTBEPKAHUX.

1. f nepecrapisieT Hy M MHOTOWIeHa P BHYyTpH Qo C COXpPaHEHUEM UX KPATHOCTEM.

2. f coxpansier Bce ypoBHH QyHKIMI P(Z) =Const . B uacruoctu f (OQO) =0Q),

Joxa3zaTenbcTBO
(a) CoxpaHeHHe HYJICH U UX KPAaTHOCTEH

Iycts @ € {2y —nyns P kparsoctn M >1
P(z)z(z—a)mga(z), g.(a)#0 (1.14)
N3 (3.11) cnenyer
P(f(2))=e“P(z)=c’(z-a)"g,(2) (1.15)
Honoxum b = f (a) . Tak xax f romomMophHO pa3noKUMero BOIM3U TOYKH d
f(z)=b+c(z—a)+0((z-a)?),
CpasuuBas (1.15) u (1.17), mony4aem paBeHCTBO IJIaBHBIX YJICHOB!
c"g,(b)=c"g,(a)
U3 (3.16) cnenyer uto g, (b) #0 1o ects b= f (a) TaKKe sABIsieTcs HyJaéM P Tol jke KpaTHOCTH M.

CrenoBarensHo aBToMophu3sm f ripecraBisier HyJ M MHOTOUYJIEHA C COXPAHEHHEM KPaTHOCTEH.
(b) Coxpanenvie ypoBHE# U TPaHHUIIBI
B3sB Mmonyns 0o6enx wacteii (1.13) momywgaem

P(f(2)|=|c"||P(2)] =|P(2)]
CrienoBatenibHO f COXpaHseT KKy JTUHHIO YPOBHS P(Z) =CONSt B wactHOCTH.

f(aQO):{f(z):P(z)=1}:{z:‘P(f‘l(z))‘zl}z{z:\P(z)\:l}:aQ (1.19)

TeM caMbIM IpaHuUIla ¥ BCS CTPYKTYpa JIEMHUCKATh HHBAPHAHTHBI OTHOCUTEIHHO f

KomMmenTapuu

1. Cmpicn paBuacTBa (1.18)

OHO BbIpaXKaeT JOKAIbHYIO KECTKOCTh aBTOMOpGH3Ma BOIM3M KaXKAOTO Hyssi a croOpaxeHeHue f

m
neifctByert kak mosopot n Macmrad Z > D +C(Z—a)cC |C| =1

2. T'eomeTpuueckas HHTEpIIpETaLHsl.
Astomopdusm f coxpaner Bech HaOOp H30JMHHI P(Z) =CONSt on feiicTByeT Kak BpalIeHHE B

kopmuuate @ = P(z) nosromy rpyrma takux f usomMopgHa moarypymne BpameHmii aucka.
_ -1 (At0
f,=2>P*(c"P(2))
3. Poss ycioBus f (a) #0
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HenyneBast mpon3Bo/iHas TapaHTUPYET JOKATBHYI0 00paTUMOCTD U MCKITIOYAET BETEIICHHS, YTO JeaeT

CpaBHEHHE TIOPSIKOB HYJIEH KOPPEKTHBIM.
4. Ananorus ¢ KJIaCCHYECKUMHU CITy4asMu;

ITpu P(Z) = Z 370 naéT 0OBIYHBIC aBTOMOP(U3MBI JHCKA f(z)= e’z

m
m
npu P(z)=z aBTOMOP(H3MBI COOTBETCTBYIOT BPAIICHUSIM, COXPAHSIOLINM JIEMHUCKATY |Z| =1

Teopema 3. (KoHedHOCTH TpyTIIBI COTTTACOBAHHBIX aBTOMOP()HU3MOB.
[lycts P(Z) — muorownen crenenn N>1

0, ={zeC:|P(2)| <1} 2.1)
-MKCHPOBHHAS CBA3HAS KOMIIOHEHTA JIEMHHCKATHON 00JI1aCTH, M ITyCTb
C= {f € Aut(Q,) 136 € Rraxoe uro P(f (2)) = P(2)Vz e Qo} (22)

Torna rpynna C xoHEYHO
[Hoaroska 0603HeUEHMI

O6o3Ha4nM MHOKecTBO Hyleil P &0 (cyuéros kpaHHOCTE) Yepes
Z:{ai, ..... ,aﬂ}cQO m, ::ordajP(j:l,....,s) (2.3)

Kaxgeii f € C o gopmyne (2.2) cormacosan ¢ P u, kak creayeT u3 TeopeMbl2, IepecTaBiIseT TOUKH

Iar 1. ToMoMopdu3M B IpyIIIy EPECTAHOBOK HYJIEH ONMPEIENTM 0TOOpaKEHHE
©:C - Sym(Z), O(f)a;)=f(a;) (2.4)
U3 Teopemsr 2 cienyer uto D( ) meiicTBUTENBHO IIepecTaHOBKA MHOKECTBA Z. TIPHIEM KPAHHOCTH

M; coxpaustores. Jlerko nposeputh 4r0 O — romomMopQusm rpym:

®(fog)=o(f)od(g) (2.5)

Tak kak Sym(Z) —xoneunast rpymnma (MHOXecTBO Z KOHEUHO) TO €€ moarpynmna 1M koneuna:
im®| <. (2.6)

Ocraéres mokasats 4to spo  KCr & = { feG:f(a;)=2a;va; ez } Takxke KoHeuHo. Tormaa o
|G| =|imd]|- |ker @| < o0 (2.7)

Iar 2. Ouenka |ker q)| . ciyuai |Z| >2

[Mycts ker® > f dukcupyer Bee vy 4, .....,a j Beibepem pumanoBy Kapry

@:Q, = D 6u rmomopdusm. (2.8)

Paccmotpum

F=¢"f%" c Aut(D) (2.9
Tak xe f(aj): a;, o F dQukcupyer Touku p; = (o(aj)c D. Ecau |Z| >2 1o F umeer nBe

pasnuuHble (PUKCUPOBAHHBIC BHYTPEHHHE TOYKM JUCKA; U3 KJIACCUYECKOro omnucaHus aBToMopdumor D
caenyer, uto torga F =id (aBromopu3sM 1ucKa He MOXKET MMETh IS pasHble (DMKCHPOBAHHEIE
BHYTpPEHHME TOUYKH, KpoMe ToxkaecTBeHHoro). Cnenosatensho, f =id . 3naunr,

|Z| >2=kerd= {id }—KOHetmo (2.10)

Hlar 3. Ouenka |kercD|: ciryyaii |Z| =1

[ycte Z = {a} - enuHcTBeHHBIA Hynmb P B €, ero kpataocte M:=0rd,P >1. Jina f —ker®d
umeem f (a) = a. JlokanbHbIe pasnoxenus (Kak B Teopeme 2):

P(z)=(z-a)"g(z). g(a)=0, 2.10)

f(z):a+c(z—a)+o((z—a) ) c=f'(a)=0, (2.12)
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VYcnosue cornacoBaHHOCTU (4.2) nmaér P(f (Z)) = eWP(z) st HeKotoporo 6 = G(f ) CpaBHeHue
TJIABHBIX WICHOB (CM.BBIBOJ TUMA (3.16)) mMpUBOAMT K

c"g(a)=c"g(a)=c" =c" (2.13)

Iepeiiném k Moaenu aucka, kak Boime: F =@’ f o™ Aut(D) npuuém F((p(a)) = (p(a).

HopmupoBkoit MOXKHO CUUTATh (p(a) =0 (amenum @ Ha T 0, rae T-noxxomsumii aBToMOpPHU3M
mucka). Torma Beskuid aBToMophn3M mucka Gukcupyromuii 0, umeet B

Fw)=e"w, ac®. (2.14)

M3 uennoro npasmia nonydaem F '(0) = f ’(a) =C=C". CoBmecTHO ¢ (4.13) umeem

¢ =c" =(¢") =@ = g = 9 (mod 272/ m) (2.15)
m
To ectb yron ¢ (asuauutu F,u ) mMoxer npuaumars He Gostee ueM m pasIMUHBIX 3HAYCHUM:
0 27K
ae{—+—:k=0,1,...,m—1} (2.16)
m m
CraenmoBartenansHO,
[ker @[ <m <o (2.17)

3aBepllIeHNE 10Ka3aTeIbCTBA
O6benunss (2.6), (2.10) u (2.17), noxyvaem

|G| = im®)|- [ker @| < o
Teopema nokazana.
KomMeHTapuu U TOHKHE MOMEHTBI

1. Ilouemy cayuait ‘Z‘ = 0 HeBo3MOXKeH U1 KOMIIOHEHTHI ‘P‘ <1: no npummumy aprymenra,

MaKkCUMyMa MOJIyJIeH B KaXX/10¥ BHYTPEHHEH KOMIIOHEHTE YPOBHS ‘P‘ <1 muorouren P umeer xotst Gbi
OJIMH HYJIb.
2. CMBICT KOHEYHOCTHU \kerCD\ npu ‘Z‘ =1: nokameHas «KECKOCTE» B TOUKE HyJISl paspemiaer

TOJIBKO M1 NHCKPETHBIX «BpAIIeHU» (B KOOpAMHATE (P), COIVIACOBAHHBIX C TJIOOANBHBIM YCIOBHEM
9
P(f)=e"P.
3. OOmmii UTOr: TPyIIa BCEX aBTOMOP(HU3MOB Qo , cornmacoBaHHbIX ¢ P B cmeicie (2.2), Bcerma

koHeyHa. [Ipu ‘Z‘ > 2 s1po TPUBAIIBHO; TIPH ‘Z‘ =1 BosmoxmsI He Gonee M smeMeHTOB B sape (rae M -

KPaTHOCTh €IMHCTBEHHOT'O HYJIA).
3akauenne. B pabore paccMOTpeHBl aHAIUTUKO-TEOMETPUYECKHE CBOMCTBa aBTOMOP(HU3UMOB

JICMHHCKAaTHBIX O6J'IaCTeI>i, 3alaBaCMbIX YPOBHAMHU MOAYJId MHOI'OYJICHA P(Z) . Ha ocHOBe kiaccuyeckux

METOAOB TEOPHH TOJNOMOP(QHBIX M KBa3UKOH(OPHBIX OTOOPAKEHUH MOJIy4eHBl CTPOTHE pe3yJIbTaThl,
OTIHCHIBAIOIINE CTPYKTYPY TAaKUX aBTOMOP(PHU3MOB.

1. Jlemma 1 IIOKa3zajila, 4YTO KaxJgas CBsA3Hasd KOMIIOHCHTa obmactu {|P(Z)| <l} SABIIACTCA

OJIHOCBSI3HOI 1 4TO 0TOOpaxenne I ! Qo —> D spusiercss mpoBHIIBHBIM FOIOMOP(HBIM HAKPHITHEM JHCKA

KOHEYHOM CTEIeHH, paBHOW cymMma KpaTHocTeil Hymeii P BryTtpm Qo- TeM caMbIM YCTaHOBJIEHO

TONOJOTMYECKOE COOTBETCTBUE MEXKAY BHYTPEHHEH TIeOMETpUeH JIEMHHMCKATBl W CTPYKTYpHOM HyjeH
MHOI'OYJICHA.
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2. Teopema 1 pgokazama, 4TO BCSKUH aBTOMOP(HIM fe AUt(QO). CoxpaHsonuii  ypoBHU

‘P(Z)‘ =CONSt u mepecrapmsmommii uymn P ¢ coxpamenmem kpaTHOCTEH, yIOBIETBOpPSIET PAaBEHCTBY
P(f(2))=¢"P(2),

I'ne € € R. D10 paBencrBo 03Hauaet, 4To aBTOMOPMU3MBI JIEMHUCKATH MHAYLUPYIOT BPAIICHUS B
xopaunare W= P (Z)I/I ClIeI0BATEIbHO, 00Pa3yIOT MOATPYIINY BPAICHHI TPyl aBTOMOP()HU3MOB JAHCKA
Aut(D).

3. Teopema 2 ycraHOBWJa JKECTKOCTh TaKUX aBTOMOP(HU3MOB: OHH HE TOJIBKO COXPAHSIOT YPOBHH

byHKIMH ‘ P ( Z)

, HO M TMCPECTABIAIOT HYJIHM MHOIo4jcHa C TCEMHU KC KpPaTHOCTAMU, obecrieunBast

JIOKQJIbHYI0 KOH(OPMHOCTh ¥ HHBAPUAHTHOCThH TPAHHUIIBI 9Q0 :
4. Teopema 3 ToKa3ajia, 4To IPyIIa BCEX aBTOMOP(HM3MOB, COrNACOBAHHBIX C MHOTOWICHOM P B
P(f)=e’P 3 0
CMBICIIE YCIIOBUSI =€ P, sBasieTcs koHeYHOU. B yacTHOCTH, eciu BHyTpH L2, Goiiee OMHOTO HYJIS,

aBTOMOP(U3M €IWHCTBEHEH (TOXKICCTBEHHBIN), a MPU €IUHCBEHHOM HyJie KPaTHOCTH Ml CYIIECTBYET He
Oomee Ml [OMYCTUMBIX BpalleHHH. OTOT pE3yNbTaT PACKPBIBACT IUCKPETHYI MNPUPOAY CHMMETPHH
JMMHHUCKATHBIX 00JacTel.

[lony4yennsle  yTBepkAeHUS  (OPMYPYIOT 3aBEpUIEHHYIO  KJIACCH(DUKAMIO  aBTOMOP(HU3MOB

JICMHHCKAT, HOpO)KI[éHHLIX MHOTI'O4JICHOM P(Z) Onu IMMOKa3bIBAOT, 4YTO BHYTPCHHAA TI'COMETPUA

JIEMHHUCKAThl TIOJHOCTBIO OIpeNeseTcs paclejieHHeM HyJled MHOrowieHa M WX KpaTHOCTAMH, a
JOIyCTUMBbIE TPe0o0pa3oBaHus CBOAATCS K KOHEUHOW TPYIIIE BpalleHui B 00pase AucKa.

B nanpHeiimeM 3TH pe3ysibTaThl MOTYT CIYXXHUTh 0a30H AJIsl paclIMpeHUs aHaiu3a Ha Oonee oOmue
KJIacChl OTOOpaKEHW- HAmpUMep JJsl TOCTPOSHHsI aBTOMOP(H3MOB 00JacTel, 3a/aBacMbIX YpPOBHIMH
FapMOHHYECKUX CyOrapMOHMYECKHX WM ICEBIOBHAINTHUYECKHX (YHKUUH, IIe COXpaHsAeTCsS aHaJIOTHYHAs
CTPYKTypa MHBAaPUAHTHOCTH YPOBHEU U ®KECTKOCTH.
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V]IK 517.95

PEIIEHUE HEJIMHEMHBIX OBBIKHOBEHHBIX JJU®®EPEHIIUAJIBHBIX
YPABHEHMUMU, C KBAAPATOM OIIEPATOPA BECCEJIAA

Bounazapose Axpopicon Hymonrconosuu,

Kageopa npuxnadnot mamemamuxu u uHgopmamuxu
Depeanckuii 20cy0apcmeenHblil YHUGepCUumem
Depeana, Y3bexucman

ahror010185@gmail.com

Anunomauusn. B oannou cmamve ucciedyemcs: HaxodcoeHue 31eMeHMAPHbIX PeuleHUll HeTUHEUH020
00bIKHOBEHHO020 OuppepenyuanvHoeo ypasHenus, cooepacawe2o keaopam onepamopa beccens. Ocnosnoii
MEMOO UCCIeO08AHUSL OCHOBAH HA NPUBEOCHUU YPAGHEHUS K AGMOHOMHOMY 8UOY C NOMOWDIO NOOXOOSUIUX
3aMeH U UCHONb30BAHUU ONnepamopos OpoOHo20 nopsaoka muna JIpoetiu-Kobepa. Paccmomperul
CReyuaIbHble CAYYau WUPOKO UCNOAb3YEMbIX 6 (Qu3uKe U acmpo@usuke yYpaeHeHull, MaKux Kax ypasHeHue
Tomaca-Pepmu u ypasnenue Imoena-Dayaepa, 015 KOMOPLIX HAOEHbL MOYHBLE (INEMEHNAPHbLE) pelleHUs
6 seHom eude. I[Ipoananusuposanvl pewienus JUHEUHOU YACMU YPAGHEHUs, NOKA3AHO, YMO OHU
npeocmasusiiom  cobot  KOMOUHAYUIO NOJUHOMUATLHBLYX, JO2APUDMULECKUX U CIMENeHHbIX OYHKYUIL.
Honyuennvie pesyromamel mozym Ovlmb NPUMEHEHbI 6 MAmMeMamuyeckou usuke u 6 meopuu
oughhepenyuanbHvIX ypasHeHuil.

Kntouesvie cnoea: Onepamop beccens, Henunelinoe ypasneuue, onepamop JIpoeiiu-Kobepa,
ypasuenuss dmoena-Daynepa.

BESSEL OPERATORINING KVADRATI QATNASHGAN CHIZIQSIZ ODDIY
DIFFERENSIAL TENGLAMALARNI YECHISH

Annotatsiya. Ushbu macgolada Bessel operatori kvadrati gatnashgan chizigsiz oddiy differensial
tenglamaning elementar yechimlarini topish o ‘rganiladi. Tadgiqotning asosiy usuli tenglamani mos
almashtirishlar yordamida avtonom shaklga keltirish va Erdélyi—Kober tipidagi kasr tartibli integrallash
operatorlaridan foydalanishga asoslangan. Tomon—-Fermi va Emden—Fouler tenglamalari kabi fizika va
astrofizikada keng qo llaniladigan tenglamalarning maxsus holatlari ko ‘rib chiqilib, ularning aniq
(elementar) yechimlari ochiq ko ‘rinishda topilgan. Tenglamaning chiziqli gismi yechimlari tahlil qilinib,
yechimlarning ko ‘phad, logarifmik va darajali funksiyalar kombinatsiyasidan tashkil topishi ko ‘rsatilgan.
Olingan natijalar matematik fizika va differensial tenglamalar nazariyasida qo ‘llanishi mumkin.

Kalit so’zlar: Bessel operatori, chizigsiz tenglama, Erdélyi—-Kober operatori, Emden—Fouler
tenglamalari.

SOLUTION OF NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS CONTAINING
THE SQUARE OF THE BESSEL OPERATOR

Abstract. This article investigates the finding of elementary solutions for a nonlinear ordinary
differential equation containing the square of the Bessel operator. The main research method is based on
reducing the equation to an autonomous form using suitable substitutions and employing Erdélyi—Kober-
type fractional integration operators. Special cases of widely used equations in physics and astrophysics,
such as the Thomas—Fermi equation and the Emden—Fowler equation, are considered, for which exact
(elementary) solutions are found in explicit form. The solutions of the linear part of the equation are
analyzed, showing that they consist of a combination of polynomial, logarithmic, and power functions. The
obtained results can be applied in mathematical physics and the theory of differential equations.

Keywords: Bessel operator, nonlinear equation, Erdélyi—Kober operator, Emden—Fowler equations.

Brenenue. B teopun nuddepeHimanbHeIx ypaBHEHHUH ypaBHEHUs, coepikaIiue oneparop beccens,
UMEIOT 0c000¢ 3HaUEHUE, TaK KaKk OHHM YacTO BCTPEYAIOTCS B PA3IMYHBIX 001acTAX (PU3UKH, aCTPODU3UKH,
TUHAMHMKH Ta30B M KBAaHTOBOM Mexanuku. Hampumep, ypaBHeHue Tomaca-depmu B aTOMHOM (QHU3UKE U
ypaBHeHue JleitHa-OmieHa B acTpoU3UKe SIBISIOTCS W3BECTHBIMH NPHMEPAMH TaKUX ypaBHEHUH. DTH
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ypaBHEHUS OOBIYHO MMEIOT HEJTMHEHHBIA XapakTep, ¥ HaX0XKICHUE MX TOYHBIX PEIICHUHN SBISICTCS CIIOKHON
3ajaueil. YpaBHeHus, conepxauue onepatop beccens B, usydanucs B [1], ypaBHenue Tomaca-®epmu B

atomMHoil ¢usuke — B [8], [7], ypaBHenue Jleitna-OmaeHna B actpodusuke — B [9], a UX HHTEpecHbIC
(¢m3nyeckne W MaremaTmdeckue cBoicTBa uccinepoBaimmuchk B [10], [11]. OgauM W3 Takux ypaBHEHUH
sBIsieTcsl ypaBHeHue Daynepa-OMaeHa, KOTOPOe U3yJaloCch C Pa3IMIHBIX TOYEK 3PEHHS], H €My MOCBSIIEHBI
OOIINpPHBIE MOHOTpa(HH.

B cratee paccmarpuBaeTcs HENMHEHHOE ypaBHEHME, cojepiKallee KBaapaT omeparopa beccens.
Ksazpar oneparopa Beccenst B2 npeacrasiser co6oii muddepeHimanbHoe BEIpaKEHUE YETBEPTOTO TIOPSIKA
CHeUUANbHONW CTPYKTYpbl. OCHOBHOH LENBbI0 MpPU PEIICHHH AaHHOTO YPaBHEHHMS SBIISETCS HaXOXKACHHUE
pelIeHni, KOTOpsle MOTYT OBITh BBIP@KEHBI 4Yepe3 AJIeMEHTapHble (YHKIMH, ITyTEM IMPHUBEACHUS €ro K
ABTOHOMHOMY YPaBHEHHIO.

B paGote cHauana aHAIM3UPYIOTCS PEILEHUS TMHEWHON yacTh ypasHenus (B2 y(x) = 0) ¢ HOMOIIBIO
oreparopa napoOHOro mopsmaka Opaeiin-Kobepa. 3areM Ha OCHOBE MOAXOMANIMX 3aMEH YpaBHEHHE
MIPUBOJUTCS K aBTOHOMHOMY BHIy. HaxoxmeHue pelieHrs OCHOBAaHO Ha TPENCTaBICHHA aBTOHOMHOTO
ypaBHEHUS B BHJE anreOpanvdeckoro ypaBHEHHSI.

B Hamiem ucclieqoBaHUU TaKKe pacCMaTPUBAIOTCS YacTHBIC ciaydau @ = 0 (IpOoU3BOAHASI YETBEPTOTO
nopsinka) ua = 1. [Ipu 3ToM pelieHus] BBIPAXKAIOTCS B BUJC JUHEHHON KOMOMHAIMU (hYyHKIMHA BUa xk.

[lony4yeHHbIe pe3yNbTaThl UMEIOT HE TOJILKO TEOPETUUECKOE 3HAUYCHHUE, HO TaKKe MOTYT OBITh MPUMEHEHBI
MIpH peIIeHUH MPaKTUUECKUX 3a/1a4.

IHocranoBka 3agaud. B HameM ucciemoBaHUM B 00nacTu Qz{Xe R, X>O} MBI 3aHHMaeMCs

4 o
HAaxO0/JCHUEM pEILIEHUS y(x) eC (0, 00) HEJIMHEWHOTO OOBIKHOBEHHOTO UG HEepeHINATEHOTO YPaBHEHHS,

cozepxariero ornepatop beccens nemoro mopsika:

BZy(x)=bx"'y"(x), O<a<l1 (1)
rae B, = (?—XZZ + % dd_x — omeparop beccens, a a, b, k, n, m — NOCTOSIHHBIE TApaMETPhI, U 0003HAYAET
COOTBCTCTBYIOIICC BBIPAXKCHHC.
Bgz d_22+31 2: d* +@ d3 +a2—2a d2 +2a—a21.
dx=  xdx ax? x o X2 dx? X3 dx

CrpagenmBa cienyromiast Teopema [1].
Teopema 1. Eciu aunetinas uacms HeluHelino2o ougghepenyuanbHo2o

|

ypaseHenus ny(x)+z fS(X)yms =0, a, (X)zl, 1<m <m,<..<m, fS(X)eC4(R), f(X);tO
=1

(2)

npu nomowju 3amenvl
y=v(x)z, dt=udx (3)

npuU8OOUMCs K OUP@ePeHyUarbHOMY GbIPANCEHUIO ¢ NOCTNOSIHHBIMU KOd(pduyuenmamu u
BbINOIHACHCS YCA0BUE

p,u’ = f, (x)v™*, p, =const )

mo ypasnenue (2) npeoOpa3yercs 6 A6MOHOMHOE YPAGHEHUE
3 [
>b 2" (t)+> p,z™ (t)=0, b, =const (5)
k=0 s=1

U peutenue ypasHenus (2) Haxooumcsi 8 guoe

y = pv(x) (6)
2()6 p A6Nsemcs peweHueM aﬂee6pauqea<oeo ypaeyeﬂuﬂ
|
by + Z p,p™ =0. )
s=1
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[Ipu mocTpoeHNHM aBTOHOMHOTO YpaBHEHUs (5) obIriee pereHue INHSHHON 9acT ypaBHEHHS (2)
JIOJDKHO UMETh BU [3]

3 fi J‘udx
=v) Ce (8)
k=0

WJIN JIOJKHO BBITIONHATECS ycoBue (4).

B HameM ncciaen0BaHAN Mbl HCIIOJIB3YEM CIELYIOLIUE CBENCHMUS:
JIOTIOJTHUTENBHEIE CBEACHHUS

1 ApoGurle nnTerpansl Pumana-JInyBums.

Omnpenenenue 1.[4] IIpeononoacum, umo (D(X) € Li(a b). Tocoa

(12.0)(x rla j t)dt, x>a )
(140)(x) = ﬁj(x—t)ﬁgp(t)dt, x<b, (10)

edea >0, swipascenue (9) naszvisaemcs neeocmoponnum, a (10) — npasocmoponnum OpobHBIMU
unmezpanamu Pumana-Jluysunna.
2. [poOHsrit onepatop Dpaciin-Kodepa
B paborax Opueiin u Kobepa Oputa BBeieHa ciemyrommas MoauuKaIis IpoOHOTO WHTETPHPOBAHMS:
—2(;/+a) X

b,ﬂ(@z%j(xz—tz) % (t)dt, (11)

0
rae @ >0, >0, p(x)eL(R").

B Hamumx mpanpHe#mux paborax Mbl OyieM Ucmonb3oBath (11) B cienyromeM BUE:

| o(x) =2 I(x2 ) tp(t) (12)
e () o
OOpaTHBII HHTETPANIBHBINA onepaTop K (4) BeIpaxkaeTcs CIeIYIOIUM 00pa3oM:
2x7 (1.d\'¢
I = X2_t2 p—a—lt2(7+a)+l t dt, 13
()= a)(ZX dxj Joc - 20 (13)

rie p=[a]+1.

Teopema 2. ([5, 6]) Ecnu npu o >0, y > —%, ¢(X) eC™" (0, b), b>0 @yuxyus

K+l
X27+l[B::| h gD(X) unmezpupyema 6 nyne u evmnonnsemes lim x> — [B :I =0, k=0,m-1,

x—0

mo cnpaseonuso ciedyloujee pageHCcmeo:

[ o +/12] J, (y/,a)go(x):Jl(;/,a)[Byx]mq)(x).

Ecnu A = 0, mo cnpaseonuso credyowee pageHcmeo:

[Bﬁa] |, .p(X vaa[B;]m ().

Teneps HailieM 371€MEHTAPHBIE PELIEHUS CIEIYIOUINX HETUHENHBIX YPaBHEHUN.

[Ipumenenue oneparopa Opaeiin-Kobdepa 1iis pemenns ypaBHeHuil Tuna Omaena-daysepa nim
ypaBHenus (1).

Bynewm nckatp pemenne ypaBHeHus (1) corimacHo Teopeme 1, mpupaBHHBas TMHEHHYIO YacTh K HYJIIO,

d> ad
(W+xdx) y(x)=0 (14)

BBezleM o0o3HaueHue B (14):
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X dx

[3—;+a d JF(X)=O.

X dx

e -F,

Torna (14) MOKHO 3anucaTh B BUJE

Pemennem ypaBuenus (16) Oyner

C,
F(x)= 24C,=Cx+C,.
1- a
Pemenne ypaBuenus (14) sBisiercst penieHueM ypaBHeHus (15), 1 Mbl OyJieM HCKaTh €ro B BHIC

y=1 (—% %Jgp(x),

rae |(—% %j(p(x)=| 1a(p( ) pasHo (12) mpu ¥ =0

(B

[Ipumenum Teopemy 2 k Bbipaxkenuto (19):

|55 o000

rae
1a
G(x)=17-=,=|F(x).
(=153 JF (0
O6uiee pemenue ypasHenus (20) nmeer BI/I,I[

1
ZCX @

(x—t)G(t)dt,

o'—.x

X

1
— | (x-t)G(t)dt.
Crayvana yrnpoctum (21), 3areM noactaBuM B (22) 1 1ocie HEKOTOPBIX BBIYUCICHUN TOTYYUM:
@(X)=Cy +Cx+C,x* +Cx* .

Teneps, noacrasmnsis (24) B (18) u ynporas BelpakeHHe, B pe3ysIbTaTe MOIYyYHM, YTO pEeIIeHNe

ypaBHeHus (14) paBHo
1a _ 2T
=1|-=, X —t t)dt
=13 )0 ( e

2X1aX a_ -
j x —t c +Ct+Ct2+Cyt ]d
0

[3)

rie |02+G(X)=

y(X)=A+AX+AX +AX.

(15)

(16)

7)

(18)

(19)

(20)

(21)

(22)

(24)

(25)

J1 mocTpoeHus: aBTOHOMHOTO YpaBHEHHS s (1) BRIOTHUM MOACTAaHOBKH (3) M COTJIACHO YCIOBHIO

(4), momyuaem t =INX =>U = X" B pe3ysbTare v GyueT paBHO:
m+3

V an
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m+3 m+3
CnenosatenbHo, pemenne (25) BeIpaxaeTcs B Buje (8) mpu Iy = —1, n=1+ 1
n— n—
m+3 m+3
r,=2+ , rL=3—-a+ BBITIOJIHSIOTCS ycoBue (4) u BuA (8) u3 TeopeMsr 1.
2 n-1" ° n—-1
Teneps A7 TOCTPOSHHUSI ABTOHOMHOTO ypaBHEHUs 17151 (1) BO3bMeM MOACTaHOBKY (3) B ClIeyIOMEM
BUJIE:
_m+3
y(x)=b"x "tz(t), ty=x". (26)

B3siB mpousBoaHbIe (26) 10 4€TBEPTOro MOPsAKA BKIIOYUTENHLHO U MOACTaBUB B (1), Ha ocHOBaHUH (5)

3aruiaeM aBTOHOMHOC YpPaBHCHHUC:
4m+6n+4
2" (t) —[2a+—} 2"(t)

n-1

(n—l)2 (n—l)2 n-1 (a2—2a)}z”(t)

{(m+3n)(m+3)(3m+5n+4)+(m+3)(m+n+2)(m+2n+l)

J{(m+3n)(3m+3n+4) +(m+3)(3m+5n+4) g dM+3n+4

(n—l)3 (n_l)s
(22000 8) (- 212 s

J{m+3n(m+3)(m+n+2)(m+2n+1) 2a(m+3)(m+n+2)(m+2n+1)

+2a

(n-1)* (n-1)
m+3)(m+n+2) ,\M+3 2onon
= ~(2a-a*) n_Jz(t):b 2" (1) .

CrenoBarensHO, o011ee perenue ypaBHeHus (1) Mbl uimem B Buje (6), M p OyJeT paBHO:

p:[b”‘zP(m,n,a)}nll, (27)
m+3{(m+3n)(m+n+2)(m+2n+1) _2a(m+n+2)(m+2n+1)
n-1 (n-1y’ (n-1)°
(a®-2a)(m+n+2)

+ (1) (Zaaz)].

Hcnons3yst (27), BEIpa3uM dJIeMEeHTapHOE perienne ypaHeHus (1) B Buze (6) crneayrommumM 00pa3om:
1 m+3

y(x)= [b‘lP(m, n, a)]E x "t

Ypasaenne tuna Tomaca-®epmu.

+(a2—2a)(

rie P(m,n,a)=

1 3

Byy(x)=x 2y?(x), x>0, (28)
d 4
dx*
Pemmm ypaBuenue (28) cornacHo Teopeme 1. CHavaia HaiijeM pelieHue, MpUpaBHIB JIMHEHHYTO
4acTh K HYJIIO.

rie B, =

y" (x)=—VY"(x)=0. (29)

Pemenue ypaBaenus (29):
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y(X)=Cy +Cx+C,x* +Cx°. (30)

11 7
Boipaenne (30) yxosnersopsteT (4)u (8) mpu U= X", U* =X 2v2 = Vv"? =X 2 = v=X". Teneps
ITOCTPOUM aBTOHOMHOE ypaBHeHHe IJis (28), 71 3TOro BO3bMEM MPOU3BOIHEIE COTIacHO 3ameHe (3),
MTOJICTABUM B (28) U MMOTy4nM CIIeyIOIIee:

3
5040z (t)—24147'(t)+4312" (t)-342" (t)+ 2" (t) =22 (t).
OneMeHTapHOe peleHre ypaBHeHus (28) umeeT Buf (6), 1 o B HEM HaXOIAUM COTJIACHO
(7): p =5040° u pemenue pasro y(x) = 50402x 7 .
B cayyaii a = 1 B ypaBHenuu (1)

B’y (x)=bx""y"(x) (31)
d> 1d)Y
— x)=0 32
(dx2 xde y(x) (2
Pemenwne ypasuenus (32) ¢ ucnonszoBanuem (12), (13) u TeopeMs! 2 3anuieM cleayonmM 00pa3oMm:
y(X)=C,+C,x+C,x* +C,xInx. (33)

[Ipusenem pemenne (33) k Bumy (8).
d d d d
v(cleﬁf“ e et o ettt Xjudxj =C,+C,x+C,x2+C,xInx

-1
CrnenoparenpHO, M3 IOCIEJHErO CllaraeMoro moiaydaeM U =X U, TIPOBEpUB YCIOBHE

3+m
(4 x* =bx" V"' =v=b"'x ", maxoguM, 4To OHO paBHO. OTCIOA BHIHO, YTO PCIICHHUEC yPABHCHHS
(31) coBnanaer c pemienneM ypaBHenus (1) npu a = 1.
3akiaouenne. B jaHHOW paboTe yCIEIIHO HAWIEHB W MPOAHAIM3HPOBAHBI TOYHBIE PELICHUS
HEJMHENHOro  OOBbIKHOBeHHOro  nuddepenmmansHoro  ypasHenuss — Buaa BZy(x) = bx™1y™(x),

coJepXkaiiero Kksaapar omeparopa beccenst menmoro mopsaka. OTMeYeHbl CIEOYIOLIME OCHOBHBIE
pe3yJbTaThI:

1. DddextuBHOCT, MeTofa: MeTOx TpUBEACHUS ypaBHEHHWST K aBTOHOMHOMY BHAY W
WCTIOJIB30BaHMS ONIEpaTOpOB APOOHOTO TOpsiaKa THna Jpaein-Kobepa okazancs 3¢GeKTHBHBIM H TO3BOJIHIT
HaWTH TOYHBIE PELICHUS! HEIMHEWHBIX YPABHEHUH.

2. Teopernueckas U MpakTUUECKass 3HAUUMOCTb: [lomydeHHBIE pe3ynbTaThl HE TOJIBKO 000raimaroT
MaTEeMaTHYECKyI0 TEOpPHIO, HO TaKKe HMEIOT MPaKTUYEeCKHe NPUIIOKEHHS IS pElIeHUs HEeIMHEWHBIX
mddepeHInanbHBIX YPaBHEHUH, UCTIONB3YyEMBIX B Pa3IMUHBIX 00JacTAX GU3MKH, ACTPO(YUZNKN U TEXHUKH.

3. Bo3moxHOCTH U1 AanbHEHIINX uccienoBanuil: [lokazana BO3MOXXHOCTh NMPUMEHEHMS AaHHOMN
METOJIMKA K YPaBHEHHUSM, COJEpKAIlUM orepaTtopsl beccens qpoOHOTO MOpsiaKa, YTO OTKPHIBAET HOBBIC
HaIpaBJICHUS I Oy IyIIUX UCCIICIOBAHUH.

B 3akmioueHue crnenyeT OTMETHTh, YTO TPEAJOKEHHBIH B paboTe MeToJ JloKa3al CBOIO
3QPEKTHBHOCTh TP HAXOXJICHUM TOYHBIX PEIICHUH HeTMHEHHBIX JudQepeHuanbHbpIX ypaBHEHUH,
cofiepkamux omeparop beccens, m IS pa3NTUYHBIX 3HAYEHHWH MapaMeTpoB OBLTH TMOJTYYEHBI PEIICHHS B
SIBHOHM BUJIE.
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V]IK 532.546

YUCJEHHOE PELNIEHUE 3AJIAYA AHOMAJIbHOI NEPEHOCA BEIECTBA B
TPEILIMUHOBATO-IIOPUCTOM CPEJIE

Cynaiimonoe @o3un Ypanoseuu,

JDicuzaxckuil 2ocyoapcmeennblll nedazoudeckull yrusepcumem umenu A60yanvt Kaowvipu
fozil.sulaymonov@mail.ru;

Duoasnamos 3apugdcon 3agpap Yanu,

Camapranockuii 2ocyoapcmeennwiil yrusepcumem umenu [llapoga Pawudosa
z.eshdavlatov@mail.ru.

Xonboesa Xaémxon @apxoo xu3u,

IDicuzaxckuii 2ocyoapcmeennblil nedazocuieckull yhusepcumem umenu A60yanvl Kadwvipu

Annomauus. Paccmompen anHoManvbHHbIL NEPeHOC Gewjecmea 8 MmpeujuHo8amo-nopucmon cpeoe,
cocmosiueli u3 OOUHOYHOU MPEWUHbL U Spanudawell ¢ Heli nopucmozo 6oka (mampuynl). 3adava peuiena
YUCTIEHHO MEMOOOM KOHEUHbIX PA3HOCmel a OpoOHas NPOU3BOOHAs 6 YPABHEHUSIX NePeHOCa OnpedeneHd 8
cmbicnie Kanymo. Ha ochoge wucnenuvix pacuemoe nokazamo, 4mo yMeHbUuleHue nopsioka npou3eooHou no
eépemeny om 1 6 ypagHenuu nepeHoca 8 mampuye npugooum K 3aMeONeHUI0 pacnpocmpanetus npoguet
KOHYEeHmpayuu 6 mampuye u 00OHOBPEMEHHO K YBeIUdeHUI0 KOHYEHMPAYUOHHBIX Npoduell 8 mpewuHe.

Knrouesvle cnosa: ougghysus, oOpobuvie npoussooHvle, nopucmvili 60K, MPeuuHo8amo-nopucmast
cpeoa.

NUMERICAL SOLUTION OF THE PROBLEM ANOMALOUS SOLUTE TRANSPORT IN A
FRACTURED-POROUS MEDIUM

Abstract. Anomalous mass transport in a fractured porous medium consisting of a single fracture and
an adjacent porous block (matrix) is considered. The problem is solved numerically using the finite
difference method, and the fractional derivative in the transport equations is defined in the Caputo sense.
Based on numerical calculations, it is shown that decreasing the order of the time derivative from 1 in the
matrix transport equation slows the propagation of concentration profiles in the matrix and simultaneously
increases the concentration profiles in the fracture.

Key words: diffusion; fractional derivatives; porous block; fractured-porous medium.

YORIQ-G'OVAK MUHITDA ANOMAL MODDA KO‘CHISHI MASALASINI SONLI
YECHISH

Annotatsiya. Bitta yoriq va unga qo'shni g'ovak blokdan (matritsadan) iborat yorig g'ovak muhitda
anomal modda ko'chishi ko'rib chigiladi. Masala chekli ayirmalar usuli yordamida sonli yechiladi va
ko'chish tenglamalaridagi kasr hosilasi Kaputo tarifi orgali hisoblanadi. Sonli hisob-kitoblarga asoslanib,
matritsadagi ko'chish tenglamasida vaqt bo'yicha hosilasining tartibini 1 dan kamaytirganda matritsadagi
konsentratsiya profillarining targalishini sekinlashtiradi va bir vaqtning o'zida yorigdagi konsentratsiya
profillarini oshirishi ko'rsatilgan.

Kalit so'zlar: diffuziya; kasr tartibli hosilalar; g'ovak blok; yorig-g'ovak muhit.

Bgenenmne. ['eonornueckoe crpoeHue 3anexeidl HepTH U Taza 0OBIYHO MPEJCTABISIET COOOM CIOKHYIO
CHCTEMY, ¥ aHAJIM3 MaccolepeHoca B dTHX Cpe/iaX MOKa3bIBaeT, YTO KIIACCHUYECKoe ypaBHEHUE TUPy3uu,
OCHOBaHHO€ Ha 3akoHe (Puka, He CIMOCOOHO aJEeKBAaTHO OMHCAaTh AHOMANBHBIM XapakTep mepeHoca
PacTBOPEHHBIX BEIIECTB, HAOMIOAaEMbI B HATYPHBIX M JTAOOPATOPHBIX AKCIIEPUMEHTax. M3-3a cI0KHOCTH
MIPOIIECCOB IEPEHOCa BemlecTBa B (DpakTaNbHBIX CpeAax A HX MOJEIMPOBAaHWS Hadald MPHUMEHATH
HEJIOKAIIbHBIE YPaBHEHHS aIBEKIUU-TH(PPY3HH ¢ APOOHBIMH IPOU3BOAHBIMHU IO BpeMEHH U KoopauHare [1].

Ecnu paccmaTpuBath HMOpUCTYIO Cpely Kak MHOrogasHoe MaTepualibHOe Teno, TO B HeH Bcerza
MOXKHO BBIJICJIUTh TPEICTABUTEIBHBIN 3neMeHTapHbIH 00beM (I120), comepxamuii kak TBepayo (asy
(ckeneT MOpPHUCTOM cperpl), TaK M IMyCTOTHOE MpOocTpaHcTBO. Pazmep I120 mogobpaH Tak, 9To (GU3HUCCKHEC
MapaMeTpsl, MPEACTABISAIONINE paclpeAeseHus] IMyCTOTHOIO IMPOCTPAHCTBA M TBEPAOW MATPHUIIBI B HEM,
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SIBJSIIOTCST CTaTUCTUYECKH 3HAYMMBIMHU [2]. B wacTHOCTH, TpemuHoBaTo-mopuctyto cpemy (TIIC) moxHO
paccMarpuBaTh KaKk KOMIIO3WIIMIO M3 JBYX XOPOIIO Pa3IMYUMBIX OOpa30BaHWM: OTAENBHBIX TPEIIUH WA
ceTel TpEelIMH, U TBEpAOH Cpe/bl MM MOPUCTON MATPHUIIBI, HAXOIIEHCS MKy TpeIlMHaMu (Ha3bIBacMOM
nopuctorr Matpunieii). IlompooHoe omumcanue TIIC m cereit TpemuH MoxHO Haiitm B [3]. OTnenbHbIC
TPEIIMHBI IPEACTABISAIOT COOOM TTOCKUE Pa3phIBBI HITH JBE TBEPbIC TOBEPXHOCTH, OKPYKEHHBIE TIOPUCTOM
MaTtpuieil. TpemuHbl paccMaTpuUBaIOTCS KaK TOPHUCTHIE CPEAbI C OOBIYHO 0o0Jiee BRICOKOM MPOHUIIAEMOCTHIO,
YeM MpUICrarolas mopucTas Matpuna [4—7].

MHoro4YncIIeHHBIE YKCIIEPUMEHTHI U JaHHBIE, TIOJYYeHHbIE HA MECTHOCTH, CBUIETEIBCTBYIOT O TOM,
YTO TPAHCIOPT BEHIECTB B CIIOUCTHIX T€OJIOTHYSCKUX CTPYKTYPaxX MPOSBISIET aHOMaabHOe noBenenue [8-10].
OTO BBIpaXKaeTcs, HampUMep, B HEOOBIYHBIX CKOPOCTAX MABHKCHHMS M KOHLECHTPALUSIX MHUHEPAJOB,
ACUMMETPHH, PE3KHX MEPETHUX PPOHTAX U MPOAODKUTEILHBIX "XBOCTaX" B KOHIICHTPAIIMOHHBIX POPUIIIX
[11-14]. Pe3ynbraThl, peacTaBieHubie B [15], Takke MOATBEPKIAIOT HATHINE aHOMAIBHOW HEDUKOBCKOM
nuddy3uu B cpefax ¢ CIOKHON CTPYKTYpPOH. AHANN3 XapaKTEPUCTHK XPAHWIHII SOCPHBIX OTXOAOB TaKKe
MIOATBEPKIACT AaHOMATBHBIM XapaKkTep MepeHoca 3arps3HAomux BemecTs [16]. UncneHHbie 3KCIIepUMEHTHI
JIEMOHCTPHUPYIOT, YTO W3MEHEHHE MapaMeTpOB, MPEACTABISIONINX IOPAIKHA IPOOHBIX MPOU3BOIHBIX IIO
BpPEMEHH, MO3BOJISIET MOIYYaTh pa3indHble BPEMEHHBIE paclpeeNieH!s] KOHIIEHTPAIlUH, COOTBETCTBYOIINE
HaAOJI0IaeMBIM B OKCTIEPUMEHTAX JTAHHBIM.

B nmaHHOM wuCClieoBaHWM pacCMaTPHUBAETCSl IEPEHOC BEIIECTBA B OTHEIBHO B3STOM JJIEMEHTE
tpemuHoBaro-mopuctoit cpensl (TIIC), ¢ ydyeToM aHOManbHOCTH TiepeHOca. MojaenupoBaHHe TPaHCIOPTa
pPacTBOPEHHOI'O BeIIeCTBA B TPEIIMHE OCYLIECTBISETCS C MPUMEHEHHEM AaHOMAJIbHOTO YpaBHEHMS
nuddy3uu, BBIBEJCHHOTO Ha OCHOBE COOTBETCTBYIOIIETO aHOMalbHOTO 3akoHa Puka. dopma Takoro
ypaBHEHUS IS JUPPY3UH depe3 MOPUCTYIO cpeay (PppakTanpbHOTO THNAa Oa3UPyeTCs Ha KOHIICTITUN TTaMSTH.
Pemrenne naHHOM 3amadun € y4eTOM HAYalbHBIX M TPAaHUYHBIX YCIOBHH OCYIISCTBIISICTCS YHCICHHO.
Hcnonb3ys ppakTanbHy0 TPOU3BOAHYIO MOJEIb, YYUTHIBACTCS MaCCOOOMEH MEXKIy TPEIIMHON U COCeIHEH
MOpUCTON MaTpullel ¢ppakranpHOi reomeTpuu. ChopMyTupoBaHa 3a/1a4ya O MIEPEHOCE BEIECTBA MPH Toadue
JKUJIKOCTH C BEIIECTBAMH C OJTHOTO KOHIIA TpemuHEL. [lonydeHo n nmpoaHanu3upoBaHO YHCICHHOE PElIeHHe
3aJlauM, ONpPEeNICHBI MOl KOHIIEHTPALMK PACTBOPEHHOTO BEIIECTBA B TPEIIMHE U MPUJIETAIONIEH TOPUCTOM
cpene. MccnenoBano BIUsSHNE aHOMANBHBIX SBJICHUN Ha XapaKTEPUCTHUKH IIpoliecca MepeHoca.

ocranoBka 3amaun. Paccmorpum snement TIIC, cocTosimumii U3 0qHOM TPEIIMHBI U CMEXHOTO C HEU
nmopucToro 0j0ka (Marpuibl). TpemurHa BsSeTC MoayOSeCKOHEUHBIM OJHOMEPHBIM 00bekTOM [17, 18], Tak
YTO paclpeesieHHe BeIECTBa U T€UEHHE KUIKOCTH T10 €€ TIONEPEYHOMY CEUYEHHUIO CUYUTAETCS OJHOPOIHBIM.
B Ttakoil mocraHOBKE BTOpOE HW3MEpPEHHE TPEIIWHBI, T.€. €€ TONIWHA HE NPUHUMAETCs BO BHUMAaHUE.
[lopucTeiii 070K 3aHUMAaeT IMEPBYK YEeTBEPTh IUIOCKOCTH. TakuM 0030poM, paccMaTpuBaeTcs 001acTh

R{0<X<®©,0<y <o} IlycTs B TpemmHe XKMAKOCTh TEUET C 3aJAHHON IOCTOSHHOH CKOpOCThIO V. C

KOHIIa X=0 TpemuHbl MOAAETCA KUAKOCTh C KOHLEHTpauui BemecTsa c,. IleppoHauanbHO TpemuHa u

MOPHUCTHIA OJIOK CYMTAIOTCS 3allOJIHEHHBIMU YHMCTOM (0e3 BelecTBa) JKMAKOCTHIO. B TpemuHe npoucxonut
KOHBEKTHBHO-I1 (P y3HOHHBII IepeHoC BellecTBa, a B HOPUCTOM OJi0ke — TonbKo aud¢y3nonssiii. [Ipouecc
nepeHoca B MOPUCTOM OJIOKE CUMTaeM aHOMAIILHBIM, a B TpPEIIWHE TPOIECC MPOUCXOTUT Oe3 MpOsBICHUS
AQHOMAJIbHBIX SIBIICHUI.

VYpaBHEHHUs NEpeHOCa BELIECTBA U TeUeHHE KUAKOCTH B aneMenTe TIIC npuHuMaeM B BUzE

oc,  oc, o%c, o7 (éc,

—+V—=Df—2+m0DmTy , (1)
a o ox E a7 ey )

o’c 0%c

a PO )

e ¢; =C;(t,X) — KOHILEHTpaIMs BEIIECTBA B TPEIIMHE, RINETAE Cm =Cp(t,X,y) — KOHIIEHTpauus B
MaTpHLE, M D; - koadduument mudpdysuu B TperuHe, Mle; v - CKOPOCTb JIBUKEHHSA
. 9 271.7.
xectkoctn; Dy, — xoadduriment anomanbuoit nuddysun B Mmatpune, M/’ y — NOpsAKKM IPOU3BOMHBIX,
0 <y <1; my — xoopdpuument nopucroct MaTpuipl; t — Bpems, C; X,y — KoopuHaTa, M .

Tak Kak TpeldHAa MOJEIUPYETCS KaK OJHOMEPHBIM OOBEKT, pACTpECICHHUE KOHIICHTPAIUH M0 e
MONIEPEYHOMY CEUCHHUIO HE PACCMATPUBACTCS.
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Ilycte B cpenmy ¢ koHnma X =0 HaumHas ¢ mMoMeHTa t>0 momaeTcs >KUIKOCTH C TMOCTOSHHOMN

KOHHCHTpaHHCﬁ BC€IICCTBA CO . Torna Ha4YaJIbHBIC U TPAHUYHBIC YCJIIOBUA UMCIOT BUJ

¢;(0,x)=0, ¢,(0,x,y)=0, 3)
c¢ (t.0)=c,, c((t,0)=0, 4)
cn(t,x,0)=¢; (t,x), ¢, (t,x,20)=0. (5)

AJropuT™M 4uciaenHoro pemenusi. /s pemenus 3agaun (1) - (5) npuMeHsieM MeTOJ KOHEYHBIX
paszuocreii [19]. B obmactu D={0<t<T,0<Xx<o0, 0< y <o} BBOIUM CETKY, Ilc T — MaKCHMaJIbHOE

BpeMs, B TCUCHHEC KOTOPOro HCCICAYCTCA IPOLECC. ,Z[J'Ii[ OTOI'0 HHTCPBAJI [0, OO) II0 HaIpPaBJICHHUIO X

pas6usaem ¢ marom b, a uarepsan [0,00) o nanpasnenuto y — ¢ h,, u orpesox [O,T] pa36uBaeM Ha J

yacTell ¢ waroM 7 . B pe3ynpTaTe UMEEM CETKY:
ahlhzr Z{(XI y yk ,tj), i = 0, 1,2,...;'( = 0,1, 2,...;

j=0,1....3; x; =ih ; y, =kh, t; =jr; t=T1J}.

Ypasrenue (1), (2) anmpoKCHMHUPYIOTCS HA CETKS @y, , - [ 3TOro UCHONb3yeM sIBHYIO CXeMy, a

(6)

ApOOHBIE MPOU3BOIHbIC OHpC,I[eJ'II/IM B CMBICIIC Kar[yTo Cre0BaTeNBHO, ANIMPOKCHMATLMH HMEIOT B
L : :
()" _(Cf)iJ (C la —(Co)f D )l —20)! +()ls
T h o h.2
h L

“Tr )t n, (1+ )fl—yh {Z[((C )i = Cndio = € )'+1+(cm>!,1)(<j—l)1-7—(j—l—l)l-y)]l
1=0

(")

W{Z(«: b MG =147 = (=17 )+ )i~ ()i
1=0

(Cp )lkl 2(c )ijk+(cm)ij,kr+1
r(2-6)h,’

rae (c:)i,(c,, ),k — CETOYHBIE 3HAYEHHUs KOHUEHTpammit ¢ (t,X) u ¢, (t,X,y) B Toukax cetkm (t;,X;)

(8)

m

u (t;,%;,Yy), COOTBETCTBEHHO, F() — ramMMa QyHKITHSL.

HauanbHble ¥ TPaHUYHBIE YCIOBHS AIPOKCUMUPYIOTCS KaK:

(ce)i =0, Cn)ik =0,

(cs )o =Gy, (Cm)ij,O = (cy )ij ) 9)
(c)i =0, (n)lk =0.

Cerounsie ypasaenus (7) u (8) HpI/IBOI[S{TCSI K BU]LY:

( b2+l LG ) - (cf)ﬂ+

(c; )ij+l =(c; )ij +D hlz hl
m,D,, (10)
) | Z[((c el ~ )+ b M- (G -1- ]|
(CYIEIC W(( s =200+ Cn)len)
j-2 11)
S et =) )G -1+17 = (=1y7) i=01-1, j=0,0-1, k=0,K-1.

=0
PesyabTarel M o0cy:xaenme. Jis pacuera mojei (cf)ij,(cm)ij'k no (10), (11) cocrapnena

criciyajibHad mHOporpamMma  Jisd OBM. B pacucTax HUCHOJB30BAHbBI CICAYIOIINUC 3HAYCHHUA HCXOIHBIX
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napametpoB: C, =0,01, »°/n°; D, =5.10"°, x?lc’; D; =2-107°, aPlc; v=1.10"°, m/c;my =035 u

pas3IMYHbIC ) .

Ha puc. 1, 2 noka3aHbl ce4eHHs IOBEPXHOCTU KOHIUEHTPAMU ¢, B Tpex Toukax x =01 m, x=0,3 x,
x =0,5 m, xorga muddy3nOHHBINA TIEPEHOC B TOPUCTOM OJIOKE

Ha puc. 1 nokasaHsl Kjiaccudeckoro ciaydas ¥ =1, mnpoucxomut Oe3 IpOSBIEHHMS aHOMAJIbHBIX
3GGEKTOB TpU Pa3IHYHBIX 3HAYCHUSX BpeMeHH. [IpW 3TOM MpH MalbIX 3HAYCHHAX x MOIYYalOTCsS
OTHOCHUTENILHO OONbIIME KOHUEHTpanuuu C,. KoHIEeHTpanMoHHOE T1oJ€ C YBEIMYEHHEM BPEMECHHU
YBEJIIMYUBACTCS KaK 110 HAMIPABJICHUIO X, TAK U IO HATIPABJICHUIO ) .

Ha puc. 2 moka3aHbl aHOMaJbHOTO CITy4as, KOTJa 3HAUeHHWsS ) YMEHBLIAIOTCS OT enuHMIBI. Kak
BHJIHO U3 PUCYHKA, C YMEHBIIEHUEM ¥ OT 1 Mpoduiiv KOHIEHTpAMK B LETOM MPHHUMAIOT 3aHWKHEHHBIE

3HA4YCHMU. OI[HaKO, BOJIM3H TPCIINHBI HpO(l)I/IJ'II/I npu yMCHBUICHUH ) OT 1 MMPUHUMAIOT 3aBBIIICHHBIC

3HAYCHUS.
Cm a) Ci 6)
0.008 -t=900 0,004 s 12900
0,007 ——--t=1800 0.0035 N ----t=1800
0.006 | s 0003 | N — . —1=3600
0.005 0.0028 [\ N
0004 0002 | N
0.003 0.0015 | v N
0.002 0001 | N
0,001 00005 | e Csal TSl
0 Slmimee ¥ 0 S, Mt EE T »a
0 0l 0.4 0.5 0 01 02 03 0.4 0.5
Cm B)

0,0016

0,0014

0.0012
0,001

0.0008

0,0006 [+ N

0.0004 | v, o~

00002 | AN T~

0 0.1 02 03 0.4 05

Puc. 1. Ilpoduiin KoHIEHTpanuii ¢, Ipu y =1, 5 =1 ¥ pa3JHMYHBIX 3HAYCHUAX BPEMEHH,

x=01m (a), 03m @), 05 m (B).
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S a) Em 0)

0.008 M = =

0007 | 80 —---y=08 0,004 | H Cooy=0s
0.006 ) ——y=09 0,003 1};\ ) ——y=09
0005 | * o ° - iy
0.004 0002

0.003

0.002
0.001

0,001

c B)

— =¥
----v=08
—_— Y:O‘g
=10

0.002 1

0.0015

0,001

0,0005

Puc. 2. Ilpopusin koHuenTpauuii ¢, npu 6 =1,t=3600c x=01m (a), 03m (6), 05 m (B).

3akiaouenne. PaccMmoTpeHa 3amada o0 aHOMalbHOM IiepeHoce BemiectBa B anemente TIIC,
COCTOSIIIEM M3 OAMHOYHOH TPELIMHbI M NPUCOEAMHEHHOro K Hel mopucroro Omoka. IlokaszaHo, uTo
aHOMAaJILHBIN XapaKkTep IMepeHoca BemecTBa B mopuctoM Omoke anementa TIIC paznuaapiM 00pa3oM BIUSET
Ha paclpe]esieHue ero KOHIEHTpaluu Kak B TPEIIMHEe, TaKk U B mopuctoM Onoke. [Ipu «memieHHON
muddy3un B mopucToM OJIOKE IIpolLecC IEepeHoca B TpPEIIMHE WHTEHCHU(HUIUpYyeTcs, HAao0OpOT NpHU
«ObIcTpOi» M dy3un B MPOCTOM OJIOKE — 3aMe IIeTCSI.
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INITIAL-BOUNDARY VALUE PROBLEM FOR A DEGENERATE SECOND ORDER
EQUATION WITH FRACTIONAL CAPUTO DERIVATIVE AND RIEMANN-LIOUVILLE
INTEGRAL

Omonova Adibaxon Numonjon Kizi,
Student Fergana State University
adibaxonomonova@gmail.com

Abstract. Recently, initial-boundary problems in a rectangular domain for differential equations in
partial derivatives of both even and odd order have been intensively studied. In this case, non-degenerate
equations or equations that degenerate on one side of the quadrilateral are taken as the object of study. But
initial boundary problems (local) for equations with two or three lines of degeneracy remain unexplored. In
this paper, in a rectangular domain, a second-order equation degenerating on two sides of the rectangular
and contains the with fractional Caputo derivative and Riemann-Liouville integro operators has been
considered. The solution of the considered is written as the sum of a Fourier series with respect to the system
of eigenfunctions of the spectral problem. The uniform convergence of this series and the series obtained
from it by term-by-term differentiation is studied. An estimate for solution to problem is obtained, from
which follows its continuous dependence on the given functions.

Key words: initial-boundary problem, Caputo fractional derivative, degenerate differential equation,
MittagLeffler-type functions of two variables.

KAPUTO KASR HOSILASI VA RIMAN-LYUVILL INTEGRALINI O‘Z ICHIGA OLUVCHI
BUZULADIGAN IKKINCHI TARTIBLI TENGLAMA UCHUN BOSHLANG‘ICH-CHEGARAVIY
MASALASI

Annotatsiya. So ‘nggi vagtlarda, to ‘rtburchak sohada, juft va toq tartibli xususiy hosilali differensial
tenglamalar uchun boshlang ‘ich-chegara masalalari faol o ‘rganilmogda. Bu holda o ‘rganish obyekti
sifatida yo bo ‘Imasa buzilmagan tenglamalar, yoki to ‘rtburchakning bir chekkasida buziluvchi tenglamalar
olinadi. Ammo ikkita yoki uchta degeneratsiva chizig‘iga ega tenglamalar uchun boshlang ‘ich-chegara
(lokal) masalalari hali o ‘rganilmaganligicha qolmoqda. Ushbu magqolada to ‘rtburchak sohada, ikkita
chekkasida degeneratsiyalanuvchi, Kaputo kasr hosilasi va Riman—Lyuvill integral operatorlarini o ‘z ichiga
olgan ikkinchi tartibli tenglama garalgan. Qaralayotgan masalaning yechimi spektral masalaning oz
Sfunksiyalari sistemasiga nisbatan Fourier qatori ko ‘rinishida yozilgan. Ushbu qator va u orqali hadma-had
differensiallash yo ‘li bilan olingan qatorning bir hil yaginlashuvi o ‘rganilgan. Masala yechimi uchun baho
olingan, undan berilgan funksiyalarga bog ‘liq holda uzluksiz bog ‘liglik kelib chigadi.

Kalit so‘zlar: boshlang ich-chegaraviy masalasi, Kaputo kasr hosilasi, buziladigan differensial
tenglama, ikki o ‘zgaruvchili Mittag—Leffler turidagi funksiyalar.

HAYAJIBHO-KPAEBAS 3AJIAYA JIJIS1 BBIPOXKXJIEHHOI'O YPABHEHUSA BTOPOI'O
MOPSJIKA C IPOGHOI MPOU3BOJHOM KAITYTO U HHTET'PAJIOM PUMAHA -
JNYBUWJLJIA

Annomauyus. B nocnednee 6pemsi UHMEHCUBHO USYYAIOMCS HAYANbHO-KpAesble 3a0ayu 8
npAMOoy20bHOU obacmu 07 OUGDePeHYUATbHBIX YPASHEHUT 8 HACMHbBIX NPOUZBOOHBIX KAK YEMHO20, MAK U
HeuemHo2o nopsoxa. Ilpu smom 6 kavecmee obvexma uccied08anust Oepymcs HegbiPONCOeHHble VPAGHEHUS.
UNU YPABHEHUSL, BbIPONCOAIOWUECS. HA OOHOU CMOPOHe Yemblpexy2oabHukda. OOHAKO HAYANLHO-KpAaesble
3a0auu  (MOKaabHLle) OA YPABHEeHUUl ¢ O8YMs UNU mMpeMs JUHUAMU BbIPOIICOEHUS OCMAIOMCS
Heucciedo8anHviMu. B oannoii pabome 8 npsamoy2oivbHOU 001acmu PACCMAMPUBAEMCS YPABHeHUe 8IOPO20
NOPAOKA, 8bIPONCOAIOUEecss HA O8YX CHOPOHAX NPAMOY20JIbHUKA U codepaicaujee ¢ OPOOHOU NPOU3BOOHOU
Kanymo u unmezpoonepamopuvt Pumana-Jluysunns. Pewenue paccmampugeaemoii 3a0ayu 3anucul@aemcs 6
sude cymmul psioa DPypve no cucmeme cobCMEeHHbIX GYHKYUL cnekmpaivhol 3adauu. HMccaedyemcs
PABHOMEPHAsL CXOOUMOCHb IMO20 padd U psod, NOIYYEHHO20 U3 He20 NOUIEHHbIM OupgepeHyuposanuem.
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THonyuena oyenxa pewenus 3adauu, u3 KOMoOpou ciedyem e20 HeNpPepvbleHAsl 3A8UCUMOCTIL OM 3A0AHHbIX
dyHxyu.

Knrouesvle cnoea: wnauwanvno-kpaesas 3aoaua, OpodHas npoussoonas Kanymo, ewiposicoennoe
oughghepenyuanvroe ypasnenue, yuxyuu muna Mummae-Jlegpgpnepa 08yx nepemenHwix.

Introduction. It is well known that the theory of differential equations has a long and rich history.
Until the last quarter of the twentieth century, this theory primarily focused on differential equations of
integer order. With the development of fractional (differential and integral) analysis in the late twentieth
century, researchers began to study differential equations involving fractional derivatives. At present,
numerous scientific articles have been published that address initial, boundary, and spectral problems for
differential equations (both ordinary and partial) containing differential operators of fractional order in
various forms (see, for example, [1]- [5], and the references therein). The books [6] and [7] have played a
significant role in the development of this area.

Recently, there has been growing interest in the study of boundary value problems for second-order
mixed-type equations involving fractional-order differential operators (see, for example, [8]-[14]).

In the aforementioned and other related works, only non-degenerate equations have been considered.
However, both local and non-local boundary value problems for degenerate partial differential equations
involving fractional derivatives of the unknown function remain largely unstudied. The investigation of
boundary value problems for such equations is of great importance not only from a theoretical standpoint but
also from a practical one, as these equations frequently arise in the mathematical modeling of various
problems in gas and hydrodynamics, the theory of small surface bendings, mathematical biology, and other
scientific fields.

Problem statement. Consider the following degenerate partial integro-differential equation in the

domain Q={(x,t):0<x<L0<t<T}:

“Dgu(t,x)+alu(t,x)+bu(t,x) =[x (1-x)*u, (t,x)]. (1)
where T,a,f,a,,0, &, b, are given real numbers, T >0, O<a<l, 0<p<1,

O<e,<1,0<p,<1, u(x,t) - is an unknown function,
t
CDCf;u(x,t):;J'(t—z)_“ u,(z,x)dz
rl-a)s
-fractional derivative in the sense of Caputo [15] of the function u(t,x), with respect to the

argument {
t

1 p-1
12u(t,x :—It—z u(z,x)dz
-fractional integral in the Riemann-Liouville [15] sense of the function U (t, X) with

respect to the argument 1.
Let us study the following initial-boundary value problem for equation (1).

Problem B . Find a function u (t, X) with the following properties:
1) u(t,x), x‘”l(l—x)ﬂl ux(t,x)ec(ﬁ),
X (1=x)"u,(tx) | Diu(tx) €C(Q);

2) in the domain CQ satisfies equation (1);
3) The following boundary conditions hold on 0Q:

u(t,1)=0, [x“lux(t,x)} lo=0,t€[0,T]; )
u(0,x)=¢(x),x<[0,1], ©)
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where ¢ (X ) is a given continuous function.

Uniqueness of the solution problem B

Before proceeding to prove the uniqueness of the solution to the problem B, we present the following
auxiliary lemmas.

Lemma 1. 1f V (0,x) =0 and ¢ €(0,1), then the following inequality holds [19]:
:jv (t,x) DV (t,x)dt=>0.
Lemma 2. If 3 &(0,1), then the foIIO\(/)ving inequality holds [19]:
= jv (t,x) 15V (t,x)dt >0

Theorem 1. If @ >0,b >0, then problem B cannot have more than one solution.
Proof. Let us assume that there are two solutions U, (t,X) and u, (t, X) of the problem B . Their

difference will be denoted by u(t,x). Then the function u(t,x) is a solution of equation (1) under
homogeneous boundary conditions.
We multiply equation (1) by the function U (t, X) and integrate over the domain €2

1 T t T 1 T
J'dxju(x,t)cD&u(x,t)dt +aJ'de‘u(x,t) 1ou(t, x)dt +bjdxju2(t,x)dt =
0 0 0 0 0 0

= T([dtj;u(t, x)[x”‘1 (1-x)"u,(t, x)} dx

Applying the rule of integration by parts to the inner integral of the last term and taking into account
conditions (2), we have

]dtjl' x“ (1-x)*u? (t,x)dx =

—J-dxf u(t,x)° txdt—ajdxjutx )15u(t, x)dt — bfdxju (t,x)dt,
from WhICh, by virtue of Lemma 1, 2 and aZ 0, b >0 the equality follows.

T 1

Idtfx"‘l (1—x)* u?(t,x)dx =0

0 0

Therefore, X (1—x)* u2(t,x)=0 ie. U, (t,X)=0 for (t,X)eQ. Then u(t,x)=17(t),
where 7 (t) - is an arbitrary function. Satisfying this function with the conditions U(t,0) =0, and taking
into account, we obtain u(t,x) =0, (t,X) e Q). Since U(t,X) eC(ﬁ), then u(t,x) =0,
(t,X) € Q. Then, u Uy (t,X) =U,(t,X), (t,x)eQ

The proof of Theorem 1 is complete.
Study of the spectral problem. With the formal application of the Fourier method to the stated

problem B, the following spectral problem arises: find those values of the parameter A for which nontrivial
solutions of the equation
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MVE—[xal(l—x)ﬂlv'(x)} '=/1v(x), 0<x<1, ()
exist, satisfying the following conditions:
v(x), x*(1- x)ﬁlv'(x) eC[0,1];
v(1)=0, [x“lv'(x)] |,=0

It is easy to show that the spectral problem {(4),(5)} has a solution V(X) Z 0 only for, A >0 andit
is equivalent to the following integral equation with symmetric kernel:

()

1
v(x):/l.[G(x,s)v(s)ds (6)
0
where the function G(X,S) is defined by formula
¢ dz
s Z 1=
G(x8)=1,
2% (1-12)

Then, according to the theory of integral equations, the integral equation (6) therefore, the problem
(4), (5) has a countable number of eigenvalues 0 < A, <A, <A, <...< A4, ,... condensing at infinity, and

the corresponding eigenfunctions Vl(X), v, (X) Vv, (X) yeeny Vi (X) ;.- form orthonormal system in the
space L, (0,1).

The following lemmas can be proven on their own. Therefore, we present them without proof.

Lemma 3. Let the function h(X) satisfy the following conditions:

h(x)eC[0,] ™
x“(1-x)*h'(x)eC[0,1], ®)
h(1)=0, )

[x“lh'(x)} | =0, (10)

Mh(X)e LZ(O,l). Then, on the segment [0,1] it can be expanded into an absolutely and

uniformly convergent series by the system of eigen functions {Vk (X)}k_l of the problem (4), (5):

1
where h, = J.h(X)Vk (X)dX .

0
Lemma 4. The following series converge uniformly on the segment [0,1] :

e (x) 0" v ]
DT

k=1
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Lemma 5. If function h(X) the conditions (7), (9), X*'2 (l— X)ﬂl/2 [Mh(x)j el, (O,l) hold
true, then the inequality

iﬂkhkz gjx"‘l (1—x)’31[h‘(x)]2dx,
is valid, where h, :Jl'h(x)vk (x)dx.

Lemma 6. If function h(x) the conditions (7)-(10), and Mh(X) function conditions (7), (9)
x/? (1—X)ﬁ1/2[|\/|h(x)] € LZ(O,l) hold true, then the inequality

gﬂfhkz < ix"‘l (1-x)* {[Mh(x)]l}2 dx,

1
is valid, where h, = J'h(x)vk (x)dx.
0

Uniqueness and stability of a solution to problem B
The solution to the problem B is formally sought in the form

x,t)= guk (t)v, (x). 1)

where V, (X), ke N are the eigen functions of the problem (4), (5) and U, (t), ke N are the
unknown functions to be determined.
Substituting (11) into (1) and (3), with respect to U, (t), we obtain the following problem:

“Dgu, (t)+algu, (t)+ (A4 +b)u, (t)=0,0<t<T, (12)
u (0)=g,, (13)

1
where @, =I¢(x)vk(x)dx, keN.
0

To solve this problem, we apply the operator | a Ot to equation (12) and, using the properties
o “Dyu (1) =u, (t)—u,(0) and 15 15U, (t)=15"u,(t) and condition (13), we obtain the
Volterra integral equation of the second kind:
B —
u, (t)+algu, (t)+ (A +b)Igu, (t) =g, (14)
To solve equation (14), we apply the method of successive approximations:

U () =U, o (t)—alg Uy, (1) = (A4 +D) gy o (1), m=12,3,..., U, (t)=g,. (15
Using formula 112U, (t): 15y (t) we calculate Ukm(t):

Uy ( ZZC’ (=2 —b) 17y (1), (16)

n=0 j=0
n!

where y =+ 3, C) =
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According to the theory of integral equations [18], if there exists lim Uy (t) uniformly in t, then

m—-+0©
its limit function is a solution of the integral equation (14).

Passing to the limit at M —>+00 in (16) and substituting the expression U, , (t) we obtain a
solution to equation (14) in the form

ZZC‘ (-2- b) 1/ J+"”(1), (17)

n=0 j=0
B)-——
Using the formula | 2% (1) = ————, we can write (17) in the form
o r (a2 +1)
“p S Sl (A ) o
Cl(- (-4 —b _ _ (18)

n=0 j=0 (7/(n—1)+0¢j+1)

We will prove that the series (18) is convergent a little later.
+o Kk +00 400
Using the formula [20] ZZ B..= ZZ B, . - we can write (18) in the form
k=0 n=0 n=0 k=n
C)(-a)"" (-4 —b S
JOnj T(y(n-j)+aj+1)
If we introduce the notation N = j + M here, we can write the last equation in the form
+00 400 t;/m+aj
=0 C, b .

k;% i (-4 b’ C(ym+aj+1)

This equation can be written using the Mittag-Leffer function of two variables as follows:
1,11,1,0; —at”
u (t)=oE, T , | te[oT], (19)
Ly, 1315 —(4, +b)t

where E, -Mittag-Leffer function of two variables [21]

[ 71,0517ﬂ1;72’a2; X}:
2 @,a31ﬂ2;521a4;53’ﬂ3; y

= ii 7)o 2 Y . (20)
(8 +am+ Bn)T(S,+a,m)T(5,+ S,m)
X, y,al,az,,Bl,ﬁz,J/l,yz,@ﬁz,53 eR,

_I(n+am+4n)
(71)a1m+ﬂln - 1_,(71) .

If a;+a,—a,—a,>0and B, + [, — B, >0, then the series (20) is absolutely and uniformly
convergent for arbitrary V(X, y) [22].

It is not difficult to show that the following formulas are valid for the function E,:
P 1,1,1;,1,0; —at’ P 1,1,1;,1,0;
lo: | Es =1t"E,
Ly, ;150 —(4, +b)t” 1+ B,y,a;1,11,1;
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. 11510, | -at’ o ~ )
Dm(E{;nyLLLLL(@4JﬁWJJ_ (% +D)Eus(~(A+D))

2,1,1,1,0;
l+y—a,y,a;2,111;
1,1,11,0;
1Ly,a;1117;

—at’”™“E,

e

E

N

—at” B
_(}Lk +b)t“ -
. 2,1,110; —at’
((ﬂ'k—i_b) ) at [7/+1,7/,06;2,1;1,1i‘—(ﬂ1<+b)ta],

11,1:1,0 —at” 2,11:1,0 —at”
E, —E, =
1+y—-a,y,a;2,1,1]7; —(ik +b)t“ 1+y-a,y,a;2,1;1]7, —(/1k +b)t“
2,1,1:1,0;
=(4 +b)t“E2(

y+1r7,a;2,117;
where Emzﬁ2 (Z) - Mittag-Leffler function [15]:

—at”
—(4 +b)t*
+00 Zk

E...s (Z) - Z (

kzor a2k+ﬂ2),

Using these formulas, it can be proven that (19) is a solution to problem (12), (13).
It can be shown directly that (19) can be written in the form

a,>0.

1+
(ijj.m 111/5[ y(l—‘f)yﬂ}
e[ (4 +b)t°&"n Jdndé, te[0,T] 1)
where e;‘:,'gz (Z) - Wright-type function [5]:
+00 Zk
Mz, — O .
eaaﬁ’s( ) Zr(a3k+,u3)r(§3—ﬂ3k)’a3> , o3> fB (22)

If 2<0, u; 20, 6, 2 B, the following inequality holds for function (22) [see page 87 in [5]:

N 1
e (2 )<m

If wesay 8>0, b>0 and note that A, > 0, then using inequality (23), we obtain the following
inequality for (21):

(23)

u (V)] <[er] te[0OT]. @)
Substituting (19) into (11), we find a formal solution to the problem qu :

11,1;1,0;

= - E e ’
X)= 29 2(1,%0:;1,1;1,1;
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Theorem 2. 1f >0, b >0, p#Q and function go(x) satisfy the conditions of Lemma 6, then of

the series (25) determines the unique solution of the problem qu
Proof. To prove the theorem, it is sufficient to prove that the series (25) and the series corresponding

to the functions Xf‘ (1— X)'gl ux(x,t) converge uniformly in ﬁ and the series corresponding to the

functions [X“l (1—X)ﬂl u, (t,X)} CDgiu('[,X)eC(Q) converges uniformly on any compact
X

Q, cQ.

Consider the series corresponding to the function [X“l (l— X)ﬂl u, (t, X)J .

X

Using inequality (24), then from (25) follows the inequality
~+00 '
@ B P B,
‘[x H(1-x) ux(t,x)]x‘32|¢k| [x H1-x)"v, (x)} ‘
k=1
Hence, by virtue of equation (4), on any compact set Ql < Q, we have

‘[Xal (1-x)* ux(t,x)l‘sgmgz)kvk(x)L (26)

Based on the Cauchy-Schwartz inequality, we have

S o (-S4 S S50

k=1

Here, by Lemmas 6 and 4, the series on the right-hand side converge uniformly with respect
toXe[O,l]. Then the series on the left-hand side converges uniformly with respect to Xe[O,l].

Therefore, the series (26) converges absolutely and uniformly on the compact set €2, < €2. The

convergence of the remaining series are proved similarly. Theorem 2 has been proved.
Theorem 3. If the conditions of Theorem 2 are met, then the following estimate is true for the solution
of problem B :

Hu(x,t)”c(g) < C1H¢'(X)” 27)

Ly,r
where C, =Ssup/G(x,x) Hf

[0.1]

1

Jr(x) f2(x)dx, r(x)=x%(1-x)*.

0

Proof. By virtue of Lemma 4, Lemma 5 and the inequality ‘uk (t)‘S‘gok‘, the following
inequalities hold:

[V (%))

1/2

v, (%) <

\/Z <
zim g{G(X,X)jlxa(l—x)ﬂ[(o'(x)]zdx}mSCluq)'(X)
T A 0

From this, inequality (27) follows. Theorem 3 is proven.

Conclusion. In this paper, a non-local initial-boundary value problem for a degenerate secondorder
equation with a fractional Caputo derivative and a Riemann—Liouville integral is considered in a rectangular
domain. Using the method of separation of variables, a solution to the problem is obtained in the form of a
series that converges absolutely and uniformly in the closure of the domain under consideration. In addition,
the uniqueness of the solution and its continuous dependence on the given functions are established.
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UOK 51
JARAYONLAR STABILLIGINI NAZORAT QILISHNING UCH KOMPONENTLI TI1ZIMI
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Annotatsiya. Ushbu maqolada texnologik jarayonlar stabilligini nazorat qilish uchun an’anaviy
Shuxart kartalarining imkoniyatlarini kengaytiruvchi uch komponentli statistik tizim taklif etilgan. Ma’lumki,
Shuxartning to ‘rtta asosiy qoidasi jarayon o ‘rtachasi va dispersiyasidagi o ‘zgarishlarni aniqlasada,
tagsimot shaklining buzilishini qamrab olmaydi. Shu sababli maqgolada o ‘rtacha qiymat, dispersiya va
tagsimotni bir vagtda baholovchi kompleks nazorat mexanizmi nazariy asoslab berilgan. Smirnov statistik
alomatiga asoslangan metodika texnologik jarayonlarni chuqur tahlil gilishda, xususan avtomobil bo ‘yash
sexida gruntovka qalinligini nazorat qilish misolida samaradorligi bilan namoyon bo‘ladi. Yondashuv
statistik boshgaruvni yanada ishonchli tashkil etish, nosozlik sabablarini aniglash imkonini beradi.

Kalit so‘zlar: Jarayonning stabilligini aniglovchi goidalar, Shuxartning nazorat kartalari, Smirnov
alomatiga asoslangan nazorat karta, gruntovka galinligi texnologik operatsiyasi.

THREE-COMPONENT SYSTEM FOR PROCESS STABILITY CONTROL

Abstract. This article proposes a three-component statistical system that expands the capabilities of
traditional Shewhart charts to control the stability of technological processes. It is known that Shewhart's
four basic rules, while determining changes in the mean and variance of the process, do not cover the
violation of the distribution shape. Therefore, the article theoretically substantiates a complex control
mechanism that simultaneously evaluates the mean, variance, and distribution. The methodology based on
the Smirnov statistical sign is effective in in-depth analysis of technological processes, in particular, in the
example of controlling the thickness of the primer in a car paint shop. The approach allows for more reliable
organization of statistical control and identification of the causes of failures.

Keywords: Rules for determining process stability, Shewhart control charts, Smirnov-based control
chart, technological operation of primer thickness.

TPEXKOMIIOHEHTHAS CUCTEMA KOHTPOJISA CTABUJIBHOCTHU ITPOLHECCA

Annomayua. B Odannou cmamve npeodnazaemcs MpEXKOMHOHEHMHA CMAMUCMUYECKds cucmemd,
PACWUPSAIOWASE  8O3MONCHOCIU — Mpaduyuouusvlx kapm Lllyxapma O0nsi  KOHMpoOas —yYCMOUHUBOCHU
mexHono2u4ecKux npoyeccos. Mzeecmuo, umo yemsipe 0cHo8ubix npasuna Lllyxapma, onpedensis usmeneHus
cpedHe20 3Hauenus U OUCNePCUl npoyeccd, He 0Xeamuléarom Hapyulenue Gopmvl pacnpedenenus. Iloamomy
68 cmamve meopemuyecku 0OOCHOBAH KOMNAEKCHbLUL MeXAHUIM KOHMPOJs, OOHOBPEMEHHO OYEHUBAIOWUL
CpeOHee 3HaueHue, Oucnepcurd u pachnpeoeieHue. Memoodonoeus, OCHOBAHHASL HA CIAMUCHIUYECKOM
npusnaxe CmupHosa, s¢hgexmuena npu 2yOOKoM aHAIU3E MEXHOIOSULECKUX NPOYECCO8, 8 YACMHOCTU, HA
npumepe KOHMPOAA MONUWUHbL SPYHMOBKU 8 OKPACOUHOM yexe asmomobuneu. 11o0xo0 noseonsem 6onee
HAOEICHO OP2aHu3068amb CIMAMUCMUYECKUL KOHMPOIb, 8bIAGUMb NPUHUHBL OMKA308.

Kntouegvie cnoea: Illpasuna, onpedensiowue YCMOUYUBOCHb HpoOyeccd, KOHMPOIbHblE Kapmbl
Ulyxapma, koumponvHas Kapma, OCHO8aHHAs Ha npusHake CMUpPHOBA, MeEXHONO2UYECKAs Onepayus
MONWUHBI 2DYHIMOBKU.
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Kirish. Statistik sifat nazorati tizimlarida Shuxart kartalari uzoq vaqt davomida asosiy vosita bo‘lib
kelgan. Bu kartalar bilan jarayonni stabilligini quyidagi o’rtacha kvadratik og’ish (c)ga asoslangan 4 ta goida
yordamida amalga oshirilgan:

1) 1-qoida: Agar biror nugta 3c dan tashqarida joylashsa, jarayonda keskin o‘zgarish mavjud va
jarayon stabil emas.

2) 2-goida: 3 ta ketma-ket nugtadan 2 tasi 2¢ dan tashqarida bo‘lsa, jarayon stabil emas.

3) 3-qoida: 5 ta nugtadan 4 tasi 1o dan tashgarida bo‘lsa, jarayonda sistematik o’zgarishlar mavjud,
ya’ni jarayon statsionar emas.

4) 4-qoida: 8 yoki undan ko‘p ketma-ket nugtalar markaziy chiziq (u-ning bahosi)ning bir tomonida
bo‘lsa, o‘rtacha giymat(p) siljigan.

Bu qoidalar jarayonning faqgat o‘rtacha va dispersiya o‘zgarishlarini aniglaydi, ammo tagsimot shaklini
nazorat gila olmaydi.

Hozirgi kunda murakkab texnologik, biologik, pedagogik va tabiiy jarayonlar statistik tahlili yanada
nazariy asoslangan yondashuvlarni talab qilmoqgda. Shu sababli, jarayonning stabilligini to‘liq tasdiglash
uchun o‘rtacha, dispersiya va tagsimot shaklini nazorat giluvchi uch komponentli tizimni yaratish zarur
bo‘ladi.

1. Metod. Taklif etilgan nazariy induktiv metodda stabillikni nazorat gilish uch xil nazorat
kartaga asoslanadi:
1) X-karta (o‘rtacha qiymatlar kartasi) [1], [2] — o‘rtacha qiymatning turg’unligini baholaydi:

- Nazorat chegaralari: UCL(Yuqgori nazorat chegara) =p +3 \%
LCL(Quyi nazorat chegara) = p — 3% bu yerda n —tanlanma hajmi.
- Stabillik sharti: barcha nugqtalar chegaralar orasida bc;‘lishi, trend yo“qligi.
2) S-karta (standart og‘ish kartasi) [1], [2] — jarayon dispersiyasining o‘zgarishini kuzatadi:
- Nazorat chegaralari: UCL = B, S, LCL = B, S ,bu yerda S - S ning kichik guruhlar bo’yicha o’rtacha
bahosi, B, va B, koeffisientlar tanlanma hajmiga garab jadvallardan aniglanadi [1].
- Stabillik sharti: barcha nuqtalar chegaralar orasida bo’lishi.
3) S (Smirnov)- nazorat kartasi [3] — tagsimot shaklining o‘zgarishini aniqlaydi.
Agar  birlik t=1;1 momentlarda to‘plangan  ma’lumotlarning  variatsion  qatori
X' = (x",x",, ..., x",;) tanlanmalar uchun quyidagi munosabat o‘rinli bo‘lsa:

_ EC
pf = max |&(Yy,) —?l + zi <22 =UCL,e 1)
n n

1=zk=n Vn
u holda texnologik jarayon stabil holatda bo‘ladi. (1) da pf-nominal normal tagsimot bilan
tanlanmaga mos emperik tagsimot funksiya orasidagi maksimal fargni bildiradi va u stabillikni
baholaydi. UCL ¢ - nazorat kartaning yuqori chegarasi, kg Smirnov tagsimoti kvantili bo‘lib tenglama

[

ildizi sifatida tagribiy topiladi, jumladan, k¢ ,5=1,035. Agar t = 1;1 birlik vaqtlarda pf < % tengsizlik

o‘rinli bo’lsa texnologik jarayon stabil bo‘ladi aks holda nostabil bo‘ladi. Ushbu nazorat karta Smirnov
kriteriysiga asoslangan holda quyidagi teoremaga asosan hosil gilingan:
Teorema [4]. ec= 0,01 va H,:P(X <x) = F(x;X,;; S2) gipoteza o‘rinli bo‘lsa, u holda pc-nazorat

n:

. - kS o
karta uchun nazorat gilinuvchi migdor pg va UCL,e = —°=* kabi topiladi.
Vi

Izoh. Bunda X~N(X,; S7)jarayonga mos normal tagsimot bo’lib, uning parametrlari jarayon statistik
nazoratda bo’lganda optimal baholanib topilgan.

Har bir parameter (matematik kutillma va dispersiya bahosi, pf ) stabillik talabi sifatida mustaqil
nazorat gilinadi. Jarayon stabilligi har bir tanlanma uchun quyidagi shart bilan aniglanadi:

matematik kutilmani turg’unligi;

dispersiyani turg’unligi;

tagsimot shaklining o‘zgarmasligi.

Bu yondashuv jarayonning to‘liq stabilligini aniglash imkonini beradi.

Taqdim etilgan metodika qo‘llanilganda har bir vaqt oralig‘ida birlik vaqtlardagi ma’lumotlar asosida
tanlangan statistik kriteriylarga asoslangan formal tekshiruv amalga oshiriladi.

n:

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 87



MATHEMATICS

2. Natijalar. Tahlil natijalari shuni ko‘rsatadiki, Shuxart qoidalari faqat o‘rtacha va dispersiyaga
oid ayrim holatlarni aniglaydi.

Ammo ular tagsimot shakli o‘zgarishini butunlay nazardan chetda qoldiradi. Uch komponentli tizim
esa barcha ehtimoliy stabillik buzilishlarini gamrab oladi:

o‘rtacha siljishi;

dispersiya oshiishi yoki kamayiishi;

tagsimotning assimetriya yoki “og‘ir dum”larga o‘tishi.

Bu yondashuv jarayonning istalgan turdagi statistik o‘zgarishlarini erta aniqlash imkonini beradi.
Fikrimizni tasdiglash magsadida avtomobil zavodining bo‘yash sexidagi muammolarni o‘rganish uchun
olingan ma’lumotlar asosida texnologik jarayon stabilligini aniqlash jarayonini keltiramiz

Masala. Bo‘yash sexida Cobalt mashinasini gruntovka gilishda nosozliklar topilgan. Sabablarini
aniglash va choralarini topish, jarayonni statistik boshgariladigan holatga keltirish talab gilinadi.

Texnologik operatsiya tavsifi Cobalt mashinasining payvandlangan korpusi liniyada bo‘yash sexiga
kiritiladi va robotlar yordamida gruntovka gilinadi. Gruntovka qalinligi bo‘yicha andoza [45; 70] mk kabi.

Endi yuqorida keltirilgan uch xil nazorat kartalar bilan quyidagi ishlarni amalga oshramiz:

1. Maxsus tuzilgan kod asosida ma’lumotlarga asosan nazorat kartalar qurish va jarayonning
holatini aniglash;
2. Jarayonning potentsial ko‘rsatkichini aniqlash. Holat bo‘yicha tashxis qo‘yish.

Ma’lumotlarni tayyorlash statistik tahlil. Gruntovka qalinligini o‘lchovchi asbobi bilan o‘lchash
ishlari bajariladi.Ma’lumotlar asosida Smirnov nazorat kartasini t = 1,2,3 birlik vagtlarida diagrammasini
guramiz.

Fayl Karta chegaralari Word hisobot  Yordam
Ymin-Ymax: [0 0.5 dx:[200
X son belgisi uchun kartalar bﬂ" son belgisi uchun kanalar\
a-karta I yfkartal X_fkartaw R-karta Ro-karta I
UCL=0,146 0‘149
0,120
0,093
1 2 3
<

1-rasm. p€-nazorat karta
1-rasmgagi diagrammaga asosan t = 1; 2 birlik vaqgtlarda jarayon stabil, t = 3 birlik vagtda esa

stabillik buzilyapti. Buni sababini aniqlash uchun qo‘shimcha tekshiruvlar Shuxartning X - R qo’shloq

nazorat kartasi bilan amalga oshiramiz.
Jarayon holatini n = 5 hajmli oniy tanlamalardan iborat k=30 ta kichik guruhlar tuzib (X -R) —

qo’shaloq nazorat kartalar diagrammasini quramiz.
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Fayl Karta chegaralari Word hisobot Yordam
Ymin-Ymax: |45 70 dx:|40

X son belgisi uchun kartalar | XY son belgisi uchun kartaar

a-karta | y-karta X -karta NR—kartalRo»karta}

veL=szas B2 67,8067 40 6760 g,no aao s,e\,zn
8500 ™.65,6086,0 R 66,0056,00 65,40 85, 5,20
64,00 ¢ v sa 0" Y 644 64,2064/00 Y
63,408380 63 3,60 /
CL=57,860
LCL=48,340

i 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

2-rasm. X — nazorat karta
Eayl Kartachegaralari Word hisobot Yordam
YminYmax: [0 35 dx:[10

X son belgisi uchun kartalar ‘XY son belgisi uchun kanalar}

akarta | y-karta| X_-karta Rekarta | Ro-karta |

UCL=34,881

CL=16,500 16.00
T5,0075,00
14,00

1300 13,00

11,0011,00

LCL=0,000
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

3-rasm. R — nazorat karta
NKning o‘qgish qoidasiga ko‘ra [1],[2] sexdan olingan ma’lumotlar uchun o‘rta qiymatlar X Kkartasida

(2-rasm) hamma nugtalar CL dan yugorida joylashgan va UCL dan yugorida nugtalar mavjud, variatsiya
qulochi R kartasida(3-rasm) esa deyarli hamma nugtalar CL dan quyida joylashgan. Bu anomaliy holatlar
gruntovka qalinligida andozadan chetlanishlar mavjudligini ko’rsatadi. Ishlab chiqarishda bunga turli
sabablar bo’lishi mumkin, masalan, kraskani qo’yilib ketishi, elektr tizimidagi nosozliklar, roborlarni nosoz
ishlashi kabi. Shu sexdagi mas’ullar bu nosozliklar robotlar tamonidan yon tomonlarga garaganda old va
orqa kapotlarga qalinroq gruntovka qilinishi deb aniqlashdi. Bu gruntovka qiluvchi robotni to‘la
mukammallashtirilmaganligi sabab bo’lishi mumkin deb ko‘rsatdilar. Bunda hisoblaslar texnologik
jarayonning o‘rtacha potentsial ko‘rsatkichi, ya’ni chigayotgan sifatsiz mahsulotlar ulushi 13,7% ni tashkil
etadi. Nosozlikni vaqtida to’g’rilash katta chigimni oldini oladi. Bizning eng muhim natijamiz jarayonlarni
uch komponentali tizim asosida yuqoridagi kabi stabilligini ta’minlab turishdan iborat.

Munozara. Uch komponentli tizim Shuxart goidalarining induktiv tabiatiga nisbatan ancha ishonchli.

U tagsimotga bog‘liq emas, chunki S statistiklari umumiy ko‘rinishdagi tagsimotlarni baholash
imkonini beradi. Shuningdek, bu metod tabiiy eksperimental ma’lumotlarda uchraydigan tagsimot shaklining
buzilishlarini ham aniglaydi, bu esa Shuxart metodologiyasida mavjud bo‘lmagan imkoniyatdir.
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Tadqiqot natijalariga ko‘ra, jarayon stabilligini to‘liq tasdiglash uchun uch parametr — o‘rtacha,
dispersiya va tagsimot shaklini nazorat qgilish zarur. Shu magsadda taklif gilingan uch komponentli nazorat
kartalari tizimi: nazariy asoslangan; universal; yuqori sezgirlikka ega va Shuxart qoidalarining to‘liq o‘rnini
bosuvchi vosita sifatida baholanishi mumkin.

Ushbu tizim texnologik, biologik, pedagogik va boshga murakkab jarayonlarni nazariy asoslangan
tarzda boshgarish imkonini beradi.
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UDC 517,98
ON DYNAMICS OF A SEPARABLE CUBIC STOCHASTIC OPERATORS IN S?
Baratov Bahodir Soyib o‘g‘li,

Faculty of Mathematics, Karshi State University, teacher
baratov.bahodir@bk.ru

Abstract. In this paper, we study a class of separable cubic stochastic operators defined on a finite-
dimensional simplex. That is, we consider cubic stochastic operators defined as a product of three linear
operators defined on a simplex. It is shown that for a separable cubic stochastic operator defined on a two-
dimensional simplex, the vertices of the simplex are fixed points. It is also proven that the orbit of a
separable cubic stochastic operator converges for any starting point taken from the simplex.

Keywords: Cubic stochastic operator; separable cubic stochastic operator; orbit, simplex.

S? DA ANIQLANGAN SEPARABEL KUBIK STOXASTIK OPERATORLARNING
DINAMIKASI HAQIDA

Annotatsiya. Ushbu maqolada ikki o‘lchamli simpleksda aniglangan separabel kubik stoxastik
operatorning dinamikasi o ‘rganilgan. Ya'ni, simpleksda aniqlangan uchta chizigli operatorlarning
ko ‘paytmasi sifatida aniqlangan kubik stoxastik operatorlarni ko ‘rib chigamiz. Ikki o‘lchamli simpleksda
aniglangan separabel kubik stoxastik operator uchun simpleksning uchlari qo zg ‘almas nuqtalar ekanligi
ko ‘rsatilgan. Shuningdek, separabel kubik stoxastik operatorning orbitasi simpleksdan olingan har ganday
boshlang ‘ich nugta uchun yaqinlashuvchi ekanligi isbotlangan.

Kalit so“zlar: Kubik stoxastik operator; separabel kubik stoxastik operator; orbita, simpleks.

O JJUHAMUKE PA3JIEJIJUMOI'O KYBUYECKOI'O CTOXACTUYECKOI'O OIIEPATOPA
B S?

Annomauus. B oannoii pabome usyuaemcs knacc cenapabeiMuix KyOUHeCKUxX CMOXACMUYEeCKUX
onepamopos, 3a0aHHLIX HA KOHeyHoMepHOM cumniexce. To ecmb, paccmampusaiomcs Kyouueckue
cmoxacmuyeckue Onepamopbl, 3a0aHHble KAK NpouzsedeHue mpéx TUHENHbIX ONepamopos, 3a0aHHblX Ha
cumnnexce. Tloxazano, umo 05 cenapabenbHo20 KyOuuecko2o CImoxXacmuiecko2o onepamopd, 3a0anHo20 Ha
0BYMEPHOM CUMNIIEKCE, 8ePULUHbL CUMNIIEKCA ABTSIIOMCS HENOOBUNCHBIMU MOYKAMU.

Knrouesvle cnosa:  Kybuuweckuti  cmoxacmuueckuii — onepamop, — cenapaben — Kyouueckuil
CMoxXacmuyeckuil Onepamop, opouma, CUMAIJIEKC.

Many systems can be represented using nonlinear operators. Among the simplest nonlinear examples
is the quadratic stochastic operator (QSO). This operator models the evolution of a population and was
originally introduced by Bernstein in [1].

For more than 80 years, the theory of QSOs has been developed and many papers were published (see
e.g. [4]-[8], [16]-[17]). In recent years it has again become of interest in connection with its numerous
applications in many branches of mathematics, biology and physics.

Let E={1,2,..,m} be afinite set and the set of all probability distribution on E

S“:{x:(xl,...xm)e[m:xizo,ixizl} 1)
be the (m—1)-dimensional simplex. A QSO is a mapping defined as v :s™* — s™* of the simplex into
itself, of the form V (x)=x"eS"*, where

x;:iP. xx, kekE, (2)

ij,k i
i,j=1

and the coefficients P

ij,k

satisfy
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P,.=P., =0, Z =1 forall i, jeE. ®3)
The trajectory (orbit) {x<“)} . of v for an initial value x € S™* is defined by

(D) :V(X(m):\/(nﬂ)(x(")), n=0,12,... .

One of the main problems in mathematical biology is to study the asymptotic behavior of the
trajectories. This problem was solved completely for the Volterra QSO.
The operator V is called Volterra QSO, if p, =0 for any k¢{i, j}, i, j,k€E . For the Volterra QSO

the general formula was given in [4],
X =X, (l+iakixij, (4)

where a, =2p,, —1 for i=k and a, =0. Moreover, a, =-a, and |a |<1 forall i,k cE.

In [4], the theory of Volterra QSO was developed using theory of the Lyapunov functions and
tournaments. But non-Volterra QSOs were not completely studied. Because, there is no general theory that
can be applied for study of non-Volterra operators.

In [16] Separable Quadratic Stochastic Operators (SQSOs) where introduced. Volterra QSO (4) has a
form as SQSO, but in [17] it was proved that it coincides with a SQSO if and only if it is a linear operator.

In recent years, Cubic Stochastic Operators (CSOs) have begun to be studied, which different from
quadratic operators [8-10].

In this paper we consider another class of cubic operators which we call separable cubic stochastic
operators [11-13].

In Section 2, we recall the definition of CSOs and definitions and known results. In Section 3 for a
SCSO defined on the two-dimensional simplex, we prove that it has three fixed points and we find the
boundary &s? is an invariant set.

Preliminaries and known results. Separable quadratic stochastic operator. Let us recall some
necessary definition and notations. In [18] Separable Quadratic Stochastic Operators were introduced as
follows: The QSO (2), (3) with additional condition

P, =a/b, for all i,jkeE (5)

where a, b, <[ entries of matrices A=(a, ) and B=(b, ) such that the conditions (3) are satisfied for

the coefficients (5).
Then the QSO Vv corresponding to the coefficients (5) has the form.

=V (), ~(AG), (B),. ©
where (A(X)), Za1k - (B(X)), Zblk .

Definition 1. [16] The QSO (6) is called separable quadratic stochastic operator (SQSO).
Cubic stochastic operator. The CSO is a mapping W : S™* — S™* of the form
X = Z PaXXX, leE, (7
i,jk=1

where P, | are coefficients of heredity such that

P., >0, Z,Jk,_L Vi, j,k eE. 8

and we suppose that the coefficients P, , do not change for any permutation of i, j,k .

ijk,1

For a given x € S™, the trajectory {x"} , of initial point x” under action of CSO (8) is defined
by x™ =W (x" ) where n=0,1,2,... with x=x". Denote by a)(x“)) the set of limit points of the

trajectory {x(”’ }w

n=0

. Since {X(”)}wio < S™" and S™* is a compact set, it is follows that a)(X(O))i @ If a)(x("))

consists of a single point, they the trajectory converges and a)(x(‘”) is a fixed point of the operator W . A
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point x e S™* is called a fixed of the W if W (x)=x. Denote by Fix(W ) the set of all fixed points of the
operator W , i.e

Fix(W)={xeS"" W (x)=x}.
Let DW (x")=(éW, /ax; )(x") be a Jacobian of W at the point x".

Definition 2 ([3]): A fixed point X is called hyperbolic if its Jacobian DW (x") has no eigenvalues
on the unit circle in LI .

Definition 3 ([3]): A hyperbolic fixed point x" is called:

(i) attracting if all the eigenvalues of the Jacobian DW (x) are in the unit disk;

(i) repelling if all the eigenvalues of the Jacobian DW (x) are outside the closed unit disk;
(iii) a saddle otherwise;
Main result. In this section we consider CSO (7) (8) with additional condition
Pii a1I c,, for all i,j,k,leE, 9

where &,,b,,c, elJ entries of matrices A=(a,), B=(b,) and C=(c,) such that the conditions (8)

i
are satisfied for the coefficients (9).
Then the CSO W corresponding to the coefficients (9) has the form

=W (), - (), (B(0) () 0o
where (A(x)) Za,, . (B(x)), ijlx and (C(x)), chlx

Definition 4. [11] The CSO (10) is called separable cubic stochastlc operator (SCSO).
Let us consider the following matrices:

1 00 1 05 0 111
A=/0 1 0,B=(15 1 1|,C=11 2| (12)
0 01 1 1 1 2 21

Then corresponding SCSO W :S? — S? is:

!

X=X (X +L5X, + X ) (X + X, +2X,),
%, (0,5% + X, + X, ) (X +X,), (12)

=%, (%, + %) (X + 2%, + X, ).

.(
WX =
’
3

X
Using the equation x + X, + X, =1 we rewrite the operator (12) as follows
X =X (1+0,5%,)(1+x,),
WX =X, (1-0,5x,)(1-x,), (13)
X =% (1= % )(1+X,).
Let a face of the simplex S* bethe set T, :{XES2 X =0, i eac{1,2,3}}.
Let the set intS®={xeS*:xx,x,>0} and let the set 8S*=S°\intS* be the interior and the

boundary of the simplex S*, respectively. Let e, =(1,0,0), e, =(0,1,0), e, =(0,0,1) be the vertexes of the

two-dimensional simplex.
Lemma 1. For the SCSO W (12), the following assertions true:

(i) Theface r,,, T, , ', ofthesimplex S* are invariant sets;

R )
(i) Fix(W)={e,,e,.e,};
(iif) The fixed point e, is a attracting point, e, is a repelling fixed point and the fixed point e, is a

saddle point.
Proof: (i) Obviously.

(i) To find the fixed points we consider the equation W (x)=x, that is the following system of
equations
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X, =X (1+0,5%,)(1+x,),

X, =X, (1-0,5%,)(1-x,), (14)

X =% (1-%)(1+X,).
(a) Let x, =0. Then from the third equation of (14) it follows

X, =X+X%X = %X=0 and 1=1+X,.
It is clear that if x, =0 then we have x, =1. If x, >0 then from the last equation one has
x,=0 = x =1.

We take solution x, =1, then it follows that x, =0. Consequently, if x, =0, we obtain the fixed points

€, €

2?73

Similarly, in the case x, =0 and x, =0, we have the fixed points e , e, and e , e, , respectively.
(b) Suppose that x x,x, =0 . Then from the system (14), one has
1=(1+0,5x,)(1+x,),
1=(1-0,5%,)(1-x,), (15)
1=(1-x)(1+x,).
The second equation of (15) we get
1=(1-05%)(1-%) = —%=05x(1-x,).
Last equation it follows that x =0 and x, =0, this contradicts to x x,x, #0.
Consequently, we have that Fix(W)NintS* =&,
(iii) To find the type of fixed point of the SCSO (12), we rewrite it in the form
X =X (1+0,5%, )(1+(1-% - X,)),
{xz’ =%, (1-0,5% )(1-(1-x - x,)).
where (x,%,)e{(x,y):x,y=0,0<x+y<1} and x,x, are the first two coordinates of a point lying

(16)

in the simplex S*.

The Jacobian of the operator (16) at a fixed point e, has the following eigenvalues 4 =0, 4, =0,5,
at the e, has the following eigenvalues 4 =1,5, 4, =2 and at the e, has the following eigenvalues 4 =2,
A, =0. Therefore, it follow that the fixed point e, is a attracting point, e, is a repelling fixed point and the
fixed point e, is a saddle point.

The theorem is proved. L

The set of limit points. Let x S? be the initial point. Then the trajectory of x' is denote by
{x('”}nz0 and is defined as W (x” ) =x"* where n=0,1,2,... .

X =% (1+0,5x, )(1+x,),
W 14X, =X, (1-0,5x,)(1-x,),

X3 =% (1= % )(1+x,).
Theorem 1. For the SCSO W (12), the following assertions true:

(i) If x?er,,, , then limw" (x)=e,,
(i) If x? er,, , then limw" (x”)=e,,
(i) 1 x”er,, then limw" (x”)=e,,
(iv)  1f x®<ints?, then limw" (x”)=e,,
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Proof: (i) Let x =(0,X§°),X§°))€F{z,3}- By Theorem 1, the face ', is an invariant set and the
vertexes e, and e, are fixed points belonging to this face. For the SCSO W (12) is true x" =0,

n=012,... atthe face I',, . The restriction of the SCSO W (12) on the face T',, , has the form

{g:xxl—as&y 17)
X =% (1+x,).

From the first equation of (17), one has

X" =x"(1-0,5x") < x”, n=0,12,... Therefore, it follows that there exists the limx"” =x;.

Moreover, from the second equation of (17), one has x{"* = x" (1+ xg“))z x", n=0,12,.... Therefore, it

3
follows that there exists the limx" =x;. So there is the limit limw" (x®)=x"=(0,x;,x;). Since x" should
be a fixed we get X" =e, . That is, if X" >0 then we have that limw" (x ) =e, forany x® =T, \{e,}.

Let X el . By Theorem 1, the face T, , is an invariant set and the vertexes e, and e, are fixed

1,2}

points belonging to this face. The restriction of the SCSO W (12) on the face Ly has the form

{)(1':)(1(1—"_0'5)(2)' (18)
X, =X, (1-x).

Not that, for the SCSO W (18) is true x\" =0, n=0,1,2,... at the face T - From the first equation

1,2

of (25), one has X" =x"(1+0,5x")=x", Nn=012,... Therefore, it follows that there exists the

limx" = x. Moreover, from the second equation of (25), one has x\"* = x{" (1— xf”))s x", n=012,...

n—oo

So we have that there exists the limx(” = x; . Hence there is the limit limw" (x®)=x"=(x;,x;,0). Since X’

n—oo n—w

should be a fixed point we get x"=e, . That is, if x” >0 then we have that limw"(x”)=e, for any
X9 =T, \fe,}.

Let x” =(x,0,x”)eT,, . By Theorem 1, the face I, is an invariant set and the vertexes e, and

e, are fixed points belonging to this face. For the SCSO W (12) is true x{” =0, n=0,1,2,... at the face

I, 5 - The restriction of the SCSO W (12) on the face I, has the form

{4=&@+&%

X =% (1_ X1)

From the first equation of (19), one has x"* = x" (1+ xg”))z x", n=0,12,.... Therefore, it follows

(19)

that there exists the limx" =x'. Moreover, from the second equation of (19), one has

n—o

X" =x"(1-x")<x", n=01,2,.... Therefore, it follows that there exists the limx{” =x:. So there is

the limit limW" (x®)=x"=(x,0,%;). Since X" should be a fixed we get X" =e,. Thatis, if x” >0 then we

n—o

have that limw" (x”)=e, forany x® =", \{e,}.

Let x?=intS®. Then, from the first equation of operator (12), one
has " = x" (1+0,5% )(L+x")2 X", n=012,... So we have that there exists the limx" =x.

Moreover, from the third equation of operator (12), one has
X" =% (1-0,5x" )(1— X" ) <x\", n=0,12,... Therefore, it follows that there exists the limx\" =x;.
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Thus, using X" +x" +x" =1 we have limx" =x;. So there is the limit limw"(x")=x"=(x,%,x).
Since X" should be a fixed point we get X" =e,.
Consequently, we have that limw" (x”)=e, forany x” =intS*,

The theorem is proved.
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AN INVERSE PROBLEM OF DETERMINING THE KERNEL PSEUDO-INTEGRO-
DIFFERENTIAL EQUATION
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Abstract. In this paper, we investigate an inverse problem for a one-dimensional pseudoparabolic
integro-differential equation supplemented with an additional condition. First, the corresponding direct
problem is examined. Using the Fourier method, the direct problem is reduced to an equivalent integral
equation. Then, by applying Gronwall-type inequalities, an estimate for the solution in terms of the norms of
the unknown functions is derived. Stability estimates are also obtained. The inverse problem is likewise
reduced to an equivalent integral equation. For this integral equation, the Banach fixed-point (contraction
mapping) principle is employed. As a result, the existence and uniqueness of the solution are established.

Keywords: pseudoparabolic equation; Fourier method; inverse problem; integral equation; Banach
fixed point theorem.

YADRO PSEVDO-INTEGRO-DIFFERENSIAL TENGLAMASINI ANIQLASHNING
TESKARI MUAMMOSI

Annotatsiya. Ushbu magolada bir o ‘lchamli psevdo-parabolik integro-differensial tenglama uchun
qo ‘shimcha berilgan shart ostida qo‘yilgan teskari masala o ‘rganiladi. Avvalo, to‘g'ri masala ko ‘rib
chigiladi. Masala Furye usulidan foydalangan holda ekvivalent integral tenglamaga keltiriladi. So ‘ngra
Gronualla tengsizligi yordamida masalaning yechimi noma’lum funksiyalar normasi orqali baholanadi.
Turg'unlik baholari ham olinadi. Teskari masala ham ekvivalent integral tenglamaga keltiriladi. Ushbu
integral tenglama uchun Banaxning gisqartirib akslantirishlar prinsipi qo ‘llaniladi. Natijada yechimning
mavjudligi va yagonaligi isbotlanadi.

Kalit so‘zlar: psevdo-parabolik tenglama; Furye usuli; teskari masala; integral tenglama; Banaxning
gisqartirib akslantirish teoremasi.

OBPATHASA 3AJAYA ONNPEAEJIEHUA APA IICEBJJOUHTET'PO-
JUNODOEPEHIIMAJIBHOI'O YPABHEHU A

Aunomayusa. B OauwHou pabome uccredyemcs obpamuas —3a0aua 05l OOHOMEPHO20
ncegoonapabonuyecko2o uHmezpo-oup@depenyuanvio2o ypagrnenus ¢ 0onoanumenvivim ycioguem. Cunauana
paccmampugaemcs coomeemcmeyrowjas npamas 3aoaua. C ucnonvzosanuem memooa Pypve npsamas 3aoava
CBOOUMCSL K IKGUBANICHMHOM)Y UHINESPATbHOMY Yypaenenuto. [lanee, npumenss Hepasencmea mund
I'ponyonna, noayuena oyenxa peuwienus uepe3 HOpMbl Heuzsecmuvlx Qyukyuil. Takoice ycmanagueaomes
oyenku ycmouuugocmu. Obpamuas 3a0aya aHANOUYHBIM O00pPA30M CBOOUMCA K IKBUBANEHIMHOMY
UHMESPANbHOMY YpasHeHuto. /s 9mo2o uHmezpanbio20 YpagHeHUus NPUMEHAEMC NPUHYUN COHCUMATOUWUX
omoobpadicenuii banaxa. B pe3ynemame 0okaszviearomes cywecmeosanue u eOUHCmEeHHOCMb PeuleHUs..

Kniouesvie cnosa: ncesdonapabonuveckoe ypaenenue; memoo Dypve, obpamnas 3adaya;
UHMESPANbHOe YPAGHEHUe, meopemMd O CHCUMarowem omoopaddceHuu 6 OaHaxo8oM NpOCMPAaHCcmee
(meopema banaxa o nHenoosudicnoti mouxe).

Introduction. Inverse problems for partial differential equations are understood as the problems of
finding unknown coefficients, as well as initial and non-local boundary conditions and solutions of
differential equations given the solution of a direct problem. Inverse problems are a dynamically developing
area of modern mathematics [1], [2]. The constitutive relations for a linear nonhomogeneous heat
propagation and diffusion processes in a medium with memory contain a time- and space-dependent kernel
in an integral term of time variable convolution type [7]-[12], Interest in equations with mixed derivatives,
and in particular in pseudoparabolic equations in recent years, is driven by the needs of mechanics, applied
sciences, and mathematics itself. The study of processes such as fluid filtration in fractured porous media, the
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movement of groundwater with a free surface in multilayered media, the transport of moisture, heat, and salts
in porous media, and other similar practically significant problems requires the investigation of third-order
boundary value problems for pseudoparabolic equations [3],[15],[16]. Therefore, scientific research in this
direction is of interest to both mathematical scientists and engineers. The present work is part of this
direction, in which the characteristics of the medium are expressed through the determination of a function,
that is, the inverse problem is studied.

In this work, [6], [13], [14] the method of separation of variables is employed to obtain the classical
solution of the direct problem in the form of a biorthogonal series in terms of eigenfunctions and associated
functions. The direct problem is considered as an initial-boundary value problem.

The direct problem is reduced to equivalent integral equations using the Fourier method. To establish
the corresponding integral inequalities, the theorems of the Gronwall inequality are applied. We obtain an a
priori estimate of the solution in terms of an unknown coefficient, which is essential for the study of the
inverse problem.

The inverse problem is reduced to a Volterra integral equation of the second kind. Based on the unique
solvability of this equation in the class of continuous functions, theorems on the unique solvability of the
direct and inverse problems are proved. A stability estimate is also obtained.

Setting up the problem. Let T, = {(x,t)|0 < x <1, 0 < t < T} be a rectangle domain. In this

present paper, we consider the following inverse problem of determining a pair of functions {u(x, t), k(t)},
which satisfy the non-linear 1D pseudoparabolic equation.
Up (X, 8) = Uy (X, 1) — Uy, (1) = f; k(t — Du(x,T)dt in I, (1)
with the initial condition

u(x,0) =¢@(x), 0=sx=<1, (2)
the Dirichlet boundary condition
u(0,t) =u(l,t), u (lL,t)=0 0<t<T, (3)
and the overdetermination condition
u(xy,t) =f(t), 0=t=T, 4)

where f(t), @(x) are given functions.
The problem of determining
u(x,t) € Yp: = €M (M,) n €(Ty) (4)

from (1)-(3) with given k(t) and ¢(x) is called the direct problem for a 1D pseudoparabolic

integrodifferential equation, where T, = {[0,1] x [0,T]} and the space C(**)(II;) denotes the set of
functions defined on the domain II, that are twice continuously differentiable with respect to the spatial
variable x and once continuously differentiable with respect to the temporal variable t.

Inverse problem: Given the initial data ¢(x) and f(t), to find the pair of functions u(x,t), k(t),
satisfying to (1)-(4).

Definition 2.1. The pair of the functions {u(x,t), k(t)} is called a classical solution to the inverse
problem, if

u(x,t) e ¥y, and k(t)eC[0,T]
and satisfying each of the system (1)-(4) at every point of the corresponding domain.
Everywhere in this paper, we require the following conditions for known functions:
Al) g €C[01]; @(0) = ¢(1), ¢"(0) =¢"(1), ¢'(1)=0;
A2) f € C*[0,T];

Result and discussion. To obtain a solution to problem (1)-(3), we formally apply the Fourier method.
We will look for a nontrivial particular solution to this problem in the form u(x, t) = X(x)T(t). Substituting
it into the equation (1) and boundary conditions (3), we obtain a problem spectiral for X (x) :

X"x)+A2X(x)=0 0<x<1, (5)

X(0) = x(1), (6)

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 98



MATHEMATICS

X'(1) = 0. (7)

Y'(x)+ 22Y(x)=0, 0<x<1, (8)
Y'(0) = ¥'(1), (9)

Y(0) = 0. (10)

The solution of the problem (5)-(7) has a Riesz basis in L,(0,1), (for more details, the reader can
consult [4], [5], [6]) consisting of eigenfunctions and associated functions

Xo(x) =2, X,,(x) =4cosd,x, X,,_;=4(1—x)sind, x (11)

and eigenvalues
A, =2mn, n=0,123..
The biorthogonal sequence to {¥,, }i—, of eigenfunctions and associated functions corresponding to the
problem adjoint to problem (5)-(7):

Yo(x) =x, Y5,(x) =xcosd,x, Y,,_,(x)=sind,x, (12)

n =0,1,2,..., also forms a Riesz basis.
By applying the Fourier method, the solution u(x,t) of the problem (1)-(3) can be expanded in a
uniformly convergent series in term eigenfunctions of (11) in L,(0,1) of the form

u(x, ) = up ()Xo (%) + X3t Uop (X0 (X) + X321 Uy 1 (DX 2n_y (). (13)

The coefficients u, (t), 4y, (t), Us,_(t) for n = 1 are to be found by making use of the orthogonality
of the eigenfunctions. Namely, we multiply (1) by the eigenfunctions of (11) and integrate over (0,1). Recall

that the inner product in L,(0,1) is defined by (f,g) = fﬂl f(x)g(x)dx. Let us note the expansion
coefficient ¢ (x) in the eigenfunctions of (12) for n = 1 respectively by.

(@(x), Va1 (X)) = @21, (14)
(@(I)!}En(l—)) = (rUQr!'
We obtain in view of (1) and (u(x,t), ¥, (x)) = uy(t), can get

{(ﬁﬂ(l)r}’o(l)) = o,

{}fo(r)==Jj'k(t—-r)uoﬁr)dr, 15)
Up(0) = @
Foru,,,_,(t) = (uq,_1(x. 1), an .(x)),n =1, in view of (1) we have

{uzn 1O+ st (0) = 75 fy k(= Dz (D, 16)

Upn_1(0) = (Pzn—r
We get with (1) and u,,, (t) = (i, (x, 1), ¥5,(x)), n = 1, can be written as

AJ‘I r
kmm+lﬂ%ﬂﬂ e Wanos + 20) + g (6= Dtz (D, an

u2n(0) ‘;GEHJ

where
Py = fgl p(x)Yo(x)dx, @, = fgl QX))o (x)dx, @y = f P(x) Yz (x)dx. (18)
The problem (15) is equivalent C[0, T] to the Volterra integral equation:
Uo(t) = @ + [1 Jo k(T — $)up(s)dsdr. (19)
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Solution to the problem (16) have the form:
412

Upp—1(t) = Qpp_1€ HA“ +

[e e dr [ k(T — $)Upp_y (5)ds. (20)

1+A2

For the problem (17), we obtain the equivalent integral equation:

24,

g (®) = [y [~ s Wan (1) ~ Tt ta 1 (0) F 1z fy KT = )z ()]

2

J‘l(t

® E_J.+;1%

iz

dr + @, iR " (21)

For each fixed n, equation (19) and (21) are Volterra integral equations of the second kind with
respect to u,, u,,_, and u,,. According to the general theory of integral equations, each of them has a
unique solution. The solution can be found, for example, by the method of successive approximations. It is
easy to see that k(t) € C[0,T], then w, (t) € C*[0,T].

Lemma 3.1. Let k(t) € C[0, T]. The following estimates are valid with large n and for all t € [0, T]:

o (0)] < g% (22)

ko, (O < [1Kl 1o [T 15 (23)

tzm_s (O] < [@an_s |V, (24)

[ 371 (O] < Cl3n s (1 +(T +‘;—Z)||k||e”"”r—:), (25)

[ s (O] = Cl@an_o | [(AHN KD

z TZ
Y (T(H(H%) ukue"’f"?) (T+Z2)e™% )J, (26)
ltzn (0] < €, (laazn_ll (T +(r2+ D)k M 4 Te”"“r—:) + |<azn|) T, (27)

TZ
02O = Colamoa (1 + (1 T+ Z) [1ll) (7 + D™ + (7 +Z) 11
2, T ([T e 2 =
x(T+(r2+T)nkne™% +1eM= ) e M) 4 g, |(T+S) 1k ™=+ 1 (28)

A vkt
Proof. Easy to see that e 1+in =1 foralln=12,..,and t € [0,T]. From (19), one can

obtain the following estimates (bounds) for the function u(t).

t T t
luo (O] < |9l + |5 Ji k(T — S)e(s)ds| < |go| + 1KII|f; (& — Sue(s)ds,
From here, by the Gronwall inequality, we get the estimate (22). Calculating the derivative u,'(t) by
the formula (19), we easily obtain the estimate |u,’(t)|. From this fact and (20) one can obtain estimates for

Upp—q (1)
A
Iu2n l(f)l{ kﬂ?n 1|+ f e J'-Hz d f k(l’ S)”En—l(s)ds-

Hence, by the Gronwall inequality, we get the estimate (24).
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By applying formula (20), we derive the expressions for u',,,_, (t) and u"',,,_, (t), and consequently
obtain estimates (25) and (26). Next, we estimate (21) and derive the following inequality for |u,,, (t)|:

_ A,
2
+ (Pzne J'+’1Tl

T? e
<ol (1+(T+5 Nk ne™ = )7
ﬁ t
a2 €T + g, + 11K [ (€= Stz (s)as|
0

From here, by the Gronwall inequality, we get the estimate (27). According to (21), (24), (25) and
(27):

g (O < [ [ 0 2y (Dt + | [} tzns (D dr] +

J:J:k(r — S)u,,(s)dsdt

[ 2, ()] = [ 30y (O] + [ 20— 1 (T + [tz 1 (O] + |2y (DT +
2

n
@2]‘1 e J.+41?t +

|3 k(e = S)uzn(s)ds| + [f [5 k(T = uzn()dsdr].

From the last equation we get (28).
Lemma 3.1 has been proved.

Proposition. [4] For all ¢ € L?(0,1), we have ?'||r,u||§z =r=

|

o ¥ < R||@||%, where R = 16, 7 —z
We show the smooth approximation of the series denoted by (13), u,(x, t), Uy, (X, ), Uppe (X, £).
Formally termwise differentiating the series in formula (13), we get the following series:
U (X, 1) = 2up, (£) + 420 Unp—y (1 — x)sinA, X + 420, u,,'(t)cosd, x, (29)
Uy (X, 8) = — Xoo_, (442 (1 — x)sind, x + 84,,cosd,,x )1y, _, ()
—4¥>, A2u,,(t)cosd,x, (30)
Uppe (X, 1) = — X, (422 (1 — x)sind, x + 84, cosA,x)u's,_, (t)
-4y A2u',, (t)cosd, x. (31)

The series (13), (29)-(31) due to the estimates (22)-(28) respectively for any (x, t) € I1; are majorized
by the convergent series

2| | + X0t1 |@2n_a| + X0t1 @20l (32)

=1 A |@anoa | + 20y Al @2, (33)
where @,, _; = jl @(x)sin(2rnx)dx, @,, = jl @(x)xcos(2mnx)dx.
Let us state the following lemma, ensurlng that the foIIowmg assertion holds for all the series

Z Pan—1, Z Pop -

Lemma 3.2. Let k € €[0,T] and us assume that the condltlons Al is satisfied. Then, the series (32)
and (33) converge.

Proof. We examine each series as follows:

Z |Pan- ll—Z [COEED

J- @(x) sin(2mnx) dx
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Z |(¢"~ COS(ZHM))I{ 1 Z |ax|
2+2mn Zwﬁnnzl n

— [z, 2+ Em e, ] = cu, (34)

>

n=1

J- — qu "(x)cos(2mnx)dx| =

4»21

Z (2mn)?|@,, | = Z (2mn)?|(@(x), xcos(2mnx))| =

1 1 1 1
ﬁj; @JJI(I)SiH(ZH?II)dI EJ; @H(I)Sin(ZHHI)dI

n=1
_i @™, v 5111(2m11)| |¢J Y 5111(2m11)| 1 (|an|+|,8n|)
_nzl [2mn [2mn C2yZr\ n n
w[ Loy =+ I laP + T, B < ¢ (35)
Similarly to the above, we obtain the following estimates:
1 (Ibal  leal
= +
Z \@2nl Z 2\,*'_,1( n n
<=2 S+ T P+ 2 el < G (36)
1 ldyl
—1 (2mn)? @y, i | = Xty Zm n 4-.21[‘2“ 1.2 + X la,l? ]{: Car (37)

where

1 1
ay, =J- @'(x)V2cos(2nnx)dx, b, =J- @' (x)V2sin(2mnx)dx,
0 li]
1 1
€, =J- @(x)W2sin(2mnx)dx, d,, =J- @"" (x)W2cos(2mnx)dx,
] ]

1 1
=J- @' (xW2sin(2anx), B, =J- @' (x)V2sin(2mnx)dx.
0 0
They are the Fourier coefficients with respect to the systems
V2cos(2mkx), \2sin(2mkx), k = 1,2, .... Using the inequality ab < % and after simple performing,
according to (34) and (36) we obtain the following:

3 1
al F 1 0on_1]) = [—+a;’;+ b§+c,€]=—2 117 + H<=c,
E (|@zn | + |@2n—11) E = ( ) 4\,@1( o' 11 + llll*)

=
oy 4N2Hn=1 i
since
z L 2 P o2 2 1 Hz
Y@< Y G <Ug B Hg ), Y o=
n=1 n=1 n=1
Similarly
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e " =
Y. Balganl + 2102y o+ dz+ @+ B = (2l I+ leIR) = ¢
=1
that is
o1 dn <N 17, X0 (aq +B87) <l @™ I7 +1 @" I7. O

The relations (34)-(37) imply the convergence of the series (32),(33). Therefore, the series (13), (29)-
(31) converge uniformly.
Thus, we have proved the following assertion.
Theorem 3.1. If functions ¢ (x) and k(t) satisfy conditions of Lemma 3.2, then problem (1)-(3) has a
unique solution, which represents the sum of series (13), whose coefficients obey formulas (19),(20),(21).
O
Plugging (19), (20), (21) into (13), we obtain:

t _ An —r
u(x,t) = 20, + zf f k(T — $)up(s)dsdT + Z (le f RETT LR

T AF
><J- k(t — sy, _1(s)ds + @,,_12 1+Ah )4(1—1)31?12}??11
0

Z 1+)12 (Uzn-1(0) — (Pgn_1+J:u2n_1[:r)dr)

fot for k(l’ - S)uzn(s)def)CﬂSZH?lI. (38)

1+43

Let iy, 15, 4. 1., be a solution of (15), (16), (17) with @y, @.,_;, @», and k. In this regard, from

(19),(20), (21) the difference’s u — iy, u — i, _4, U — iy, Will estimate in norm as follows, then by the
Gronwall lemma for all t € [0, T] and n € N, we have:

ltio| = |t — ol < @5 — Pol + |J; [ Kz — Shug()dsdr| + [} [7 Kt — )o(s)dsdr|

i
< |<ao|||k||||u0||—e” % (39)
@'l = [u' — o] < [[ (Rt — $)uo(s) +K(t — 5)(5))ds| < 1o |[[1E]] + [ 11E] (40)

[Uzn1 (O] = [tzn—1() = Tapna ()] < [@2n-1 — Pan-sl + |f; ng k(r— S)uzn—1(s)d3dr|

t T _ _ = T i L
+ |15 Iy B = Tanos ()dsdt| < (1@ansl + [1E][tzna 1) 1%, (41)

|8 21 (O] = [ 201 (6) = W2y (O] < @2 — Ganl + |[7 R (E— s ()18 + [ [} R -
)iz ()ds]

a2 . B _
+{fE e TR T dr [T (R (2 = $)ugnoy (5) + R(T = §)Tpn_y (5))ds

<@l + (T + D) Wt RN+ (T+5) N Ty MR, (42)
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17" 21O = |@2n-1 — Pan-a| + [(@2n — Pan) (k — K| + |f: Wan—q(t = S)E(S)dsl

+ | [ @ anes (€ = VE(s)ds| + [} Rt = )tz ()dls| + | [} Bt = $) Ty (s)ds|

¢ _ AR T .
s J- e 1+3§(t ]dT,'J- {k(f_s)uzn—1(s)+ k(r — S)ﬁ2n—1(s))ds
0 0

T? —
= (II Wy IT+ (T +?) I uspy II) (W

+ (N2 NT+ (T4 ) WLy W) 1R N+ @ [+ B[ (43)

T2n ] = 200 ~ 121 = | [ Tons e 4| [ s rae] 4

+ + I@En - (ﬁEnI

t prT t rT
J- k(T — s)u,, (5)dsdt J- k(1 — 8)il,,(s)dsdt
0 -0 (U]

— — - T2 _ i b
< (1@ o 1T+ Ty 1T + (1R[]l |5 + 12 e, (44)

[T 5, ()| = [ 5 (£) — W50 ()] = [0 5y (E) | + |y (E)] +

[
0

J- 1+,12( uzn J(Ddr| + J-t.lf(r—s)um(s)ds + J-tﬁ(f—s)ﬁzn(S)dS

+ I@Qn - (ﬁQr!I

J-tJ-TIE(r — 85)i,,(s)dsdt

+ J-tJ-TIE(r — S)u,, (s)dsdr| +

S (LT T |+ Ty 1)+ (NE W I+ E M T 1) (T+5). (45)

Indeed, the expressions (39)-(45) are stability estimates for the solutions to the problem (15)-(17).
Solvability of the inverse problem. In this section, we investigate the inverse problem of determining
functions u(x, t), k(t) from relations (1)-(4). To solve this problem, we will use the contraction mapping

principle.
Let

-1
1+AZ (@2,_1(1 — xy)sin2mnx, + qamcosz;mxo)) + 0. (43)

K= (2@0 + 2=
Putting x = x, into (13) and in view of (4), we have
f(t) = up(£)Xo(xg) + izt Unn (D) X2 (Xg) + ity Unpo1 (D)X2p-1(x), TE[O,TI. (46)

Substituting the right (19), (20), (21) instead of u,(t), u,,_, (t), u,,(t) in (46) and then differentiating
two times, after simple transformations, we obtain an integral equation with respect to k(t), that is,

k(©) = ko(0) = 12 [ o/t = k() = ey (53 fy Wanoa (L= $)k(s)ds +

1+ ﬂz)
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2

t A t ——=(t-7) T
X [y Uzn_1(t — $)k(s)ds + YT J, e #4& Tdr [ k(T — $)uzp_ (s)ds)

X 4(1 — xg)sin2mnxy, — 4 X2, p(—- 1”2 U gy g (£) = U gy (E)

f U5, (t — s)k(s)ds)cos2mnx,], (47)

:L+)l2
where

2 Az
ko(t) = pf''(t) — 4;:2 (1 —l—,lz) (pzn_le_lﬂ?‘zt(l — Xg)sin2mnx,.

AZ
- j.LZ mgﬂzn e 143 COS2TNX,.

Equation (47) may be written as an operator equation

k(t) = A[K](t), (48)

where the map 4 is defined by

AT = ko(®) = p12 [ 0 ¢ - s)kts)ds—Z( | st -k

';12 ‘ ,14' ¢ ﬁ (t—1
J- Uy 1 (t—S)k(s)ds + ———= A+ 2) J- ETTH

]drrk(r — §Yityy_ 1 (s)ds)

o _ - 22, 24,
X 4(1 — xy)sin2mnx, — 4 #(—mu 2n_1(t)—mu2n_1(r)
n=1 n n

+- ﬁzf U5, (t — s)k(s)ds)cos2mnx,). (49)

To prove that the operator 4 admits a unique fixed point, start by showing that A maps a certain closed
convex set into itself, in the space C[0, T]. Fix a number p = 0 and consider the ball

B (ko.p): = {k(t) € C[0, T]:[|14k — k|| < p}.

is stable by the operator 4, that is, A(B(ky,p)) < B(ky.p).

Theorem 4.1. Let the functions ¢ (x) and f(x,t) satisfy conditions of A1), A2). Then exists a number
T* € (0,T), such that there exists a unique solution k(t) € C[0,T"] of the inverse problem (1)-(4).

Let us first prove that for an enough small T = 0 the operator 4 maps the ball BT (k,, p) implies that
A[k](t) € BT (kg p). Indeed, for any continuous function k(t), the function B[k](t) calculated using
formula (47) will be continuous. Moreover, estimating the norm of the differences, we find that

t o Lt _
I AK] — ko 1< max |20 f7 uo, (¢ — )k(s)ds| + max w5 f7 wonos (6~ k(s)as|

n a1t
e e s k0 + g2, 2
2
— - T .
x[ e J.+412 dr Jy k(T — S)tuz,_4(s)ds| + 4£}?§q |#En=1 _ 1+,12 w, 1(t)|
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-] ' -] 1 L) _
+4tg}g§]m2n=1 Won 1 (O + 4t1g1[g§jlﬂ2n=1 o Jo W an(t —s)k(s)ds|

(=] Tz
< |ull1K| (znu’our + 35 (4110 ana lIT + 4T +;)||uzn_1||))

+4|ul En=y [“u”2n—1|| + “uIEn—l” + ||u’2n|”|k||T). (50)

Here we have used the estimates (22)-(28). Note that the function occurring on the right-hand side in
this inequality is monotone increasing with T, and the fact that the function k(t) belongs to the ball

BT (k,, p) implies the inequality
[kl = p+ llkollo = Po- (51)
Therefore, we only strengthen the inequality if we replace ||k|| in this inequality with the expression

pg- Performing these replacements, we obtain

vl T? bl
1A — ko(®) 1= el 1k 1 e 4 g1+ (145 ikt ) we e

T\ T’ Dt T?\
+I kN T+E e 2+(l+||k||)+||k|| T11+ l+§ lkile 2 |+ T-l—; e 2

2

T2 el - el e
+1+ 1+2 Nkille 2 1+ 2+2||k||€ 2+ ke 2 +1 Nkl T]

r ||I|:||ﬁ
+(e I +llelD (e 2 + 1) Il kI T].
Let T, be a positive root of the equation
T2 - T2
my () = clulllll| 1k 1° Tel = + II@’II[(l + (14 D) k™ ) 1k

T T T % T* el
+||.Ic||(T+2)e z+(1+||k||)+||k||(T(1+(l+2)Ilklle z)—i—(T—i-z)E 2)

2
=

z T2 z T2
+1+(1+ ) nkne™ s + (1 +(z+Z k)™ Tk (e""”?+ 1)) I kIl 7]

1-2
+[lI @' Il +Il @ 1] (e”""? + 1) 1k I T] = p.

Then for T € [0, T,] we have A[k](t) € BT (ky, p).
Now consider two functions k(t) and k(t) belonging to the ball B7(k,, p) and estimate the distance

between their images A[k](t) and A[k](t) in the space C[0, T]. Composing the difference A[k](t) — A[k](t)
with the help of equations u, (t), iy, (t), U5, (t) and i, (t), @5, (t), @,,(t), then estimating its norm, we

obtain
f (W (t — 8)k(s) + Wo(t — $)k(s))ds

I A[k](t) — A[k]() < C|a|[
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+ Z J: (ul2n—1(t_ $Yk(S) + W' gy (T — S)E(S)}ds

n=1

(=)

> (anea (€~ RCS) + Ty (¢ - RE))ds

n=1

+

Z J- e 1”2( drfr(uzn_l(r—s)E(S) + gy (T = $)k(s))ds

== ==

D W s @ | Wanea (0 + i [ Wan(t = R + Wg0es = )l

n=1 n=1 n=1
Let @, = @y, ®op_y = Gapn_1, ©2, = P2,. Then using inequality (22)-(28) and the estimate (39)-(45)
with we will drive the next inequality for | A[k] — A[E]||:

+

I A[K](t) — A[k](D)]] = M[( Wo lll & Il +1w'y M E )T + Z ey MEN T+ T ey WENT

n=1

T? T? B
1l gy M kIT+I (TP | ENT+I Usp—q M kIl — +II Uspq N kNl — +II TR I | uzn 2

— _ ~ _ o T?
Hlwon MK NTHIE 2 MK N T]] = ClEIN Wo I T+ 252, [(T + ?) Il tgpoy I+l U oy NTHI
U5 I T)

E— k
(” e!l¥l ||k|l)||uo||nkur+z s Wl 1T + ) RN e

-~ 2 T_Z
+IIkIIT((3+T) (T+%) (1+||.Tc|| RIS ) Tzenr:nz)]

+2nms gy, ||( )] Nk +22, N, I (1-|— )] Il & I C|a|[|@o e [ [||k||T2 14+
R ]
e 2kl

2 T2 T2

+ Zn=1 [@2n- 1|[(T+ )(E”"”z + (T + (72 + )|Ik||e“"”?+Te”"“?)||;¢||e”’f”?)

2 TZ
+(1+(T +%)||;¢||Ellkll?)j"+(1+(1+T+ D) (11 (T + e =

+€Hk”2||k||T[(T+ )(T ||r'E||Z +1+||k|| ||E||2(3+T))+T2 ||E|| 2 ]

3 T2 T2 T2
+(T+(T2 +%)||k||€”k|l?+Tellkll?)ellkll?]
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#3510l (T + 2 )||k||e”"“z+1+(1+ eIz ]]uku (52)

The functions k(t) and k(t) belong to the ball BT (k,, p), and hence for each of these functions one
has inequality (51) is valid. Note that the function on the right-hand side in inequality (52) at the factor || k||

is monotone increasing with [[k||, ||k|]. and T. Consequently, replacing ||k|| and ||&]|| in inequality (52) with
p + ||ky || will only strengthen the inequality. This, we have

latki(o) — A1) < clallllollere= [poTz +1+ e zpo]

T2

T2

+(1+(T+2)p e*’°rzz)T+(1+(1+T+ ]po)(T+1)eP°?

T2 T2 T2

+ef°z p, T[(T+ )(—epf’z +1+p0—ep°2(3+T))+T2 Pz ]
T2 T2 T2
(T+(T2 )p ep°z+Te'°°z)e'°°z]

T2

2 = 2 TZ _
+(l¢'11+ llel) [(T + ) poe™ T + 1+ (1+5)ef z]] I (55)

Let T, be a positive root of the equation

T2

my(T) = Clalllllle = [poTz +1+ D65,

T2

HIgN(T+7 )(eP°z+(T+(T2 )poepoiwof)p ool

T2

+(1+(T+2)p e""’:)T+(l+(l+T+ )po)(T+l)ep°?

T2 T2

T T T2 = i
e""’zp T[(T+ )(Eep"z +1+p0?ep°z(3+T))+T2ep°z]

T2

T2 T2
(T+(TE z)p EPoz —|—T€p°2)ep°?]

! i Por_z T_z POT_Z —
+(19/ 11+ 1oID | (T +5) poef'= +1+ (14 D) ez |1 = 1.
Then for T € (0,T,) we have that the distance between the functions A[k](t) and A[k](t) in the
function space C[0,T] is not greater than distance between |k|| and ||k|| multiplied by m,(T) < 1.

Consequently, if we choose T* < min(T;,T; ), then the operator A is a contraction in the ball B” (k,, p); i.e.,
there exists a unique solution of equation (46). Theorem 4.1 is proven.
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UOK 51
KASR TARTIBLI TO‘LQIN TARQALISH TENGLAMASI UCHUN ARALASH MASALA

G‘iyosova Farangis Ulug ‘bek qizi,
Qarshi davlat universiteti magistranti

Annotatsiya. Ushbu magqolada kasr tartibli to‘lgin tarqalish tenglamasi uchun [-aralash masala
garalgan. Bu aralash masalaning yechimining mavjudligi va yagonaligi hagidagi teorema isbotlangan. Bu
masalani yechishda matematik fizikaning keng targalgan usullaridan biri Furye metodi yordamida
yechilgan.

Kalit so“zlar: Kasr tartibli hosila va integral, aralash masala, Furye metodi, Caputo ma nosidagi kasr
tartibli hosila.

CMEIINAHHASA 3AJTAYA 1JI1 YPABHEHUS PACIIPOCTPAHEHU S BOJIH IPOBHOI'O
HHOPAIKA

Aunnomauusn. B cmamve paccmampusaemcs cmewannas 3a0aya 1 0 ypaguenus pacnpocmpaneHus,
607H OpobHO20 nopsioka. Jlokazana meopema O Cywecmeo8aHuu U eOUHCMEEHHOCMU peuleHus Mol
emewannou 3a0aqu. OOuH U3z pacnpocmpaHeHHbIX Memo008 MAmemMamuyeckol Gu3uKy npu peueruu 3moi
3a0a4u peuiaemcs ¢ NOMowbio memooa Dypue.

Kntoueswvle cnosa: /[pobras npouzsooHas u unmezpai, cmeuwannas 3aoaya, memoo Dypve, OpooHas
npoussoonasn Kanymo.

MIXED PROBLEM FOR THE FRACTIONAL-ORDER WAVE PROPAGATION EQUATION

Abstract. This article considers mixed problem 1 for the fractional-order wave propagation equation.
The theorem on the existence and uniqueness of a solution to this mixed problem is proved. This problem
was solved using one of the common methods in mathematical physics, the Fourier method.

Keywords: Fractional derivative and integral, mixed problem, Fourier method, fractional derivative
in the sense of Caputo.

Kirish. Kasr hosilalarini o‘z ichiga olgan differensial tenglamalarning simmetriya xususiyatlarini
o‘rganish hozirgi vaqtda anomal kinetikaga ega bo‘lgan turli jarayonlarning matematik modellari kabi
tenglamalarning tobora keng qo‘llanilishi bilan bog'liq holda dolzarb muammo hisoblanadi. Bundan
tashqari, klassik butun tartibli hosiladan farqli o‘laroq, kasr tartibli hosilalarning bir xil bo‘lmagan ko‘plab
ta'riflari mavjud, bu turli xil kasr tartibli differensial tenglamalarga olib keladi. Ular shaklida bir-biriga
yaqin, lekin xususiyatlari jihatidan sezilarli darajada farq giladi.Funksiyaga nisbatan funksiyaning kasr
hosilalaridan foydalanib, umuman olganda, o‘zgaruvchilarning mumkin bo‘lgan almashtirishlar sinfini
kengaytirishga imkon beradi. Ularni ekvivalentlik o‘zgarishlarining yangi turli sifatida ko‘rib chiqadi. Kasr
tartibli xususiy hosilali differensial tenglamalar bilan ko‘pgina matematik olimlar ilmiy izlanishlar olib
borgan. Bu soha XVIII asr boshlarida paydo bo‘lib, o‘sha davrda J.Fure, J.Liuvill, B.Rimanlar tomonidan
kiritilgan. Kasr tartibli xususiy hosilali differensial tenglamalar fizika, biologiya meditsina, igtisodiyot va
moliya , kompyuter fanlari va suniy intellekt sohalarida keng tatbiq etiladi.

Asosiy gism. Aytaylik, D=(x,t)eR?, 0<X<I,0<t<T sohada

Dfu(x,t)—a’u, (xt)=f(xt), 0<x<l,0<t<T (1)
Kaputo ma'nosidagi kasr tartibli tenglamaning

u(x,0)=e(x) 0<x<I )
boshlang’ich shartni va quyidagi

u(0,t)=0 0<t<T (3)
u(l,t)=0 0<t<T 4)
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chegaraviy shartlarni ganoatlantiruvchi yechimini toppish masalasini garaylik , bu yerda gp(x),
f (x,t)- berigan funksiyalar, a- o‘zgarmas son, T - fiksirlangan son, D{" orqali Kaputo ma'nosidagi
« -tartibli kasr tartibli hosila belgilangan.

Ta'rif. Agar u(x,t)eC[0,1]x[0,T] va f(x,t) funksiyalar uchun
Dfu(x,t),uy, (xt) e C[0,1]x[0,T] xossalarga ega bo‘lib, (1)-(4) ning barcha shartlarini ganoatlantirsa, u
holda bu u(x,t) funksiya (1)-(4) masalaning yechimi deyiladi.

Teorema . Aytaylik, p(x) e C? [0,1] va bo‘lakli-uzluksiz hosilaga ega, hamda ¢(0)=¢(1)=0,

P (0)=¢p()=0 shartni ganoatlantiruvchi funksiya bo‘lsin. U holda (1)-(4) aralash masalaning
yechimi mavjud va u quyidagicha ko‘rinishga ega:

u(xt)= g(””E“[_(”TMT t“]sin ”Tnx+
@[@nEa,l[—[”Tm]Zta}i(t—5)“1 .. [(”Tm] (t—f)“] n(é)df]xsin”l—”x

0

Isbot. Teoremani isbotlash uchun xususiy hosilali tenglamalarni yechishda keng targalgan usullardan
biri o‘zgaruvchilarni ajratish, ya'ni Furye metodidan foydalanamiz. (1)-(4) masalaning yechimini quyidagi
ko‘rinishda izlaymiz,

u(x,t) =v(x,t)+w(xt)
bu yerda Vv(X,t) funksiya
Dv(x,t)—a’v, (x,t)=0
v(X,0) = o(X), 0<x<I (5)
v(0,t)=v(l,t)=0, O0<t<T
masalaning, W(X,t) funksiyaesa
Dfw(x,t) —a’*w, (x,t) = f(x,t)
w(X,0) = @(x), 0<x<I (6)
w(0,t) =w(l,t)=0, 0<t<T

masalaning yechimi.

(1)-(4) masalani yechish uchun yuqoridagi ikkita yordamchi masalani yechish yetarli. Bunda (1)-(4)
masalani bir jinsli va bir jinsli bo‘lmagan ikki hol uchun alohida-alohida yechib olamiz (5) masalani yechish
uchun Furye usulidan foydalanamiz. Yechimni

v(x,t)=T(t)X(x)=0 @
Ko‘rinishda izlaymiz, bunda X (X) - fagat X o‘zgaruvchining funksiyasi, T (t) -esa fagat t
o‘zgaruvchining funksiyasidir. (7) ni (5) tenglamaga olib borib qo‘yamiz

DT (t) X (x)=a’T (t) X "(X) (8)
DT () _ X"(x)

T X(%) ©
tenglikni hosil qilamiz, (9) ko‘rinishdagi funksiya (8) tenglamaning yechimi bo‘lishi uchun (9)
ayniyatdan iborat bo‘lishi kerak, ya'ni 0<t<T erkli o‘zgaruvchining barcha qiymatlarida o‘rinli bo‘lishi shart
bo‘ladi. (9) tenglikning chap tomoni fagat t o‘zgaruvchiga , o‘ng tomoni fagat x o‘zgaruvchiga bog'liq. Agar
biz x o‘zgaruvchining biror gismini tanlab t o‘zgaruvchini o‘zgartirsak (9) tenglikning o‘ng qismi va
aksincha t o‘zgaruvchining biror gismini tanlab x o°‘zgaruvchini o‘zgartirsak (9) tenglikning chap gismi
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o‘zgarmas bo‘ladi.Ushbu tenglik faqat tenglikning ikkala tomoni ham o‘zgarmas songa teng bo‘lgandagina
o‘rinli bo‘ladi. Demak, quyidagi tenglik o‘rinli bo‘ladi:

DT (t) X"(x)
2 = =—A (10)
a’T(t)  X(x)
bu yerda A -o‘zgarmas bo‘lib, uning ishorasi hagida hech ganday talab qo‘yilmagani uchun keyingi
hisoblar qulay bo‘lishi uchun minus ishora bilan olamiz.
(10) tenglikdan X (x) va T (t) noldan fargli funksiyalarni aniglash uchun

DT (t)+1aT (t)=0 (11)

X"(x)+AX(x)=0 (12)
oddiy differensial tenglamalarga kelamiz.
Chegaraviy shartlardan foydalanib quyidagi tenglikka ega bo‘lamiz,

v(0,t)=T(t)X(0)=0
v(L,t)=T(t)X(I)=0

tengliklarga ega bo‘lamiz . Bundan esa, T(t) noldan farqli funksiya bo‘lganligi uchun X (X)
funksiya uchun

X (0)=X (1)=0
qo‘shimcha shartlar qanoatlantirilishi kelib chigadi.
Shunday qilib, X (x) funksiyani aniglash uchun xos giymat hagidagi soda masalani hosil gilamiz: A
parametrning shunday giymatlarini topish kerakki natijada
X"(x)+AX(x)=0
{x(o)z X (1)=0
masala notrival yechimga ega bo‘lsin. A  parametrning bunday giymatlariga xos son, unga mos

notrivial yechimga esa berilgan masalaning xos funksiyasi deb ataladi. Ushbu keltirilgan xos son va xos
funksiyasi masalasiga Shturm- Liuvill masalasi ham deyiladi. A parametrning manfiy, nol va musbat

bo‘lgan hollari qarab chigiladi. A <0 va A=0 bo‘lgan hollarda X (X) =0 yechimga ega bo‘ladi. Xos

funksiya noldan fargli yechimga ega bo‘lmaydi. Bizga nol yechim kerak emas. Shu sababli 4 >0 bo‘lgan
holni garaymiz. Bu holda (13) sistemaning yechimi quyidagicha aniglanadi.

X (x) :clcosﬁx+czsin Jax
Chegaraviy shartlarga ko‘ra

X (0) =¢, =0
X(I):czsin\/zl =0

(13)

2
. n
c,#0 demak, sinvAl=0 bundan A Z(”Tj ekanligi kelib chigadi, bu yerda n=1,23.....

2
chunki 4 va | musbat sonlar. Demak, berilgan masala notrivial yechimga A=A, = (ﬂTnj X0S
qiymatlardagina ega va u quyidagicha bo‘ladi

X, (x)=c, sinﬂTnx
Ixtiyoriy o‘zgarmas koeffitsientni C, =1 deb tanlab olsak yechim
X, (x)=sin ﬁTn X

ko‘rinishda bo‘ladi.
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2
Endi esa, A, :(ﬂTnj xos giymatga mos xos funksiyani T, (t) lar uchun quyidagi ifodalarni
topamiZ'
ZT sm—x (14)

(14) 1f0dan1 (5) masalaga olib borib qo‘ysak, quyidagi tenglik hosil bo‘ladi:

o 2
Z DT, ( smﬂTnx+aZZ(ﬂTn) T (t)sinﬂl—nx =0
n=1

Bundan esa

o 2
Z{Df’Tn (t)+a? (”T”] T, (t)}sin ”T”x =0

n=1
tenglikni hosil gilamiz.Shunday gilib biz quyidagi masalaga kelamiz:

2
n
DIT, (t)+a%| 22 | T, (t)=0
Tn (0) = ¢)n

(15) Kaputo ma'nosidagi kasr tartibli chizigli differensial tenglama uchun Koshi masalasining
yechimiga asosan quyidagicha bo‘ladi:

T, (t)=¢>nEa,1[ (”?aj t“j (16)

Xususiy yechimlar yig'indisi yana yechim bo‘lganligi sababli

x) =T, (t) X

funksiya ham yechim bo‘ladi.Shunday qilib (5) masalaning formal yechimi

Zcon { (”TaJ t“}sin”T”x (17)

ko‘rinishda bo‘ladi.
Endi bir jinsli bo‘lmagan holni qarab chigamiz. (6) masalani yechish uchun ham Furye usulidan

foydalanamiz, ya'ni w(x,t) funksiyani
w(x,t) ZT sm—x

ko‘ rmlshda izlaymiz. Um (6) tenglamaga olib borib qo‘yamiz:

ZD”‘T sme+(7maj ZT sm—x—f( t)

an SIn—X ga teng ekanligidan

n=

i{DtaTn(t) (”:‘ajT ]sm—x ifn sm—x

n=1 n=.

tenglikni hosil gilamiz. Bundan

DI, (1) +(”I_”aj T.(t)=1f. (1)

ekanligi kelib chigadi. Boshlangich shartni hisobga olsak quyidagi
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DT, (1) +(”I—”aj2Tn ()= 1, (t) .

Tﬂ (0) = §0n
masalaga kelamiz. (18) masalaning yechimi Kaputo ma'nosidagi kasr tartibli chizigli differensial
tenglama yechimi kabi bo‘ladi, ya'ni

T (t)=¢nEa’l[ (”:‘a] t“J j(t_g)“‘lEa,a[_(”:‘aj (t=&)" ]fn(g)dg. 19)

0
Shunday qilib, (6) masala quyidagi formal yechimga

ega: w(x,t) = i{%ea,{-(’%“"‘)z ta]+j(t ~&YE,, (_(”I_”ajz (t —5)“J f, (g)dg}sinﬂTnx .

n=1 0
Yechimlarni umumlashtirib, (1)-(4) masala uchun quyidagi yechimga ega bo‘lamiz:

u(x,t)=v(x,t)+w(x,t)=
Z¢E((Ij ta}mﬂTnH

+Z£¢” L ( | jt] i(t—f)“lEa,a(—(”ijz(t—f)“Jfn(i)desin”T”x

Xulosa. Ushbu aralash masalani yechishda quyidagi natijalarga kelindi:
Teorema. Aytaylik, ¢(x) e C*[0,1] va bo‘lakli-uzluksiz hosilaga ega, hamda ¢(0)=¢(1)=0

9 (0)=¢ (1)=0 shartni qanoatlantiruvchi funksiya bo‘Isin. U holda (1)-(4) aralash masalaning yechimi

mavjud va u quyidagicha ko‘rinishga ega:

Lol (2] o
S (BT o e oot
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Annotatsiya. Maqolada neft qudug'ini chuqur joylashgan shtangli nasoslar yordamida ishlatishda
suyuglik govushoq-elastik xususiyatlarining quduqdagi gidrodinamik bosimga ta’siri qaralgan. Jarayonning
matematik modeli tuzilib, uni ifodalovchi matematik masala Furye va Laplas almashtirishi usullari bilan
yechilgan. Olingan formulalar asosida, neft relaksatsiya xususiyatlarining plunjerga bo ‘Igan gidrodinamik
bosimga ta’siri o ‘rganilgan. Agar dastlabki momentda plunjer tezligi keskin o ‘zgarsa, bosimning o ‘zgarishi
impulsli xususiyatga ega bo ‘lishi mumkinligi ko ‘rsatilgan. Aniqlanganki, suyuqlikning qovushoq elastik
xususiyatlari gidrodinamik bosim maksimumining “kechikishiga” olib keladi, ushbu xususiyatlar oshgani
sayin, govushog va govushog-elastik suyugliklar uchun bosim giymatlari fargi ortadi.

Kalit so‘zlar: plunjer, gidrodinamik bosim, govuhog-elastik suyuglik, relaksatsiya parametrlari,
shtangli nasos, Furye usuli, Laplas almashtirishi.

I'mAPOAMHAMUYECKOE JABJIEHUE ITPU SKCIUVIYATAIIUN HE®TSAHBIX
CKBAKUH LITAHI'OBBIMA HACOCAMHM

Annomauyus. B cmambe paccmampueaemcsi GuUsHUE 6I3KOYNPYSUX CBOUCME IHCUOKOCMU HA
2UOPOOUHAMUYECKOe —OdaslieHue Hemu npu  IKCHIYamayuu HeQmMAHOU  CKEANCUHbL  2/IYOUHHbIMU
wmanzosvimu Hacocamu. Tlocmpoena mamemamuyeckas MOOeIb NPOYECCa U peuiena npeocmasiaowas eé
MamemMamuieckdas 3a0a4a C UCHONb308aHUEM Memo0os npeobpazosanuti @ypve u Jlannaca. Ha ocnoege
NOJYUEHHBIX (POPMYN UCCAEO08AHO GAUAHUE PENIAKCAYUOHHBIX CEOUCNE Hedmu Ha 2UOPOOUHAMUYECKOE
dasieHue Ha NIyHKCcep. YCmanoeieno, Ymo npu peskom USMEHEHUU CKOPOCMU WIVHIICEPAd 6 HAYAIbHbII
MOMEHm, U3MEHEHUEe OaGNeHUs MOdCem UMems UMNYIbCHbil xapakmep. Ilokazano, umo ea3koynpyeue
ceolicmea  JHCUOKOCHU NPUBOOSIM K «3aNaA30bl8AHUI0» OOCMUNCEHUS. MAKCUMYMA 2UOPOOUHAMUUECKO20
0aeneHUs, NPpUYeM C POCIMOM IMUX CEOUCME PASHUYA 6 3HAYECHUSX O0as/leHuss Ol 653KUX U GA3KOYNPYIUX
JHcUOKOCmell YEeTUdUBAemCsl.

Knrwouesvie cnosa: niaynicep, 2udpoounamuyeckoe oasienue, 63K0ynpy2as HCUOKOCMb, Napamempbl
penaxcayuu, wman2oswlil Hacoc, memoo Pypwe, npeobpazosanue Jlaniaca.

HYDRODYNAMIC PRESSURE DURING OIL WELL OPERATION WITH SUCKER ROD
PUMPS

Abstract. The article discusses the influence of viscoelastic fluid properties on the hydrodynamic
pressure of oil during wellbore operation using sucker rod pumps. A mathematical model of the process is
constructed, and the corresponding mathematical problem is solved using Fourier and Laplace transform
methods. Using the resulting formulas, the influence of the relaxation properties of oil on the hydrodynamic
pressure on the plunger is studied. It is established that with a sharp change in plunger velocity at the initial
moment, the pressure change can be impulsive. It is shown that the viscoelastic properties of the fluid lead to
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a "delay" in reaching the maximum hydrodynamic pressure, and that as these properties increase, the
difference in pressure values for viscous and viscoelastic fluids increases.

Keywords: plunger, hydrodynamic pressure, viscoelastic fluid, relaxation parameters, rod pump,
Fourier method, Laplace transform.

Kirish. Neft quduglarini shtangali nasoslar bilan ishlatishda, plunjerga ko‘taruvchi trubalardagi
suyuqlik ustuni tufayli hosil bo‘ladigan bosim ta’sir qiladi. Plunjer yuqoriga qarab harakat gilganda,
shtanglar osilgan nuqta harakatlana boshlagan paytdan boshlab, plunjer suyuqlikning og’rlik yukini ko‘tara
boshlaydi. Ushbu yuk ta’sirida shtanglar cho‘zilib, bu ularning ishdan chiqishiga olib kelishi mumkin.
Plunjerning tezligi o‘zgaruvchan bo‘lgani uchun, chuqurlikdagi quduq nasosining silinri va shtanglar
orasidagi halgasimon maydonida suyuqlik harakati nostatsionar bo‘ladi. U plunjer ustidagi bosimda aks
etadi. Mazkur maqolada, plunjer yuqoriga qarab harakatlanishi paytida unga bo‘lgan gidrodinamik bosimga
neft govushog-elastik xususiyatlarining ta'siri nazariy jihatdan o‘rganilgan.

Eksperimental tadqiqotlar ko rsatadiki, tarkibida asfalten-smola moddalar bo‘lgan neftlar relaksatsiya
Xususiyatiga ega va ular qovushog-elastik suyugliklar hisoblanadi [1-2]. Neft quduglari ishlashining ko‘plab
muhim ko‘rsatkichlari va texnologik uskunalarning ishlashi neftning reologik xususiyatlariga bog'lig.
Qovushog-elastik  neftning reologik xususiyatlari gidrodinamik jarayonlarga sezilarli ta'sir ko‘rsatadi,
shuning uchun neft konlarini o‘zlashtirish va quduqni ishlatishda ularni hisobga olish zarur [3]. Neftni qazib
olish har xil turdagi nasos agregatlari yordamida amalga oshiriladi. Ulardan eng keng targalgani chuqur
joylashgan shtangli nasoslardir. Ushbu agregatlar bilan ishlash tajribasi ulardan katta chuqurlikdagi o‘rta va
yugqori ogimli quduglarda samarali foydalanish mumkinligini ko‘rsatadi. Turli geologik va fizik sharoitlarda
ularning ishonchliligi neft qazib olish ko‘rsatkichlarini ko‘p jihatdan aniglaydi. Shtangli plunjerli nasoslar
yordamida neft quduglarini ishlatishda matematik modellashtirish masalalari [4-5] da qaralgan. [4] da
murakkab sharoitlarda ishlaydigan plunjerli nasosning matematik modeli taklif gilingan. [5] da yugori
govushoqli neftni chigarish uchun pnevmatik kompensatorga ega shtangli blokning matematik modeli ishlab
chigilgan, quduq bo‘ylab gidrodinamik bosimni bargarorlashtirish tahlil gilingan.

Shtangli nasoslar yordamida qudugni ishlatish jarayonida neft qovushog-elastik  xossalarining
gidrodinamik bosimga ta’sirini o‘rganish alohida qizigish uyg‘otadi. Chuqur quduq nasosining shtanglari va
silindri orasidagi halgasimon maydonda suyuglikning nostatsionar harakati masalalari [6-9] da garalgan. [6]
da ikkita doiraviy truba orasidagi halgasimon bo‘shliq tekis bo‘shliq sifatida modellashtirilgan va neft
govushoq Nyuton suyuqgligi deb garalgan. Masala taqribiy usulda yechilgan. Bu masalaning aniq yechimi
govushoq suyuglik va qovushog-elastik Maksvell suyuqligi uchun [7, 8] da keltirilgan. Biroq, ko‘taruvchi
truba va shtanglar orasidagi halqali bo‘shligni tekis bo‘shliq sifatida modellashtirish olingan formulalarni
amalda qo‘llashni cheklaydi. Yuqorida aytilgan farazdan foydalanmagan holda masala qovushoq va
Maksvell govushog-elastik suyugligigi uchun [9] da garalgan.

Biroq, qovushog-elastik neftlar gazib olinadigan quduglarni ishlatish jarayonda gidrodinamik bosimni
hisoblashda nafagat kuchlanishning relaksatsiyasi vaqti, balki tezlikning kechikishi vaqgtini ham hisobga
olish zarur.

Masalaning qo‘yilishi. Ko‘taruvchi truba va shtanglar orasidagi halgasimon oraliqgda plunjerga
neftning gidrodinamik bosimini aniglash masalasini garaymiz. 1-rasmda chuqur qudug nasosining tipik
konfiguratsiyasi, 2-rasmda qo‘zg’almas sistemaga nisbatan ko‘taruvchi truba va shtanglar orasidagi halqali
bo‘shligda suyuqlik tezligining tagsimlanishi ko‘rsatilgan.

[

_. Shtang

~—| v, (2)

Plunjer .

. Bo'shlig
Qo'zgaluvchi klapan

Qo'zg'almas klapan @I
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1-rasm. Shtangali nasos tizimining. 2-rasm. Qo‘zg’almas sistemaga nisbatan
konfiguratsiyasi ko‘taruvchi truba va shtanglar orasidagi

halqali bo‘shliqda suyugqlik tezligining

tagsimlanishi. v, (t) — plunjer tezligi.

Jarayonni matematik modellashtirish uchun suyuqglik va trubalarga nisbatan umumiy gabul gilingan
farazlardan foydalanamiz: ko‘taruvchi trubaning yuzasida suyuqglikning nisbiy tezligi nolga teng;
harakatlanuvchi truba(lar) yuzasida esa u truba tezligiga teng; ogimning silligligi saglanadi; suyuqglik
sigilmas; boshlang’ich va oxirgi effektlar e’tiborga olinmaydi.

Plunjerga umumiy bosim p(t) quyidagicha bo‘ladi:

p(t) = Ap(t) + pg(L —h) + py, (1)

bu yerda t- vaqt; Ap(t)—ko‘taruvchi trubada suyugqlikning nostatsionar harakati paytida

gidrodinamik bosim (bosim o‘zgarishi); p, —quduq og’zidagi bosim; L —suyuqlikning ko‘tarilgan
ustunining balandligi; h—

nasosining cho‘mish chuqurligi; o —neftning zichligi; g —erkin tushish tezlashishi, g =9.81 m/s?.

Suyuglikning nostatsionar laminar ogimdagi v(r,t)tezligi, doiraviy simmetriyani hisobga olgan
holda, quyidagi tenglamadan aniglanadi

oV 10
p§=q(t)+;5(rr), (r, <r<R), )

bu yerda R-—radial koordinata; I —ko‘taruvchi trubaning radiusi; I, —shtanglar radiusi;
q(t)=—ap/ 0z =Ap/ L ko‘taruvchi trubaning o‘qi bo‘ylab trubaning L uzunlikdagi gismiga mos bosim
o‘zgarishi; 7 — urinma kuchlanish.
(1) ni quiyidagicha yozish mumkin:
p(t) = La(t) + pg(L —h) + p,.
Suyuglikning reologik tenglamasini quyidagicha olamiz:

(1+/11§jr(r,t)= ﬂ(m,z %}% 3)

bu yerda z—dinamik govushoglik; A, - kuchlanishning relaksatsiya vaqti; A4, —tezlikning kechikish
vaqti.

(3) tenglama A, >0,4, >0da Oldroydning  qovushog-elastik  suyuglik ~ modelini
ifodalaydi(4, >4,). Nol boshlang'ich shartda siljish kuchlanishi uchun (3) tenglamaning yechimi
guyidagicha:

dé. 4)

A
r(rt)=pu=2—+"|e ~
Aor Ay or

(4) ni (1) ga qo‘yib, suyuqlik tezligi uchun tenglama hosil gilamiz:

t ¢
P@=ﬁﬁg(r@j+ﬁﬁg(r§.[e‘1v(r,§)d§}+Q(t)- (5)

ot A ror or A2 oror
(1) va (3) dan foydalanib, suyuglik tezligi uchun bitta differensial tenglama hosil gilish mumkin:
0 \ov 0 o100/ _ ov
1+ A4, — |—=|1+4, — g+ | 1+ A, — | =—| r— ||, (r, <r<R). 6
( 1&}& [ 18tjq() ,u( zatj|:rar( 8r]:| (r, ) (6)
Dastlabki vaqtda suyuqlik harakatlanmaydi, shuning uchun (7) uchun boshlang’ich shartlar
v(r, 0)=0, v,(r,0)=0, r,<r<R )
bo‘ladi. Qabul gilingan farazlarga muvofiq, (7) tenglama uchun chegaraviy shartlar
v(r,t)=v,(t), Vv(Rt)=0, (t>0). (8)
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bo‘ladi, bu yerda Vv, (t) — plunjerning harakat tezligi. Gidrodinamik bosimni aniglashda qo‘shimcha
shart sifatida suyuqlik ogimi balansi tenglamasidan foydalanamiz:

R
=2(r2 —r2W, ()= z;zj rv(r,t)dr,
2
(9)
bu yerda r, —plunjer radiusi, Q —suyuqlik sarfi .
(1)-(9) munosabatlar garalayotgan jarayonning matematik modelini ifodalaydi.
Masalani yechish usuli. Quyidagi o‘lchamsiz miqdorlarni kiritamiz:
_ U r v(rt)_ v () R
t="2t, r=—, V()= f)= f)= t),
. Rt VD=5 0=, 30 =55 a0
bu yerda U, — tezlikning biror xarakterli giymati. Unda, o‘lchamsiz miqdorlarda quyidagilarni
olamiz:

=<

N 1o ) ¢ l1a|_df . ;
et T [T oz | T ) V(N S)e 2 d f r<l
o Rerar( aF]+ReF6F£ ! (r.¢) & |1+a(), (e<r<l).

[1+i ij@j=i(l+/@ i)[%i(l’@:ﬂ [1+/1 —jq(t) (a<r <],
ot ot Re ot ))ror\ or

V(r,0)=0, V. (F,0)=0, (¢ <T<1);
v,(f), V(L t)=0, ({>0).

buyerda a=r,/R, a, =1, /R, a’=a —a®, ¢,=cl-c,), c=1/4, ¢c,=1,14,

- U, - U PRU
B=2hy, dy =2y, Re=E0
Y7

Masalani yechish jarayonida, yozuvlar qulay bo‘lishi uchun, o‘lchamsiz miqdorlar ustidagi "-" belgini
hozircha qo‘ymay yozamiz. Ya’ni quyidagicha:
v _c, 10 (r av] c, 10

1 d | _%
P e L +%Fa{rajv(r,§)e d§j+q(t),(a<r<1). (10)

o\ov 1 o\10(_ ov
(14”115}5:%(14”125}{ ar( arﬂ (1+ﬁ,1 jq(t), (a<r<l) (11)

v(r,00=0, v,(r,00=0, (@<r<1); v(at)=v,{), v{Lt)=0, (t>0). (12)

(13)

1 aZ
rv(r,t)dr = =
£ (r.tdr==

(120 ni r ga ko‘paytirib, [, 1] oraligda integrallab, (13) dan foydalanib, quyidagini olamiz:
ol 1 2c, [ov(Lt)  ov(a,t)
t — _ 2 ) _ 1 _
9 ()Rla{ér “ar}
t
1 2cl Ie‘“““f’ VLS)  V@é) |y £ (14)
" Rel-a? or or
(17) ni (12) ga qo‘yib, suyuqlik tezligi uchun quyidagi tenglamalarni hosil gilamiz:
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N _¢10 (ra"j—i 2c, {Bv(l,t)_aav(a,t)}rilg{rj-e_c(t 5 av(r (&) dg}

ot Reror\ or) Rel—a?| or or Rer or
126 oo VLS v(aé) o

e A 2l ldE+ Vv (1), (15)
" Rel-q’ ! or or ¢ 1-a? (¥

Bu tenglamani Furyening o‘zgaruvchilarni almashtirish usuli bilan yechamiz. Buning uchun
v(r,t) = z(r)U(t) deb olamiz. (15) ga mos birjinsli tenglama uchun, nol chegaraviy shartlarda, quyidagi
Bessel tenglamasi uchun Shturm-Liuwvil masalasini hosil gilamiz:

: d( dzj pr-—lr0-a(@)} 2e)=0 20, (1o
rdr -a

£ =0 (16) masalaning xos giymati. Unga mos z,(r) xos funktsiyani (13) ni hisobga olgan holda -
quyidagi ko‘rinishda topish topish:

z,(r) = [1 r’+(l-o )In_r} 17

(2a? +a’* -)iha
(-a®)l-a® +(1+a?)na|
Izlanayotgan noma'lum funktsiyalarni quyidagicha ifodalaymiz
v(r,t) = v, (r,t) +v,(r,1), (18)

q(t) = g, (1) + (1), (19)
bu yerda v, (r,t) = z,(r)v,(t) (15) tenglamaga mos bir jinsli tenglamaning nol boshlang'ich va

buyerda A, =

chegaraviy shartlardagi yechimi. g, (t) funksiya (14) ga v,(r,t) ni qoyib aniqlanadi :

a0 =20+ czv;(t)+c1}e'°“-‘f>v;(§)d§}. 20)
o L 0

v, (r,t), g,(t) funksiyalar

oNw _ 1), 0)1af ) 2
(1”15)5‘ Re[1+/12 aJL ™ (r o j_+(1+llatqu(t), (a<r<l. (21

tenglamalarning
v,(r,00=0, v;(r,00=0, (¢<r<l); vi(a,t)=v, (), v,L1t)=0, (t>0). (22)

[[rv,(r,tydr = -a® o), 23)

shartlarni ganoatlantiruchi yechimi. Bu yerda (23) tenglik (13) ni hisobga olgan holda (15) dan kelib

chigadi.
(21)-(23) masalani Laplas integral almashtirishi yordamida yechamiz[10]:

v,(r,s) = j elv,(r,)dt, V,(s)= j v, (t)dt, G, (s)= j e g, (t)dt.
0 0 0

Boshlang’ich shartlarni hisobga olib, Laplas tasvirida

11d( dv 9 k? -
———|r— |-k, (r,s) =——q,(s), (e¢<r<1l 24
Rerdr( drj ,(r,9) Sql() ( ) (24)
tenglamani olamiz. Uning uchun chegaraviy shartlar quyidagi ko‘rinishni oladi:
v,(0, s) = \7p (s), v, s)=0, (25)

buyerda k = \/Re s (1 + A,5)/(1 +4,5). (23) tenglik Laplas tasvirida quyidagi ko‘rinishni oladi:
2

jﬁl(r,s)drzl_f 7.(s). (26)
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(24) tenglamaning umumiy yechimi quyidagicha yozish mumkin:

7,(r,5) = C,3, (ikr) + C,Y, ikr) +@,

bu J,(x), Y,(x) - nolinchi tartibli birinchi va ikkinchi turdagi Bessel funksiyalari. C,, C,
o‘zgarmaslarni (25) shartdan topib, quyidagini hosil gilamiz:

v,(r,s) = L ,{6128) [D, (ik) +d, (ik)J, (ikr) - d, (ik)Y, (ikr)] +

D, (ik)
+V, (5) - [Y, (i) I (ikr) = 3, (ikr)Y, (ikn)] | (27)
G,(s) =SV, (s)- T (s), (28)
bu yerda dl(x) = ‘]o(ax) - Jo(x); dz(x) =Y, (ax) =Y, (x); D, (x) = 3o (ax)Y, (X) = I (X)Y, (aX).
Fo =209 000 =120 5D (x) Y, (0, (0 3, (X0, ()
w (i)
w(X) = 2% XD, (%)~ d, (X)d5 () + d, (X)dl, (x):

dy(x) = 0d, ()~ 3, (x); d, (X) = @Y, (@) - Y, (x),
J,(X), Y,(X) - birinchi tartibli birinchi va ikkinchi tur Bessel funktsiyalari.
(28) tasvirda Laplas originaliga o‘tib, quyidagi formulani hosil gilamiz:

q(t) = |V, (0) + Clje'm'@vp (£)dS |-

1-
4 & B
“ReZCy

(Z*

tjv (&)e™ (A chb, (f - &)+ B b, shb, (f - &))d¢&, (29)

n

bu yerda S,

——BDa(8) — > ()5 (8) + dy (B)d () = 0

tenglamaning musbat ildizlari;
w=(-a?)D,(8,)+ 1% ﬂn[ad (B)+dg(B)]+d,(8,)ds(8,) - d,(8,)ds(B,),

(N ¢(ﬂn)’ d;(X) =« ‘]o(ax) = Jo(x); dg(x) = a2Y0 (ax) =Y, (X);
d7 (X) = ‘]0 (X)Yl ((ZX) - Jl(aX)Yo (X); da(x) = ‘Jl(X)YO (aX) - ‘]O(aX)Yl (X);
a=1/(21).a, = a(l +1,x7),b, = yai — 2ax}. x, = B,/\Re
A, =1+ 21,x22 + al2x2) + (1, + 1,)(A, (a2 + b2) — 2a,,) — 443 a,x2
B, = 2(d; — 4))(A,a, — 1);
Co=1+4Ax2+ ,xt+ 21, 4,(a + b2) — 42,a,(1 + 1, x2).
Xususiy holda, (42)dan 4, — 0, 1, =0 da qovushoq suyuglik uchun

(t)_ 2 2 Zﬁnq)n IV (é;) e—x a (E- cj)dg (30)

n=1
formulani hosil gilish mumkin. Gidrodinamik bosimni

Ap(ty=2

formuladan, plunjerga umumiy bosimni (31) ni (1) formulaga qo‘yib aniqlanadi.

Natijalar va muhokamalar. Olingan formulalar yordamida plunjerning yuqoriga ko‘tarilishida neft
govushog-elastik xususiyatlarning gidrodinamik bosimga ta'sirini o‘rganish mumkin. Ulardan ko‘rsatadiki,
dastlabki momentda plunjer tezligi keskin o‘zgarsa(lahzali tezlanish): v (t) =Uy7;(t), tezlanishning ta'siri

(31)
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kuchli bo‘lishi mumkin, chunki V', (t)=U,6(t), bu yerda #7(t)— Hevisidning birlik funktsiyasi,

O(t) —Dirakning delta funktsiyasi. Vaqtning biror orasida plunger tezligi o‘zgarmas bo‘lsin:
v, (t) =V, =const,yani.v_(f) =1. U holda (29) va (30) dan

q(t) = 4:: ) "'cl(l_e_Cf )] va q(t) = A

Ko‘rinadiki, tezlik o‘zgarmas bo‘lgan vaqt oralig'ida gidrodinamik bosim faqat qovushoq suyuqlik

uchun o‘zgarmas bo‘lib, qovushog-elastik suyuqlik uchun o‘zgarmas bo‘lmaydi.

Shtanglar va trubalarning bo‘ylama tebranishlari e'tiborga olinmasa, plunjer tezligini shtang osilgan
nugtaning tezligiga teng deb garash mumkin. Bunday holda plunjer harakatining bir sikli davri uchun uning
tezligini quyidagicha olish taklif gilingan[6]:

48V, & 1 . 2x(2n -1t
V() =—"> _sin ( )
= (2n-1) T

bu yerda V,, — shtang osilgan nuqtaning o‘rtacha tezligi; T — plunjer harakatining bitta sikli davri.

Suyuglik qovushog-elastik ~ xossalarining plunjer ko‘tarilishi paytidagi gidrodinamik bosim
o‘zgarishiga ta'sirini o‘rganish uchun parametrlarning quyidagi giymatlarida sonli tajribalar o‘tkazildi:

L=1000m, h=100m, U, =v,, =0.60 m/s, p, =10° Pa,

T=20s, r,=0.01m, r,=0,02988 m, R =0.030 m.

3-rasmda neft qovushogligi va zichligining 4 =0.09 Pa-s, p =920 kg/m?® giymatlari va relaksatsiya
parametrlarining

1-4,=4,=0; 2- 2, =1s; 4,=05s; 3-4, =25, A,=1S,4—4, =35 4, =15¢

giymatlari uchun gidrodinamik bosimning vaqgtga bog'liq ravishda o‘zgarishi grafiklari keltirilgan.

Rasmdan ko‘rinadki, plunjerning ko‘tarilish tezligining oshishi jarayonida qovushoq-elastik suyuqglik
uchun gidrodinamik bosim qovushoq suyuqlikka qaraganda garaganda kichik bo‘ladi. U tezlik kamayishida,
aksincha, katta bo‘ladi. Ko‘tarilishning boshida va oxirida bosim o‘zgarishining sakrashi sodir bo‘ladi.
Buning sababi shuki, gqaralayotgan holda boshlang’ich tezlanish noldan farqli. Boshlang’ich sakrashning
bo‘lmasligi sharti - tezlikning dastlabki momentan boshlab silliq o‘zgarishi, ya'ni boshlang’ich tezlanishning
nolga tengligidir.

,(0<t<T), (32)

Ap, MPa

1.5t

3-rasm. Neft relaksatsiya parametrlarining ba’zi qiymatlarida plunjerga bo‘lgan gidrodinamik
bosimning o‘zgarishi grafiklari.

p=0,09Pa-s, p=920kg/m?
1- /'11 XQ =0; 2—A4, =184,=05s;

4-rasmlarda neft govushogligi va zichligining  z=0.100 Pa-s, p=900 kg/m® giymatlarida
plunjerga suyuqlik umumiy bosimining vaqt bo‘yicha o‘zgarishi grafiklari keltirilgan.
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Grafiklardan ko‘rinadiki, neftning qovushog-elastik xususiyatlari plunjerga gidrodinamik bosimining
pasayishiga (tezlanish vaqgtida) va ortishiga (sekinlashuv vagtida) olib keladi. Qiymatlardagi eng katta farq
ko‘tarilishning to‘xtashi momentida kuzatiladi. Relaksatsion xususiyatlar bosim maksimumining
kechikishiga olib keladi. Bu xususiyatlarining oshishi bilan bosim rejimlaridagi farq, ayniqgsa, ko‘tarilish
sekinlashuvi momentida ortadi. Sonli tajribalar ko‘rsatadiki, neft ftning qovushoqligi va zichligi oshishi bilan
gidrodinamik bosim ham ortadi. Bunda bosim profillarining shakli va govushog-elastik xususiyatlar
ta'sirining tabiati o‘zgarmaydi, ammo ta'sir darajasi ortadi. Bu, ayniqsa, tezlashish va tormozlash vaqtida
seziladi.

o, MPa

4-rasm. Neft relaksatsiya parametrlarining plunjerga umumiy bosimga ta'siri

i =0.100 Pa-s, p =900 kg/m*.

a 1—-A4;,=4,=0;, 2—1, =15 4,=0553-1, =251, =1s;

b.1-2,=4,=0;2—-14, =354, =1s5; 3—-1, =55, 1, =2s.

Plunjer tezligi oshgandagi gidrodinamik bosimning o‘zgarishga doir hisoblashlar ko‘rsatadiki, plunjer
tezligi oshishi gidrodinamik bosim ma'lum vaqtgacha ortadi va keyin kamayadi. Bu bosim nyuton govushoq
suyuqligi uchun govushog-elastik suyuglikka garaganda kamroq. Shunday gilib, qovushog-elastik neftlarni
ishlab chigaradigan neft quduglarini chuqur joylashgan shtangli nasoslar yordamida ishlatishda neftning
relaksatsion xususiyatlarini hisobga olish zarur.

Xulosa. Neft qudug'ini chuqurda joylashgan shtangli nasoslar yordamida ishlatishda suyuqglik
govushog-elastik  xususiyatlarining plunjerga gidrodinamik bosimining matematik modeli tuzilib, uni
ifodalovchi matematik masala Furye usuli va Laplas almashtirishidan foydalanib yechilgan. Neft govushog-
elastik xususiyatlarini plunjerga gidrodinamik bosimga ta'sirini nazariy jihatdan o‘rganishga imkon beruvchi
formulalar olingan. Olingan formulalar va sonli tajribalar asosida, neft relaksatsiya xususiyatlarining
plunjerga bo‘lgan gidrodinamik bosimga ta'siri o‘rganilgan. Aniqlanganki, agar dastlabki momentda plunjer
tezligi keskin o‘zgarsa, bosimning o‘zgarishi impulsli xususiyatga ega bo‘lishi mumkin. Plunjer tezligi
o‘zharmas bo‘lgan vaqt oralig'ida gidrodinamik bosim fagat Nyuton suyugqligi uchun o‘zgarmas, qovushoq-
elastik suyuqlik uchun esa o‘zgaruvchan bo‘lishi ko‘rsatilgan. Neftning qovushoq-elastik xususiyatlari
plunjerga gidrodinamik bosim maksimumining ‘“kechikishiga” olib kelishi, bu xususiyatlar oshgani sayin,
govushoq va govushog-elastik suyugqliklar uchun bosim giymatlari farqi ortadi. O‘tkazilgan sonli tajribalar -
shuni ko‘rsatadiki, qovushog-elastik neftlar ishlab chigaruvchi quduglarni shtangli nasoslar yordamida
ishlatishda suyuglikning relaksatsion xususiyatlarini hisobga olish zarur.
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LAPLAS TENGLAMASI UCHUN KOSHI MASALASINING KARLEMAN FUNKSIYASI
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Annotasiya. Ushbu magqola differensial tenglamalar va matematik fiziki ixstisosligi bo ‘yicha tadgiqot
olib boruvchi ilmiy izlanuvchilar uchun mo ‘ljallangan. Magolada tekislikdagi Laplas tenglamasi uchun
Koshi masalasi qaralgan. G soha chegarasi 0G ning bir gismi S silliq chiziqgda berilgan giymatlariga ko ‘ra,
Laplas tenglamasi uchun Koshi masalasi yechimini davom ettirishi konskruksiyasi garalgan.

Kalit so‘zlar: Laplas tenglamasi, Koshi masalasi, nokorrekt masalalar, Karleman funksiyasi,
regulyarizasiya, davom ettirish formulalalari.

OYHKIUA KAPJIEMAHA 3AJTAYY KON JJIS1 YPABHEHUS JIATIJIACA

Annomauus: Cmambvs npedHasHayeHa 01 ucciedosameell, nPosooSUUX UCCIe008aNUsL 8 0OIACmU
ouphepenyuanvnvix ypasnenutl u mamemamuyeckou gusuxu. B cmamve paccmampusaemes 3adaua Kowu
ons ypasuenusi Jlanaaca na nnockocmu. Paccmampusaemces nocmpoenue epanuywi odoracmu G 0G Ha
2naoKkol uHuu S o 3a0aHHbIM 3HAYEHUM , AGNAIWeecs NPoooadceHuem pewenus 3adauu Kowwu ons
ypaenenus Jlannaca.

Knroueswvie cnosa: ypasuenue Jlannaca, 3a0aua Kowwu, nexoppekmuvie saoauu, ¢ynkyus Kapremana,
pezyaspuzayusi, popmyivl nPOOOIIHCEHUS.

CARLEMAN FUNCTION OF THE CAUCHY PROBLEM FOR THE LAPLACE EQUATION

Abstract. This article is intended for researchers conducting research in the fields of differential
equations and mathematical physics. It considers the Cauchy problem for the Laplace equation in the plane.
It considers constructing the boundary of a domain G on a smooth line 0G given values of S, which is an
extension of the solution to the Cauchy problem for the Laplace equation.

Keywords: Laplace’s equation, Cauchy problem, ill-posed problems, Carleman function,
regularization, continuation formulas.

Matematik fizikaning nokorrekt masalalarni yechimlar sinfini kompaktga gadar toraytirilsa, bu masala
turg‘un bo‘lishiga doir birinchi natijalar A.N.Tixonov ishlarida keltirilgan. Laplas tenglamasi uchun Koshi
masalasining Karleman funksiyasi tushunchasi M.M.Lavrent’yev tomonidan kiritilgan [2]. Tekislikdagi
yo‘lak ko‘rinishidagi cheksiz sohada Laplas tenglamasi uchun Koshi masalasining regulyarizatsiyasi
V.K.Ivanov tomonidan o‘rganilgan [3]. Ko‘p o‘lchamli fazoda soha chegarasining bir qismi konus bo‘lganda
Laplas va Gelmgols tenglamalari uchun Koshi masalasining yechimi Sh.Yarmuxamedov tomonidan
Karleman funksiyasini qurish asosida olingan [4].

1. Masalaning qo‘yilishi. R? tekislikda yarim birlik aylana yoyi hamda S silliq chizig bilan
chegaralangan D sohani garaymiz. Bunda koordinata boshi sohadan tashgarida joylashgan deb olamiz.
X= (Xl, XZ)E Dvay= (yl, yz)e D bo‘Isin. Qaralayotgan D sohada
oy o
+ =0
Ox? O%?2

Laplas tenglamasi yechimi U (X) =U (Xl, Xz) eC? (D) NC! ( 5) garmonik funksiyaning

)

Koshi berilganlari S da berilgan:
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0(0k=100. 22—, o

bu yerda fo (X) va fl (X) - berilgan funksiyalar. (2) shartlarga ko‘ra U (X) funksiyani D sohada

topish masalasi garaladi.
2. Karleman funksiyasi qurish sxemasi. (1) — (2) masala yechimini topishda Karleman funksiyasi
metodidan foydalanamiz. [2] ga ko‘ra Laplas tenglamasining Karleman funksiyasi ta’rifini keltiramiz:

Ta’rif. S to‘plamning D sohaga nisbatan Karleman funksiyasi deb ikkita X va Yy nugtalarga

hamda o musbat sonli parametrga bog‘liq bo‘lgan, quyidagi ikki shartlarni qanoatlantiruvchi G (X, Y, o )
funksiyaga aytiladi:

1)G(x,y,0)=In X1y|+g(x,y,a), (3)

bu yerda J (X, y,a) funksiya y o‘zgaruvchi bo‘yicha D sohada garmonik funksiya;

2) [|[6(xy.0)+ G (xy.0)

ds<a(o); (4)
oD/S an

bunda 0!((7) funksiya o —> oo da nolga intiladi.

Bu ta’rifda ( (X, Y, G) funksiya Karleman funksiyasining regulyar gismi deyiladi.

Yugqorida berilgan ta’rifdagi Karleman funksiyasining regulyar qismini

1 &1 p
g(x,y,N)=—In—-— —[—]cosn@, (5)
( ) P1 én P1

ko‘rinishda olamiz, bu yerda Karleman funksiyasining parametri ¢ sifatida N natural son olindi va

X
O=0-y, |X|=p:|y|=py p=arctg-*; w =arctg 32 .

1 Yi
1
Teorema. G (X, y,N ) =ln=+ g (X, y,N ) funksiya garalayotgan D sohada S yoyi uchun
r
Laplas tenglamasining Karleman funksiyasi bo‘ladi.
Teoremani isbotlashdan oldin quyidagi lemmani isbotlaymiz.
Lemma. (5) tenglik bilan aniglangan g(x, Y, N)funksiya D sohada Yy o‘zgaruvchi bo‘yicha
garmonik funksiya bo‘ladi.

Isbot. g(x,y,N) funksiyani Y o‘zgaruvchi bo‘yicha Laplas tenglamasini qanoatlantirishini

ko‘rsatamiz ya’ni:

1 M cosné
Ag(x,y,N)==-A In—->) =p"A ( - j
! ( ) ! P nzlln ! P1

1 . N 1
In— - Laplas tenglamasining fundamental yechimligidan Ay In—=0.

P1 P1
sné

n
1

Qatordagi laplasian ichidagi funksiyani g* = belgilaymiz.

AgQ " hisoblash uchun Laplas tenglamasini qutb koordinatalar ko‘rinishidan
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Ag (p19 ) plg +,Olg +g.99

foydalanib, teglshll hosilalarni hlsoblaymlz
g, =np,"“cosnd,g, , =n(n+1)p, "*cosne;

g, =-np,"sinnd; g,, =-n’p," cosné.
Ag (p,.0)= (n2 + n),ol cosn@—np;" cosnd ——n’p;" cosné = 0.
Ayg (X’ y,N ) =
(5) funksiyaning Y o‘zgaruvchi bo‘yicha garmonikligi isbotlandi.
Isbotlangan lemmadan G (X, y,N ) funksiya Laplas tenglamasining Karleman funksiyasining 1)
(X, Yy, N ) funksiya ta’rifni 2) shartini ganoatlantirishini

M dS,XED
on Y

shartini ganoatlantirishi kelib chigadi. Endi G

ko‘rsatish uchun

] (|G(X, VN +
aD/s
integralni baholaymiz.

11 I p
Buyerda G(X,y,N)=In=—In—->"= cosnd, r=|x-yl|
r pl n=1 n ,01
G (X, Y, N ) funksiyaning qator ko‘rinishidagi ifodasini topish uchun |X - y| ifodada X = pe

y=pe¥ O0=p-yval= f almashtirishlar olib
|

r=p,N1+ A2 —2Acos6
ko‘rinishda yozib olamiz. Ushbu

Inlzlni—ln\/1+ﬂz—2/1c:ose (6)
r P

tenglikdagi  In \/1+ A% —22C0s6 ifodani kompleks o‘zgaruvchili In (1— Z) funksiya

Z = 1e" almashtirishdan so‘ng haqiqiy qismidan quyidagi

n

Inv1+A4%-21c0sd ——ZFCOSHQ @)
n=1
tenglikni hosil gilamiz. (6) va (7) dan
In— In—+z [—j cosné (8)
~n

tenglikni olamiz. (8) tengllkdan
© n N n
> l(ﬁj coan:InE—Ini—zi(ﬁj cosné 9)
n=N+1 N\ 21 r P NP

ga kelamiz.
Karleman G (X, Y, N) funksiyasing regulyar gismi sifatida
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1 &1 p)Y
g(x,y,N)==In—- —(—] cosné
( ) P nZ=1:n P

funksiyani olamiz. Demak G (X, Y, N) funksiyani

- 512 o

n=N+1 M\ 2
ko‘rinishda yozish mumkin.
Oxirgi tenglikning o‘ng tomonidagi qatorni X € D, ye oD /S uchun baholaymiz:

[ee] 1 n
G(xy.N) .= > —[ﬁj cosng| <

n=n+1 N\ 0y ot
© pn pN+1

< =" 1+ p+p%+..)= : (10)
n=ZN+1 n ( ) 1_p

Xuddi shunga o‘xshash G funksiyani yeaD/ S nuqtadagi normal bo‘yicha hosilasini
baholaymiz:

0 n

A I 5 > - 'Omcosne =
N s |00 pet =N+t Py o=
0 0 pN+l
= —p"cosnd|< » p"= : (11)
n=ZN;rl‘ ‘ n=ZN;r1 1_10
Shunday qilib,
oG(x,y,N N+
_[ £|G(x,y,N)|+—( y )Ddsy<4”p . (12)
aD/s on 1-p
pN+1
(12) tengsizlikning o‘ng tomonidagi ifoda 0 < yo, <1 bo‘lgani uchun N —>o da 27- 1
-p
nolga intiladi.
Grin formulasiga ko‘ra (1), (2) masala yechimi uchun
dln L
1|, 1 au(y) .
U(x)=—[|In=-—22-U(y)-—L|dS xeD 13
() 27r-[ ron () on ()

oD

integral tasvir o‘rinli.
g(x, Y, N) funksiya Y o‘zgaruvchi bo‘yicha D sohada garmonikligidan X € D uchun Grin

formulasiga ko‘ra

i_g(x,y,'\')-agn(yy)u (y)-%t"\')_dsy _
:'.[Q(X,Y,N)-YU(y)—U(y)-y Q(X,y,N):dy:O (14)

D
tenglik o‘rinli. Masala shartidagi berilganlarni hisobga olib (13) va (14) tengliklardan

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 127




MATHEMATICS

u(x)zag/s{e(x,y,m)-%f]y)_u(y)-W}dsﬁ
J‘{ (x,y,N)-f,(y)- fo(y)-W}dSy

tenglikni hosil gilamiz. Oxirgi tenglikda U (X) =U (X,,X,) €C?(D)NC*(D) hamda (12)
tengsizlikni hisobga olgan holda N — 00 limitga o‘tib

U (x)= Iimij{G(x, yN)-f,(y)- fl(y)-w}dsy

N—o 277 < on
tenglikni olamiz. Teorema isbotlandi.
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THE CONTROLING PROBLEM FOR THE HEAT EXCHANGE EQUATION IN AN
INHOMOGENOUS ROD

Kuldoshova Maftuna Jumanazarovna,
Teacher of TKTI Shahrisabz branch
guldoshovamaftuna6@gmail.com

Abtract. The issue of controlling the heat exchange process in a non-homogeneous boom is
considered. The problem under consideration is put into a non-homogeneous equation of the parabolic type.
A control function is placed at one end of the boom. The mathematical model of the problem is constructed.
The existence and uniqueness of its solution is proved. The control function is found.

Keywords: Parabolic equation, Laplace equation, eigenfunction, eigenvalue, initial condition,
boundary condition,

YIHPABJIAIOIIASA 3AJAYA JJIS1 YPABHEHUSA TEIIVIOOBMEHA B HEOJHOPOJHOM
CTEP)XHE

Annomauus. Paccmampugsaemcs 3adaua ynpasnenusi npoyeccom meniooomena 8 HeoOHOPOOHO
wmanee. 3aoaya onucvlaemcs HeOOHOPOOHLIM YpAaeHeHuem napadonuyeckozo mund. Ynpagriawowas
@yHKYUA noMeweHa Ha 00uH U3 KoHYos wmanau. llocmpoena mamemamuyeckas mooens 3adauu. JJoxazano
cywecmeosanue u eOuHcmeeHHocmy eé pewenus. Haiioena ynpagnsowas gyuxyus.

Knwouesvie cnoea: napabonuueckoe ypaguenue, ypaguenue Jlaniaca, cobcmeennas @QyHKyus,
coOCmBeHHOe 3HAUeHUe, HAYalbHOE YCI08Ue, 2PAHUYHOe YClosuUe,

BIR JINSLI BO‘'LMAGAN NOVDADA ISSIQLIK ALMASHISH TENGLAMASINI
BOSHQARISH MUAMMOSI

Annatatsiya. Bir xil bo'Imagan bumda issiglik almashinuvi jarayonini nazorat gilish masalasi ko'rib
chigiladi. Ko'rib chigilayotgan masala parabolik tipdagi bir jinsli bo'Imagan tenglamaga qo'yiladi. Bomning
bir uchida boshgaruv funksiyasi o'rnatilgan. Masalaning matematik modeli tuzilgan. Uning yechimining
mavjudligi va o'ziga xosligi isbotlangan. Boshgarish funksiyasi topilgan.

Kalit so‘zlar: parabolik tenglama, laplas tenglamasi, xos funksiya, xos giymat, boshlang ‘ich shart,
chegaraviy shart,

Introduction. Currently, the development of science and technology provides the opportunity not only
to study, but also to control many processes. The study of many physical processes comes down to the study
of differential equations and mathematical physics problems. A simple example of this is the problem of
maintaining the temperature of a certain area at a certain temperature.

Literature analysis. Currently, the problems of controlling processes described by partial differential
equations are being intensively studied. The first to engage in this direction was the French scientist J.L.
Lions. Later, V. Barbu, A. Rascanu, G. Tessitore, H.O. Fattorini. A.V. Fursikov obtained a number of
scientific results. Academician Sh. Alimov, who is conducting scientific research in this area, in his articles
“On A Control Problem Associated With The Heat Transfer Process” (2010) and S. Albeverio, Sh. Alimov,
“On a time-optimal control problem associated with the heat exchange process” (2008), considered the issue
of optimal control of the heat exchange process.

7Z.K Fayozova “T'pannuHoe ympasjieHnne mpoieccom termroodomera(2013) In the article, a governing
function for the homogeneous heat dissipation equation is found. Y. E. Fayziyev, N. Xalilova”O 3anaua
ympasieHusi mporeccom TteruonpoonHoctu” (2010) In the article, a governing function for the
inhomogeneous heat dissipation equation is found. Scientific results [1], [2],[3],[4] given in works.

Research methodology. The article sets the initial boundary conditions for the inhomogeneous heat
dissipation equation, as well as the conditions that maintain the average temperature of the rod over time at a
given state. A control function is set at one end of the inhomogeneous rod, and methods of the spectral
theory of differential operators and Millen substitution are used to find the function.
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Analyses and results. In the following area
D:{(x,t): O<t<T,0<x<lI } Let's look at the heat transfer equation and the boundary and

initial conditions.

0, (x,t) = (k( x) U6 t))+f(x,t), O<x<l:t>0; "
u(0,t) = ut), u(l,t)=0; 2)
u(x,0) = @(x). 3

here k(X) function characterizing the composition of the stergen material,
f (X, t) and the function of a heat source or absorber within the stent,
,u(t) heat control function on the edge of the rod,

(p(X) - The initial state of the sturgeon.

(2) and (3) from the condition

u(0,0) = (0) = 1(0), u(l,0) = (1) =0, equal to @
Management function

14(t) We assume that is bounded:

| ()| <M. ©

Average temperature of sturgeon
1 |
: j u(x,t)dx = b(t) (6)

We define it as (6) which indicates that the average temperature of the rod is maintained at a given
value over time.

The problem is posed. b(t) Let the function be given. Then it is

,u(t) It is necessary to find a control function such that problems (1)-(3) have a unique solution and

this solution satisfies condition (6)
In solving this problem, we set the following requirements for the given functions.

1rn-
k(x) e CH0;1], k(X) >k, >0,
Theorem. Let our given functions belong to the following class

k(X) € C'[0;1], k(x) > k, > 0.0 € C[0,1] f (x,t) e C[0;1]xC(R.) va

HE Cl[O, +OO] . Then the solution to problem (1)-(4) exists and is unique.
Proof .To solve problems (1)-(3), we consider the following eigenvalue problem:

(k( )d¢“(x)j=z:¢n(x>, 0 O=00=0.

Itis known from the course on the spectral theory of differential operators that the eigenvalue problem
(7) has a solution and that the solutions of this problem are

{gpn (X)} system of specific functions L2 [O; |] forms an orthonormal basis in space, that

1. n=m,

|
dy=5 = |
!con(y)wm(y) Y=0u=10 num
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Gx,yit) =X e “0,(0,(y) @

(1)-(3) We express the general solution of the problem using the Green function

u(x.t) :a)(x,t)+“G(x,§;t —r)[%{k(g) 5‘”;?”}— awéir)}dfdz‘+

-[G(x.&EDw(£,0)dé+ [ [G(x.&t-7) f (&7)dédr + [G(X, Ep(E)dE ©

So, U(x,t)= k(O)j,u(r)%G(x,O;t —7)dr +

+HG(X’§;t_T) f (fif)ddeJfjG(X,fit)gﬂ(f)dcf- (10)

To solve the problem before us, we substitute expression (10) into condition (6).

iﬂ(f) {% k(O)!%G(X, 0;t— r)dx}dr =h(t) -

I I
- {Il [ G(x,f;t—r)f@;r)dfdx—% [ G(x,f;t)qo(f)dfdx}dr-
Toosimplci)f; the above equation, we introduce some no?[ast)ions.

K(t—7)= %k(O)I%G(X,O;t —7)dx = %I{k(é)%G(x,f;t ~7)

}dx
£=0

F(t) = —{%G(x Et—1)f (f;r)dfdx}dr,

(1) - —t'{} o cf;t)cv(f)dde}df-

L4 I L
0 00
Then we arrive at the following Volterra equation.
t
[ (@Kt -7)dr =b(t) + F(t) + (1) (11)
0

(11) We use Laplace transform to solve the equation:

Te"‘ Uu(r)K(t —r)drj dt = Tep‘ {b(t) + F(t) + O(t)} dt,

Here P = a + IS - complex number. Then

Tept Uy(r)K(’[ —7)d rjdt = T,u(r)ep’d TT e K (A)dA =a(p)K(p).

0
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+00

[ e {b(t) + F(t) + @(t)} dt =b(p) + F (p) + D(p).

0

K(p) = je K (t)dt = %k(O)iqo; 0) j o (x)dee—m-*ﬁtdt

- ° _ptt. 1ee
Fo)=-fe i

00

G(x,&t—1)f (é;r)dfdx}drdt

d(p) = —Te“" {} 'j .l.G(x, Ep(&)d (fdx}dtd r.

0 IOO

s (p) = b(p) + FK((r;))HD(p)

(12) Performing the Mellin substitution in the equation
1(t) we find the function.

1 B(R)+ F(p)+ ()
“O=0m )l T Ry T

I “b(a+is)+ F(a+is) + @(a+is) NEN
27z K(a+is)

The theorem has been proven.
Theorem.So
M > O find that the following conditions

(12)

ol e, <M

and b(0) =b’(0) =0 satisfies.
Proof. ££(t) We evaluate the function below.

g)+F(ng)+@(zg>\
B «/1 d
K (is)| I BOONLr £7de

j B(i&)|1+&)de<c

ol <5

(t)] < —j

2 o
) The condition is reasonable. Therefore
2 + /0

C,

WZ(R) 27C, M =1

Here M = 27, is equal.
1
The theorem is proved.
CONCLUSION. In the considered case, the rod is not homogeneous and a heat source is located
inside the rod. In this case, to determine the average temperature of the rod, a control function was placed at
one end of it and found.
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Control function k(X), f (X,t) It also depends on the functions and they have the following
condition

K(X) eC'[0;1], k(X) > k, > 0,0 € C[0,1] f (x,t) e C[0;I]xC(R,)
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UO“K 519.24

NOINFORMATIV KUZATUVLAR STATISTIK MODELI UCHUN KRAMER-RAO
BAHOSINING YANGI ISBOTI

Muradov Rustamjon Sobitxonovich,
Namangan davlat texnika universiteti,
Oliy matematika kafedrasi mudiri,
Fizika-matematika fanlari doktori
rustamjonmuradov@gmail.com

Annotatsiya. Ushbu magolada bog liq bo ‘Imagan tasodifiy miqdorlar juftligi orqali shakllanadigan
0‘ng tomondan tasodifiy senzuralangan model hamda unga mos ravishda kuzatiladigan minimumlar va
senzuralanish indikatorlaridan iborat tanlanma tahlil qilinadi. Senzuralanish tagsimoti informativ
bo ‘Imagan vaziyatda baholashga tegishli parametr uchun Fisher informatsiyasi aniglanadi va Rao-Kramer
quyi chegarasining mugqobil isboti tagdim etiladi. Keltirilgan isbot senzuralangan kuzatuvlar uchun tuzilgan
hagqiqatga o ‘xshashlik funksiyasiga Koshi—Bunyakovskiy tengsizligini to ‘g ‘ridan-to ‘g ‘ri qo ‘llashga tayanadi,
bunda tegishli regulyarlik shartlarining bajarilishi talab etiladi.

Kalit so‘zlar: fisher informatsiyasi, informativ bo ‘Ilmagan senzuralanish modeli, Rao-Kramer quyi
chegarasi.

HOBBI BBIBO/] OIEHKA KPAMEPA-PAO AJI51 MOJAEJIN HEUH®OPMATHUBHBIX
HABJIOJEHUU

Annomauyusa. B oaunnou cmamve ucciredyemcs MmoOenb CAYHAUHAA  YEH3YPUPOBAHUS CHpaAsa,
Gopmupyeman napoili HE3ABUCUMBIX CAVHAUHBIX GEIUYUH, A MAKJHCe COOMBEMCMBYIouds 6bl00pKa,
cocmoswas u3 HabaoOAemMblX MUHUMYMOS U UHOUKAMOPOS8 YeH3YPUposanus. B ciyuae neungopmamugrnozo
pacnpeodenenus yeH3ypuposanus onpeoensemcs ungopmayus Puwepa 0na oyenusaemo2o napamempa u
NPUBOOUTNCS  AbMEPHAMUBHOE O0KA3aMeNbCcmeo Hudchel 2panuysl Pao—Kpamepa. [lpedcmagnennoe
00KA3amenbCmeo OCHOBAHO HA NPAMOM npumeHeHuu Hepasencmea Kowu—bByHAkoeckoeo K @yukyuu
npasoonoooous 0is YeH3ypupoS8antoll 8blOOPKU NPU BLINOIHEHUU HEOOXOOUMbIX Pe2YNIAPHBIX YCI0BUL.

Knwuesvie cnosa: ungopmayua Duwepa, mooenv HEUHGOPMAMUBHOZO YEHIYPUPOBAHUS, HUICHSA
epanuya Pao—Kpamepa.

A NEW DERIVATION OF THE CRAMER-RAO BOUND FOR A NONINFORMATIVE
OBSERVATION MODEL

Abstract. This paper examines a randomly right-censored model generated by a pair of independent
random variables, along with the corresponding sample consisting of observed minima and censoring
indicators. Under a noninformative censoring distribution, the Fisher information for the parameter of
interest is derived, and an alternative proof of the Rao—Cramér lower bound is presented. The proof relies
on a direct application of the Cauchy—Bunyakovsky inequality to the likelihood function of the censored
sample, assuming the fulfillment of appropriate regularity conditions.

Keywords: Fisher information, noninformative censoring model, Rao—Cramér lower bound.

Kirish. Zamonaviy statistik tahlilda parametrlarni baholashning anigligi va ishonchliligi nazariyasi
markaziy o‘rin tutadi, aynigsa, kuzatuvlar to‘liq yoki informativ bo‘lmagan sharoitlarda. Amaliy tajriba
shuni ko‘rsatadiki, real ma’lumotlarning katta qismi senzuralangan, cheklangan yoki noaniq shaklda
yig‘iladi, bu esa klassik baholash usullarining samaradorligini keskin pasaytiradi. Shuning uchun bunday
sharoitlarda Kramér—Rao quyi chegarasini qayta ko‘rib chiqish va uning mugqobil isbotlarini ishlab chigish
nazariy statistika hamda ishonchlilik tahlili uchun dolzarb masaladir. Noinformativ kuzatuvlar modeli uchun
Kramér—Rao bahosining yangi isboti parametr bahosining eng yaxshi mumkin bo‘lgan chegarasini aniqroq
tushunishga yordam beradi va amaliy tadgiqotlarda, jumladan, tibbiyot statistikasi, igtisodiy modellash, xavf
tahlili va senzuralangan ma’lumotlar bilan ishlanadigan boshga ko‘plab sohalarda ahamiyatga ega.
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Parametrlarni baholash nazariyasida Kramér—Rao quyi chegarasi statistik baholarning anigligini
baholashda fundamental mezon hisoblanadi. Ammo amaliy tahlillarda, xususan, omonatlik ma’lumotlari,
tsenzuralangan kuzatuvlar, ishonchlilik tahlili yoki yashirin jarayonlardan olingan ma’lumotlarda kuzatuvlar
ko‘pincha informativ bo‘lmaydi yoki parametr haqida to‘liqg ma’lumot tashimaydi. Bunday sharoitda klassik
Kramér—Rao tengsizligini qo‘llash murakkablashadi va yangi yondashuvlar talab etiladi. Shu sababli,
noinformativ kuzatuvlar modeli uchun Kramér—Rao bahosining alternativ yoki soddalashtirilgan isbotini
ishlab chigish nazariy statistika va amaliy ehtimollar nazariyasi uchun dolzarb ahamiyat kasb etadi. Bu
izlanish statistik baholarning chegaraviy aniqligini to‘g‘ri talqin qilish, yangi baholash usullarini yaratish va
mavjud metodlarni umumlashtirishda muhim metodologik asos bo‘lib xizmat qiladi.

Faraz qilamiz, (Q,ﬂ ) o'lchovli fazoda aniglangan o'za’ro bog'ligsiz f va 1] tasodifiy

miqdorlarning tagsimot funksiyalari noma’lum skalyar (S = 1) @ parametr aniqligida berilgan bo'lsin:
F(x0)=P,(£<x), G(x8)=P,(7<x), 0c®cR.

Biz bu tagsimotlar absoliot uzluksiz deb, ularning zichlik funksiyalarini mos ravishda f (X; 0) va
g(X;0) lar orqali belgilaymiz. Statistik model shundayki, unda (&,77) juftlik o'miga (Z,&) juftlik
kuzatiladi, bu erda Z :min(f,ﬂ) va 0= I (Z zf) Bizni qizigtiradigan & tasodifiy miqdor
faqatgina £ <77, ya'ni 0 =1 bo'lgandagina kuzatiladi. Agar (Xi ,Yi) lar orgali (é‘ ,77) juftliklarning 1 -
tajribadagi  amaliy qiymatlarini  belgilasak, u holda tajribalarning N  -qadamida biz
C (m _ {(Zi O, ), 1<i< n} statistik tanlanmani kuzatamiz. Bu erda Z, = I’T]il’](Xi ,YI) va
o, = (Zi = Xi). Har bir (Zi,é‘i) juftlik (\N X{O,l}, Z/,y) tanlanma fazoni yaratadi, bu erda
W orqali Z ning giymatlari to'plami, 7/ orqali AX{O} va Bx{l} ko rinishdagi to'plamlar O -
algebrasini va I/ = {QQ,Q S @} orqali esa V(X, y) 0'lchovga nisbatan daminirlangan, 7/ da
aniglangan va (Z ,O ) juftliklar yaratgan taqsimotlar oilasini belgilaymiz. Bu erda A va B lar W dagi
Borel to'plamlari, dV(X, y) = Ay X dX va Ay esa Y e {O,l} nuqtada aniqlangan sanovchi o'lchovdir.

C (") tanlanmadagi har bir (Zi,é‘i) juftlikka
- - \1-
k(x,y;@):{f (X;Q)G(X;Q)}y{g(X;Q)F(X;H)} ' (1)

zichlik funksiyasi mos keladi va bu erda G=1-G, F =1-—F . Quyidagi belgilashlarni

kiritamiz:

000)= LU0 ) - 29L60)
w0)= 0L
E(x;e):%, EW@F%'
km(KWkw, w(i)(9)=%-

n . . . e . .
C ") tanlanmadagi senzsurlangan va senzurlanmagan Xi larning xissasini o'rganish maqsadida
quyidagi subtagsimotlarni aniqlaymiz:
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G'(x:0)=P,(Z <x,6=0)= [ F(;0)g(t;0)dt.

Osongina tekshirib ko'rish mumkinki, V(X; 9) eR @ X ® uchun quyidagi tengliklar o' rinlidir:
F*(x0)+G*(x;0)=H(x0)=P,(Z <x),
F*(0;0)=limF*(x;0)=M 5, G*(x0,0)=limG*(x;0)=M ,(1-5).

X—0 X—>0

Endi o'ng tomondan tasodifiy senzurlanishning bir muhim xususiy holi — “proporsional intensivliklar
modeli” (PIM) bilan tanishib o' tamiz.

1-Ta’rif. [6] (F,G) (yoki (f ,77)) juftlik PIMni qanoatlantiradi deyiladi, agar shunday musbat
(1)

lar uchun

G(x0)=(F(x0)) @

0'zgarmas son ﬂ mavjud bo'lib, barcha X € R

munosabat o'rinli bo'lsa.
Ba’zida PIM ni Koziol-Griin modeli ham deb atashadi ([1-6] ga qarang). PIM ning eng muhim

xarakteristik xossalaridan biri unda kuzatilayotgan tanlanmadagi (Zl,..., Zn) va (51,...,5n) tasodifiy
miqdorlarning bog’ligsizligidir.

1-Teorema [1,4]. (F,G) juftlikning PIMni qanoatlantirishining zarur va yetarli sharti
Z =min (5 W ) va O = | (Z = gg ) tasodifiy miqdorlarning bog'ligsizligidan iboratdir.

Yugqorida senzurlovchi tagsimot funksiya G noma’lum € parametrga bog'liq bo'lgan, ya'ni

informativ modelni qarab o'tdik. Endi bu tagsimot & ga bog'liq emas deb hisoblaymiz. Bunday model
informativ bo'lmagan senzurlanish modeli deb ataladi. Ushbu maqolada biz Kramer-Rao tengsizligining
boshgacha isbotini keltiramiz.

Demak, faraz gilamiz, f: va 7] tasodifiy miqdorlar F (X;(g) va G(X) tagsimot funksiyalari bilan

1
berilgan bo'lib, 0 -skalyar parametr, 0ecOC R( ) bo'lsin. Kuzatiladigan
C”={(z,5), 1<i<n} tnlanmaga mos kelgan birgalikdagi zichlik funksiya

k(X% y:0) = Hk (,,6,;0) da (x,y)eRY x{0,1} uchun
k(x,y;H):[f( ;0)G(x )]y.[g(x)F(x;Q)]l_y,
oF (x;0) 9(x)

ox dx
Bu holda C(n) mos Fisher informatsiyasi |n (0) =nl (9) bo’lib, bu erda

1(6)= j[%&x)] G(x)dF (x;0)+

bo'lib, buerda f (X;6)=
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+T[alnF xe} F(OMG(x).

(n)
Tanlanma fazoni y(”) = |:R(1) X {0 1}:| orqali belgilab olib, quyidagi regulyarlik shartlarini

keltiramiz:
ay {X 0<F (X; 9) <l} to plam ga bog'liq emas.
of (x,0) oF(x0)

(Iry’ va hosilalar mavjud bo'lib,
00 0

- tengliklar o'rinli.
(I Barcha @€® uchun 0<I (9) <00 va 6@ ning bahosi gn uchun
2
0<d,(8)=M (8, —6)" <.
2-Teorema. Agar (I)-(III)' shartlar bajarilsa, u holda €@ ning ixtiyoriy siljimagan bahosi Hn uchun

barcha 6 € ® larda

d,(8)=1,"(8)= L (3)

nl(9)

Isboti. M 9‘9n =6 ekanligidan,

[ 6.(xy)k.(xy:0)dv,(x.y)=0.
y(”)
va

[ 0.6 y)k, (X y:0+A, )dv, (x.y)=0+A,.

P
Bu erdan va barcha & € ® uchun .[ kn ()_(,Sl;ﬁ)dvn (>_<,§) =1 tenglikdan
v
= [ [6.-0] k(. y:0+4,) -k (x y:0) [avi(xY). @
P

Endi (3) da Koshi-Bunyakovskiy tengsizligini qo'llasak,
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. [kn(;(,y_/;9+An)—kn(x,y;H)]ZdV 3
y) kn<>_(,§’;6’) n( ’ )

Bu tengsizlikda (III)’ shartni qo'llasak,

alnkna(;,y:é’) (% y:0)dv, (x3) ! =17(0),

-1

d,(9)>
o

ya’ni (3) kelib chiqadi. Teorema isbotlandi.

Xulosa. Yakuniy natijalar shuni ko‘rsatadiki, noinformativ kuzatuvlar modeli uchun Kramér—Rao quyi
chegarasining yangi isboti klassik yondashuvning qo‘llanish doirasini kengaytiradi va baholash nazariyasida
aniglilik mezonlarini yanada chuqurroq tushunishga yordam beradi [8-10]. Biroq ushbu yo‘nalishda hali bir
qator ochiq masalalar mavjud, masalan, umumlashtirilgan informativlik o‘lchovlarini ishlab chiqish,
senzuralangan va yarim-senzuralangan modellar uchun Kramér—Rao tengsizligining yanada boshga
variantlarini aniqlash, shuningdek, bog‘liq kuzatuvlar ostida Kramér—Rao bahosining mavjudligi va
barqarorligini o‘rganish. Kelgusidagi tadqiqotlar ushbu bo‘shliglarni to‘ldirishga, noinformativ ma’lumotlar
uchun optimal baholovchi sinflarini tavsiflashga va amaliy modellashtirishda yanada samarali statistik
metodlarni ishlab chigishga garatilishi mumkin.
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Abstract. The paper considers the Cauchy problem for the system of partial differential equations of
fractional order 62U (t,x) + A(D)U (t,x) = H(t,x) . Here U and H are vector-functions, the mxm matrix of
differential operators A(D) is triangular (elements above or below the diagonal are zero). Operators
located on the diagonal are elliptic. The main distinctive feature of this system is that the vector-order B
has different components S; € (0,1],, and f; are not necessarily rational. Sufficient conditions (in some

cases they are necessary) on the initial function and the right-hand side of the equation are found to ensure
the existence of a classical solution.

Key words: System of fractional vector-order differential equation, matrix symbol, elliptic operators,
classical solution.

APOBHBIE NAPABOJIMYECKHUE CUCTEMbI BEKTOPHOI'O HOPAJIKA C JIPOGHOM
MMPONU3BOJHOU PUMAHA-JINYBUJJIA

Annomayusa. B cmamve paccmampueaemcs 3aoaya Kowu ona cucmemvl Oughgpepenyuanvhbix
ypasnenuii Opobnozo nopsoka OLU (t,X)+A(D)U(t,X) = H(t,x), 30eco U u H — eexmop-yuxyuu, a
mampuya oupgepenyuanvuvix onepamopog pasmepa mxm - A(D) sersiemcs mpeyeonvhou (nemenmol
eblule UM HUdce OUAOHANU pasHvl Hymo). Onepamopvl, pAcnonodCeHHvle HA OUALOHANU, ABGTAIOMCA
anaunmuyeckumu. 1naerHou omauyumensHol 0COOEHHOCMbIO MO CUCMEMbl ABNAEMCA MO, MO BEeKMop
nopsioka B umeem paznuunvie xomnomnenmor f; € (01],, npuuém pB; ne obszamenvro sensomcs

payuonarvHvimu. Hatloenvt docmamounvie (A 8 HEKOMOPuIX CAyUaAsaX U HeoOX00uMvle) YCA08Us Ha
HAUANbHYI0 (DYHKYWIO U Npasylo 4acmv YPAGHeHUs, 00ecneuusaoujue Cywecmeosanue Kiaccuieckoeo
peuieHus.

Knrouesvte cnosa: Cucmema ougpghepenyuanvhovlx ypasHeHuii OpoOHO20 6eKMOPHO20 NOPAOKA,
CUMBOT MAMPUYDBL, ILTUNMUYECKUE ONePAMOPbL, KIACCUYECKoe peuleHue.

VEKTOR TARTIBLI RIMAN-LIUVILL KASR HOSILALI PARABOLIK TENGLAMALAR
SISTEMASI

Annotatsiya. Ushbu ishda kasr tartibli xususiy hosilali differensial tenglamalar sistemasi
oPU (t,x) + A(D)U (t,X) = H(t,X) uchun Koshi masalasi ko ‘rib chigiladi. Bu yerda U va H — vektor-
funksiyalar, A(D) matritsa mxm o lchamli differensial operatorlardan tashkil topgan uchburchak

(diagonaldan yuqoridagi yoki pastidagi elementlar nol) matritsa. Diagonalda joylashgan operatorlar
elliptikdir. Sistemaning asosiy fargli jihati shundaki, B vektor-tartib turli 5;  (0,1], komponentalarga ega

va pB; lar ratsional bo'lishi shart emas. Klassik yechimning mavjud bolishini ta’minlash uchun

boshlang ‘ich funksiya va tenglamaning o ‘ng tomoniga yetarli (ba’zi hollarda esa zarur) shartlar topilgan.
Kalit so‘zlar: vektor-tartibli kasr hosilali differensial tenglamalar sistemasi, matritsa simboli, elliptic
operatorlar, klassik yechim.

Introduction. In the study of differential equation systems, an important problem is to construct
explicit solution formulas. For systems of ordinary fractional differential equations, such representations are
relatively easy to obtain (see [1], [2]).
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S. Umarov recently developed general solution formulas for various fractional systems [3, 4, 5]. In
particular, [5] presents new results even for classical fractional systems and provides an explicit solution
representation for the Cauchy problem:

oPU (1, x) +A(D)U(t,x) = H(t,x), t>0,xeR",

limoP U (t,x) = @(x), xeR",
t—0

where (t,x)eR, xR", B=(4,4,,...8,), #;€(01],j=1..m, A(D)={A ;(D)} isa mxm matrix whose
elements are pseudo-differential operators, D(X) =@, (X), 2, (X),. ..., (X)),
H(t, x) = (h (t,x),h, (t, x),...,h, (t, X)), are a given vector-functions, U (t,X) = (u,(t, x),u, (t, x),...,u. (t,x)), is

an unknown vector-function and af‘U(t,x)=<af1u1(t,x),afzuz(t,x),...,&f’"‘um(t,x)>, is the fractional order
derivative of order 0< 3, <1,j=1,...,m in the sense of Riemann-Liouville, which for any continuous

function f:R, — R is defined as (see, for example [6], p. 71):

()= —t dr T 4e 50,
Ot pyatl gy

provided that the right side is pointwise defined on R, .
The components S; of the order vector B are arbitrary real numbers in (0,1]. When all 3, = 3, the

solution has a simpler form [4], and rational f; reduce to this case.

In [5], the solution U (t,x), initial data ®(x), and source term H(t,x) are taken from the class ¥

of functions with compactly supported Fourier transforms. This ensures transform applicability but limits
generality due to the narrowness of ¥ and the broad class of operators A(D).

The work [7] addresses this by establishing conditions under which classical solutions exist,
assuming ;= f3.

The aim of this work is to establish a solution representation when the vector of fractional derivative
orders B has arbitrary components S; €(0,1]. To this end, we consider a lower triangular matrix of

differential operators with constant coefficients:
AD)={A (D)}, mjau..m» Where A (D)=0for j>i, where A (D)= Z\am. a,D, and
<k |

D, = %6% The matrix-symbol is defined as A($) ={A (&)}t mjer,.mr  Where A (&) =0for j>i.

J
We assume that each diagonal operator A, ;(D), j=1,...,m, is a homogeneous elliptic operator of
the highest order among all A ;(D),i.e., I,;>1;, Vi#].
Define:

p* = maX{|,,} 1)

1<j<m

Recall that a homogeneous differential operator A(D) :Z a D” is called elliptic if its symbol

laf=1"

A(E) = z|a|=.aaf“ >0 forall £eR"\{0}.

Let B be a Banach space. We define the space B=B®...®B (m times) consisting of vector
functions @(x) = (¢, (X),...,@, (X)), where ¢,(x) € B. The norm in B is given by:

POR=P@F; ++Pg, F .

The space C([0,T];B) denotes the space of vector-valued functions continuous on [0,T] with values in B .

The object of study in this work is the following problem.

Initial-Boundary Value Problem. Find functions uj(t,x)eng(R”), te(0,T], j=1,...,m (note

that this inclusion is considered as a boundary condition at infinity), such that
U (t,x) e C([0,T]xR"),02U (t,x) and A(D)U (t,x) € C((0,T]xR"), 2

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 140



MATHEMATICS

and satisfying the Cauchy problem
oPU(t,x) + A(D)U (t,x) = H(x,t), t>0,xeR", (3)
limo? U (0,x) = d(x), xeR", (4)
t—0
where H(t,x) and @(x) are given continuous functions.

The solution to an initial-boundary value problem from class (2) is usually called a classical solution.
Preliminaries. The Fourier transform of a function
f:R" >R, denoted as F[f](&), is defined as follows:

FIF1(€) = f(&)= [ f(0e™dx, SeR"
Rn
The inverse Fourier transform is denote by F*[f](x) and is defined by the following integral:

Ff00 = [f@ede xeR".

@) &
If f(x) isa function that is smooth enough and decays rapidly as | x| goes to infinity, then the operation of
the operator A(D) on this function can be expressed as:

(271[)” [A@FIf1(&e™ds xeR".

A(D) f (x) =

Therefore for such a function one has
FI[A(D) f (x)](&) = ASFLF1(S). )

The classical Laplace transform is defined by the following integral formula:
LIf1(s) = [f (e dt, seC.
0

provided that the function f (the Laplace original) is absolutely integrable on the semi-axis R,. The
inverse Laplace transform is defined by the following integral formula:

L)) =5 - [e?LIfe)cs.

where L, =(C—io,C+ix),Cc> 0.
The Laplace transform of the Riemann-Liouville derivative of a function f € C*(R.), is (see [6],
p. 84):
L8P fy,-.., £,01(8) = (L[B 1(S).....,. L[8™ £, 1(s)) =
= (SALLR() — 12 (F)(04),..., s"M L[ £, 1(8) — 1, (,)(0+)), (6)

where |, ! are Riemann-Liouville fractional derivative and integral, respectively and defined as:
t

() = — ) _4e >0,
Oyl e

Recall that the Mittag-Leffler function E, (t) is defined as follows:

vt
Eﬁ'”(t)_;r(ﬂk+y)’ B>0,uel.

Lemma 1. (see, for example, [6], p. 50) The Laplace transform of the Mittag-Leffler function is as follows:
1
L[t"E, ,(—At")](s) = :
[V, (AN =
The convolution of f(t) and g(t) iswrittenas" f * g " and is defined as follows

(fg)(t) = [f(1)g(t—)dr = [f(t-)g()dr.

Laplace transform of convolution equal to this:

LLf =g](s) = LLT](s)LLGI(S)- (7)
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Formal solution of Initial-Boundary Value Problem. In this section, following the work of S. Umarov [5], we
will construct a formal solution to the problem (3)-(4).
Applying Fourier-Laplace transform to the problem (3)-(4) we get the recurrent equation:

1
LIF[W,TI(s, &) = ————— F@1(&), 8
FILIGE) = o Flald ®)
Pl D68 =—2d© § A rer s o), k=2,..m ©)

AL T AL
Before solving these equations, we consider the following sets.
Let G ; ={k,k—1,...,k—j} be a set, where 1<k<m and 1< j<k-1.By G",0<h<j-1 we

denote subsets of G, ; which formed by excluding h elements except for k and k — j elements of the set.
For example, let k=6,j=3. Then G, ;={6,54,3} and G =G,;, G ={{6,5,3}.{6,4,3}} and
G2 ={6,3}.

From (8) and the recurrence equation (9), we have:

Flo, k-1 j-1 Pk’j,r(‘f)
Rl = 5 Ay S )

TEGIE':IZ_J-
where B ; (&),k=2,...,m,j=1,.,k-1, are combinations of multiplication and sum of functions
AL &)u=2..kv=1..j-1

Applying the inverse Laplace transform to (8) and (10), we get:

FIu It &) = Ej, , CALOHFIR1E),
Fludt &) =y, CALO)FIpIE)

| P @ (Esa, CAL @)L 00) [Fin 1O,

j=1r=0

Flo;1(5), (10)

+

where

Vi 0=+ [T t*7E, , (A (&),

reeéfzij#k—j
Here "=" is the convolution operation, and *H " is the convolution product. Thus, the solution of the
Cauchy problem (3)-(4) has the representation when H(t,x)=0:
U(t,x) =S(t,D)d(x), t>0,xeR", (11)
where S(t,D) stands for the pseudo-differential matrix operator with the matrix-symbol S(t,&) :

0 ifk < j,
5.,;(t,&) = Ep s (CA ) ifk=j,
>3 P @(En i, CAG @OV, 0O)] ks

If H(t,x) =0, then the representation of a formal solution to problem (3)-(4) is obtained from (11) and the
fractional Duhamel principle [8, 9]. The solution takes the following form:

U (t,x) = S(t,D)D(x) + jS (7,D)8; ®H (t — 17, x)d7.

Let us also introduce the pseudo-differential operator S’(7,D), the entries of the matrix-symbol S'(7,&),
which have the form:
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0 ifk < j,
s, (7.€) = "B, 5 (CALEN™) ifk = j,
ZJZ_[Pk,j,r(‘f)(ﬂﬁk_leﬁkj,ﬁkJ. (_Ak—j,k—j (g)ﬂﬁk_j ) *Vk,j,r(nig)):| ifk > j.

Lemma 2. (see, for example, [10]) The following equality holds:
t t
[S'(7, DYH (t—n,X)dn = [S(2, D)3} °H (t—n,x)dn,
0 0

where 1 isa m dimentional vector.
Using Lemma 2, we can rewrite the formal solution of problem (3)-(4) in the following form:

U (t,x) = S(t, D)@(x)+_i$’(n, D)H(t-7,x)dr, 0<t<T,xeR". (12)

Main theorem. Before presenting the main theorem, we show that the formal solution (12) constructed in the
previous section satisfies all the requirements of Initial-Boundary Value Problem. Let us start by checking
the convergence of the expression A(D)U(t,x). Note that each u,(t,x),i =1,...,m is subject to operators
from the column i of the given matrix A(D). For example, the operators A (D), A,,(D)....,A, (D) acton
u, (t, x).
Let us denote (see (12)):
U(t,x) =W (t,x)+Y(t,x),

where

W (t, %) = S(t, D)D(X), Y(t,X)= js'(n, D)H(t—7,x)dn, 0<t<T,xeR"

We estimate expressions W (t,x) and Y (t,x) separately. Let w;(t,x) and y,(t,x), where i=1,...,m, be the
entries of the vector functions W (t,x) and Y (t, x), respectively.

To investigate W, (t, X),i =1,...,m, itis sufficient to consider the following integrals:

W)= [ E, , (CAO)R (e de,

[SI<R
Wer (tX) = J. Eﬂk'ﬁk (A (gg)tﬁk )P (£)e™d¢ +21§_: I Qk,j,r(t,f)(f’kq(f)eiixidf’
lEi<R J=Lr=0jgi<r

where k=2,..,m and

Qi =P OBy 4, A @)Y (1.8)

We have the following statement.
Lemma 3. 1) To estimate all coefficients before each @ (&), it suffices to estimate

Am (‘):)Qm,m—i,o (tvf), q= 1,. M

2) This estimate is given by
€ ﬂj*ﬁi

Pl jH(m-i)e t 1=

| A],q (CE)Qm,m—i,O (t’ 5) |S Cﬁ'l o€ | gl
where p* is defined in (1), and ¢ € (0,1) is arbitrary.

The proof of this lemma follows from mathematical induction (see [10]).
Now set 7>n/2 and choose £>0 such that z—(m—i)e >n/2. Then applying Lemma 3 and using

the Holder inequality we get:
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giﬁjfﬂi
AT el (13)

p -l .
L2 |,|(Rn)

1,...,m. To do this it is sufficient to consider the

k
I Ay g (DWW (€ X) | 0 <D C
i=1
Let us now estimate expressions Y, (t,x),i =
following functions:

Vor () = [ [ 17E, 4 (CALEN MR (-7, e dgdn,

0£<R
Vor )= [ [ 747, , (AR E-noe ™ dzdn+ 3 3] [ S, o, E—n.Oe dedn,
0&[<R j=1r=00¢<R

where k=2,...,m and
Sk,j,r(’?vf) = Pk,j,r(5)(77ﬁkirlE/3kij,/3kij (_A<—j,k—j (f)ﬂﬁkfj ) *Vk,j,r(ﬂvf))-

Lemma 4. 1) To estimate all coefficients before each ﬁi(t—n,g), it suffices to estimate only

A\I,q (f)sm,mq,o(ﬂvf), q =1,..., m.

2) This estimate reads:

p* -l +(m-i)e

| A ©)Snn 10 E)ISC, 4 L IE]
where p” is defined in (1) and ¢ € (0,1) is arbitrary.

This lemma is proved analogously as Lemma 3 (see [10]).

Now set 7>n/2 and choose &£>0 such that z—(m—i)e>n/2. Then applying Lemma 4 and using

the Holder inequality we get:
Kk
1A (D)Yer R 0, S D Cp e max IR
i=1 B

cRM ™ O
(R™) M p i /M)

Based on the proven estimates (13), (14), the following main result of the work:

(14)

*
+p —l;

Theorem 1. Let r>g and ¢(x)el,  "(R"), i=1,...,m and hi(t,X)eLT;p*_li’i (R"), i=1,...,m.

Then the solution of Initial-Boundary Value Problem exists and is unique, and the solution of this problem
has the representation (12).

Remark 1. If all diagonal operators A;;(D) have the same order, then p*—liyi =0, and the

condition for initial data and source terms reduces to: ¢;,h; (t,x) e L;(R"), 7> g This ensures continuity
by the Sobolev embedding theorem. The condition z >% is sharp, as unbounded functions may exist when

_n
T=—.
2
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UO‘K 532.546

FRAKTAL TUZILISHGA EGA BO‘LGAN G‘OVAK MUHITLARDA ANOMAL MODDA
KO*‘CHISHI MASALASIDAGI HOSILA TARTIBINI TIKLASH

Xolliyev Faxriddin Boxodirovich,

Termiz davlat universiteti

«Kompyuter va dasturing injiniring» kafedrasi o’qituvchisi
surxon88@bk.ru

Annotatsiya. Maqolada fraktal tuzilishga ega bo’lgan g‘ovak muhitlarda kuzatiladigan anomal
modda ko ‘chish jarayonlarini tasvirlovchi kasr tartibli differensial modelda hosila tartibini tiklash masalasi
ko rib chiqiladi. Bunday modellarda funksiyalarning hosila tartibini aniglash ko ‘pincha murakkab yoki
amaliy jihatdan imkonsiz bo ‘Iganligi sababli, parametriarni aniqlash va modellashtirish aniqligini oshirish
uchun hosilalarsiz optimallashtirish yondashuvlaridan foydalanish talab etiladi. Kasr tartibli hosilalar
tartibini tiklash uchun samarali natija beruvchi Nelder—Mead simpleks algoritmining qo ‘llanishi tahlil
gilinadi. O’rganilayotgan masala funksionalni minimallashtirish orgali hosila tartibi va model
parametrlarini aniqlash imkonini berib, anomal modda ko’chishi jarayonining matematik tavsifini
aniqlashtirishda barqaror va amaliy vosita sifatida namoyon bo ‘ladi.

Kalit so’zlar: anomal modda ko ‘chishi, fraktal g‘ovak muhit, kasr tartibli hosila, hosila tartibini
baholash, Nelder—-Mead wusuli, kasr tartibli differensial tenglamalar, optimallashtirish usullari,
parametrlarni identifikatsiya gilish

BOCCTAHOBJIEHUE ITOPAJIKA ITPOU3BOIHBIX B 3ATAYE AHOMAJIBHOT' O
INEPEHOCA BEHIECTB B ITIOPUCTBIX CPEJJAX C ®PAKTAJIBHOU CTPYKTYPOU

Aunomayus. B cmamve paccmampusaemcsi 3a0aya B0CCMAHOBNEHUS NOPAOKA NPOU3BOOHOU 8
O0pobHOU  OuphepenyuanvHoll MoOenu, ONUCLIBAIOWE AHOMAIbHBIE HPOYECChl NePeHOCcd Beujecmad,
Habmodaemble 6 nopucmslx cpedax ¢ paxmanvHou cmpykmypou. Ilockonvky onpedeneHue nopsoxa
NPOU3BOOHBIX (DYHKYUL 8 MAKUX MOOESAX YACTHO AGASAETCS CILOJNCHBIM UL NPAKMUYECKU HEBO3MONCHBIM, OJIsL
onpeodeneHuss napamempos U NOSbIUEHUsT MOYHOCIMU MOOTUPOSAHUS MPehyemcs UCNOIb308aHUe NO0X0008
K onmumuzayuu 6e3 npouzsooHvlx. AHANUZUPYEMCs NpUMeHeHue CumMmniekchoeo aneopumma Henvoepa-
Muoa, oJaowezo d¢hghexmuenbili  pe3yrbmam  BOCCMAHOBACHUS HOPAOKA OPOOHBIX  NPOU3BOOHDIX.
Uccneoyemasn 3aoaua npeocmasnsem coboil ycmouuusvlli U NPaAKmudeckull. UHCMpYMeHm 015 YIMOYHEHUs.
MAMEMAMULECKO20 ONUCAHUSL NPOYeCcca AHOMATbHO20 NEPEHOCA Gewecmed, NO38ONOWUL ONpedeuns
noOpsI00K NPOU3B0OHOU U NAPAMEMPBL MOOETU RYMEM MUHUMUZAYUU DYHKYUOHATA.

Knwouesvie cnosa: AnomanvHulili nepeHoc Gewjecmsd, (GpaxmanvHas nopucmas cpeod, OpooHas
NPOU3800HAsL, OYEHKA NOPAOKA Npou3zeooHol, memoo Henvoepa-Muoa, Opobuvie Ougpepenyuanvivie
VPasHeHUst, MemoObl ONMUMUZAYUU, UOSHMUDUKAYUS NAPAMEMPO8

RECOVERY OF DERIVATIVE ORDER IN THE ANOMALOUS MASS TRANSFER
PROBLEM IN FRACTAL POROUS MEDIA

Abstract. The article examines the problem of restoring the order of the derivative in a fractional
differential model describing anomalous solute transport processes observed in porous media with a fractal
structure. Since determining the order of derivative functions in such models is often complex or practically
impossible, it is necessary to use optimization approaches without derivatives to determine parameters and
improve modeling accuracy. The application of the Nelder—Mead simplex algorithm, which gives an effective
result in restoring the order of fractional derivatives, is analyzed. The problem under study represents a
stable and practical tool for refining the mathematical description of the anomalous solute transpot process,
allowing for determining the order of the derivative and model parameters by minimizing the functionality.

Keywords: Anomalous mass transfer, fractal porous medium, fractional derivative, derivative order
estimation, Nelder-Mead method, fractional differential equations, optimization methods, parameter
identification.
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Kirish. So‘nggi yillarda g‘ovak muhitlarda modda ko‘chish jarayonlarini tavsiflovchi matematik
modellar, aynigsa, fraktal tuzilishga ega murakkab fraktal muhitlarda anomal modda ko’chishi bilan bog‘liq
masalalar ilmiy tadqiqotchilarning alohida e’tiborini tortmoqda. Bunga bir nechta omillar sabab bo‘lib,
ulardan eng muhimi shundan iboratki, real g‘ovak muhitlarning tuzilishida kuzatiladigan fraktallik klassik
diffuziya tenglamalari bilan yetarli darajada tadqiq etishni giyinlashtiradi. Moddaning makroskopik
darajadagi sekinlashgan yoki tezlashgan ko’chishi ko‘pincha kasr tartibli differensial tenglamalar orqali
ifodalanadi, ularning parametrlaridan biri bo‘lgan hosila tartibi fizik jarayonning chuqur ichki xususiyatlarini
belgilab beradi.

Fraktal tuzilishga ega bo’lgan g’ovak muhitlarda anomal modda ko’chishni o‘rganishning amaliy
qo‘llanish sohasi nihoyatda keng: 1) geofizik jarayonlarda suyuqlikning murakkab qatlamlar bo‘ylab
targalishi, 2) gidrogeologik muhitlarda ifloslantiruvchi moddalarning targalish tezligini baholash, 3) kimyo-
texnologik tizimlarda diffuziya jarayonlari, 4) neft-gaz konlarida filtratsiya va kollektor xossalarini aniglash,
5) ekologik monitoring, 6) biologik to‘qimalardagi modda almashinuvi, 7) materialshunoslikda g‘ovak
strukturalarning o‘tkazuvchanlik xususiyatlarini tahlil qilish va boshqalar. Mazkur jarayonlarning fraktal
tabiati ularni tavsiflovchi tenglamalarning ko‘pincha teskari va nekorrekt masalalar turkumiga kirishiga olib
keladi.

Hosila tartibini tiklash masalasi ham shunday murakkab teskari masalalardan biri bo‘lib, u kasr tartibli
differensial tenglamalarda mavjud bo‘lgan fizik parametrning bevosita kuzatishlarga asoslanib aniqlanishini
talab giladi. Zamonaviy sonli metodlarning rivojlanishi, fraktal geometriya asosidagi modellar paydo
bo‘lishi, hisoblash texnologiyalarining takomillashuvi anomal ko’chishning murakkab teskari masalalarini
samarali yechishga yo‘l ochmoqda.

Kasr hosilalar bilan ifodalangan modellar real fizik jarayonlarning murakkab xususiyatlarini anigroq
aks ettiradi. Birog, bunday modellar uchun kasr tartibli hosilalarning parametrlari va tartiblarini aniglash
masalalari, aynigsa, teskari qo‘yilishdagi tadqiqotlar nazariy va amaliy jihatdan murakkab bo‘lib, fanning
ko‘plab sohalarida hali yetarlicha o‘rganilmagan. Bir o‘lchovli va ikki o‘lchovli kasr tartibli diffuziya
tenglamasining koeffitsiyentini aniqlash uchun teskari masalalar [1, 2, 3, 4, 5, 6] ishlarda o‘rganilgan.

Ushbu magqolada fraktal tuzilishga ega g‘ovak muhitlarda anomal modda ko‘chishi tenglamalaridagi
kasr tartibli hosilaning tartibini kuzatuv ma’lumotlari asosida tiklash, ya’ni hosila tartibini aniglash bo‘yicha
teskari masalani ishlab chigish va uni tahlil gilishdir.

1. Masalaning qo’yilishi. Ikki zonadan iborat bo‘lgan fraktal tuzilishga ega g‘ovak mubhitda
moddaning anomal ko‘chishi tenglamalari uchun teskari masala qaralgan. Birjinslimas muhit fraktal
tuzilishga ega bo‘lsa modda ko‘chishi tenglamalari ham fraktal o‘lchamga bog‘liq tarzda kasr tartibli xususiy
hosilali differensial tenglamalar orqali ifodalanadi. Modda ko‘chishi tenglamalari aynan kasr hosilali
ko‘rinishda bo‘lsa tajriba natijalariga yaxshiroq mos kelishi ko‘rsatilgan. Ikki zonadan iborat bo‘lgan fraktal
tuzilishga ega g‘ovak muhitda modda ko‘chishi jarayoni quyidagi kasr hosilali tenglamalar yordamida
yoziladi [7-9].

Tenglamalar quyidagicha bo‘ladi:

ac a%c, dfc ac
emﬁm"'yeim atoltm :emDm ax_én_vmem a_xm’ (1)
¢
Yeim atoltm = (D(Cm _Cim)’ 2)

bu yerda o, p — hosila tartiblari, 6, 6;, — g’ovaklik koeffitsiyenti, c, ¢;,, — hajmiy konsentratsiya, D —
gidrodinamik dispersiya koeffitsiyenti, t — vaqt, x — koordinata bo’yicha o’zgaruvchi, v, — zarracha
harakatining o’rtacha tezligi, » — massa uzatish koeffitsiyenti. [y]=T?, [0]=T . ¢ — o’lchamsiz
kattaliklar, [aaclﬁt“]z'l'_“, [D]=/T%, L- uzunlik o’lchovi, T — vaqt o’lchovi. ava B Kasr
hosilalarning tartiblari quyidagi oraliqda o‘zgaradi: O<a <1, 1<B<2.

[0, oo] sohada masala qaraladi. Boshlang‘ich va chegaraviy shartlar:

¢y (0, X) =0, Cim(0, X) =0, ©)

C,(t, 0)=c,, C,,(t, ) =0. 4)

Teskari masalani yechish uchun (3), (4) boshlang’ich va chegaraviy shartlardan tashqari qo‘shimcha
shartlar ham kerak bo‘ladi. Bunday shartlar sifatida X;, 1=1,2,3 nuqtalarda konsentratsiyaning vaqt
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bo‘yicha o‘zgarishi ma’lum bo‘ladi, ya’ni z,(t), 1=12,3 funksiyalar beriladi. Ko‘pincha z (t), 1=1,2,3
funksiyalar tajriba natijalari orgali aniglanadi. Teskari masalani yechishda z (t), 1=1,2,3 funksiyalarni
“kuzatish ma’lumotlari” sifatida qabul qilish mumkin.
Shunday qilib qo‘shimcha shartlarni quyidagicha yozishimiz mumbkin:
et x)=2(@1), 1=123. (5)
Teskari masala quyidagi tartibda qo‘yiladi: o, 3 kasr hosila tartiblari quyidagi funksional
minimumidan aniglanadi:

)= I Cn(t. %) -2, ()t &= (o B), ©)
1=1 0
bu yerda ¢, (t, x,) — (1)-(4) masala o, parametrlarining gandaydir berilgan giymatlaridagi yechimi
hisoblanadi. o, B larni (6) funksional minimumidan aniglash uchun Nelder—Mead usulini qo‘llaymiz.

Ko‘p o‘zgaruvchili funksiyaning lokal minimumini topishning simpleks usuli Neler va Mid tomonidan
ixtiro qilingan. Ikki o‘zgaruvchi uchun simpleks uchburchak bo‘lib, usul uchburchakning uchta uchidagi
funksiyaning giymatlarini taggoslaydigan gidiruv sxemasidir. Funksiya eng katta giymat gabul giladigan eng
yomon cho‘qqi tashlab yuboriladi va yangi cho‘qqi bilan almashtiriladi. Yangi uchburchak hosil bo‘ladi va
gidiruv davom etadi. Bunda uchburchaklar ketma-ketligi quriladi (ular har xil shaklda bo‘lishi mumkin),
ularning uchlaridagi funksiyaning qiymatlari borgan sari kamayib boradi. Uchburchakning of‘lchami
Kichraytiriladi va natijada minimum nugtasining koordinatalari topiladi [10].

2. Ayirmali masala. (1) — (4) masala a:&, [3:[3 da chekli ayirmalar usuli yordamida sonli
yechiladi  [3]. Q:{OSXSOO, OStST} sohada o’zgarmas gqadam bilan to’r Kiritib olamiz.
O, :{(xi,tj), X, =ih, i=0,N, h=L/N,t; = jr, j:O,_M, r:T/M}, bu yerda h — X koordinata bo‘yicha to‘r
gadami, 7 —t bo’yicha vaqt gadami, L — g‘ovak muhitning xarakterli uzunligi.

Kvazireal eksperiment o‘tkazish uchun dastlab (1) — (4) to‘g‘ri masala o =08, p*** =18
berilgan qiymatlarda chekli ayirmalar usuli bilan sonli yechiladi. Sonli hisoblashlar natijalari bo‘yicha
7 =7(;), j=12,..,M, I=12,...,n to‘rli funksiya aniqlanadi. z(t;) funksiya teskari masalani yechish

uchun berilgan ma’lumotlar bo‘lib xizmat qiladi. Ko‘pincha real holatlarda bu funksiya eksperimental
aniglanadi va ma’lum xatolikka ega bo‘ladi. Bu xatolikni modellashtirish uchun z(t) funksiya quyidagi

tarzda hisoblanadi:
1
le(tj):Zl(tj)+28(6(tj)_5jf (7

buyerda & — xatolik darajasi, o(t;) — tekis tagsimlangan tasodifiy sonlar o(t;) € (0, 1).

(1) tenglama chekli ayirmalar usuli yordamida Kaputo ta’rifidan foydalanib quyidagicha
approksimatsi(a gilinadi:
(

R
0l = (o)),
T

m

L{JZ((C'”‘)M ) R e A R A L CRIECRY )} )

r2-o)t”
(e ) ) I|_ lo (8)
= W{;« ). () 2(Cm)| 1+ (Cm)| —( 1)) ((l +1)27B _(l)zﬁ)} -
—V.0 (Cm )ij+1 _ (Cm )ij—l
mem 2h ’
Ayirmali approksimatsiyalar kinetika tenglamasi (2) uchun quyidagi ko‘rinishda bo’ladi:
e|m +1 +1
F(Zy o)t |:Z((C|m)l (C|m) X J I +l)l (J - I)1 )+ ((Cim)iJ _(Cim)i ):| = (9)

= o((C)i — (Cim)I™)
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bu yerda 7°()) - Eylerning gamma funksiyasi, ¢/ - (t i» X;) nuqtada aniglangan to’r funksiya.
Boshlang’ich va chegaraviy shartlar quyidagicha approksimatsiya qilinadi:

(e =0,

(cn)

2> (t) funksiyalar grafiklari 1 — rasmda tasvirlangan.

emtx) =2 (t), 5 =0%
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1-rasm. zfs(t) funksiya grafigi

(6) funksional quyidagi integral yig‘indi yordamida hisoblanadi:

3 M
J ZZZT[Cm(tJ‘ X )-1, (tj)]2 ,
1=l j=0
bu yerda x;, | =1,2,3 —koordinata to‘ri tugunlariga mos tushadi.
3. Sonli hisoblash natijalari
Hisoblashlarda parametrlarning quyidagi giymatlaridan foydalanilgan: ¢, =01, t=1, h=01,
0,=04m*/m* 0, =01m*/m*, D=10"°n"/c.
Sonli hisoblashlarda MATLAB muhitining Nelder—Mead usuliga asoslangan fminsearch() funksiyasi
qo‘llanildi.
1-jadvalda kasr tartibli modda ko’chishi jarayonlarini tavsiflovchi matematik modellar tarkibidagi
kasr hosila tartibini gradient talab gilmaydigan Nelder—Mead simpleks usuli orgali identifikatsiya gilish
natijalari keltirilgan. Bu usul ko‘p o‘lchamli maqgsad funksiyasini minimallashtirishda geometrik simpleks
prinsipiga tayanadi va har bir iteratsiyada simpleksning eng yomon tugunini akslantirish (reflection),
kengaytirish (expansion), sigish (contraction) yoki global Kkichraytirish (shrink) orgali yangilaydi.

Boshlang‘ich yagqinlashish tugunlari sifatida a, p hosila tartiblari tanlanib, ularning haqiqiy qiymatlariga
yaginlashish jarayoni iterativ baholangan.

1-jadval.
Boshlang’ich . . . .
yaginlashish Hisoblangan giymat Nisbiy xatolik
S S
8 % 0 0 s s o— aexact ‘B_ Bexact
“ b “ P e 100% | —ooag— - 100%
a®™ =08, B™ =18
0 0,6 1,6 0,80000047 | 1,799971 0,00000058 0,0000159
3% 0,6 1,6 0,80024851 | 1,793342 0,00031063 0,0036988
0 0,95 1,95 | 0,80000054 | 1,799972 0,00000067 0,0000153
3% 0,95 1,95 | 0,79871292 | 1,80998 0,00160885 0,0055447

0 0
8 =0 da boshlang‘ich yaqinlashish a=0.6, B=1.6 bo‘lganda a vaqt bo’yicha hosila tartibi
0.000058% va B koordinata bo’yicha kasr hosila tartibi 0,00159% aniglada tiklanmoqda, boshlang‘ich

0 0
yaginlashish . =0,95, =195 bo‘lganda ham o 0000067% va p esa 000153% nisbiy xatolikka yo’l
qo’yilgan holda tiklanmoqda, bu yuqori samaradorlikka erishilgan holda tiklanishni anglatadi (1-jadval).

S

095 +-~

0.9 -
0.85 A

\
0.8 AN

0.75 A
0.7 4

0.65 A

0.6

0 5

10 15 20

25

. T " S
30 35 40

0 5

10 15 20 25

30 35

' S
40

2-rasm. Hosila tartibi o =0,8 va B**" =1,8ning qo’zg’atilmagan (5 =0) giymatida tiklanishi.

Bunda: a)
S
o

0
—— - a=095,

0
a=06, b)

S

p

0
———— B=195,

0
— B=16.

A
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0.95 ---\‘ 195 -y
09 \ 1.9 - \ "~
\ L] “ l’\_
35 \ VEv TN
0.83 ' L84 AF V1 M\
1 L

0.8 \ ¢ 1.8 v AL Proe———
0.75 4 1.75 4
0.7 1.7 -
0.65 4 1.65
0.6 T . . T . . T " S 1.6 . T . . . T . . S

0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

3-rasm. Hosila tartibi o®** =0,8 va " =1,8ning qo’zg’atilgan (5 = 3% ) giymatida tiklanishi.

0 0 0 0
Bunda:a) ———- a=095, a=06, b) ———- pB=195, —— B=16.

0 0
& =3% da boshlang‘ich yaqinlashish o =0.6, B=1.6 bo‘lganda o vaqt bo’yicha hosila tartibi
0,031063% va B koordinata bo’yicha kasr hosila tartibi 0,36988% aniglada tiklanmoqda, boshlang‘ich

0 0
yaginlashish a=0,95, B =195 bo‘lganda ham o 0,160885% va p esa 0,55447% nisbiy xatolikka yo’l

qo’yilgan holda tiklanmoqda, jadval natijalari shuni ko‘rsatadiki, 6 ortgan sari, model parametrlarini
tiklashdagi nisbiy xatolik ham oshadi. Bu esa, boshlang‘ich tugunlarda delta xatolik darajasi yuqori bo‘lsa,
parametrlarni aniglash anigligi pasayishini bildiradi. (1-jadval).

2, 3 — rasmlarda modda ko‘chishi masalasidagi konsentratsiyaning vaqt bo‘yicha hosila tartibi
a® =0,8 va modda ko‘chishi masalasidagi diffuziya hadidagi hosila tartibi B®** =18 giymatlarini
tiklashning turli qo‘zg‘alishlarda hisoblash natijalari keltirilgan.

Hisoblashlar dastlab boshlang‘ich ma’lumotlar qo‘zg‘atilmagan holda, yani 6=0 60°‘lgan hol uchun
olingan (2(a, b) — rasm). 3(a, b) — rasmda & =3% bo‘lgan hollar uchun grafiklar keltirilgan. Hosila tartibi
a va B ni tiklash bo‘yicha keltirilgan grafiklarda dastlabki 40 ta iteratsiya natijalari keltirilgan. 2 - rasmda

0 0
8 =0% da pastdan boshlang‘ich yaqinlashish & =0,6, B=1,6 bo‘lganda o va p ning tiklangan giymatlari
o =0,80000047 Ba B=1,799971 tashkil gildi. o ni tiklashdagi nisbiy xatolik 0,000058%, g ni
0 0
tiklashdagi nisbiy xatolik esa 0,00159% . Yugqoridan boshlang‘ich yaqinlashish o =0,95, B =1,95 bo‘lganda

a va B ning tiklangan giymatlari o =0,80000054 va p=1,799972 tashkil gildi. « ni tiklashdagi nisbiy
xatolik 0,000067%, B ning giymati esa 0,00153% ga teng. 3-rasmda dastlabki xatolik & =3% da xuddi

2 - rasmdagi kabi pastdan boshlang‘ich yaqinlashishlarda tiklangan qiymatlar o =0,8024851 va
B=1,793342 tashkil gildi. Bunda nisbiy xatolik mos ravishda 0.031063% , 0,36988% ga teng. Yuqgoridan

S S
boshlang‘ich yaqinlashishlarda tiklangan giymatlar o =0,78871292 va 3=1,80998046 tashkil gildi. Bunda
nisbiy xatolik mos ravishda 0,160885%, 0,55447%ga teng. 2 va 3 rasmlarni solishtirsak xatolik

berilmagan holatda kamroq iteratsiya talab gilgan holda tezrog tiklanmoqda, xatolik berilganda esa nisbatan
iteratsiyalar soni ko’proq va mos ravishda tiklanish ham ozgina kechikayotganini ko’rishimiz mumkin.
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VJIK 51

HEJIOKAJIBHAS 3AJTAYA C UHTET'PAJIBHBIM YCJIOBUEM CKJEMKH JJ151
HATPYKEHHOI'O YPABHEHMSI CMEIIIAHHOI'O TUIIA C JPOBHOM IMPOU3BOIHOM
KAIIYTO

Hamunosa Mykappam Cyamon Ku3u,
Kapwunckuii 2ocyoapcmeennbiil yrusepcumem
Llloouesa Cesunu Pacyn Ku3su,

Kapwunckuii 2ocyoapcmeennbiil yrusepcumem
A6ousicaboopose Maxmyo Aboudricanun yanu,
Kapwunckuii 2ocyoapcmeennbiil yrusepcumem

Annomamuyusa. /lannas paboma nocesuena 00Ka3amenbCmey eOUHCMEEeHHOCU U CYUecmeo8anus
peuleHus. HelOKAIbHOU 3a0ayu ¢ UHMESPANbHbIM YCI08UeM CKICUBAHUSA Ol HAZPYHCEHHO20 VPAGHEHUs.
napabono-eunepboiuyecko20  muna, — @Kumouarwezo  onepamop  Kanymo  OpobHo2o  nopsaodka.
Eouncmeennocms nocmagnennoii 3a0auu 00Kasvleaemces MemoooM UHmMezpaios Hepeul, a Cyuecmeosanue
— MemoOOM UHMESPANbHbIX YPAGHEHUIL.

Kniouesvie cnosa: Haepyoicennoe ypaeHenue, ypasHeHue napabono-eunepOoIudeckoeo mund,
onepamop 0pobHo20 nopsoka 6 cmeicie Kanymo, unmezpansvroe yciosue Ckieu8anus, eOUuHCmeeHHOCMb U
cywecmeosanue peueHus.

A NONLOCAL PROBLEM WITH AN INTEGRAL GLUING CONDITION FOR A LOADED
EQUATION OF MIXED TYPE WITH A FRACTIONAL CAPUTO DERIVATIVE

Abstract. This paper is devoted to proving the unigueness and existence of a solution to a nonlocal
problem with an integral gluing condition for a loaded parabolic-hyperbolic equation including a fractional-
order Caputo operator. Uniqueness of the problem is proved using the energy integral method, and existence
is proved using the integral equation method.

Keywords: Loaded equation, parabolic-hyperbolic equation, fractional-order Caputo operator,
integral gluing condition, uniqueness and existence of a solution.

3. KASR TARTIBLI KAPUTO HOSILASI BILAN ARALASH TURDAGI YUKLANGAN
TENGLAMA UCHUN INTEGRAL YAQINLASHISH SHARTI BILAN NOLOKAL MASALA

4. Annotatsiya. Ushbu magola yuklangan parabolik-giperbolik tenglama, shu jumladan, kasr
tartibli Kaputo operatori uchun integral yaginlashish sharti bilan nolokal muammoning yechimining o'ziga
xosligi va mavjudligini isbotlashga bag'ishlangan. Masalaning o ‘ziga xosligi energiya integral usuli
yordamida, mavjudligi esa integral tenglama usuli yordamida isbotlanadi.

5. Kalit so zlar: yuklangan tenglama, parabolik-giperbolik tenglama, kasr tartibli Kaputo
operatori, integral yaginlashish sharti, yechimning yagonaligi va mavjudligi.

Beenenmne. Ilpumenenne Teopuu OpOOHOrO MHTErpUpOBaHHS W TU(GepeHIUPOBaHUS B JIPOOHBIX
ANEKTPUIECKUX COMPOTHUBIICHUSIX OHOJIOTUYECKUX DJIEMEHTOB, B JIPOOHOM YIpaBlIieHHMH TU(PQY3MOHHBIMU
cUCTeMaMH{, B YIPAaBICHUM JABWKCHHEM, U1 aHajlu3a CUTHAJIOB, HCIIOJIB3YEMBIX B POOOTOTEXHHKE,
JUHAMUYECKUX CUCTEMaxX M YIPaBICHWH MEXaHMYECKHMMH MaHHMITYJISITOPaMH, MOXKHO HallTH B pabotax A.A.
Kunbaca, X. M. lllpusactassr, k. k. Tpyxunso [1], K. C. Mumnep u b. Pocc [2], W. Ilommy6nsrii [3], C.
I'. Camko, A. A. Kunbac, O. U. Mapuuup [4] KpaeBble 3amaum is ypaBHEHHH MapaOOIMYECKOro U
CMEIIaHHOTO TUIIOB, UCKIIIOYAIOLIHE IpoOHBIe HHTErpo-auddepeHanbpHbIe onepaTopsl, Takue kak KamyTto
n Puman-JInyBuie, ObutM uccnenoBanbl B pabortax [5-9]. Ilepmele (yHIamMeHTanbHBIE HCCICIOBAHUS
TEOpUHU HArpyKeHHbIX ypaBHeHUH npuHaiexar A.M. Haxymesy [10-11]. B atux pabotax naercst Hanbomee
ofIiee ompeneneHNe HarpyKEHHOTO YpaBHEHHsI M MOApoOHas KiIacCU(pHKALUs HArpyKEHHBIX YpaBHECHUIM:
Harpy)xeHHsle IudQepeHunanbuple, HHTETpajibHble, HHTerpoanddepeHIraIbable, (YHKIHOHAIBHBIE
YpaBHEHHS, a TaKK€ UX MHOTOUYMCIICHHBIEC MPIJIOKEHHS. 3a 3TUMHU HCCIETOBAHUSIMHE TTOCIIE0BATN PaOOTHI
[12-17], B KOTOpHIX OBLIM IMOJYYEHBI WHTEPECHBIE pe3yiabTaThl. C Ipyroi CTOPOHBI, HAM HEOOXOIUMO

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 153



MATHEMATICS

OTMETUTh padoThl [18-20], B KOTOPBEIX METOIOM OTICIBHBIX IEPEMEHHBIX OBLIO HCCICIOBAHO HECKOJBKO
JIOKAJTBHBIX W HEJOKaJIbHBIX HAYallbHO-KPAEBBIX 3aJad IS Harpy>KeHHBIX ypaBHEHUH B MPSAMOYTOJIBHBIX
o0nacTax.

BrimienpuBeieHHbIC  TyOJMKAIlMM TMPUBEIM K BBIBOJIY, YTO WCCIICIOBAaHUS B 00JacTU TCOPUH
Harpy>keHHBIX TU(GEepeHINATBHBIX YpaBHEHHH APOOHOTO TMOPSAKA aKTyalbHBI, W 3Ta TEOPHUS SBISIETCS
OTHON W3 COBpPEMEHHBIX W paszBuBaromuxcs teopwii PDE. OmHako kpaeBble 3ajaull C HWHTETPATBLHBIM
YCIIOBUEM CKJICHBAHHS JJIsi YPABHEHUH CO CMEIIAHHOW HArpy3KoW JPOOHOTO TOpSIKa €Ile HEeJO0CTATOYHO
myueHol. Cnexgyer otmetutb paboter [21], [22]. [laHHas crTaThsi TOCBSIICHA JOKa3aTeIbCTBY
€IMHCTBEHHOCTH U CYIIECTBOBAHHUS PEIICHUS HEJIOKAJIHHOMN 33a/]a4M C HHTETPATbHBIM yCIOBHEM CKIICUBAaHUS
JUIST HArpy»KEHHOTO YpaBHEHUsS Mapaloio-THIEepOOIMYECKOro THUIMa, BKIHOYaromero omneparop KamyTo
IpoOHOTO MOpsKA.

IHocranoBka 3axaun. PaccMoTpuM ypaBHEHUS

Uy — ¢ DU+ p(X, y))jl((t —x)#u,(t,0)dt, aty >0,

0= . 1)
U —Uy —a(X+Y) | (t—x—y)"u,(t,0)dt, at y <0,
X+y
C oneparpom KamyTio:
1 Y -
af__ - _ af! 2
rie O<a,B,7<L p(xy)u q(X,Y) sanaunsie dynkcun. ITyct Q orpanHyeHa cerMeHTaMu:
BB, ={(x,y):x=0,0<y<h},
B,A ={(x,y): y=h,0<x<1]
npu y << 0 ¥ XapaKTepUCTUKAMM: AlC X=Y =], Blc X+Y= 0.
Just ypasuerus (1) mpu y > 0, sxece A (1;0), A (Lh), B,(0;0), B,(0;h), C(O, 5,-0, 5).
BBozmm 0003HaueHIs: G(X) = Q(XTH-;XT_:LJ’
_ 1 b -
D7 f(X) == [ (t—x)7 f (t)dt, ©)

Q" =Qn(y>0), @ =Qn(y<0), I={x: 0<x<1}, Ilz{x:%<x<l}, I,={y:0<y<hj,

B oGmactu {2 1oka3bpiBaeM €AMHCTBEHHOCTh U CYIIECTBOBAHHME PELICHUS CICTYIOUIYIO 3a/1a9y

3agayva. Haiitu pemmenue U ( X, y) ypaBaeHus (1) u3 KiraccoB PyHKIUN

1. u(x, y) e C(Q);

2. DEueC(QY),

Uy (X, Y) € C(Q7LQT), Uy (x,y) eC(Q),

U (X, ¥) eC(BB, UAA,), v, (xy)eC(Q UI), u,(x,y)eC(Q LI);

YAOBJICTBOPAIOMINEC 'PAHUYHBIMU yCIIOBUAMMU!

> w

u s an =20, yel, 4)
Uy (X, y)||31|32 =p(y), yel, (5)
B ur6091=209u,(x,0)+b(u, (x,0)+e(u(X,0)+d (), xel, 6)
" YCJIOBUEM CKIICUBaHUS:
yILrDO yl‘“uy(x, y) =ﬂi(x)uy(x,—O)+/12(x))}(r(t)ut(t,0)dt+/13(x)u(x,0), xel, (7
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rae o(Y), w(Y), a(x), b(x), ¢(x), d(X), u ;(x)(j=123), 3anannsie GpyHxuun, TaKoi, 1ro

S 22(x)#0
J=1
EnuncrBenHocts pemienus 3agauyu. l3BectHo, uyto ypaBHeHme (1) mo XxapakTepuUecKoit
xoopmuuate & =X+ Y u
n=X—Ymopu y< O Gyner umers BUI:

e, =907 (- gy u, . 0)at. ®)

Lﬁw

BBoauM 0603HaueHMS: 3
7(X)=u(x,0), xel, v (x)=u,(x,-0), xel. 9)

Pemenue 3anaun Komm amst ypauenus (1) B o6nacm ﬂ MOKHO Hpe):[CTaBI/ITL B BUJIE:

u(x,y) = L&V +TX=Y) 1X} v (t)dt+ e j dnj(t £y yt,

2 x+y
uo00] =00 2 v dt+§ [0z dnf -9 0dt (10)
S uroe] ="V 900 fan )j((t—x)y‘l 2ty (1)

[Tocne ucmonp3oBan (6) ¢ yaerom (3) u3 (11) MBI mOTyIHM:

(1-2a(x))v~ () =(27ML=x)7q(x) +2c(x) ) 7(x) — (L—2b(x)) 7'(X) +

+2 C QA+ y)g(x) D 7' (x)—2d(x), (X,0)el. (12)
C yyerom 0003HaYeHUH U yCIOBUS CKienBaHus (7) UMeeM:
vH(X) =4 (x)v(X) +22(x)} rt)c ©)dt+4,(x)z(x), Xel. (13)

Hanbue ot ypaBHenus (1) npu v — +0 ¢ yuetom (2), 3) u
lim D5, £ (y) = T (@) lim ™/ (»)
IMomyuwnu |20]:

") - I (@)A(x)v (x) - T (a)ﬂz(x)ir ()7’ ()dt -

(14)
~[(@)A(X)7(x)+ T(B) p(x, 0 DL () =0,
7'(0)=w(0), 7'(M)=¢(0). (14)
Teopema 1. Ecin 1— 2a(X) # Owu st 3a1aHHBIX BBIIOIHSIOTCS YCIOBHSL:
aMAQ+40 <0, ¢O40)+40)20,  (4(x)/r(x) <0, (15)
24(0)a(0)/1—2a(0) =0, p(0,0)20, p'(,0)20, 4,(0)/r(0) <0,
(16)
(40980 A-2a00)) 20, () +()A(9)' 20, (1-20(x)4()/(1~2a(x)) 20,
(17)

10, pemtenne U(X, Y) 3azaun eqMHCTBEHHO.

JloxazaTeabcTBO. V3BECTHO, YTO €CIM OAHOPOIHAS 3a/laua UMEET TOJIbKO TPUBUAIIBHOE PELCHUE, TO
MBI MOKEM yTBEPXKIATh, YTO UCXOAHAS 3a7adya UMEeT €ANHCTBEHHOE pelieHue. [l 3Toro npeanoxkum, 9to
3ajaua WMeeT 1Ba pEUICHWs, a 3areM O0003Ha4YMB MX pasHocTh Kak  U(X,Y) Mbl momyunm

COOTBETCTBYIOLIYIO OJJHOPOIHYIO 3aauy. YpaBHenue (14) ymuoxaem Ha 1’ (x) u uarerpupyem ot 0 1o 1:
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[ (07 ()dx = (@) [ A ()7 (v (¥ +T ()] A, ()7 ()| ) () +

0 0 0 0
+F(a)(})/13(x)r(x)r'(x)dx—F(,B)ir'(t) (3, 0) D7 (x)dx (18)

C yuerom (12) na cuer d (X) =0, MBI IOJTy4aeMm:

2006 0= e (0,00 50007200 - @] & 20N -
0

F(a)F(l+7)%(X)r (x)q(x)t s
o) b L-za(g Lo XTOd
2 9 1
_a) | (22 A ) [jr(t)r (t)dtj — /(%) p(x, 0)dx] (t —x)#27'(t)dlt, (19)
2 0 r(x) 0 X

rae ¢ (X) = ([1—x)"q(x) +2c(x)/(L—2a(x)).

OcHoBrIBasick Ha hopmyite [23]

x=t[" =

I T )
F(V)Cosmf/zfz cos[ z(x—t)Jdz, O<y<1

ocIie HEKOTOPBIX yIporieHn# u3 (19) Mb1 momyyum:

7007 (0dx = B[ 20040+ 4 0) - 2O (O 4©) + 4,(0) |-
~H2,00 + 6004007 7200k (@)] 202009 12y«

1-2a(x)
() 4,(0) * L D@} A9 ,
+ 2 2r(0) [Ir(x) (X)dxj +— j( 00 JdX(jr(t)r (t)dtj +
@ 7dz1A(d0) SR
+W1y)/2£z J) ~2a(x) [[Ir(t)cosztdtJ ({r(t)smzt dtj }+

T — o /Zo(jjz‘7dz [p(x0)d mr'(t) coszt dtj +@r’(t)sin 2t dtJ }

I[aﬂee O6Be,[[I/IH5{5{ 110 4acCTAM B IIOCJIICIHHUC ABa 4JICHA, OKOHYAaTCIBbHO HOHy‘IaeMZ
L2 0-20 -T2 @040+ 40) - 20O 40)+ 4O) ]+

A 00+ cl(x)zi(x)]’ (0 (@)f ﬂl(i)_(lz;ff)(x)) 7 00dx -

B F(;!r)?g)(o) (i r(x) 7’(x)dxj2 o) }(%j ﬁ r(t)r'(t)dtj2 dx +

yT(@)a@A40) < -, @ %y
4(1- 2a(0))5|n7z;//2I (M*(0.2)+N*(0, Z))d”—f dz

1 A4(x)9(x) p(0,0) M?(0,2) +N?(0,2)
Xg[l—Za(x)} [Mz(x,z)+Nz(x,z)]dx+zr(ﬁ)sin”ﬁ/2j 7 dz+

2r(ﬂ)sm7zﬂ/2£ _deJ( 2(x,2)+ N2(x,2)) p,(x,0)dx=0  (20)

pe M(x,2) = [ 7'(t) cos ztdt,

Taxum 00pa3om, B CHITY Z"(O) =0, T’(l) =0 mpu (0( y) = l//( y) =0 (18) B cuny (15)-(17) u3 (20)

A€1acTCA BBIBOI, UTO d (X) = O . CJ'ICI[OBaTCJ]LHO, Ha OCHOBC pCHICHUA BTOpOﬁ KpaeBoﬁ 3agadu ajisd
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ypasuenus (1) ¢ yuerom |20], |24| na cuer (4) u (5), moxyanm U(X,y) =08 Q. Jlanee, u3
(ynkmoHanbHbIX cooTHoeHnH (12), ¢ yaerom d (X) = Omonyuaem,uto V'~ (X) = 0. CrenosarensHo, Ha

ocuosannu peenns U(X, y) =0 B samxuyToit o6mactn €2~ .

CyuiecTBoBaHue penienus 3aaayu
Teopema 2. Eciu ycnosus (15)-(17) u

PO Y) eCHQ)INCHQ), a(x+Y)eC(Q)NCHQ), @
o), w(¥) €C(1,) NCH(1,); a(x), b(X), ¢(x), d(x), 4;(x) €C*(I,). (j=13), @2

BBINOJIHEHBI, TO PEIIEHUE UCCIIeLyeMOM 3a1a4uH CyLIECTBYET.
Hoxa3zarenascrBo. C yuetom (12) Ha cuet ypaBHeHus (14) momydnm

2(X)+ AX)7 () + BOO[ (= x)7 /@) dt + p(x, 0)] (t—x)P 2 (t)dlt -

(@), () r®)7 @©)dt + C(x)z(x) = D(X) (23)
31€Ch
_ T(a)1—-2b(x))A4,(X) __rI(e@)a(x)A4(x)
A= a0 B0 2a00) °
C00 =-T(@(e WA+ 400, Dx) =~ 2 EEEN,

Orcioroma, mpu X —> 1 8 cuny V(1) = gD(O) =7 (1) 3aKITIOYAEM, UTO

(1-b@) - a(1)))e(0) - ;d @
c(l)

Nnrerpupyem ypaBuenue (23) ot X g0 1 u cuutas (24) nocie HEKOTOPHIX BEIYUCIEHHUH, TOTydyaeM

Z(0- K MOdt=F(x), xel, (25)

(D)= (24)

3amMeTuM, 9TO 3TO ypaBHEHHE SIBISETCS MHTETPAIBHBIM ypaBHEHUEM Tuia Bonreppa BTOporo poja,
rae

K(xt) = A(t)+ } i ?(Zz)zy dz +i (tp_(zz’) 9 dz —r(a)iﬂ,z(z)r(z)dz —:j(C(z)dz. (26)
F(x) = (0)— [ D(t)dt (1) [C(t)ct. 27)

B cuy (22) u (23) u3 (26) u (27) ¢ yuetom 0 < 3, ¥ X<1 cnezlyeT,quo
|K(X,t)|<C; mnsmoboro 0<x<1, 0<t<1 (28)
F()eC(T)NC*(1). (29)

Takum obOpazom, yumteiBasi (28) u (29), MBI nmemaeM BBIBOA, 4YTO YypaBHeHHE (25) sBisieTcs
WHTETPAIbHBIM ypaBHEHHEM THIIa BoybTeppa BTOpOro pojia WM, OCHOBBHIBAasSCh HAa TEOPHHM HHTETPATBHBIX
ypaBHeHHH Tuna BombTeppa, MBI HaiiieM yHHKalbHble pelieHns ypaBHeHus (25) B Kkiacce

C ( |_) NC 2 ( | ) . OT0 penieHue 3aaaercs popmyioi [24]:
(0 = [ROGOF M)At + F(x), xel. (30)

rae — R(X,t) pesonbBentTa -sapo u3 K(X,t) . Uarerpupys ypaerenue (30) or X 10 1, monydaem

£ =~{t]| o(0)~[ D)L~ C(O)d |Rt )~
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—}{(p(O) _iD(2)dz —r(l)}C(z)dz}dt, xel. (31)
X t t
B cuy (27) u (28) u3 (30) MBI 3aKir04aeM, 4TO
7(x) e CYT)NC2(1). (32)
Moxacrasmnss (30) u (31) B (13) ¢ yuerom (21), (22), (32) met onpenemsiem V (X) B knacce
v (x)eC(DHNCYI). (33)

Jlanee, B cuny (32), (33), npunumas Bo saumanue (12), X =1 cuuras, uto V(1) =7 '(1) = (D(O) u

C(1) # O w1 HaxomMM HEM3BECTHYIO IOCTOSHHYIO T @:

(1) = (1-al)-b®))p(0) +d (1) |/c(D). (34)

Takum obpazom, pemieHne cQOpPMYITHPOBAHHOW 3aadd MOXKET OBITh BOCCTAHOBJIEHO B OOJIACTH

Q" kax peltenne BTOPOi KpaeBoil 3amaum s ypasHenns (1) (cm. [5]), a B o6mactu {2 kak pemeHue
3amaun Komm mns ypashenus (1) (em. (9)). CrnenoBatenbHO, cOpMysIMpOBaHHAs 3ajadya OHO3HAYHO
paszpemmmMa.

Teopema 2 noka3zana.

1
3ameuanue. Eciu a(x) = 5 toraa u3 (12) cnemyer, 4to chopMynupoBaHHAs 3a7a4a SKBUBAICHTHO

CBOIUTCS K  HUHTCTPAIBHOMY  ypPaBHEHHUIO Bombreppa  BTOpOro  pona OTHOCHUTEJBHO
npusenentoro 7(X) Bbiiue, To GyeT JoKazaHa OJHO3HAYHAS PAa3pPELIMMOCTh MOJYYESHHOTO HHTEIPAIbHOrO

YPAaBHEHHUS.
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V]IK 532.546

YU CJIEHHOE MOJEJUPOBAHME ITPOILIECCOB IIOCKOPA IUAJIBHOM
OUJIBTPAIIUU C JPOBHBIMHU ITPOU3BOJIHBIMUA

3okupose Myxammao Cobuposuu,
Camapranockuii eocyoapcemeennwiil yrusepcumem um.lllapoga Pawuoosa
mzokirov45@gmail.com

Annomauusa. B pabome paccmampusaemcs paouaivbHas 3a0a¥d aHOMAnbHOU  uibmpayuu
00HOPOOHOU  Jicudkocmu. Teuenue O0OHOPOOHOU JHCUOKOCMU 6 NOPUCHOU Cpede  MOOeIUpPOBaAloCh
oughghepenyuanvHvimM ypasHenuem ¢ OpOOHbIMU NPOU3BOOHBIMU. [[pOOHBIE NPOU3BOOHBIE ONpedeieHbl 8
cmvicne Kanymo. 3aoaua pewena uucienno C memooom KoHeunvix pasnocmetl. Ilpeocmasnenst npogunu
CKOpOCmU purbmpayuy npu paziuyHulX 3HAYEHUAX OPOOHOU NPOUBOOHOU BPEMEHU 8 NIOCKOU PAOUATbHOL
nopucmotu cpeoe.

Knwuesvie cnosa: anomanvuas uibmpayus, eépems peiakcayuu, OpoOHAs Npou38o0HAs, Memoo
KOHEUHbIX pa3HoCmell, NOPUCTAsL cpeod.

NUMERICAL MODELING OF PLANE-RADIAL FILTRATION PROCESSES WITH
FRACTIONAL DERIVATIVES

Abstract. The paper considers the radial problem of anomalous filtration of a homogeneous fluid. The
flow of a homogeneous fluid in a porous medium was modeled by a differential equation with fractional
derivatives. Fractional derivatives are defined in the Caputo sense. The problem was solved numerically
using the finite difference method. The filtration velocity profiles are presented for different values of the
fractional derivative of time in a flat radial porous medium.

Key words: anomalous filtration, fractional derivative, finite difference method, porous media,
relaxation time.

KASR HOSILALI TEKIS RADIAL SIZISH JARAYONLARINI SONLI
MODELLASHTIRISH

Annotatsiya. Ushbu ishda bir hil suyuglikni anomal sizishning tekis radial masalasi ko'rib chigilgan.
Birjinsli suyuglikning g'ovak muhitdagi sizishi kasr tartibli differentsial tenglama bilan modellashtirilgan.
Kasr hosila Kaputo ta’rifi asosida aniglangan. Masala chekli ayirmalar usuli bilan yechilgan. Tekis radial
g'ovak muhitda vaqt boyicha kasr hosila tartibning turli giymatlarida sizish tezligi profillari keltirilgan.

Kalit so’zlar: anomal sizish, kasr tartibli hosila, relaksatsiya, g'ovakl muhit, chekli ayirmalar usuli.

Beenenne. M3BecTHO, 4TO HE()TH MHOTHMX MECTOPOKACHUI HMMEIOT aHOMAaJlbHBIE PEOJOrHMYEeCKHe
CBOMCTBAa. AHOMaJbHBIE CBOWCTBA HE()TH OOYCJIOBJCHBI HAIMYMEM B €€ COCTaBE Pa3jIMUHBIX BEIIECTB, B
4acTHOCTH ac(aibTeHOB, CMOJ, Tapa@HuHOB U Jip. AHOMAaJbHAs BA3KOCTh HEQTH OTpaKaeTCs Ha JIBUKEHUE
ee B cucteMe cOopa U BHYTPUIIPOMBICTIOBBIN OATOTOBKH, TPyOOIIPOBOIHOTO TPAHCIIOPTA U Ip. AHOMaJIbHAS
BSA3KOCTh OOBIYHO OKa3biBaeT OoJiee CHMIIBHOE BIMSIHME Ha IMpolecc ABIKeHHS HedTH B miacte [1], uro
oTpakaeTcst Ha 3aKoH GuibTparmu. Kiiaccuueckwuii 3akoH Jlapcu TIpu TOM HapyIIaeTCs.

B [2] noka3aHo, 4TO 17151 TEUEHUS! BSI3KOM KUJIKOCTH B YIIPYTHX MOPUCTHIX CpeAax IMOIy4eHO ApoOHOe
COOTHOILECHHUE MEX/y CHIION U TIOTOKOM.

21_]151 KOJIMYECTBEHHOM OICHKN TII0TOKa XHUAKOCTH B C€CTCCTBCHHBIX TI'COJIOTHYCCKUX CpEeaax
HCIIOJIb30BAIMCH Pa3IuUHbIe ()OPMYJIbI, OMUCHIBAIOINIUE MTOTOK, HE MOAUYMHSIOIIMNCS 3aKoHY Jlapcu, ogHako
HE CYIIECTBYeT OOLIero 3aKOoHAa WM (QOPMYJBI IS pacdeTa CIOKHOH B3aWMOCBSA3M MEXKAY CKOPOCTBIO
IIOTOKAa WU I'paAUCHTOM JaBJICHUA IJIA O)IHO(i)a?,HOI'O IIOTOKA XUAKOCTU B €CTECCTBCHHLIX CpEaax. HCHBIO B
pabote [3] sBiIsIETCS MPEIOKEHUE W OllEHKA (PpaKTajibHONW MOEIu 3akoHa Jlapcu s pacuera pacxoja
YKUJIKOCTH B HEOJTHOPOIHBIX HEPTSIHBIX IIACTAX.

B mocneqnee Bpems MOSBWIMCHE MOJACTH (DUIBTPAIUH, TNI¢ IMIMPOKO CTAJl MCIIONB30BAaThCS ammapar
npo6Horo auddepeHIMpoBanys. sl IydIrero onyucanus MoToKa U JaBJICHHS )KUIKOCTeH 3ak0H Jlapcu 0BT
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MOJUGDUIMPOBAH C 10 BBEICHUS 00IIEro popMann3Ma MamsITH, padoTaroIEro ¢ rpaJUeHTaMH ITOTOKa U
naBieHus [4], 9To moapasymeBaeT (pUIBTPAIUIO TPaIueHTa JaBIeHUs 0e3 pa3aeeHusl.

B [5] mpencraBnen 3akoH Ttumna Jlapcu w3 ApoOHOro 3akoHa BS3KOCTH HBIOTOHA, KOTOPBIi
MpeIHA3HAYCH /I ONMUCAHUS SBJICHUN HANpPSDKCHUS CIBUTA B HEOJHOPOIHBIX MOPHUCTHIX cpedax. B aTom
CMBICIIE 3aKOH BsI3KOCTH HBloTOHA mpencTaBiseT cobol 0000IIeHne KITacCCHIeCKOro 3akoHa JlapcH.

B nmammoii pabore paccMarpuBaeTcs 000OIEHHAs penakcalmoHHas IpoOHO-muddepeHnramTbpHas
MOJIeTh (PUIIBTPAIIMK OJHOPOJIHOM )KHUKOCTH B TIOPUCTOM Cpefie ¢ YUSTOM TUIOCKOPaAHaIbHON (DUIBTPAIIIH.
BeIBeleHO ypaBHEHHE pETaKCAlMOHHOW (QUIBTPAlMM C YYETOM IUIOCKOPAJAUATLHOU  (UIBTPAIHH.
IMocraBieHa W 4HCIEHHO pemieHa 3amada QuibTpamuu aius 3Toro ypaBHeHHs. OIIGHEHO BIHSHUCE
IJI0CKOPAIUAILHON (DUIIBTPAIK U PETIaKCAIIHOHHBIX CBONCTB Ha TOJIE IABJICHHS U CKOPOCTU (DMITBTPALIHH.

IMocranoBka 3agaun. O0nacTh GUIBTpaIMK MMOKa3aHa Ha puc. 1. OUIbTpanus KUIKOCTH MTPOUCXOIHUT

Puc.1. Ob6aacte puabTpanuu
B PaJMaJIbHOM HAIpaBJICHUH B CTOPOHY LIEHTpa 00JacTH. B mleHTpe HaxoauTesl cKkBaXknHa paguyca I .

Breumuii KoHTyp 00acTu uMeeT paauyc R . VUuTbIBas KpyroByH0 CHMMETPHIO CUMTAETCS, YTO TIOKA3aTENH
GUIbTpaLK HE 3aBUCAT OT YIJIOBOH KOOPJIUHATHI, @ 3aBUCST OT paauaibHON KoOpJAuHaThl I U BpeMeHH {.
3akoH (UIbTpaluK B pajHalbHOM Clydae ¢ Y4eTOM pellaKCalud MO CKOPOCTH (WIBTPallMd W TpajreHTa
JaBJICHUS C UCTIOIb30BAHMEM APOOHBIX IPOU3BOIHBIX 3aIIUCHIBACTCS B BHIIE

k(o 0
V+A,D/v=—— —p+/1th“—p , (1)
u\or or
rae A, A ,- BpeMeHa pelakcaluu CKopocTH GuibTpauuu V u nasieHus P, K - mponuuaemocts
Cpembl, L - BA3KOCTB KHIKOCTH, I' - koopmunata, D, D/ - oneparopsr apo6roii mponssoHoii B cMbICiIE
KanyTo [4], o Bpemenu t nopsinka 3 u O , COOTBETCTBEHHO.
3aMeTUM, YTO BPEMEHA peNaKcalud A, u A, B (1) uMeroT APOGHYIO Pa3sMEPHOCTH [kp]:C“ :
[kv] = c”, cootBercTBeHHO.

AmnanornyHo [6] Ha ocHOBE (1) BEIBEZACHO YpaBHEHHE ITHE30TPOBOIHOCTH

o 106 0
—(p+A,Dfp)= x=—|r—(p+A,D7p) |, 2
at(|0+ D p) e ar(p .D{p) )

k
Tae X = — — KO3((UIIUEHT MbE30IPOBOIHOCTH.

[Tycte B HauaJbHBII MOMEHT B 00NacTH ObUIO MocTossHHOE aaBieHue [, . Haumnas ¢ t >0 nHa
CKBa)XMHE YyCTAaHABIUBAETCSA IOCTOSHHOe naBieHue [,. Ha xonrype mmacra I = R momnepxusaercs

[IEpBOHAYAJIbHOE [JaBiieHHue [, YTO COOTBETCTBYET PEXHUMY paOOThl OTKPHITOrO IIacTa, IE 3a CUEeT

MMPUTOKA KUJAKOCTH U3 BHC JABJICHUC MMOAACPKUBACTCA HA TIOCTOSHHOM YPOBHC.
HpI/I OTMCUCHHBIX YCJIOBHAX HAYAJIbHBIC U T'PAHUYHBIC YCIIOBUA IIPUHUMAIOTCSA B CIICAYIOIIEM BUIC
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p(0,r) = p,, D/ p(0,r)=0, (3)
p(t,re) = pc » p(t, R) = pyg (4)
P, » P. =const.

VYpaBuenue (2) perraercs mpu ycnosusix (3), (4).
Yucaennoe pemenne 3aga4uu. B obmactu Q= {0 <r<R,0<t ST} BBEJIEM PaBHOMEPHYIO CETKY

Q={r.t,), r=r +ih, i=0,N, h=R/N, t, = jr, j=0,M,7=T/M}, rre h - mar cerxn no

KoopauHate I', T — war ceTku no Bpemeny. Cetounyio pynkimio B Touke (I;,t;) obo3nauum yepes pl.

Pa3HOCTHa;1 annpOKCHMaum ypaBHEHUS (2) UMeeT BUJ

pj+l _ p j-2 k+1 -92. p_k + p_k—l ] . .
L+ L (kK +D)F —(k-D)*7 )+
TG ﬁ)[z = ((1-k+*” ~(k-*7)
(5) .
pP 2l L gs P —(fos o) P g P
7 r h?
4 Ay T hos Sy T Mg ) Py — Pia _ e ‘(ri+0,5 + ri—O,S)' S,
h I'2-a) I'2-a) T I'2-a)
_ e '(ri+0,5 + ri—o,s)_ pi*—p/ + T “Tios S, + 1-1*“ Tios ply - ply
I'2-ao) T I'2-o) I'2-a) T '
rIe
j-2 R k+l j—2 qk+l k
=y i B p.ﬂ P (G=k+D = (i-k)), s PP (ke (k) ),
k=0 Py
j-2 R k+l
S, = w (i -k +D5 = (k).
k:O T
j-2
5, = SO Z B (k) — (-1,
k=0 7’
. +r [+r .
i+05 — - : ) ri—05: : I_l; r:(l_l)h’ kv:#ﬁ’ kP: lp a 2
2 2 Ir'G-p)r I'2-a)-z%-h
2:i-h-h 2-i-h-3:h
!r]_ = ’ 0 :—1
2 2

rae 1(-) — ramma dymxims,
Ipu wmssectiom P(t,r) ckopocts ¢unbrpamuu onpenensercs u3 (1), mocie AUCKPETH3AIMH

KOTOpPOr0 UMEEM
j-1

j+l k+1 _ 1-p5 1-p5 IR —
W e T )(J k) (=K ) i /)

L

J 1(p.k” (ke ==k ) Jj

rQ2

k=0

e [le(plkjll p|+1) ( -k +1) (J - k) ) pljjl:L - p|+1 (6

k=0

[Tpu anmpokcumaru 1poOHBIX POU3BOAHBIX B (5) HCHOJIB30BaHa MeTOA0IOTHU [6-8].
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PesyabTaTthl M o0cy:kaenue. 3amada (1)-(4) permeHa YHCICHHO W aHAJU3UPOBAHO BIUSHUE

Aoy Ay 0 W B Ha pacnipenenenue naBieHHs U CKOPOCTH (DMILTpalMu B muiacte 1t K =107 m?;
=107 Ia-c; p, =20MIla, p, =15Mlla.; f=3-100"Ma™", r, =01 R=40 u.
PesyabTaThl. XapakTEpUCTHUKN HU3MEHEHMs V TIOTHOCTBIO COMNIACYIOTCS ¢ m3MeHeHneM [ . Ilpm

MajlbIX I, T.C. BOJIM3H I’C CKOpPOCTH (bI/IJ'H)TpaIII/II/I PE3KO BO3paCTaCT, 4TO 00BSICHIETCS YMCHBIICHUEM

MIOTIEPEYHOTO CeYeHHS (MIBTPAIIMOHHOTO TOTOKAa. JTO XapaKTEpHO U PagualibHBIX (DHIBTPallMOHHBIX
oToKoB. Kak ¥ B ciiydae H3MEHCHHs IaBJICHNs, yMEHbIICHHE [ NMPHBOIKUT K yMEHBIICHUIO 3HAaUCHHI V, a

yMeHblIEHUE O — K yBenudenuto V (puc.8, 9). Biusnue A, n A, Ha V TaKxe BIOJIHE aHAIOTUYHO C

siustauem Ha P (puc.10, 11); A, ymenbmaer, a A, ysenuausaetr V. C yBeINICHHEM BPEMCHH t ckopocTs

¢uIbTpay yBeIMYMBaeTcs BO Bcell oonactu (puc.12).

p-10’7,]7a
7 -

1,9 1

1.8 1

1,7 1

1,6 1

]_,5 T T T 1
0 10 20 30 40

Puc. 8. [podrmn nasnenns npu pasmuansix o npu £ =3600C, A, =500¢”, A, =500 c“, B=1.

r, m
p-107,Ila

]
J

1,9 1

1.8 1

1,7 1

1,6 1

1,5

0 10 20 30 40
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Puc. 9. IIpodumn mamenns npu pasmaunsix B opu £ =3600C, A, =500 ¢’ A, =500 ¢,
a=1.

M-10_4, mlc
0.4

Puc. 10. [podumm M3MEHEHUs CKOpPOCTH npu Pa3IUYHBIX B npu
t=3600 ¢, A, =1000 c¢”, A, =500c*, a.= 0.7

v-10~*, mlc
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r, m
30 40
Puc. 11. [Ipodunn W3MEHEHUS CKOpPOCTH pH Pa3THUYHBIX o pu
t=3600c, A, =1000 c”, A, =500c”, B=0.7 .
v-10™*, wmlc
0,3
A, =0c
_____ A, =500cC

o4 ), =1000 ¢
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Puc. 12. pogumn mamenenns ckopocrr npu 1 =3600 C, A, =500c”, o0 = 0.7,=07u

PasIMUHBIX A, .

3axaouenue. UnCIIeHHO pelieHa 3a/1adya aHOMAIBHON (PHITBTpAITiy OTHOPOIHOM JKHIKOCTH B TUIOCKO
— paguansHOM mopucToi cpezne. IlokasaHo, 4TO yMEHbBIIEHHE MOPSAKA MPOU3BOJHOW B PEIaKCallIOHHOM
YJIeHE 10 CKOPOCTH (UIBTPALMK TNPUBOIUT K 3aMEIUICHHIO Pa3BUTHS IIOJI1 JABICHUS H CKOPOCTHU
¢buapTpany. YMEHBIICHHE TOpSAAKAa MPOW3BOAHON B PEIaKCAlMOHHOM HIIEHE 3aKOHa (WIBTPAIMH II0
IPaaUuCHTy JaBJICHUS, HA00OPOT, MPUBOJUT K WHTCHCU(UKAIUK Pa3BUTH TOJCH IaBJICHUS U CKOPOCTH
¢$ubTpanyH.

JUTEPATYPA:

1. Jdesnuxamos B.B., Xabubyniun 3.A4., Kabupos M.M. Anomanvuvie negpmu. M.: «Hedpay, 1975. -
168 c.

2. Luca Deseri., Massimiliano Zingales. A mechanical picture of fractional-order Darcy equation //
Commun Nonlinear Sci Numer Simulat. 20. 2015 P.940-949. http://dx.doi.org/10.1016/j.cnsns.2014.06.021.

3. Ailian Chang., HongGuang Sun., Yong Zhang., Chunmiao Zheng., Fanlu Min. Spatial fractional
Darcy’s law to quantify fluid flow in natural reservoirs // Physica A. 0378-4371, 2018.
https://doi.org/10.1016/j.physa.2018.11.040.

4. Caputo M. Models of flux in porous media with memory //Water Resources Research. Vol. 36.
Me3. 2000, P. 693-705.

5. Alberto Ochoa-Tapia J., Francisco J., Valdes-Parada., Jose Alvarez-Ramirez. A fractional-order
Darcy’s law //Physica A. 374. 2007. P.1-14. doi: 10.1016/j.physa.2006.07.033.

6. Khuzhayorov B., Djiyanov T.0O., Zokirov M.S, Generalized relaxation fractional differential
model of fluid filtration in a porous medium. // International Journal of Applied Mathematics. Volume 37.
Nel. Pp.119-132. 2024. doi: http://dx.doi.org/10.12732/ijam.v37i1.10.

7.  Makhmudov J.M., Usmonov A.l., Kuljanov J.B. Solution of the Anomalous Filtration Problem in
Two Dimensional Porous Media APAMCS, — 2022. — P. 68-80. doi: http: //dx.doi.org/10.1007/978-3-031-
34127-4 1.

8. Y Xia, J C. Wu and L. Y. Zhou, “Numerical Solutionsof Time-Space Fractional Advection-
Dispersion Equations,” ICCES, Vol. 9, Ne.2, 2009, pp. 117-126.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 166


http://dx.doi.org/10.1016/j.cnsns.2014.06.021
https://doi.org/10.1016/j.physa.2018.11.040
http://dx.doi.org/10.12732/ijam.v37i1.10

PHYSICS

UO’K 621.315.592
YEVROPIY BILAN LEGIRLANGAN KREMNIYDA MAGNITLANISHNING GISTEREZISI

Abdug ‘aniyev Yo ‘ldoshali Adashali o ‘g ‘li,

Fizika-matematika fanlari bo ‘yicha PhD

Islom Karimov nomidagi Toshkent Davlat Texnika Universiteti
yoldoshaliabduganiyev2@gmail.com

Annotatsiya. Yevropiy kirishma atomlarini kremniyga kiritish natijasida magnit nanoklasterlari
shakllantirilgan p-tipli legirlangan kremniy namunalarining magnit xususiyatlarini o ‘rganish bo ‘yicha
tadgigot natijalari keltirilgan. Bunda asosiy vazifa diffuziya usuli bilan olingan materialda elektron
paramagnit rezonans xususiyatini o ‘rganish, magnit qarshilikning elektr va magnit bo ‘yicha o ‘zgarishi
qonuniyatlarini o ‘rnatish, xona haroratida magnitlanish gisterizisi tashqi magnit maydon ta’siriga
bog ‘ligligini aniqlashdan iborat.

Kalit so“zlar: Gisterezis, diffuziya, magnit garshilik, feromagnit, konsentratsiya

T'UCTEPE3UC HAMATHUYEHHOCTH B KPEMHHUH JJETUPOBAHHOM EBPOITAI

Annomauusa. Ilpedcmaesnenvt pe3yrbmamol UCCIE008AHUSA MACHUMHBIX CEOUCME 00PA3Y08 KpeMHUs,
JIe2UPOBAHHO20 P-MUNOM, 8 KOMOPHIX 8 pe3yIbmame 66e0eHUsl 8 KPeMHUL 1ecupyiouux 000a8oK esponus
dopmupyromes macHummusie Hamoxkiacmepvi. OCHOBHASL 3A0a4a — U3YHEHUE CBOUCME INeKMPOHHO20
NapamMasHUmHO20  Pe3oHAHca 6 Mamepuane, HNOIVYEHHOM Memooom  Ouggysuu, ycmanosneHue
3aKOHOMEPHOCIel USMEHEHUSI MASHUMOCONDOMUBNEHUS 8 DJIeKMPUUECKOM U MAZHUMHOM HANpaeieHusx, d
maxoice onpedeieHue 3a8UCUMOCTNU 2UCePesUca HAMASHUYEHHOCMU NPpU KOMHAMHOU memnepamype om
6030€liCmBUS GHEUHE20 MACHUMHO20 NOJIA.

Knwuesvie cnoea: I'ucmepesuc, Ougysus, MmacHumoconpomusienue, heppomacnemusm,
KOHYyeHmpayus

HYSTERESIS OF MAGNETIZATION IN SILICON ALLOYED WITH EUROPIUM

Abstract. The results of the study on the magnetic properties of p-type doped silicon samples, in
which magnetic nanoclusters are formed as a result of introducing europium dopants into silicon, are
presented. The main task is to study the properties of electron paramagnetic resonance in the material
obtained by the diffusion method, to establish the laws of the change of magnetic resistance in electric and
magnetic directions, and to determine the dependence of magnetization hysteresis at room temperature on
the effect of an external magnetic field.

Key words: Hysteresis, diffusion, magnetoresistance, ferromagnetism, concentration

Kirish. Adabiyotlarning ilmiy tahlili asosida lantanoid elementlarning kirishma atomlari kiritilgan
kremniyda ferromagnitizm holatining kuzatilishi kirishma atomlarning magnit momentlarini gattiq hajmida
o ‘zaro parallel tartiblanishi bilan izohlangan. Metallarda elektronlarning konsentratsiyasi ko ‘p bo ‘Iganligi
uchun ularning spinlarini boshqarish nisbatan oson bo‘ladi [l1]. Ishda ko 'rsatib o tilgandek
yarimo‘tkazgichli qurilmalar odatda elektronlarning zaryadidan foydalanadilar, magnit materiallar esa
elektron spin bilan bog‘liq ma’lumotlarni yozib olish uchun ishlatiladi. Yarimo‘tkazgichlarda feromagnit
material olish uchun hammda elektronlarning zaryadi va spinidan foydalanish magnit bo‘lmagan
yarimo‘tkazgichlarga magnit elementlarning yuqori konsentratsiyasini kiritish mumkin. Kremniyga yugori
spin tartiblanish xususiyatiga ega lantanoid guruhiga mansub elementlarning kirishma atomlarini Kkiritish
orqali boshlang ‘ich kremniyning magnit xossasini o ‘zgartirish mumkinligi [2] ishda ko ‘rsatib berilgan.
Olingan natijalar yarimo ‘tkazgich kremniy materialini spintronikada magnit datchiklarni yaratishda
foydalanish imkoniyatini beradi, masalan, spin tranzistorlarni ishlab chigarishda. 4f— guruh elementlarining
kirishma atomlarini kremniyga kiritib, uning magnit xususiyatlarini boshgarishga gizigish ortib bormoqda.
Eu atomlarining tashqgi elektron qobiglaridagi 4f" elektronlar spini S=7/2 ga teng. Eu va kirishma
atomlarining kremniyga kiritib uning magnit xususityalarini o rganish ilmiy va amaliy ahamiyatga ega
hisoblanadi.
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Kremniyda ferromagnit xususiyatini olish uchun yuqoridagi boblarda o‘rganilgandek yevropiy
kirishma atom tanlab olindi. Boshlang‘ich material sifatida parametrlari solishtirma qarshiligi 77-80 Q-sm
va fosfor konsentratsiyasi N=7.25-10* sm™ (kristal sirt orientatsiyasi (111)) bo‘lgan n-turli kremniy Si<P>-
80 asosida namunalar olingan. Diffuziya texnologiyasi doimiy manbaning gaz fazasidan amalga oshirildi.

Yevropiy kirishma atomi bilan legirlangan kremniydagi tok tashuvchilarning konsentratsiyasi va
harakatchanlini haroratga bog‘ligligi ECOPIA HALL HMS-7000 rusumli qurilmada azot haroratidan
boshlab (T=77 K) o‘rganib chiqildi. Ko‘p namunalarda takroriy o‘lchovlar bir xil natijalarni berdi

I, sm?/V:s
2000
1800
1600
1400
1200
1000

800

600

400

200

0 ) T ) T j T T T T T
4 6 8 10 12
1000/T, K

1-rasm. Yevropiy kirishma atomlari kiritilgan kremniyda tok tashuvchilarning
harakatchanligini haroratga bog‘liqligi

O‘rganilayotgan namunadagi o‘Ichash natijalaridan ko‘rishimiz mumkinki haroratni oshishi, ya’ni KT
energiyani oshirish bilan kristall panjara tugundagi atomlarining tebranishlarini amplitudasi ortishi ogibatida
kristall panjara doimiysi o‘zgaradi, kuzatilgan tebranish mehanizimi zaryad tashuvchilarni sochilishi deb
ataladi [3]. Olingan natijalarga nazariy jihatdan qaraydigan bo‘lsak, elektronlar va kovaklarning

3

harakatchanligi ~ z, 0 g, 072 ifodaga to‘g‘ri proporsional bo‘ladi. Adabiyotlarda o‘rganilgan
3

yarimo‘tkazgich elementlarining harorat T=0-100 K oraligda harakatchanlik T2 gonuniyat bo‘yicha
3

o‘zgaradi. Harorat T=100 Kdan oshganda T? gonuniyat bo‘yicha kamayadi. Tajribada o‘rganilgan
3

namunasida zaryad tashuvchilaring harakatchanligi T 2 qonuniyat bo‘yicha kamayib bordi. 2 rasmdagi
3

grafikda T2 gonuniyat kuzatilmadi, buning asosiy sabablari qurilmaning o‘lchash chegarasini T=77 K
haroratgachaligi hamda azot suyuqligining kimyoviy tozaligiga bog‘liq bo‘lishidir.

[3.] Ishlar aytib o‘tilgan EuO birikmasi istigbolli ferromagnit yarimo‘tkazgich material
hisoblanadi. Bu birikmaning kristall tuzullishi tosh tuzi kristall panjara tuzilishiga ega.[4-7] ishlardan
Si<EuO> klaster bo‘lganini ilmiy asoslangandan keyin namunaning magnit hususiyatini o‘rganish uchun
Istanbul texnika universiteti labaratoriyasida mavjud “Quantum Design MPMS-3 SQUID VSM” markali
magnitometr qurilmasi yordamida bir necha bor xona haroratida o‘rganildi

Olish texnalogiyasi. Tadgigotni asosiy magsadi kremniy sirtida yuqori klaterni hosil gilib uning
katta magnit momentga ega materilni tatbiq etishdan iborat. Yevropiy atomlarining nanoklasterlarining
turli konsentratsiyasi bo‘lgan kremniy magnitlanishining magnit maydonga bog‘liqligi o‘rganildi 1-
rasm. Shu sabab klasterlani hosil bo‘lish uchun yuqori ikki xil haroratda T;=1200°C, T,=1250°C
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diffuziya qilib, magnit xussiyatini o‘rganildi. Tadqiqot natijasidan malumki harorat yuqori qilishdan
asosiy magsan kremniy sirtidagi konsentratsiyasini oshirishdan iborat. Namunalarning magnitlanishi 1—
jadvalda tahlili keltirib o‘tilgan.

1-jadval.
Namunalarning magnitlanishi tahlili
Konsentratsiya Mag‘n |Flan|shn!ng Magmt.la[].'Sh Majburiy kuch
Namunalar N, sm-? to‘yinganligi goldig‘i H. Oe
’ Ms, emu/sm® M, emu/sm’® ©
a 8.2-107 +1.47-10* 3510° 58
b 1.8-10%8 +5.95-10* 3.42:10° 65.3

Tadqiqot natijasidan ko‘rishimiz mumkinki

magnitlanish Gisterezis hodisasi kuzatildi.
Agarda magnitlanganlikni (y) quydagi 1formula orqali hisoblab chigsak xona haroratida y=10°ga

teng bo‘ldi.
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xxxxx

H, kOe

xona haroratida o‘rganilyotgan namunada

2—-rasm. Turli haroratlarda yevropiy kirishma atomlarini diffuziya gilingan kremniy
namunalarining magnitlanganligini tashgi magnit maydonga bog¢ligligi; a—harorat T:=1200°C, b—

harorat T,=1250°C.
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_M
£7H

bunda M—Magnitlanish, H-Magnit maydon kuchi

Yevropiy kirishma atomlari diffuzion usul bilan kiritilgan kremniyning magnit xususiyatlarini
o‘rganish asosida tezkor ishlaydigan magnit sensorlar, magnit diodlar, tranzistorlar, integralsxemalar hamda
sezgirligi yugori magnit datchiklarni yaratish imkoniyatlari ko‘rsatilgan.

Xulosa. Xona haroratda (T=300 K) yevropiy kirishma atomlari bilan legirlangan kremniy sirtida
magnit domenlarni shakllantrishni yangi texnologiyasini yaratildi hamda tashqi magnit maydon ta’sirda
tartibli oshishi kuzatildi. Si<EuO> namunalardagi magnitlanganlikni (y) xona haroratida y=10°ga teng
ekanligi aniglandi.

ADABIYOTLAR:

1. Ohno H., Making Nonmagnetic Semiconductors Ferromagnetic. Control and use of defects in
materials//.1998. Vol 281 No5379. pp 951-956. doi:10.1126/science.281.5379.951.

2. Zikrillaev N.F., Mavlonov G.H., Trabzon L., Isamov S.B., Abduganiev Y.A., Ibodullaev Sh.N.,
Kushiev G.A. Magnetic Properties of Silicon Doped with Impurity Atoms of Europium// Journal of Nano-
and Electronic Physics. 2023. Vol. 15 No 6, 06001l.pp 1-4. ISSN: 2077-6772 IF: 0.716.
https://doi.org/10.21272/jnep.15(6).06001)

3. baxaovipxanoe M. K., HAxyboe A. A. Dnyurioneouyeckuii CHpagoyHuK no Noaynpo8oOHUKOBbIM
mamepuanam.: Tawl TY// 2010. 204 c.

4. Lahtinen TH.E.; Tuomi J.O.; Van Dijken S. Electrical Writing of Magnetic Domain Patterns in
Ferromagnetic.Ferroelectric Heterostructures. IEEE transactions on magnetics// 2011. Vol 47(10), Pp
3768-3771. doi:10.1109/tmag.2011.2143393.

5. Tagantsev A K.; Cross L E; Fousek J. Domains in Ferroic Crystals and Thin Films. Springer
Science+Business//2010. pp 1-821. doi:10.1007/978-1-4419-1417-0.

6. Mavlonov G.H., Isamov S.B., Koveshnikov S.V., Zikrillaev Kh.F., Abduganiev Y. A., Sattorov
AA., Ibrohimov A.B. Ordering of europium magnetic domains in silicon at room temperature//Indian
Journal of Physics. 2024. Vol 99(7) pp 2429-2435. 1SSN:0973-1458 https://doi.org/10.1007/s12648-024-
03473-0.

7.  Masnonos I'X., A60yeanues U.A. Hccnedosanue s1eKmpoHHO20 NApAMASHUM=-HO20 Pe30HAHCA
peoxosemenvHuix aaemenmos (Nd, Eu, Gd), necuposanubix 8 MOHOKPUCMANIUYECKOM KpemHuu // Buxoro
Davlat Universiteti ilmiy axboroti 2024. 88-91 6.

8.  Mavionov G“.H., Abdug‘aniyev Y.A. Yevropiy kirishma atomlari bilan legirlangan kremniyning
magnit xususiyati// Buxoro Davlat Universiteti ilmiy axboroti.Ne3. 2025. 96-100 6.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 170


https://doi.org/10.21272/jnep.15(6).06001)

PHYSICS

UO‘K 581.14
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Annotatsiya. Mazkur magolada erkin tebranishlar tushunchasi, ularning fizik mohiyati, matematik
ifodasi hamda turli tizimlarda ro‘y berish sabablari keng yoritilgan. Shuningdek, tebranish jarayonining
asosiy parametrlari amplituda, davr, chastota va fazaning o ‘zaro bog‘lanishi tahlil qilinadi. Erkin
tebranishlarning mexanik, elektr va akustik tizimlardagi namoyon bo ‘lishi nazariy asosda ko ‘rib chiqilib,
ularning differensial tenglamalar orgali modellashtirilishi amaliy misollar bilan ko ‘rsatilgan.

Kalit so‘zlar: erkin tebranishlar; mexanik tizim; differensial tenglama; burchak chastota; amplituda;
faza burchagi; rezonans; energiya saglanishi; LC-kontur; elastik kuch; Guk gonuni; Nyuton gonuni;
tebranish nazariyasi; bargarorlik tahlili.

KOHIENIUS U ®U3HUYECKAS CYTh CBOBOJHBIX KOJIEBAHUM

Annomauus. B cmamve 0an KOMNAEKCHBLL 0030p NOHAMUSL C80O00HLIX KOICOAHUN, UX u3ULecKou
npUpoobl, MameMamuiecko20 GuIpadceHus U NPUdUH  BO3HUKHOGEHUS 6 PA3IUYHLIX — CUCHEMAX.
Ilpoananusuposana 83auMoceasb Mexnc0y OCHOBHLIMU —NApAMEmpamiu  KOAeOamenbHo20 npoyecca:
amnaumyoot, nepuodom, uacmomoil u pasou. Teopemuuecku paccmMomperHo nposgieHue c80000HbIX
KONeOaHUll 6 MEeXAHUYecKux, OSNeKMpUYecKux U aKyCIMU4ecKux Cucmemax, a maxdce MNOKA3AHO UxX
Mooenuposanue OuphepenyuanbHbIMy ypagHeHUAMY HA NPAKMUYECKUX NPUMepax.

Kntouegwle cnosa: c60600Hble KoreOaHUA, MeXxanuyeckas cucmema, oupgepenyuanvruoe ypaguenue,
Kpy208ds 4acmoma, amniumyoa, @azosulii Y20, pe3oHanc, 3akoH coxpanenus suepeuu, LC-konmyp,; cuna
ynpyzocmu,; 3akon I'yka; 3axon Holomona, meopust Konebanuil, aHaius yCmouyueoCcmu.

THE CONCEPT AND PHYSICAL ESSENCE OF FREE VIBRATIONS

Abstract. This article provides a comprehensive overview of the concept of free oscillations, their
physical nature, mathematical expression, and the causes of their occurrence in various systems. The
relationship between the main parameters of the oscillatory process-amplitude, period, frequency, and phase
are analyzed. The manifestation of free oscillations in mechanical, electrical, and acoustic systems is
theoretically examined, and their modeling using differential equations is demonstrated using practical
examples.

Keywords: free vibrations; mechanical system; differential equation; angular frequency; amplitude;
phase angle; resonance; energy conservation; LC-circuit; elastic force; Hooke's law; Newton's law;
vibration theory; stability analysis.

Kirish. Tebranishlar hodisasi tabiatda keng tarqalgan bo‘lib, u mexanik, elektr, akustik, hatto kvant
tizimlarida ham kuzatiladi. Har ganday tizim muvozanat holatidan chetlashtirilganda va unga tiklovchi kuch
ta’sir gilganda, u ma’lum vaqt davomida muvozanat holati atrofida davriy harakatni amalga oshiradi. Ana
shu jarayon tebranish deb ataladi. Agar bu tebranishlar tashqgi kuchlarning aralashuvisiz, fagat tizimning
ichki energiyasi hisobiga yuzaga kelsa, u holda bu erkin tebranish deyiladi.

Erkin tebranishlar bu energiyaning bir shakldan ikkinchi shaklga uzluksiz almashinuvi bilan
kechadigan murakkab dinamik jarayondir. Masalan, bulogga osilgan yuk tebranganda, dastlabki potensial
energiya kinetik energiyaga, so‘ng yana potensial energiyaga aylanishda davom etadi. Shu kabi tebranishlar
elektr konturlarida (induktivlik va sig‘im orasida zaryad almashinuvi), akustik tizimlarda (tovush to‘lginlari
shaklida), va hatto atom hamda molekulalar darajasida ham kuzatiladi.

Erkin tebranishlarning mohiyatini chuqur anglash mexanika, qurilish, akustika, elektrodinamika,
avtomatika va hatto nanofizika kabi ko‘plab sohalarda alohida ahamiyatga ega. Chunki real tizimlarning
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bargarorligi, chidamliligi va rezonans holatlarida yuzaga keladigan xavfli tebranishlarni aniglash, ulardan
himoyalanish va ularni boshgarish imkoniyati aynan shu nazariy asosga tayanadi. Masalan, bino
konstruksiyalarida, ko‘priklarda yoki mashina detallarida paydo bo‘ladigan erkin tebranishlarni hisobga
olmaslik rezonans hodisasiga olib kelib, jiddiy mexanik shikastlanishlar keltirib chigarishi mumkin.

Shu bois erkin tebranishlar nazariyasini o‘rganish, ularning differensial tenglamalar orqali ifodalanishi
va asosiy parametrlarini (amplituda, chastota, faza, davr) tahlil gilish bugungi kunda ilm-fan va muhandislik
amaliyotida muhim ahamiyat kasb etadi. Ushbu tadgiqot natijalari turli tizimlarning dinamik xatti-harakatini
prognoz gilish, rezonansni oldini olish hamda energiya tejamkor boshgaruv usullarini ishlab chigishda keng
go‘llaniladi.

Adabiyotlar tahlili. Erkin tebranishlar nazariyasi asrlar davomida ko‘plab olimlar tomonidan chuqur
o‘rganilgan va rivojlantirilgan. Bu sohadagi tadqiqotlar mexanik tizimlardan boshlanib, keyinchalik elektr va
boshqga fizik tizimlarga kengaytirilgan. A. Lagrange, I. Nyuton va D. Bernulli mexanik tebranishlarni
matematik jihatdan tavsiflashga asos solgan olimlardir. Ular differensial tenglamalar yordamida tizimning
harakatini ifodalash va energiya almashinuvi prinsiplarini tushuntirishga kirishgan, bu esa massalar, buloglar
va pendullar kabi klassik tizimlarda erkin tebranishlarni matematik modellashtirishga imkon yaratgan.
Keyinchalik, Lord Rayleigh tebranishlar energiyasi, amplituda, davr va rezonans hodisalarini chuqur tahlil
gilgan, tebranishlarning tabiiy chastotalari, tizimning tashqgi kuchlarga javobi va energiya saglanishini
o‘rganish orqali nazariyani yangi bosqichga olib chiqgan va rezonans hodisasining xavfsizlik hamda
muhandislik ilovalaridagi ahamiyatini aniqlagan. So‘nggi asrlarda zamonaviy olimlar erkin tebranishlarni
kengroq tizimlarda o‘rganishga e’tibor qaratgan; struktura tahlilida binolar, ko‘priklar va mashinalar
elementlarining tabiiy tebranish chastotalari, amplitudasi va energiya almashinuvi o‘rganiladi, elektr
tizimlarda esa RLC zanjirlari orgali zaryad va tokning almashinuvi mexanik tebranishlarning analogi sifatida
tahlil qilinadi. Zamonaviy tadgiqotlar erkin tebranishlarni matematik modellashtirish va kompyuter
simulyatsiyalari yordamida batafsil o‘rganishga yo‘naltirilgan bo‘lib, turli chegaraviy shartlar va tashqi
ta’sirlar ostida tizimlarning javobi oldindan bashorat qilinadi. Shu tariqa, adabiyotlar tahlili erkin
tebranishlarni tushunishda tarixiy asoslar, matematik modellashtirish, energiya almashinuvi va zamonaviy
tadgiqotlarning bir-biriga bog‘ligligini ko‘rsatadi, bu esa nafaqat nazariy, balki amaliy muhandislik
masalalarini yechishda ham muhim ahamiyatga ega.

Zamonaviy adabiyotlarda (masalan, Landau va Lifshits “Mexanika” asarida) erkin tebranishlar
umumiy differensial tenglamalar bilan tavsiflanadi. Elektr tizimlaridagi erkin tebranishlar esa LC-kontur

modeli orgali ifodalanadi (1-rasm):
Loi+2a= 1)

Bu yerda L- induktivlik, C- sig‘im, g- zaryad. Ushbu tenglama mexanik tebranish tenglamasiga to‘liq
analog hisoblanadi.
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1-rasm. RLC zanjirida erkin tebranish va energiya almashinuvi
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Adabiyotlarda gayd etilishicha, erkin tebranish tizimlarida energiyaning saglanish gonuni asosiy rol
o‘ynaydi. Tizimga tashqi energiya ta’sir qilinmasa, uning umumiy energiyasi doimiy qoladi.

Boshlang‘ich nuqtada tizimning energiyasi turli shakllarda bo‘lishi mumkin: ba’zan u to‘liq potensial
energiya shaklida, ba’zan esa to‘liq kinetik energiya shaklida bo‘ladi. Harakat davomida bu energiyalar
o‘zaro almashadi: potensial energiya kinetik energiyaga aylanadi, kinetik energiya esa yana potensial
energiyaga. Shu tarzda energiya doimiy ravishda tizim ichida aylanishi natijasida erkin tebranishlar davom
etadi.

Bu jarayon mexanik, elektr va boshga turdagi tizimlarda bir xil prinsipda ishlaydi va tizimning har bir
vaqtdagi holatini, tezligini va harakat xususiyatlarini aniglashda muhim ahamiyatga ega:

E= ékxz + imv2 = const )

Tadgigot metodologiyasi. Ushbu tadgiqot erkin tebranishlarning fizik mohiyatini, ularni matematik
modellashtirish usullarini va vaqt bo‘yicha o‘zgarishlarini batafsil tahlil giladi.

Erkin tebranishlar bu tizim tashqi ta’sirlarisiz tabiiy ravishda harakatlanadigan holatlar. Masalan,
elastik jismlar, pendullar yoki massali-spring tizimlar o‘zining ichki energiyasi yordamida harakat giladi.
Tizimga tashqi kuchlar ta’sir gilinmasa, bu harakatlar davom etadi.

Erkin tebranishlarni matematik jihatdan tavsiflash uchun differensial tenglamalar ishlatiladi. Ularning
yordamida tizimning asosiy xususiyatlari aniglanadi:

Davr (T) - tebranishning bir to‘liq sikli uchun ketadigan vaqt.

Chastota (f) - bir vaqt birligida gancha tebranish amalga oshishini bildiradi.
Amplituda (A) - tebranishning maksimal giymati yoki eng katta siljish hajmi.
Fazaviy burchak - tebranish boshlanish nuqtasi va boshlang‘ich holatini belgilaydi.

Bu parametrlar bir-biri bilan chambarchas bog‘liq bo‘lib, tizimning har bir vaqtdagi holatini, tezligini
va harakat yo‘nalishini aniglash imkonini beradi.

Tadgiqot davomida erkin tebranishlarning matematik modellashtirilishi turli tizimlar uchun
go‘llaniladi. Bu mexanik tizimlar, struktura tahlillari va muhandislik ilovalarida tebranishlarning oldindan
bashorat qilinishini ta’minlaydi.

T="vaf =, 3)

bu yerda T - tebranish davri (s), f - chastota (Hz), ® - burchak chastota (rad/s).

Grafik jihatdan erkin tebranishlar sinusoidal shaklda ifodalanadi. Bu chizigli grafik tebranish
jarayonining davriy va muvozanat holati atrofida takrorlanib turuvchi xarakterini aniq ko‘rsatadi. Sinusoidal
shakl tizimning energiya almashinuvi jarayonini - ya’ni kinetik va potensial energiyalarning o‘zaro
aylanishini - tasvirlaydi.

Tajriba va modellashtirish natijalari shuni ko‘rsatadiki, agar tizimda ishqalanish yoki qarshilik
kuchlari mavjud bo‘lsa, tebranishlar vaqt o‘tishi bilan susayadi. Bunday holatlarda erkin tebranishning
matematik ifodasi so‘nuvchi eksponenta ko‘rinishida yoziladi:

x(t) = AePtsin (wt + @,), (4)

bu yerda P - so‘nish (susayish) koeffitsiyenti bo‘lib, u tizimdagi energiya yo‘qotish darajasini
belgilaydi.

Metodologik jihatdan, tadgiqot ikki asosiy bosgichda olib borildi:

1. Nazariy modellashtirish — erkin tebranish tenglamalari asosida parametrlar o‘rtasidagi bog‘lanish
aniglanib, tebranish jarayonining matematik modeli tuzildi.

2. Grafik tahlil — sinusoidal va susayuvchi tebranishlarning vaqt bo‘yicha o‘zgarish grafigi qurilib,
ularning amplituda va chastota xususiyatlari solishtirildi (2-rasm).

Ushbu metodologiya tebranish jarayonini chuqur tahlil qilish, tizimdagi energiya almashinuvi va
so‘nish tezligini aniqlash, shuningdek, rezonans holatlarida barqarorlik sharoitlarini baholash imkonini
beradi.
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2-rasm. Susayuvchi sinusoidal tebranish grafigi

Fizik mohiyat. Erkin tebranishlarning fizik mohiyati shundan iboratki, ular tizim ichidagi energiya
muvozanati asosida yuzaga keladi. Boshqacha aytganda, tizim tashqi ta’sirsiz o‘z ichki energiyasidan
foydalangan holda tabiiy ravishda harakatlanadi. Bu jarayonda energiya bir turdan boshqasiga uzluksiz o‘tadi
va doimiy almashinuv sodir bo‘ladi.

Masalan, mexanik tizimlarda, erkin tebranishlarni buloq va massa orgali tasavvur gilish mumkin.
Buloq siqilganda yoki cho‘zilganda uning potensial energiyasi maksimal bo‘ladi, bu energiya massaning
harakati boshlanishi bilan kinetik energiyaga aylanadi. Massaning harakati to‘xtaganda, kinetik energiya
yana bulogning potentsial energiyasiga aylanadi. Shu tarzda energiya doimiy ravishda bir turdan boshgasiga
o‘tadi, natijada tizimda erkin tebranishlar davom etadi.

Shunga o‘xshash jarayon elektr tizimlarda ham kuzatiladi. Masalan, RLC zanjirida kondensator va
induktivlik energiyasi o‘rtasida almashuv sodir bo‘ladi. Kondensator zaryadi maksimal bo‘lgan paytda uning
energiyasi eng yuqori bo‘ladi, tok esa nolga teng bo‘ladi. Tok maksimal bo‘lganda, kondensator zaryadi
nolga tushadi va uning energiyasi induktivlik energiyasiga aylanadi. Shu bilan elektr energiyasi ham
mexanik tizimdagi kabi bir turdan boshgasiga uzluksiz almashadi.

Shunday qilib, erkin tebranishlar — bu energiyaning bir turdan boshqasiga o‘tib, tizim ichida gayta
tiklanib turish jarayoni bo‘lib, u nafaqat mexanik, balki elektr va boshqa fizik tizimlarda ham bir xil
prinsipda amalga oshadi. Bu tushuncha erkin tebranishlarni chuqur tahlil gilish, ularning davriyligi,
amplitudasi va fazaviy holatini aniqlashda asosiy rol o‘ynaydi.

Shunday qilib, tebranishlar - bu energiyaning bir turdan boshqasiga o‘tib, qayta tiklanib turish

jarayonidir (3-rasm).
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3-rasm. Erkin tebranishlarning fizik mohiyati

Natijalar va ularning muhokamasi. O‘tkazilgan tahlillar natijasida susayuvchi sinusoidal tebranish
grafigi vaqt o‘tishi bilan amplitudaning eksponentsial kamayishini aniq ko‘rsatdi. Grafikdan ko‘rinib
turibdiki, tebranish dastlab yuqori energiyaga ega bo‘lib, vaqt o‘tishi bilan asta-sekin so‘nadi. Bu jarayon
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tizimdagi ishqalanish, qarshilik yoki energiya yo‘qotish holatlari bilan izohlanadi. Dastlabki bosqichda
amplituda maksimal qiymatga ega bo‘ladi, biroq har bir davrda u B Koeffitsientga bog‘liq holda kamayib
boradi. Egri chiziq ustidagi qizil punktir konvertlar - +A e - tebranish amplitudasining chegaraviy
giymatlarini ko‘rsatadi. Ular orasida joylashgan sinusoidal egri chiziq esa tebranishning davriy xarakterini
aks ettiradi. Har bir davrda amplituda kamaygani sari tizimning kinetik energiyasi potensial energiyaga
nisbatan gisgaradi, natijada umumiy mexanik energiya ham pasayadi. Bu holat energiyaning so‘nuvchi
almashinuvi sifatida talgin qgilinadi. Susayuvchi tebranishlarning muhim xususiyati shundaki, ular vaqt
o‘tishi bilan muvozanat holatiga intiladi. So‘nish tezligi  koeffitsiyent orqali belgilanib, tizimning fizik
xususiyatlariga (masalan, ishqalanish kuchi, o‘tkazuvchanlik, qarshilik) bevosita bog‘liqdir. B qiymati ortgan
sari tebranish tezroq so‘nadi, ya’ni tizim bargaror holatga tezroq gaytadi. Aksincha,  juda kichik bo‘lsa,
tebranish uzog davom etadi - bu holat amaliy tizimlarda rezonansga yaqin xatti-harakatlarni keltirib
chigarishi mumkin. Olingan natijalar mexanik va elektr tizimlarning dinamik javobini tahlil gilishda muhim
ahamiyatga ega. Masalan, bulog-yuk tizimi, LC-kontur, yoki akustik rezonatorlarda tebranish
energiyasining so‘nish tezligini baholash, barqarorlikni saqlash hamda rezonansni oldini olish aynan shu
matematik model orgali amalga oshiriladi. Shu tarzda olingan tahliliy natijalar amaliy konstruktsiyalarni
loyihalashda energiya yo‘qotishlarni minimallashtirish va tizimning xizmat muddatini uzaytirishga xizmat
giladi.

Xulosa. Tadqiqot natijalari shuni ko‘rsatadiki, erkin tebranishlar har ganday fizik tizimning asosiy
dinamik xususiyatlaridan biri bo‘lib, u energiyaning bir shakldan boshqasiga uzluksiz almashinuvi
jarayonida kechadi. Tebranishlar matematik jihatdan sinusoidal shaklda ifodalanadi va ularning asosiy
parametrlari - amplituda, davr, chastota hamda faza - o‘zaro muvofiq bog‘langan miqdorlar hisoblanadi.

Ishqalanish yoki tashqi garshilik mavjud bo‘lgan holatlarda tebranishlar so‘nuvchi xarakterga ega
bo‘ladi. (4)- tenglama ko‘rinishidagi funksiya yordamida bu jarayon aniqlik bilan tavsiflanadi. Grafik tahlil
shuni ko‘rsatadiki, amplituda vaqt o‘tishi bilan eksponentsial kamayadi, bu esa tizimdagi energiya yo‘qotish
darajasini ifodalaydi.

B koeffitsiyentning qiymati tebranishning so‘nish tezligini belgilab, tizimning barqarorlik holatini
aniglashda muhim ahamiyatga ega. Katta B qiymati tez so‘nuvchi, kichik § gqiymati esa uzoq davom etuvchi
tebranishlarga olib keladi. Ushbu gonuniyatlar mexanik, elektr va akustik tizimlarni loyihalashda rezonansni
oldini olish, bargarorlikni ta’minlash va energiya samaradorligini oshirish uchun amaliy asos yaratadi.

Umuman olganda, erkin tebranishlarning nazariy va grafik tahlili murakkab tizimlarning dinamik
javobini tushunish, ularni modellashtirish va optimallashtirishda muhim ilmiy hamda amaliy ahamiyatga ega.
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CaMo0O4 KRISTALLARIDA AKUSTIK TO‘LQINLARDA KOLLINEAR YORUG‘LIK
DIFRAKSIYASI
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Annotatsiya. Ushbu ishda kalsiy molibdati (CaMoO4) kristallarida yorug ‘likning ko ‘ndalang akustik
to‘lginlarda kollinear Bragg difraksiyasi o ‘rganildi. Mustaqil fotoelastiklik tenzori komponentlari
modifikatsiyalangan Dikson usuli yordamida aniglanib, ular asosida samarali fotoelastik doimiysi hamda
akustooptik sifat koeffitsienti M. ning turli geometriyali difraksiyalari hisoblandi. Natijalarga ko ‘ra,
CaMoOs+ kristallarining ko ‘ndalang to ‘lginlar uchun My ning giymati PbMoOs va LiNbOs kristallariga
nisbatan yuqori ekanligi aniglangan. Maksimal My giymati (12.1x107% s%kg) 120° va 210° yo ‘nalishlarda
kuzatildi. Olingan natijalar CaMoQs kristallarining akustooptik filtr va modulyatorlarda samaradorligini
oshirish imkonini beradi.

Kalit so“zlar: kalsiy molibdati, akustooptik effekt, Bragg difraksiyasi, fotoelastiklik, kollinear
difraksiya.

KOJIVIMHEAPHASA TIUDPAKIIUA CBETA HA AKYCTHYECKHUX BOJIHAX B
KPUCTAJIJIAX CaMoO,

Annomauusn. B pabome uccieoosana xonnuneapuasn bpseeoeckas ougpakyust céema Ha RONEPEUHBIX
akycmuueckux eonnax ¢ xpucmaniax CaMoOqs Heszagucumvle KOMROHEHMbl MeH30paA Gomoynpyeocmu
OvLIu onpeodenenvl MoouguyuposanHsim memooom Huxcona. Ha ux ocnose paccuumanvl 3¢hpexmusnast
@omoynpyzaa nocmosunas u akycmoonmudeckuu kodghguyuenm kavecmea Mz ona paznuunvix ceomempuil
ougpparyuu. Iloxkasano, umo 0 nonepeunvix 6oin 3uauenue Mz ¢ xkpucmaniax CaMoOqs 3nauumensHo
sviute, uem y PbMoO+ u LiNbOs. Maxcumym Mz (12.1x107" s%/kg) nabnodaemcs npu yenax 120° u 210°.
Omu  pezynomamur  noomeepcoaiom, umo CaMoO+ sAensemcs nepcnekmusHviM MAMepualom Ol
AKyCMOoOnmMu4ecKux ouibmpogs u Mooyisimopos.

Knwouesvie cnoea: monudboam xanvyus, axycmoonmuyeckuil sggexm, bpaeecosckas ougpaxyus,
@omoynpyzocms, KornuneapHas Ougpaxyus.

COLLINEAR DIFFRACTION OF LIGHT ON ACOUSTIC WAVES IN CaMoO4 CRYSTALS

Abstract. The collinear Bragg diffraction of light by transverse acoustic waves in calcium molybdate
(CaMoOq) crystals has been investigated. Independent components of the photoelastic tensor were
determined using the modified Dixon method. Based on these values, the effective photoelastic constant and
the acousto-optic figure of merit (M,) were calculated for different diffraction geometries. It was shown that
for transverse waves M; value in CaMoQOs crystals is a significantly higher compared to PbMoO: and
LiNbOs. The maximum Mz (12.1x107"° s%kg) is observed at 120° and 210°. These results confirm that
CaMoO; is a promising material for acousto-optic filters and modulators.

Key words: calcium molybdate, acousto-optic effect, Bragg diffraction, photoelasticity, collinear
diffraction.

Kirish. Kalsiy molibdati (CaMo00Qs4) sheyelit turkumiga mansub tetragonal tuzilishga ega bo‘lib, yuqori
optik shaffoflik, past akustik so‘nuvchanlik, mexanik barqarorlik va ekologik xavfsizlik bilan ajralib turadi
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[1-4]. Bu xususiyatlar uni akustooptik qurilmalar filtrlash, modulyatsiya, lazer chastota stabilizatsiyasi va
spektral analizatorlar uchun muhim funksional materialga aylantiradi [5-6].

Akustooptik effekt fotoelastiklik hodisasi bilan bog‘liq bo‘lib, elastik to‘lginlar tomonidan keltirilgan
davriy sinish ko‘rsatkichi modulyatsiyasi natijasida yorug‘likning difraksiyalanishiga olib keladi. Kollinear
Bragg difraksiyasi holatida optik va akustik to‘lginlar bir yo‘nalishda tarqaladi, bu faza sinxronizatsiyasining
eng qulay sharoitini yaratadi [7-8]. Ushbu jarayonning samaradorligi fotoelastiklik tenzori komponentlari,
akustik to‘lqin tezligi, zichlik va optik sindirish ko‘rsatkichiga bog‘liq bo‘lib, ular M. akustooptik sifat
koeffitsienti orgali baholanadi [9-10].

Avvalgi ishlar CaMoOu4 kristalining yuqori fotoelastik xususiyatlarga ega ekanligini ko‘rsatgan bo‘lsa-
da, aynigsa ko ‘ndalang akustik to‘lginlar uchun kollinear difraksiyaning burchakka bog‘ligligi hali
yetarlicha o‘rganilmagan [3, 11]. Shu bois ushbu tadqiqot CaMoOa. kristallarining kollinear Bragg
difraksiyasi mexanizmlarini chuqur tahlil gilishga, samarali fotoelastik konstantalar va M, koeffitsientining
burchakka bog‘ligligini aniqlashga qaratilgan. Taqqoslash uchun keng qo‘llaniladigan PbMoO4 va LiNbO:s
kristallari ham tekshirildi [12-15].

Tadgigot metodologiyasi. Tajribalarda He—Ne lazer (A=632.8 nm) nuri yordamida yorug‘likning
akustik to‘lqinlarga Bragg difraksiyasi kuzatildi. Akustik to‘lqinlar kvarts transduserlar orqali 10-30 MHz
chastotalarda qo‘zg-atildi. Effektiv fotoelastik konstantalar modifikatsiyalangan Dikson usuli bilan aniglanib,

quyidagi ifoda asosida hisoblandi [4]:
n?V (I
Petf = EY Ji (1)

bu yerda n — sinish ko‘rsatkichi, V — akustik to‘lqin tezligi, p— zichlik, Ix va Is tadgiqot namunasi va
etalon uchun difraksion intensivliklardir.

Olingan tezliklar va per giymatlaridan foydalanib, akustooptik sifat koeffitsienti quyidagi formula
orgali topildi [5]:

_ n®ply
R @

Ushbu metodologiya orqali CaMoOs, PbM0QO. va LiNbOs kristallarining ko‘ndalang to‘lqinlar uchun
akustooptik xossalari aniglandi.

Natijalar va muhokama. Kristallarda akustik to‘lginlarning faza tezligi ularning elastik konstantalari va
simmetriyasiga bog‘liq bo‘lib, anizotrop materiallarda bu tezlik to‘lqin vektorining yo‘nalishiga qarab
sezilarli o‘zgaradi. CaMoQOas va PbMoOs kabi tetragonal simmetriyaga ega kristallarda kvazi-ko‘ndalang
to‘lginlar uchun faza tezliklari Kristoffel tenglamalari asosida hisoblanadi va bu giymatlar akustooptik
samaradorlikka bevosita ta’sir ko‘rsatadi. Yo‘nalish bo‘yicha faza tezligining kamayishi M: koeffitsientining
ortishiga olib keladi, chunki M. akustik tezlikning uchinchi darajasiga teskari proporsionaldir. (001)
tekislikdagi CaMoOa va PbMoOs kristallarining kvazi-ko‘ndalang to‘lqinlar faza tezliklarining burchakka
bog‘ligligi 1-rasmda keltirilgan.

[010]
105 %0 75

to‘lginlar faza tezligining akustik to‘qin vektoriga bog‘liqligi

Grafik faza tezliklarining burchak bo‘yicha anizotropligini yaqqol aks ettiradi. Har ikki kristalda faza
tezligi yo‘nalish o‘zgarishi bilan sezilarli darajada farq qiladi, biroqg CaMoQa kristalida bu o‘zgarish nisbatan
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bargaror va silliq xarakterga ega. PbMoOs kristalida esa elastik modullarning og‘ir metall komponentlari
sababli faza tezligining burchakka sezgirligi kuchliroq. Grafikdan ko‘rinadiki, CaMoOs kristali ko‘plab
yo‘nalishlarda PbMoOs ga nisbatan yuqori faza tezligiga ega bo‘lib, bu akustooptik jarayonda qulay dinamik
sharoitlarni yaratadi. Faza tezligining burchakka bog‘liq bu farqlari M. koeffitsientining maksimal
giymatlarining ham aynan ma’lum yo‘nalishlarda (120° va 210°) kuzatilishiga sabab bo‘ladi. Zero, faza
tezligi qanchalik past bo‘lsa, akustooptik o‘zaro ta’sir uchun shunchalik qulay bo‘ladi, chunki M:
koeffitsienti tezlikning uchinchi darajasiga teskari proporsional. Shu bois CaMoO4 ning (001) tekislikdagi
faza tezliklari tagsimoti materialning yugori akustooptik samaradorligini tushuntiruvchi asosiy fizik
omillardan biridir. 1- jadval uchta material orasida to‘liq va kompleks taqqoslash imkonini beradi.

1-jadval.
Kristallarning akustooptik parametrlari

Kristall N p (kg/m?) V (m/s) peff Ma,max (X107 s3/kg)
CaMoO4

(CMO) 1.98 4250 2850 0.17 12.12
PbMoO.

(PMO) 2.20 6950 2700 0.12 4.43

LiNbO: 2.23 4650 3700 0.10 3.07

Jadvalda CaMoQO., PbMoOs: va LiNbOs; kristallarining asosiy akustooptik parametrlarining
taqqoslanishi keltirilgan bo‘lib, ular materiallarning difraksion samaradorligini aniglovchi asosiy omillardan
hisoblanadi. CaMoOs kristalining nisbatan past sindirish ko‘rsatkichi (n = 1.98) va ayniqgsa past zichligi (p =
4250 kg/m?) uning akustooptik samaradorligini oshiradi, chunki M2 koeffitsienti zichlik va akustik
tezlikning kubiga teskari proporsionaldir. CaMoO4 ning ko‘ndalang akustik to‘lqin tezligi (V=2850 m/s) ham
boshqa kristallarga nisbatan past bo‘lib, bu M2 ning ortishiga yana bir omil bo‘ladi. Eng muhim parametr
samarali fotoelastik konstantaning (pest = 0.17) PbMoO. va LiNbOs ga qaraganda yuqori bo‘lishi CaMo0O4
ning optik modulyatsiyaga javob berish xususiyatini kuchaytiradi. Tahlil shuni ko‘rsatadiki, CaMoOa
akustooptik qurilmalar uchun eng qulay parametrlar kombinatsiyasiga ega materialdir. Bu jadval akustooptik
modulyatorlar, filtrlash tizimlari, spektral analizatorlar va lazerlar uchun material tanlashda asosiy ilmiy
manba sifatida xizmat qilishi mumkin. CaMoQOs, PbMoO. va LiNbOs kristallarida akustooptik sifat

koeffitsientining (001) tekislikda akustik to‘lqinning targalish yo’nalishiga bog‘ligligi 2-rasmda keltirilgan.
[010]

25557 285

2-rasm. CaMoOs (1), PbMoO4 (2) va LiNbOs (3)kristallarida M koeffitsiyentining(001)
tekislikda akustik to‘lqinning tarqalish yo‘nalishiga bog‘liqligi

Grafikdan ko‘rinib turibdiki, M, ning qiymati CaMoOs kristali uchun 120° va 210° burchaklarda
maksimumga ega bo‘lib, qiymat 12.1x10™** s’*/kg ga yetadi. Bu PbMoOs va LiNbO; kristallaridagi mos
ravishda 4.4 va 3.1x107 s*/kg qiymatlardan mos ravishda 2.7 va 4 baravar yuqoridir. Bu yo‘nalishlarda
optik-akustik faza uyg‘unlashuvi maksimal bo‘lib, kollinear Bragg difraksiyasi uchun optimal geometriya
ta’minlanadi.Bu natija CaMoOs kristallarining kollinear Bragg difraksiyasi sharoitida optik va akustik
to‘lginlar energiya almashinuvi eng samarali yo‘nalishlarga ega ekanini ko‘rsatadi. Shuningdek, uning past
zichligi (4250 kg/m?®) tufayli energiya o‘tish samaradorligi yuqori bo‘ladi, bu esa akustooptik filtrlarda
sezilarli afzallik beradi.
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Xulosa. Ushbu tadqgiqotda CaMoOs kristallarida ko‘ndalang akustik to‘lginlar bilan yorug‘likning
kollinear Bragg difraksiyasi o‘rganildi. Modifikatsiyalangan Dikson usuli yordamida fotoelastik tenzor
komponentlari aniglanib, samarali fotoelastik konstantalar va akustooptik sifat koeffitsiyenti M. hisoblandi.
Natijalar shuni ko‘rsatdiki, CaMoOs kristallarida M, PbMoOas va LiNbOs ga nisbatan yuqori bo‘lib,
maksimal qiymat 120° va 210° yo‘nalishlarda kuzatildi. Faza tezligining barqaror tagsimoti, past zichlik va
yuqori fotoelastik konstantalar CaMoOs ning akustooptik jarayonlarda yuqori samaradorlik ko‘rsatishiga
imkon beradi. Shu bilan birga, u akustooptik modulyatorlar, filtrlash tizimlari va lazerlarda qo‘llash uchun
istigbolli material sifatida ajralib turadi. Olingan natijalar kollinear Bragg difraksiyasi va akustooptik
samaradorlik o‘rtasidagi bog‘liglikni ilmiy jihatdan tasdiqlaydi.
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Annotatsiya. Mazkur ishda uran izotoplarini boyitilish usullari va texnologiyalari chuqur tahlil
gilingan va bu usullarning bir-biridan ustunligi hamda aniqlik darajasi ko ‘rsatilgan. Uran-235 izotopini
boyitishning ayniqsa gaz-diffuziya, lazer va kimyoviy usullari to ‘lig tahlil gilingan.

Shuningdek, uran-235 izotopini matematik tenglamalardan foydalanib boyitishning bir bosgichli usuli
taklif etilgan, bu bo ‘yicha matematik tenglamalar sistemasi va uning yechimlari keltirilgan. Uran-235
izotopini boyitilishini matematik tenglamalar yordamida bir bosgichli usuli bilan hisoblangan giymati
boshqa usullar bilan olingan qiymatlariga mos kelishi ko ‘rsatildi.

Kalit so“zlar: ajratish koeffitsiyenti, atom reaktori, boyitilgan uran, gaz diffuziya, izotop almashinuv,
izotop boyitish, izotop ajratish, kimyoviy usuli, lazer usuli, magnit maydoni, matematik modellash, matematik
tenglama, massa balansi, neytron, tabiiy uran, uran izotoplari, uran-233, uran-235, uran-238, yadro

yoqilg isi.

ENRICHMENT OF URANIUM AND PLUTONIUM ISOTOPES AND THEIR APPLICATION
IN NUCLEAR REACTORS

Abstract. In this work, the methods and technologiyes for uranium isotope enrichment have beyen
thoroughly analyzed, highlighting their relative advantaGES and levels of precision. The enrichment
methods of the Uranium-235 isotope, particularly the gas diffusion and chemical methods, are presented in
detail.

Furthermore, a single-stage method for enriching the U-235 isotope based on mathematical equations
has beyen proposed. The system of mathematical equations and their solutions are provided. It has beyen
demonstrated that the calculated valuyes obtained through the single-stage mathematical method for
Uranium-235 enrichment correspond closely with the valuyes derived from other established methods.

Keywords: chemical method, diffusion coyefficiyent, enriched uranium, gas diffusion method, isotope
enrichment, isotope exchange, isotope separation technology, laser method, magnetic fiyeld, mathematical
equations, mathematical modeling, mass balance, natural uranium, neutron, nuclear fuyel, uranium
isotopes, uranium-233, uranium-235, uranium-238.

OBOI'AIIEHUE N30TOIIOB YPAHA U IVIYTOHUA U UX IPUMEHEHME B
AJAEPHBIX PEAKTOPAX
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Annomayua. B oannou pabome nposedén 2myOoKuUll aHaiu3 Memooos U MexHoi02ul 0602aujeHus
U30MON08 YPAaHA, NOKA3AHbL UX NpeuMyuecmea u cmenerv mounocmu. Ocoboe guumanue yoeieHo memooam
obocawenusi uomona ypana-235, 6 uacmuocmu 2az00u@dy3uoHHOMY U XUMULECKOMY MEMOOAM, KOMopbvle
U3109iceHbl NOOPOOHO.

Kpome moeo, npeonosicen oonocmynenuamuiii.  memod oboeawenuss uzomona ypan-235 ¢
UCNOTb306aAHUEM MameMamuyecKux ypasHenuu. Ilpusedena cucmema mamemamuyeckux ypasHeHuul u ux
pewenus. ITloxazano, uwmo paccuumannvle 3HAYEHUs, NOJYYEHHbIE C HOMOWBIO OOHOCHIYHEHUAMO20
Mamemamuiecko2o memooa oboeawenus ypana-235, Xopouio conacyliomcst co 3HAYEHUSIMUY, NOLYYeHHbIMU
Opyaumu Memooamu.

Kntouesvle cnosa: cazoougghyzuonnviii memoo, uzomonHnoe obocaujeHue, U30MONHLLL 00MeH,
U30MONbL YPAHA, XUMUYECKUL Memoo, Kod(duyuenm pazoencHus, Na3epHulil Memoo, MASHUMHOe Nnoje,
Mamemamuieckoe MOOeIuUposanue, MamemMamuyeckue VpasHeHus, MAcco8vlli  banamc,  HeumpoH,
0002aWEHHBITL YPAaH, NPUPOOHBIIL YPAH, PA30eIeHUE U30MONO08, S0ePHoe MONIUGo, ypan-233, ypan-235, ypan-
238.

Kirish. Yadro yoqilg‘isi deb-neytronlar ta’sirida bo‘linadigan, tarkibida nuklidlar mavjud bo‘lgan
yadro materiallari (YaM) ga aytiladi. Bo‘linuvchi nuklidlarga:

-Uran va toriyning tabiiy izotoplari (*3%U, 232Th, **°U, ***p);

-Plutoniyning sun’iy izotoplari (*3?Pu, **°Pu, ***Pu). **°Pu izotopi **2U izotopining tez neytronni
gamrashidan va ketma-ket g yemirilishdan hosil bo‘ladi).

-Transuran elementlar (Np, Am,Cm, Bk,Cf) izotoplari;

-Uranning ***U sun’iy izotopi. Bu izotop ***Th izotopining tez neytronni gamrab 2 marta £~
yemirilishidan hosil gilinadi [1].

Asosiy qism. Ma’lumki tabiiy uran tarkibida uranning 3 ta izotopi uchraydi, bu izotoplarga:

238y — 99,25% (Tl =45- 109y££),

2
2 - 0,71% (Tl =07- 1093;51)
2

234U — 0,0056% (Tl =25- 105in)

kiradi. 2

Ammo yadro yoqilg‘isi sifatida qo‘llanadigan ***U va plutoniyning -239,240 va 241 izotoplari yadro
reaktorlarida uran va toriy izotoplaridan quyidagi reaksiyalar yordamida hosil gilinadi:

2220 (n,y)**°U(B~, Ty, = 23,5%)**°Np(B~. Ty, = 2.3kun) **°Pu 1)
22Th(n,y)*®Th(B~, Ty, = 23,3%)**°Pa(p~, T, ), = 27,4kun) **°U 2
*3%py va  **2U izotoplari yadro reaktorlarida yogqilg‘i sifatida qo‘llaniladi va sun’iy izotoplar

hisoblanadi. **°U, **°Pu va **2U izotoplari issiq neytronlar (e = 0,025eV) ta’sirida bo‘linadi. ***U va
23211 izotoplari tabiiy yadro materiali (YaM) hisoblanadi va bu izotoplar tez neytronlar (¢ &~ 1 — 10MeV)
ta’sirida parchalanadi va to‘g‘ridan-to‘g‘ri yadro yogqilg‘isi sifatida qo‘llanilmaydi, ya’ni yadro xom-ashyosi
bo‘lib hisoblanadi.

Hozirda yadro energetikasi asosan boyitilgan uran izotoplariga asoslanadi. Boyitilgan uran-*3°U
bo‘linuvchi izotopining miqdori tabiiy urandagi miqdoridan (0,71%) yuqori bo‘lgan uran tushuniladi.
Hozirgi zamon AESlarining aksariyatini, tarkibida **°U izotopli past boyitilgan (2-5%) uranoksidli
yoqilg‘isidan foydalanadigan yengil suvli, issiq reaktorlar tashkil giladi.

Uranni izotop boyitishning bir gator, ko‘plab yadro texnologiyalari mavjud. Bularning barchasining
asosida ***U va **°U izotoplarining massalari fargini aniglashga asoslangan. Bu massalar fargi (3 m.a.b)

magnit maydonida (elektromagnit usul) ionlashgan atomlarning har xil burchaklarga og‘ishiga; atomlarning
g‘ovak to‘siqlar (gaz diffuziyali usul) orqali o‘tish tezliklari farqi; markazdan qochma kuchlar maydonida
atomlar (molekulalarning) har xil fazoviy tagsimlanishi (gazli sentrafuga usuli); kichik egrilik radiusli
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(ajratuvchi sonli usuli) to‘signi aylanib o‘tishda atom (molekula)lar turli harakat trayektoriyalariga ega
bo‘lishiga asoslangan.

Uran izotoplarini ajratishni migdoriy baholash usulini birinchi marta ingliz fiziklari R. Payerls va P.
Diraklar taklif etishgan [2]. Ular izotop birikmalarini xarakterlovchi U funksiyani kiritgan. Bu funksiya
birikma miqgdori T ni faqat hosil gilingan izotop miqdoridan bog‘liq bo‘lgan biror o‘lchamsiz funksiya V(Cr)
ko‘paytmasi ko‘rinishida ifodalagan,

Uy =T -V(Cy)

va V(Cy) —funksiyani izotoplarni ajratish potensiali deb atagan.

Olimlar bu potensial yordamida birlashgan va boyitilgan uran migdorlarini aniglagan.

Uranni boyitishning eng asosiy usullaridan biri gaz diffuziya usulidir (GD). Bu usulda issiglik harakati
hisobidan gaz birikmasida massalar ko‘chishi jarayoni tushuniladi. GD usuli yordamida uranni boyitish og‘ir
va yengilroq molekulalarning issiqlik harakati tezliklari farqi hamda yengilrog molekulalarning yupga
g‘ovak to‘sigchadan o‘tish qobiliyatiga asoslangan.

Bir xil temperaturali ikki xil gaz aralashmasida yengil va og‘ir molekulalarning kinetik energiyalari
ham bir xil,

m,92 = my92 @
ya’ni, yengil molekulaning o‘rtacha tezligi og‘ir molekulanikidan kattaroq,
m,\1/2
8, = 0 (=) @
m,
g‘ovak to‘siq orqali o‘tuvchi ikkita gaz aralashmalarining ideal ajratish koeffitsiyenti:
9, mo) 1/2
=2=(=2) ~1+am/2 3
=5 m/2m, ©

Am —og‘ir va yengil molekulalar massalari fargi. Geksoftorid uran **°*UF, va **®*UF, uchun massalar
fargqi mos ravishda m, = 349,m, = 352 va ajratish koeffitsiyenti hamda boyitilishi quyidagiga teng:
B=0043; A=1+p, A=1+0,043, 4, =0,043% = 4,3%. Gaz diffuziya usuli uran izotoplarini
ajratish va boyitishning asosiy usuli hisoblanadi [3].

Bundan tashqari uranni izotop boyitilishining lazer usuli ham mavjud bo‘lib bu usul ikki ko‘rinishda
ro‘y berishi aniglangan [3]. Birinchi ishchi jism-uranning atomar bug‘i, ikkinchi-ishchi jism-molekulyar gaz
ko‘rinishidagi geksaftorid uran UFs dan iborat. Atomar ajratish lazer nuri yordamida **>U atomlarining
tanlab uyg‘onishiga asoslangan. So‘ngra uyg‘ongan atomlar lazer nuri bilan nurlantirilib tanlab ionlashadi va
elektromagnit usuli bilan ?*®U atomlari elektr neytral ko‘rinishda uyg‘onmagan birikmadan ajratib olinadi.
238y va *3°U izotoplarini molekulyar ajratish *33UF, (geksaftorid uran) molekulalarini selektiv
uyg‘onishiga asoslangan. Jarayonning birinchi bosqichida ***I/F, molekulalari lazer nuri yordamida selektiv
uyg‘onadi, ikkinchi bosqichda esa ***UF, ning uyg‘ongan molekulalari lazer nurlanishi ta’sirida selektiv
dissotsiatsiyalanadi va **>UF, gattiq kukunini hosil giladi.

Har xil kimyoviy birikmalarda izotoplarning turli mustahkamligiga asoslangan kimyoviy boyitish
usuli ham mavjud. Kimyoviy usulda bitta elementning ikkita har xil kimyoviy birikmalari o‘rtasida izotop
almashinuv yuz beradi. Alohida izotoplar har holda mustahkamroq birikmalarda to‘planadi. Bunga tabiiy
borning '°B izotopi bilan boyitilishi misol bo‘la oladi. Tabiiy bor-20% '°B izotopidan va 80% ''B
izotopidan iborat. Ammo bu izotoplarning issiq neytronlarni gamrash kesimi bir-biridan keskin farq giladi:
1B izotopi uchun gamrash kesimi 0,005 barn, *°B izotopi uchun esa 3837 barn. Shuning uchun ham yadro
reaktorlarini boshgarishda foydalaniladigan borni °B izotopi bilan boyitish magsadga muvofiq. BF,
birikmasini dimetilefirat triftorid bor-BF, 0 (H,), bilan aralashganda organik birikmada *°B to‘planishi bilan
izotop almashinuvi sodir bo‘ladi [4]:

BF, + BF,0(CH,;), = 'BF, + 'BF, + °BF,0(CH,), 3

Turli valentli uran birikmalarida ham xuddi shunday izotop almashinuv reaksiyasini hosil gilish
mumkin. Magnit maydonida ionlar maydon kuch chiziglari bo‘ylab spiral bo‘yicha harakatlanadi. **°U va
#2381 ionlari ma’lum radiusli orbita bo‘ylab harakatlanishi natijasida fazoviy ajraladi. Bu esa **°U va **%U
izotoplarini alohida-alohida to‘plash imkoniyatini beradi. Umumiy izotoplarni boyitish texnologiyasining
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sifati asosan ikkita parametr bilan baholanadi: effektivlik va energiya sig‘im. Boyituvchi texnologiyaning
effektivligi jarayonning birinchi bosgichida birikmada zarur izotopning miqgdorini oshirish gobiliyatidir.
Boyituvchi texnologiyaning energiya sig‘imi esa bir marta ajratish uchun sarflangan elektr energiyasi bilan
aniglanadi.

Biz bu ishda izotoplarni bir-biridan ajratishning matematik usullaridan va tenglamalaridan
foydalanamiz. Buning uchun uran #*1 izotopini boyitishning prinsipial sxemasini garaymiz.

Uran misolida dastlabki material massasini M va boyitilishini CM(”SU) deb belgilaymiz. Ajratuvchi

bosqich tizimidan so‘ng ikkita yangi materialni hosil gilamiz. N miqdorli boyitilganligi € N(HSU) bo‘lgan
uran va K miqdorli boyitilganligi Cx(**°U) bo‘lgan birlashgan uran. Uran izotoplarini ajratishning
matematik tenglamasini yozamiz: Asosi M — C,,(*3°U)

— Ajratuvchi bosqichlar tizimi

—Birlashgan uran-K (xom ashyo), C;; [HEU) to‘plam;

—Boyitilgan uran-N (mahsulot), €y (**°U) —yadro yoqilg‘isi. Bu tizimlarni ikkita yadro materialini
hisobga olgan matematik tenglama bilan ifodalash mumkin:

1) Uranning massa balansi—M = N + K

2) #33U izotopining massa balansi—

CyM=Cy-N+Cy-K ()

ko‘rinishda yozish mumkin va natijada uchta noma’lumdan (M,N,K) iborat ikkita tenglamalar
sistemasiga ega bo‘lamiz. Bu tenglamalar sistemalarini N ga bo‘lib ikkita noma’lumdan (% va %) iborat

tenglamalar sistemasini hosil gilish mumkin.

M K
1) v-lty
M K (5)
bu tenglamalar sistemasini yechib quyidagi koeffitsiyentlarni hosil gilamiz:
a) birlik mahsulotda tabiiy uran sarfi:
S (6)
b) birlik mahsulotda birlashgan uran hosil bo‘lishi,
N TG "
M K

Umumiy holda (6) va (7) tenglamalarni quyidagicha yozamiz:
M CN[ZSSU)_CR[ZSSU)
N CM(HSU) _ CK(EESU)
K CN{ZSSU}_CM(ZSSU} (7)
N CM[HSU) _ CH(ZSE’U)
v) tabiiy uranning bo‘linish oqimi-F
M=N+K=F-M+(1—-F)-M,bundan
N _ Cul0) - 6l(0)
= M = CN(235U) _ CH[H‘_‘U) (8)
(8) ifoda tabiiy uranning bo‘linish oqimini xarakterlaydi.
1) Boyitilish jarayonni xarakteristikasi sifatida bir bosqgichli ajratishda birikish yoki boyitilishni
xarakterlovchi ajratish koeffitsiyentidan foydalaniladi:
2) Boyitilgan goldiq bo’yicha ajratish koeffitsiyenti

0 a/(1-a(P0)
F= D CM[HE’U)/ (1 _ CM(HE‘U)) ©)

g) birlashgan qoldiq bo‘yicha ajratish koeffitsiyenti;

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 183



PHYSICS

D CM(HSU)/ (1 - CM(MBU})

V=== . . 10
D Cﬁ(zgay)fl(l_cx[EaaU)) ( )

Boyitilish koeffitsiyenti:

A=p-1 (11)

birlashish koeffitsiyenti:

A=y-1 12) (
bir bosqichda to‘liq boyitilish koeffitsiyenti:

Ag=A+4 13) (

Yugqorida (9) va (10) tenglamlarni hisobga olsak, to‘liq boyitilish koeffitsiyenti uran-235 izotopi uchun
turli giymatlarni gabul giladi.

Masalan: 4, = 0,02(2%), 4, = 0,04(4%) va hokazo.

Demak dastlabki uran izotopini M va ajratilgan, boyitilgan uran miqdori N va birlashgan uran
miqgdorlari ¥ ni aniglab (7-10) formulalar yordamida **°U izotopini boyitilish darajasini aniglash mumkin.

Ko‘plab yadroviy reaktorlarda, jumladan VVER-1000, RBMK-1000 energetik reaktorlarda (2-4) %
boyitilgan uran-235 izotopi qo‘llaniladi va bu boyitilish darajasi issiq reaktorlarda zanjir reaksiyasini
borishini ta’minlaydi.

XULOSA. Biz [5-6] maqolalarda energetik reaktorlarning (3-5) % boyitilgan 233U 0, -uran oksidida
ishlashini aytgan edik. Mazkur ishda uran-235 izotopining boyitilish darajasi [7] da kimyoviy reaksiyalar
natijasida hosil gilingan giymatlariga karralidir.

Shunday qilib yugorida keltirilgan matematik tenglamalardan foydalanib *33U izotopini yugqori

aniqlikda bir bosqichli boyitish koeffitsiyentini aniqlash mumkin. Olingan natijalar boshqa ko‘plab usullar
yordamida olingan giymatlarga to‘liq mos keladi.
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KUBIK SIMMETRIYALI KRISTALLARINING AKUSTIK XOSSALARI
ANIZOTROPIYASI VA RELAKSATSIYA VAQTLARI
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Avdievich Vladimir Nikolaevich,
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lon-plazma va lazer texnologiyalari instituti
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Annotatsiya. Ushbu maqolada kubik simmetriyaga ega bo‘lgan KBr, NaBr, NaCl va MgO
kristallarining akustik xossalari keng ko ‘lamda ekisperimental ravishda tadqiq etilgan. Tadgiqotda impulsli
interferensiya usuli qo ‘llanilib [100], [110] va [111] kristolografik yo ‘nalishlar bo ‘ylab bo ‘ylama va
ko ‘ndalang akustik to ‘lqinlarning tarqalish tezliklari hamda ularning so ‘nish koeffitsiyentlari yuqori aniqlik
bilan o'lchangan. Olingan natijalar asosida kristallarning haqiqiy va mavhum elastiklik konstantalari
aniglanib Akheizer mexanizmi asosida akustik fononlarning relaksatsiya vagtlariga baho berilgan.
Shuningdek, MgO kristallida so ‘nish koeffitsiyentining temperaturaga bog ‘liqligi o ‘rganilib issiqlik ta’sirida
akustik xossalarining o ‘zgarish tendensiyasi aniq ko ‘rsatilgan. Ushbu tadgiqot natijalari kubik galogenid
kristallarining akustik. termoelastik va akustooptik qurilmalarda qo ‘llanilishi uchun asos yaratadi hamda
materiallarning anizotrop elastik xatti xarakatlarini chuqur tushunishga yordam beradi.

Kalit so‘zlar: kubik kristallar, Impulsli interferensiya, anizotropiya, akustik to ‘lgin, qutblanish vektori,
to ‘lqin vektori, so ‘nish koeffitsiyenti, elastik doimiy, to ‘lqin tezligi.

AHM3OTPOIIUSA U BPEMEHA PEJAKCAIIMA AKYCTHYECKHX CBOMCTB
KYBUYECKUX CUMMETPUYHBIX KPUCTAJIVIOB

Annomayusa. B Oauwnou cmamve npogedeHO OOWUPHOE IKCNEPUMEHMANIbHOE UCCIe008aHUe
axkycmuyeckux ceoticme xyouueckux xpucmainogé KBr, NaBr, NaCl u MgO. B xode uccredoganus c
UCNOTL306AHUEM MeMO0d UMRYIbCHOU UHMEPDEPEeHYUU ¢ 6bICOKOU MOUYHOCMbIO UBMEPEeHbl CKOPOCMU
pacnpocmpanerusi NPoOOTbHbIX U NONEPEUHbIX AKYCHUYECKUX 60JH 600Mb  KPUCALI0SPADUUeCKUX
nanpaenenuti [100], [110] u [111], a maxoce ux xosgpguyuenmor 3amyxanus. Ha ocnosanuu nonyuennvix
Pe3VIbmamos onpeoeiiensl Oelicmeumenbtble U abCmpaKkmusle ynpyaue HOCMosAHHble KPUCAILLO08, 4 MAaK#ce
OYeHeHbl 8peMeHa peaKcayuy aKycmuueckux (oHoHo8 Ha ocHoge mexanusma Axetizepa. Taxowce usyuena
memMnepamypHas 3a8UcUMocms Kodguyuenma samyxanus 6 kpucmaniax MgO u naensono noxazama
meHOeHYusl K USMEHEHUI0 aKYCMU4ecKux c8oucme noo eo3deicmeuem menia. Pe3yromamvi O0annozo
uccne008anus co30arm OCHOB8Y O NPUMEHEHUsI KYOUUeCKUX 2an02eHUOHbIX KPUCMALI08 8 aKYCIMUYECKUX,
MepMoynpyeux U aKyCmoORNMUYeCKUX YCMpoUucmeax u cnocoocmeyiom oOonee 21yO0KOMY HOHUMAHUIO
AHU3OMPONHO20 YNPY2020 NOBEOCHUSI MAMEPUATOB.

Knwuesvie cnosa: «xybuueckue Kpucmauivl, UMRYIbCHAS UHmMeppepenyus; aHu30mponusi;
aKycmuyeckasi GONHA; 6EKMOp NOIAPUAYULU; BOTHOBOU 6EKMOP, KOID@uUYUeHm 3amyxanus, Ynpyeast
NOCMOSIHHASL, CKOPOCHb GOJIHDL.

ANISOTROPY AND RELAXATION TIMES OF ACOUSTIC PROPERTIES OF CUBIC
SYMMETRICAL CRYSTALS

Abstract. In this article, the acoustic properties of cubic symmetry KBr, NaBr, NaCl, and MgO
crystals have been extensively experimentally investigated. In the study, the propagation velocities of
longitudinal and transverse acoustic waves along the [100], [110], and [111] crystallographic directions
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and their extinction coefficients were measured with high accuracy using the pulsed interference method.
Based on the results obtained, the real and abstract elastic constants of the crystals were determined, and
the relaxation times of acoustic phonons were estimated based on the Akheizer mechanism. Also, the
temperature dependence of the extinction coefficient in MgO crystals was studied, and the tendency of the
acoustic properties to change under the influence of heat was clearly shown. The results of this study create
a basis for the application of cubic halide crystals in acoustic, thermoelastic, and acousto-optic devices, and
contribute to a deeper understanding of the anisotropic elastic behavior of materials.
Keywords: cubic crystals; pulse interference; anisotropy; acoustic wave; polarization vector; wave

vector; attenuation coefficient; elastic constant; wave velocity.

Kirish. Kubik simmetriyali galogenid kristallari jumladan KBr NaBr NaCl va MgO Fm3m
simmetriyaning kubik nuqta guruhiga kiradi va ko‘plab fizik xususiyatlarda izotropdir. Biroq, elastiklik
xususiyatlariga ko‘ra, bu kristallar anizotropikdir va ularni akustik va akusto-optik qurilmalarda qo‘llash
akustik to‘lginlarning tarqalish tezligi va zaiflashuv koeffitsienti kabi muhim xususiyatlarning orientatsiya
bog‘ligligini bilishni talab qiladi [1-3]. Ushbu qurilmalarda ishlaydigan muhit ko‘pincha ko‘rinadigan va
infraqizil elektromagnit to‘lqinlarda yuqori elastik va fotoelastik konstantalarga ega bo‘lgan Magniy oksidi
kabi galogenid gidroksidi kristallari ishlatiladi [1-4].

Tarqalish tezligi va ulardagi so‘nish koeffitsienti past ultratovush chastotalari diapazonida yetarli
darajada batafsil o‘rganilgan, bunda so‘nish Axiezer mexanizmi [5-7] bo‘yicha kvadratik qonun bo‘yicha
chastotaga bog‘lig. Shu bilan birga, yuqori chastotalarda bunday tadqiqotlar deyarli yo‘q, chunki ulardan
foydalanishni cheklovchi asosiy omil zaiflashuv koeffitsientining katta giymati hisoblanadi. Shu munosabat
bilan ushbu ishda ishqor galogenid kristallarining gomologik gatoridagi uzunlamasina va ko‘ndalang akustik
to‘lginlarning tarqalish tezligi, samarali elastik konstantalari va susaytirish koeffitsienti ultratovush usullari
yordamida o‘rganildi.

Tadgigot metodologiyasi. KBr, NaBr va NaCl kristallari klassik NaCl-tipi panjara tuzilmasiga ega
bo‘lib, bu tuzilma kubik simmetriyaning Fm3m fazoviy guruhiga kiradi. Magniy oksidi (MgO) kristali ham
shu turdagi tuzilmani namoyon qiladi va o‘xshash fazoviy guruhga mansub hisoblanadi. Bunday
kristallarning simmetriya xususiyatlari ularning elastik va akustik xossalarini izchil o‘rganish imkonini
beradi chunki kristall panjarasining yuqori darajadagi simmetriyasi fizik kattaliklarning aniq yo‘nalishlarda
o‘Ichanishini soddalashtirish imkonini beradi.Kristallar namunalarining shakli kubik prizma bo‘lib, kubning
qirrasi taxminan 15 mm ni tashkil etadi. Namunalarning yuzalari kristallofizik o‘glar [100], [010] va [001]
yo‘nalishida yo‘naltirilgan bo‘lib. Bunday yo‘naltirish barcha to‘lqin turlari bo‘yicha o‘lchovlarni bir xil
namunalar asosida amalga oshirishga imkon beradi. Bu esa, har xil namunalar o‘rtasidagi o‘qlar
orientatsiyasi farqlari, strukturaviy nuqsonlar kabi turli omillarning eksperimental natijalarga ta’sirini
kamroq bo‘lishiga yordam beradi.

Biz akustik to‘lginlarning tezligini va so‘nish koeffitsiyentini aniqlash uchun Impulsli interferensiya
usulidan foydalanganmiz[9]. Usbu usulning mohiyati shundaki unda tadqiq gilinayotgan namunadan turlicha
yo‘l bosib otgan akustik to‘lginlarning fazalar farqi taqqoslanadi. Past chastotali o‘Ichov tizimining asosiy
gismlaridan biri amplituda selektori bo‘lib, u fagat ma’lum vaqt oralig‘ida ochiladi. Mazkur vaqt oralig‘i
signalning kerakli gismigina o‘tishiga imkon beradi. Quyidagi rasmdan Impulsli interferensiya usulining
blok sxemasi keltirilgan.
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1-rasm. Akustik o‘lchov tizimining blok-sxemasi [10]

Sxemada quyidagi qurilmalardan foydalanilgan: yuqori chastotali elektromagnit tebranishlar
generatori, strob kuchaytirgich, gabul giluvchi (detektor), va ikkita impulslar ketma-ketligining bir-biriga
nisbatan kechikishini 0.01 mikrosekundgacha aniqlikda ta’minlay oluvchi impulsli signal generatorlari va
kechikish generatoridan tashkil topgan diskret kechikish tizimi. Namunaga yuboriluvi radioimpulsni yaratish
uchun maxsus kuchaytirgich — rezonansli strob kuchaytirgich ishlatiladi. Bu kuchaytirgich hosil gilgan
radioimpuls namunaga ulangan pyezodatchikka yuboriladi. Pyezodatchikda quyidagi bosgichlar bajariladi:
radioimpulsni tovush (elastik) impulsga aylantiradi; namunaning garama garshi tomonidan gaytgan tovush
impulslarini yana radioimpulslarga aylantirib qabul qiladi. Qabul qilgichda hosil bo‘lgan sekin-asta
so‘nuvchi radio-ehoimpulslar ketma-ketligi amplituda bo‘yicha kuchaytiriladi. Bu yerda qabul qilgich
sifatida kuchaytirish darajasi 100 dB gacha sozlanadigan maxsus rezonansli kuchaytirgich qo‘llaniladi.
Kuchaytirgich tarkibidagi amplitudaviy detektor radioimpulslar ketma-ketligini mos keluvchi videoimpulslar
ketma-ketligiga aylantiradi. Kuchaytirgich kirishidagi attyenuator (signalni zaiflashtiruvchi qurilma) va
kuchaytirish darajasining sozlanishi yordamida kuchaytirgichning chiziqli rejimi (ya’ni, signalni buzmasdan
kuchaytirish) taminlanadi. Qabul gilgichdan kelgan impulslar yuboriladigan amplitudaviy selektor orgali
impulslar ketma-ketligidan keraklisini tanlab olish mumkin. Tanlangan impulsning amplitudasini voltmetr
yordamida o‘lchash amalga oshiriladi. Qo‘shni ikkita impuls amplitudalari — A va A., hamda namuna
uzunligi L bo‘yicha akustik to‘lginlarning so‘nish koeffitsiyenti quyidagi formula yordamida aniglanadi

aniglanadi [11].
A«
201g| —
_ g(Anj

2L (k —n)
Bu yerda L — namunani uzunligi. So‘nish koeffitsientini aniglash aniqligi esa taxminan 5 % ni tashkil
etadi. Bunday aniglikka erishish uchun impuls amplitudalari bir necha marta o‘lchandi va olingan natijalar
keyinchalik o‘rtacha qiymatlarga keltiriladi gilindi.
Generatorning uzluksiz tebranish chastotasi o°zgartirilganda kuzatiladigan interferensiya
minimumlari yoki impuls amplitudasining maksimumlari yordamida namunadagi akustik to‘lqin tezligi V
guyidagi munosabat asosida aniglanadi [9]:

)

V=2L-Av (2
Bu yerda Av — yuqori chastotali generatorning garama-garshi fazali interferensiyaga mos keluvchi
ikki qo‘shni chastotalar farqi. Ushbu chastotalar ragamli chastotomer yordamida o‘lchangan bo‘lib, u
chastotalar farqini £10 Gts aniqlik bilan aniglash imkonini beradi. Akustik to‘lqin tezligini aniqlashdagi
umumiy aniglik esa namuna uzunligini o‘lchashdagi aniqlik bilan chegaralangan va taxminan 0,01 % ni
tashkil etgan.
Shuningdek ushbu ishda Akustik fononlarning relaksatsiya vagtlari ham aniglangan. Relaksatsiya
vagqtlarini aniglashda quyidagi formuladan foydalanilgan[12]:
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Bu yerda cé'ﬁ -kristallarning mavhum elastiklik koeffitsiyenti, 7 - grunayzen parametri, Cv-

kristallarning hajmiy issiqlik sig‘imi, T- temperaturaning kelvin giymati, ¢o - akustik tolgin chastotasi.
Natijalar va muhokama. [100], [110] kristallografik yo‘nalishlar bo‘ylab bo‘ylama va ko‘ndalang
akustik to‘lginlarning so‘nish koeffitsientlarini aniglash natijalari hamda tadgiq gilingan kristallar uchun
hisoblangan haqgigiy va mavxum samarali elastiklik konstantalari giymatlari 1-jadvalda keltirilgan. Akustik
to‘lginlarning tezlik qiymatlari esa adabiyotdagi ma’lumotlar bilan yaxshi mos kelgani sababli ular 1-

jadvalda keltirilmagan.
C'eff, a, C"eff
q n 101 N-m2 dB-us? 10’ N-m?

KBr NaBr MgO KBr NaBr MgO KBr NaBr MgO

[100] [100] 3.52 3.96 28.6 38 25 4.34 4.82 3.7 4.56
[001] 0.51 0.99 14.8 6.0 3.1 0.60 0.11 0.11 0.33

[110] 2.55 3.49 334 28 17 1.90 2.81 2.01 2.33

[110] | [110] 1.48 1.47 9.95 40 34 7.01 2.12 1.79 2.56
[001] 0.51 0.99 14.8 6.0 3.1 0.60 0.11 0.11 0.33

[111] [111] 2.22 3.33 35.06 26.4 11.9 1.23 2.14 1.45 1.59
[110] 1.15 131 11.56 34.8 25.6 4.26 1.45 1.23 1.81

1-jadval KBr, NaBr va RbBr kristallarida akustik to‘lginlarning so‘nish koeffitsienti (v = 1
GGts da) hamda samarali haqgigiy va mnim elastiklik konstantalar giymatlari

Oc‘rganilgan barcha kristallar uchun elastiklik tenzori hagigiy va mavhum gismlaring uchta mustaqil
komponentalari barcha kristalografik yo‘nalishlar bo‘yicha o‘lchangan bo‘ylama va ko‘ndalang
to‘lginlarning tezligi va so‘nish koeffitsiyentlaridan aniglangan. Jadvalda keltirilgan ma‘lumotlar asosida
KBr kristali uchun akustik to‘lginlarning polyar diagrammadagi grafiklari quyidagi ko‘rinishda bo‘ladi.

[001]
90

270

2-rasm. Kaliy brom kristallaridagi akustik to‘lqin tarqalish tezligi sirtlarining (100) tekislik
bo‘yicha ko‘rinishi: 1 - kvazi-bo‘ylama, 2 - kvazi-ko‘ndalang, 3 - sof ko‘ndalang akustik to‘lqinlar
1-jadvaldagi malumotlar asosida aniglangan akustik fononlarning relaksatsiya vagtlari va grunayzen
parametrining giymatlari 2- jadvalda keltirilgan. Fonon relaksatsiya vagtlarini aniglashda 3- formuladan
foydalanilgan.

i 110
g i KBr NaBr NaCl MgO KBr NaBr NaCl MgO
[100] [100] 2.60 2.1 2.50 2.58 9.5 9 4.15 3.48
[001] 0.48 0.44 0.51 0.69 6.35 6.15 2.81 35
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[110] | 2.32 | 1.94 1.78 169 | 694 | 5.78 4.15 4.1
[110] | [110] | 247 | 1.67 2.28 177 | 462 | 6.95 2.64 4.15
[001] | 056 | 0.48 0.53 063 | 466 | 5.17 2.6 4.22
[111] | 251 | 163 1.48 138 | 452 5.9 43 4.24

[110] 2.17 1.86 1.94 1.48 4.1 3.54 2.26 4.2

2-jadval KBr, NaBr, NaCl va MgO kristallari uchun grunayzen parametri va relaksatsiya
vagtlari

2- jadvaldan ko‘rishimiz mumkunki, KBr, NaBr, NaCl va MgO kristallaridagi akustik fononlarning
turli yo‘nalishlarda va qutublanishlarda tarqalish vaqtida yuzaga keladigan angarmoniklik va relaksatsiya
vaqtlari keltirilgan. [100] yo‘nalish bo‘yicha grunayzen parametri boshga yonalishlarga nisbatan katta
giymatlarga ega bu ushbu yo‘nalishda panjara atomlarining angarmoniklik darajasi yuqori ekanligini
ko‘rsatadi. E‘tibor qilsak shu yo‘nalishda fononlarning relaksatsiya vaqtlari ham katta bu fononlarning uzoq
yashashini va akustik to‘lginlarning so‘nishi sekin kechishini bildiradi.Shuningdek biz MgO Kubik
simmetriyali kristallarida Akustik to‘lginlarning so‘nish koeffitsiyentining temperaturaga bog‘ligligi
o‘rganilgan va olingan natijalar grafik ko‘rinishida keltirilgan.

MgO kristallari uchun so‘nish koeffitsiyentining temperaturaga bog‘ligligi hona haroratidan 170°C
gacha o‘lchandi. Grafikda ko‘k rangli nuqtalar o‘lchov natijalarini ko‘rsatadiva ko‘rishimiz mumkinki
akustik to‘lginlarning so‘nish koeffitsiyenti temperatura ortishi bilan chizigli ortadi bunga sabab esa kristal
panjara atomlarining issiglik natijasida tebranishi va fonon harakatiga garshiligining ortishi hisoblanadi.

[111]

0,20 |-

o dB/us
o
5
1

0,10

0,05 |-

0,00 PO TS (RN NS N T (N S N (M TR
20 40 60 80 100 120 140 160 180

t %
3- rasm MgO Kkristalining [110] yo‘nalish bo‘yicha akustik to‘lqinlari so‘nish koeffitsiyentining
temperaturaga bog‘ligligi

Xulosa. Tadqiqot natijalari shuni ko‘rsatdiki, kristall panjarasining simmetriyasi yuqori bo‘lishiga
qaramay, elastik xossalar sezilarli darajada anizotrop bo‘lib, akustik to‘lginlarning tezligi va yo‘qolish
koeffitsiyenti kristallografik yo‘nalishga kuchli bog‘liqdir. Grunayzen parametrlari va relaksatsiya
vagtlarining giymatlari fononlarning angarmon harakatini chuqur tushunish imkonini berdi. Xususan, [100]
yo‘nalishida relaksatsiya vaqtlarining yuqori bo‘lishi ushbu yo‘nalishda fononlarning uzoq umrli ekanini
ko‘rsatadi. MgO kristallida o‘tkazilgan temperatura tajribalari esa so‘nish koeffitsiyentining harorat oshishi
bilan deyarli chizigli ortishini tasdigladi. Bu hodisa issiglik tebranishlarining kuchayishi va fononlarning
o‘zaro to‘qnashuv chastotasining ortishi bilan izohlanadi. Olingan natijalar kubik galogenid kristallarining
akusto-optik, akustik, termoelastik va yuqori aniqlik talab gilinadigan sensor qurilmalarda qo‘llanishi uchun
muhim ilmiy asos yaratadi. Bundan tashgari, materiallarning anizotrop elastik xatti-harakatlarini chuqurrog
tushunishga, fonon kinetikasini baholashga va akustik qurilmalar parametrlarini optimallashtirishga xizmat
gilishi mumkin.
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Abstract. A comprehensive study of the relative change of resistivity from temperature and annealing
time in p-Si<B, Mn> samples with different concentrations of manganese atoms nanoclusters has been
carried out. It was found that with increasing concentration of nanoclusters of manganese atoms, the
thermal stability of p-Si<B, Mn> samples significantly improves, where at the concentration of nanoclusters
N=10" cm™ up to the annealing temperature T=125 °C decay is practically not observed, that is, the
samples retain their initial electro physical parameters, NMR and the value of impurity photoconductivity

Keywords: semiconductor, silicon, nanocluster, manganese, boron, negative magneto resistance.

MARGANETS ATOMLARI BILAN LEGIRLANGAN KREMNIY NANOKLASTERLARI
ELEKTR PARAMETRLARINING ISSIQLIK BARQARORLIGI

Annotatsiya. Marganets atomi nanoklasterlarining turli konsentratsiyalariga ega p-Si<B,Mn>
namunalarida qarshilikning toviash harorati va vaqti bilan nisbiy o ‘zgarishini o ‘rganish uchun keng
qgamrovli tadgiqot o ‘tkazildi. Marganets atomi nanoklasterlari konsentratsiyasining ortishi bilan p-
Si<B,Mn> namunalarining issiglik bargarorligi sezilarli darajada yaxshilanishi aniglandi. N=10* cm?
nanoklaster konsentratsiyalarida va T=125 °C tovlash haroratida deyarli parchalanish kuzatilmaydi, bu
namunalar boshlang ‘ich elektrofizik parametrlarini, MMQ va kirishma fotoo ‘tkazuvchanligini saqlab
qolishini ko ‘rsatadi.

Kalit so‘zlar: yarimo ‘tkazgich, kremniy, nanoklaster, marganets, bor, manfiy magnit qarshilik.

TEPMHUYECKAS CTABUWJIBHOCTD QJIEKTPUHYECKUX TAPAMETPOB KPEMHMUSA C
HAHOKJIACTEPAMU ATOMOB MAPI'AHIIA

Annomauusa. Ilposedenvl KOMNIEKCHble UCCIE008ANHUS OMHOCUMENbHO2O USMEHEHUs YO0elbHO20
conpomueneHus om memnepamypvl U epemenu omoicuea 6 obpazyax P-Si<B, Mn> ¢ pasmuunoii
KOHYenmpayuel HAHOKIACMEPO8 AMOMO8 MAp2aHyd. YCmauoeneno, uymo ¢ pocmom KOHYEeHmMpayuu
HAHOKNIACMEPO8 amOMO8 MAapeanyd, CYWecmeeHHO YayHuaemcs mepmocmadunbhocms obpasyos P-Si<B,
Mn>, 20e npu xonyenmpayuu nanoxnacmepos N=10" cu® 0o memnepamypor omocuea T=125 °C pacnao
npakmuyecku He HaOIO0Aemcs, mo ecmv 00pasybl COXPAHAIOM CE0U UCXOOHbBle NeKMmpopusutecKkue
napamempwvi, OMC u eenuquny npumechol pomonposooumocmu.

Knioueevie cnoea: nonynpoeooHux, KpemHuil, Hamokiacmep, mapeauey, 00p, ompuyamenbHoe
MazHemoconpomusieHue.

Introduction. Unlike other semiconductor materials doped with paramagnetic impurity atoms [1-4],
silicon with nanoclusters of manganese atoms is characterized by huge negative magnetoresistance (NMR)
which is not conventional for other silicon-based materials. This anomalous huge NMR manifests itself at
room temperature. Silicon with nanoclusters of manganese atoms is also characterized by high impurity
photoconductivity in the region A=10~1.5 um [5, 6].
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The thermal stability of electrical parameters of manganese-doped silicon samples without
nanoclusters was studied in [7]. According to the results of this study, at annealing T>100 °C for 30+40
minutes the material properties tend to change significantly whereas at annealing duration t=1,5+2 hours a
complete decay of parameters is observed, i.e. the material acquires its initial electrical parameters. It can be
concluded that the compensation in boron- and manganese- doped silicon samples is thermally unstable. This
can be explained by the change in the electronic state of manganese multi-atomic complexes in the silicon
lattice or by disintegration of neutral boron-manganese complexes. How thermal annealing affects the state
of manganese clusters and, consequently, the electrical properties of silicon with nanoclusters of manganese
atoms is of great importance.

In [8-10], when studying the state of manganese atoms in silicon by electric paramagnetic resonance
(EPR), it was shown that under certain doping conditions the manganese impurities forms nanoscale clusters
consisting of four manganese atoms located in the nearest equivalent interstitial positions around the boron
atoms in the silicon lattice.

Materials and methods. To ensure the process of formation of nanoclusters in silicon samples, p-type
single-crystalline silicon with resistivity p=5 Q-cm (p=4-10* cm=) was used as a starting material. Doping
with manganese was carried out using a newly developed technology [1-3, 11]. The doping conditions were

chosen so as to receive p-Si<B, Mn> samples with resistivity in the range of 6-10° <p<10° Q-.cm at
T=20 °C.

The electrical parameters of the samples (Table 1.) were measured on an Ecopia Hall Effect
Measurement Systems HMS7000.

The p-Si<B, Mn> type samples with nanoclusters with resistivity p~(6+8)-10° Q-cm exhibit

A
anomalously large negative magnetoresistance (NMR), the value of which reaches more than ' ~100% at
yo,

room temperature, as well as very high subband (impurity) photoconductivity [2-4]. As the resistivity of the
samples changes toward lower or higher values than p~(6+8)-10% Q-cm, the magnitude of NMR decreases. In
overcompensated n-Si<B, Mn> samples, a small PMR is always observed regardless of their resistivity.
Results and discussion.
Table 1 - Electrical parameters of the samples

D{::tﬁ;g” Samples obtained Type | p,Qcem | p, cm/V:s N P, o r?ggﬁ :tr:)?e\g?sltj;ngg
i) i i 0
2 nanoclusters P 4,1-10* 145 1,05-10% NMI%
& Si<B> control p 5,18 365 | 3.7-10° T

. . :
é g’ S-<Eén,3|d35t?r; p 7,310° 271 3,15-10% I\S\C/)I/R
§§ | na’mocr:]lustlt\g;[soUt P 4107 214 5,84-10% PMOR
= Si<B> control P 5,2 352 [ 3,41-10% BV

In the samples where the maximum NMR is observed, the hole mobility was significantly smaller than
the hole mobility in materials with the same resistivity obtained by conventional high-temperature diffusion

and in general was p= 70-150 cm?/V-s [1].
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The obtained manganese-doped samples had p-type conductivity, no overcompensated n-type samples
were observed.

According to calculations, in the samples p~(7+8)-10° Q.cm the Fermi level is in the position
F=Ev+0.38 eV, i.e. it is in the lower half of the band gap of silicon. This allows us to assert that in these
samples the majority of manganese atoms is strongly ionized state and is most likely in the state Mn*2, since
according to [12], interstitial manganese atoms in silicon are donor impurities and create energy levels in the
upper half of the band gap of silicon with ionization energy E1=E-0.27 eV and E;=E-0.5 eV. Mn*? ions.
These ions, in turn, can form nanoscale charged complexes like BMny.

The presence of such nanoclusters of manganese atoms in the studied samples was confirmed by the
study of the state of manganese atoms by EPR method, and their high degree of ionization by AFM [11, 13].

The obtained samples at room temperature were characterized by large negative magnetoresistance up
to 100%, as well as high impurity photoconductivity in the spectral region 2=10+1.5 um at temperature T=-
193 °C, which is characteristic of samples with nanoclusters of manganese atoms [1-6].

Simultaneously, p-Si<B, Mn> samples doped with manganese using a typical standard high-
temperature diffusion technique [7] with similar parameters but without nanoclusters were received on the
basis of p-type silicon with p =5 Q-cm. The absence of nanoclusters in these samples was also confirmed by
EPR.

Temperature annealing of samples was carried out stepwise in a vacuum tube furnace MG17-60/300
with high accuracy of temperature maintenance (+/- 1 °C) and annealing time t=30 minutes (+/- 10 seconds).
After each heat annealing step, the samples were chemically treated with 10% HF solution to remove the
SiO;, layer, while the electrical properties of the samples were investigated under identical conditions.

Fig. 1 shows the relative change in resistivity of the studied samples as a function of annealing time at
T=100 °C. As can be seen, the resistivity of the material in p-Si<B, Mn> samples with nanoclusters
practically does not depend on the annealing time (curve 1). At the same time in p-Si<B, Mn> samples
without nanoclusters (without formation of nanoclusters) the electrical parameters change significantly with
increasing annealing time, at annealing t=300 minutes, where there is almost a complete decomposition of
complexes containing manganese atoms (curve 2). After complete decay in p-Si<B, Mn> samples with
nanoclusters, the anomalously small value of hole mobility increase to the value u= 360 cm?/V-s as in the
original sample.

T T T T T
0 50 100 150 200 250 300
t, min

Figure 1 - Relative change in resistivity of manganese-doped silicon samples from annealing time
at T=100 °C: 1- with nanoclusters, 2- without nanoclusters
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Figure 2 - Relative change in resistivity of p-Si<B, Mn> silicon samples with nanoclusters of
manganese atoms at different annealing temperatures:
1- 100 °C, 2- 125 °C, 3- 140 °C, 4- 160 °C

Shortly after we investigated p-Si<B, Mn> samples with nanoclusters to determine up to what
temperature they maintain the stability of their electro physical parameters (Fig. 2). The results show that no
decay is revealed in silicon samples with nanoclusters up to annealing temperature of 110 °C for a long time
(7 days). With increasing temperature up to T=125 °C a noticeable decomposition starts at annealing time
greater than 1 hour.

Thermal stability studies were also carried out on samples having different contents of manganese
clusters. For this purpose, p-type Si samples doped with boron p=10 Q-cm, p=5 Q-cm and p=2 Q-cm were
used as a starting material [1]. Samples of p-Si<B, Mn> with different concentration of nanoclusters were
fabricated by the technology similar to [2, 10] with the condition of obtaining samples with resistivity
p=(7+8)10° Q-cm at T=27 °C. Taking into account almost complete compensation of boron impurity in these
samples by manganese, one could estimate the concentration of nanoclusters as: Nguna=2-10'* cm (p-type Si
doped with boron p=10 Q-cm starting material), 5-10* cm= (p-type Si samples doped with boron p=5 Q-cm
starting material), 10™ cm (p-type Si samples doped with boron p=2 Q-cm starting material) [1].

The relative variation in resistivity with annealing time in p-Si<B, Mn> samples with different
concentrations of manganese atom nanoclusters is shown in Fig. 3. As can be seen from Fig. 3, the thermal
stability of p-Si<B, Mn> samples significantly improves with increasing concentration of manganese atom
nanoclusters. In p-Si<B, Mn> samples with the concentration of nanoclusters N=10* cm= at annealing
temperature T=125 °C, the decay is practically not observed, i.e. the samples retain their electro physical
parameters. The studies also showed that the NMR and the magnitude of impurity photoconductivity retained
their pre-annealing values.
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Figure 3 - Relative changes in resistivity of p-Si<B, Mn> samples with different concentrations of
manganese atom nanoclusters at T=125 °C
1) N(Mn)4=2-1014 cm?, 2) N(Mn)4=5-1014 cm’®, 3) N(Mn)4=1015cm'3

Conclusion. The above experimental results related to the study of changes in the properties of silicon
with nanoclusters of manganese atoms in times of heat treatment allow us to determine the operating
temperature range of photovoltaic and magnetic devices based on the material p-Si<B, Mn> with
nanoclusters. Sufficiently high maximum operating temperatures (T>100 °C) allow us to use this material to
for receiving a wide range of new electronic devices in the field of spintronics and optoelectronics, as well as
various highly sensitive sensors of physical quantities [14] operating both at room temperature and at low
temperatures.
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Annotatsiya. Ushbu magqolaning magqsadi dinamik o ‘zaro ta’sirlar nazariyasidan olinishi mumkin
bo‘lgan harakat qonunlarini va uning ko ‘p va muhim ilmiy qo ‘llanilishini taqdim etishdir. Bir vaqtning
o zida koaksiyal bo ‘lmagan aylanishlarga duchor bo‘lgan qattiq jismlarning xatti-harakatlarining yangi
talginiga asoslanib, biz ushbu jismlarning dinamik harakati to ‘g ‘risida gipotezani ishlab chigdik. Ushbu
gipotezalardan va erkin jismlarning kosmosdagi xatti-harakatlarini kuzatish natijasida biz aksiomalar va
matematik-fizik modelni ishlab chigdik. Shunday qilib, biz gipotezalar va kuzatilgan xatti-harakatlarga mos
keladigan harakat tenglamasini chigardik. Ushbu dinamik model, gattiq gattiq jismlar yoki tizimlar holatida,
uning dinamik ishlashi bilan bog‘liq bir qator qonunlar va natijalarni ilgari surishga imkon beradi. Bu
gonunlar keyinchalik eksperimental sinovlar bilan tasdiglangan. Ushbu tadgigotning barchasi biz Dinamik
o ‘zaro ta'sirlar nazariyasi (TID) deb nomlagan ogilona va kontseptual tuzilmani tashkil giladi. Ushbu
mantiqiy deduktiv tizim aylanish natijasida ko 'p tezlanishga duchor bo ‘lgan qattiq jismlarning harakatini
bashorat gilish imkonini beradi. Xulosalarda biz printsiplar va aksiomalar, ishlab chigilgan fizik-matematik
model, olingan harakat tenglamasi, chigarilgan gonunlar va amalga oshirilgan eksperimental testlar
o ‘rtasida muvofiqlikka erishilganligini ta’kidlaymiz.

Kalit so“zlar: Dinamik o ‘zaro ta’sirlar nazariyasi, qattiq jism, koaksial bo ‘Imagan aylanish, harakat
tenglamasi, matematik-fizik model, dinamik qonunlar, eksperimental sinovlar, tezlanish, gipoteza,
aksiomalar tizimi.

OCHOBHBIE 3AJJAYU JUHAMUKU. METOAbI OITPEJAEJIEHUSA 3AKOHOB
JIAHAMMYECKOI'O JIBUKEHUS MATEPUAJIBHON TOUKH

Aunnomayusn. llerv oannol cmamou — NpeOCMABUMb 3AKOHbL OBUICEHUS, KOMOopble Mocym Oblmb
6bIBCOCHDL U3 MEOPUU OUHAMUYECKUX 3AUMOOeiCNBULL, a MAKIICce e€ MHO2OUUCTIEHHbIE U BAJNCHbIE HAYYHbLE
npumenenusi. Ha ocnose Ho8020 monkoganus nogedeHus meépovix mei, 00HOBPEMEHHO NO08eP2aAtOUUXCS
HEKOAKCUAIbHbIM 8DAWEHUSM, HAMU 8bIOSUHYMA 2UNOME3d O OUHAMUYECKOM 08UNCEHUY dmux mei. W3 smux
eunome3s u HAOMOOeHUl 3a NOGeOeHUeM C60O0OHBIX Mel 8 NPOCMPAHCMEE ObLIU PA3PAOOMANbBL AKCUOMbL U
Mamemamuko-gusuveckas moodenv. Takum — o0pazom, HaMu  8bl8EOCHO  YPAGHEHUE  OBUIICEHUS,
coomeemcmeayujee 2unome3am U HabIdaemMomy nogedenuro. Jlannas ouHamuueckas mMooeib no360/sem
chopmyuposams psi0 3aKOHO8 U BbIBOO0S, CEA3AHHBIX C OUHAMUYECKUM NOBeOeHUeM MEEPObIX mel Ul
cucmem. Dmu 3aKOHbL GNOCAEOCMEUU ObLIU NOOMBEPAHCOCHBI IKCHEPUMEHMATIbHLIMU UChbIMmanuamuy. Bcé
MO UCCAed08ane npedcmasisiem coO0l PAyUOHATbHYIO U KOHYENMYANbHYI0 CIMPYKIMYpy, KOMOPYIO Mbl
Hazeanu meopueil Ounamuydeckux e3aumooeiicmeuii (T/[AB). Omom n0euko-0edykmusHuill No0xXo0
n036075em NPeOCKaA3bl6aAmsb OBUINCEHUE MEEPObIX Mel, UCHBIMbIBAIOUUX MHOJICECTNBEHHbIE YCKOPeHUsl 8
pesynromame @pawjenus. B 3axmouenuu ommeyaemcs, umo OOCMUSHYMO COOMBECMEUE MeNCOY
NPUHYUNAMU U AKCUOMAMU, PA3PAOOMAHHOU QUIUKO-MAMEMATNUYECKOU MOOEbI0, HOLYYEHHbIM YPAGHEHUEM
O0BUIICEHUSL, BbIGEOEHHBIMU 3AKOHAMU U NPOBEOEHHBIMU IKCREPUMEHMATLHBIMU NPOBEPKAMU.
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Knrouesvie cnoea: meopus OUHAMUYECKUX 636114]1/10061/70}1161/!1/!“, m@ép()oe meno, HeKodKcuaivbHoe
epaujerue, ypasHeHue 06u3fC€H1/l}l, Mamemamuko—qbquemaﬂ MO()eflb, OuHamMuyecKue 30AKOHbI,
IKCNEPUMERMANIbHbIE UCNBLIMARUA, YCKOPERUE, cunomesa, cucmema aKkCuom.

MAIN PROBLEMS OF DYNAMICS. METHODS FOR DETERMINING THE DYNAMIC
LAWS OF MOTION OF A MATERIAL POINT

Abtract. The purpose of this article is to present the laws of motion that can be derived from the theory
of dynamic interactions and its numerous and significant scientific applications. Based on a new
interpretation of the behavior of rigid bodies subjected simultaneously to non-coaxial rotations, we
developed a hypothesis about the dynamic motion of these bodies. From these hypotheses and observations
of the behavior of free bodies in space, we formulated axioms and a mathematical-physical model. Thus, we
derived an equation of motion consistent with the hypotheses and observed behavior. This dynamic model
allows the formulation of a series of laws and results related to the dynamic behavior of rigid bodies or
systems. These laws were later confirmed by experimental tests. All of this research constitutes a rational
and conceptual framework that we have called the Theory of Dynamic Interactions (TDI). This logical and
deductive system makes it possible to predict the motion of rigid bodies subjected to multiple accelerations
as a result of rotation. In conclusion, we emphasize that consistency has been achieved among the principles
and axioms, the developed physical-mathematical model, the derived equation of motion, the formulated
laws, and the conducted experimental tests.

Keywords: Theory of Dynamic Interactions, rigid body, non-coaxial rotation, equation of motion,
mathematical-physical model, dynamic laws, experimental tests, acceleration, hypothesis, system of axioms.

Kirish. Dinamika nazariy mexanikaning asosiy bo‘limi bo‘lib, unda jismlarning mexanik harakat
gonunlari shu harakatni vujudga keltiruvchi kuchlarga bog‘liq holda o‘rganiladi. Mexanikaning asosiy,
birlamchi tushunchasi bo‘lgan kuch dinamikada moddiy jismlar harakatini o‘zgartiruvchi ta’siri bilan
aniqlanadi. Dinamikada jismlarga o‘zgarmas kuchlardan tashqari miqdori va yo‘nalishi o‘zgaruvchan
kuchlar ham ta’sir ko‘rsatishi mumkin deb qaraladi. Kuchlar aktiv, faol yoki passiv, chunonchi,bog‘lanish
reaksiya kuchlari bo‘lishi mumkin: Massa jismlaming moddiy miqdor o‘lchovi boiib, dinamikaning asosiy
tushunchalaridan biri hisoblanadi. Jismning harakati fagat unga qo‘yilgan kuchgagina bog‘liq bo‘lmay,
uning inertligiga ham bog‘liq. Jismning inertligini miqdor jihatdan ifodalovchi fizikaviy kattalik jismning
massasi deyiladi. Biz o ‘rganayotgan mexanika klassik mexanika bo‘lib, bunda jismning tezligi yorug‘lik
tezligidan ancha kichik, uning massasi o‘zgarmas, skalyar va musbat kattalik deb qaraladi. Harakatini
o‘rganishda o‘lchamlari ahamiyatga ega bo‘lmagan, lekin massaga ega moddiy jismga moddiy nuqta
deyiladi. Moddiy nuqta asl ma’noda, biror jismni anglatgani uchun u shu jismning massasiga teng massaga
va shu sababli, jism kabi ta’sirlasha olish xususiyatiga ega bo‘ladi. Moddiy nuqta tushunchasiga binoan,
mexanik sistema yoki jism massasi uni tashkil etgan moddiy nuqtalar massalarining yig‘indisi bilan
aniqlanadi. Umumiy holda Jismning harakati fagat ushbu moddiy nuqtalar yig‘indisigagina emas, ularning
jism bo‘ylab tagsimlanishi (jism shakli)ga ham bog‘liq. Dinamikaning masalasi. Dinamikaning masalasi
jismga ta’sir etuvchi kuchlar bilan uning harakatining kinematik xarakteristikalari o ‘rtasidagi bog‘lanish
gonunlarini aniglash va bu gonunlarni harakatning xususiy hollariga tatbiq etishdan iborat. Dinamika
masalasini dinamikaning asoschisi Nyuton juda yaxshi ta’riflagan. U aytganki, dinamika “harakatning yuz
berishiga ko‘ra tabiat kuchlarini bilish, so‘ngra bu kuchlar bilan tabiatning boshqa hodisalarini tushuntirishi”
zarur. Albatta, moddiy nugta dinamikasining asosiy masalalari va harakat gonunlarini aniglash usullarini
batafsilroq va bo‘limlarga bo‘linmasdan yoritaman.Moddiy nuqta dinamikasining asosiy vazifasi - moddiy
nuqtaning fazoda vaqt o‘tishi bilan joylashuvining o‘zgarishini, ya'ni uning harakatini sabablari (kuchlar)
bilan bog‘liq holda o‘rganishdir. Buning uchun eng asosiy vosita Nyutonning ikkinchi qonuni bo‘lib, u kuch,
massa va tezlanish o‘rtasidagi bog‘liglikni ifodalaydi: m-a = XF. Bu tenglama har ganday dinamik
masalaning yechimi uchun asos hisoblanadi.

Asosiy masalalar tahlili. Dinamikada ikki turdagi asosiy masala mavjud. Birinchi masalada moddiy
nuqtaning massasi, boshlang‘ich holati (joylashuvi va tezligi) va unga ta'sir etuvchi barcha kuchlar ma’lum
bo‘ladi, shu asosda nuqtaning harakat qonuni, ya'ni vaqtning istalgan momentidagi joylashuvi va tezligi
topiladi. Bu masalani yechish uchun Nyutonning ikkinchi qonuni asosida harakatning differensial
tenglamalari tuziladi va ularning yechimi topiladi. Masalan, Yerga ma’lum burchak ostida otilgan toshning
harakat traektoriyasini, maksimal balandligini va uchish masofasini topish. Ikkinchi masalada esa moddiy
nuqtaning massasi va uning harakat qonuni ma’lum bo‘ladi, shu asosda unga ta’sir etuvchi kuch(lar) topiladi.
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Bu masalani yechish nisbatan sodda, chunki u differensial tenglamalarni integrallashni talab gilmaydi.
Ma'lum bo‘lgan harakat qonunidan ketma-ket hosila olish orqali tezlanish topiladi va so‘ngra Nyutonning
ikkinchi qonuniga asosan kuch topiladi. Masalan, Quyosh atrofida ma’lum bir traektoriya bo‘yicha
harakatlanayotgan sayyoraga ganday kuch ta'sir gilayotganini topish. Harakat gonunlarini aniglash
usullariHarakat gonunlarini aniglashning asosiy usuli differensial tenglamalarni tuzish va ularni yechishdir.
Bu jarayon moddiy nugtaning dinamik modelini tuzish, faol kuchlarni aniglash, qulay koordinatalar
sistemasini tanlash, harakat differensial tenglamalarini yozish, differensial tenglamalarni yechish va
boshlang‘ich shartlardan foydalanish bosqichlaridan iborat. Koordinatalar sistemasini tanlash juda muhim,
chunki masalaning shartiga garab Dekart koordinatalari, tabiiy koordinatalar yoki boshga sistemalardan
foydalanish mumkin. Har bir sistema o‘ziga xos tenglamalar sistemasini talab qiladi. Differensial
tenglamalarni yechish eng murakkab bosqich bo‘lib, turli matematik usullar (ajratuvchi o‘zgaruvchili, bir
jinsli, chiziqli tenglamalar) qo‘llaniladi. Yechimda paydo bo‘ladigan integrallash doimiylarini aniqlash
uchun boshlang‘ich shartlar (t=0 dagi joylashuv va tezlik) muhim ahamiyatga ega.

Amaliy qo‘llanilishi. Moddiy nuqta dinamikasining ushbu tamoyillari va usullari nafagat nazariy
ahamiyatga ega, balkil amaliyotda ham keng qo‘llaniladi. Mashinasozlikda, qurilishda, aviatsiyada,
kosmonavtikada, robototexnikada va boshga sohalarda har ganday jismning harakatini hisoblash va
loyihalash uchun dinamikaning asosiy tamoyillari qo‘llaniladi. Masalan, avtomobilning turli yo‘l
sharoitlarida harakatini modellashtirish, sun'iy yo‘ldoshlarning orbitadagi harakatini hisoblash,
turbinalarning aylanish dinamikasini tadqiq gilish — bularning barchasi moddiy nugta dinamikasiga
asoslanadi. Dinamika — bu jismlarning harakat sabablarini o‘rganuvchi mexanika bo‘limi. Nyutonning uchta
asosiy gonuni dinamikaning poydevoridir. Birinchi gonun - inersiya gonuni: agar jismga tashqi kuch ta'sir
etmasa, u tinch holatda yoki to‘g‘ri chiziq bo‘yicha bir jinsli harakatda bo‘ladi. Ikkinchi qonun - asosiy
dinamika qonuni: kuch jism massasi va tezlanishi ko‘paytmasiga teng (F = m-a). Uchinchi qonun — ta’sir-
garshilik gonuni: har ganday kuchga unga teng va garama-qgarshi yo‘nalgan kuch javob gaytaradi.Moddiy
nugta - bu o‘lchamlari e'tiborga olinmaydigan, lekin massasi va inersiyasi saqlanadigan ideal jism.
Dinamikada ikki turdagi asosiy masala mavjud: to‘g‘ri masala va teskari masala. To‘g‘ri masalada kuchlar
ma’lum bo‘ladi, harakatni topish kerak. Teskari masalada harakat ma'lum bo‘ladi, kuchlarni topish kerak.
Kuchlar turlari orasida og‘irlik kuchi (P = mg), elastiklik kuchi (F = -kx), ishqalanish kuchi (F = uN),
markazga intiluvchi kuch (F = mv?*r) muhim ahamiyatga ega. Energiya turlaridan kinetik energiya (Ex =
mv?/2) harakat energiyasi, potensial energiya (E, = mgh) esa joylashuv energiyasidir.Impuls - harakat
miqdori (p = mv), impuls momenti - aylana harakati miqdori (L = r x p). Impulsning saqlanish qonuni yopiq
sistemada impuls o‘zgarmasligini bildiradi.Koordinata sistemalari orasida Dekart sistemasi (x, y, z) va tabiiy
sistema (t, n, b) keng qo‘llaniladi. Tabiiy sistemada normal tezlanish a, = v?*/p formulasi bilan
hisoblanadi.Bog‘lanishlar dinamikasida g‘ayritabiiy va tabiiy bog‘lanishlar farqlanadi. Harakat tenglamalari
differensial shaklda ifodalanadi va turli koordinata sistemalarida yechiladi.Sonli usullardan Eyler usuli (yn+t
= yn + hf(Xs,yn)), Runge-Kutta usuli, Verlet algoritmi keng qo‘llaniladi. Bu usullar kompyuter
modellashtirishda muhim ahamiyatga ega.Dinamika qonunlari amaliyotda keng qo‘llaniladi: kosmonavtikada
orbital hisoblar, mashinasozlikda transport vositalari dinamikasi, qurilishda konstruksiyalar hisobi,
robototexnikada harakatni boshgarish, sportda qurilmalar loyihalash. Barcha mexanik hodisalar dinamika
gonunlari asosida tushuntiriladi va hisoblanadi. Dinamika - mexanikaning jismlarning harakat sabablarini
o‘rganadigan bo‘limi bo‘lib, Nyutonning uch qonuniga asoslanadi. Birinchi qonun - inersiya gonuni: tashqi
kuch ta'sir etmasa jism tinch holatda yoki bir jinsli harakatda bo‘ladi. Ikkinchi qonun - asosiy dinamika
gonuni: F = m-a (kuch massaning tezlanishiga teng). Uchinchi qonun - ta'sir-qarshilik: Fi2 = -F2i. Moddiy
nugta - o‘lchamsiz lekin massali ideal jism. Dinamikada ikkita asosiy masala mavjud: to‘g‘ri masala (kuch
ma’lum, harakat topiladi) va teskari masala (harakat ma'lum, kuch topiladi).Kuch turlari: og‘irlik (P = mg),
elastiklik (F = -kx), ishqalanish (F = puN), markazga intiluvchi (F = mv*r). Energiya: kinetik (Ex = mv?/2),
potensial (E, = mgh), mexanik ish (A = F-s). Impuls - harakat migdori (p = mv), impuls momenti (L =r x p),
impulsning saqlanish qonuni. Koordinata sistemalari: Dekart (x,y,z), tabiiy (t,n,b), normal tezlanish a, =
v?/p.Bog‘lanishlar: g‘ayritabiiy (tezlikka bog‘liq) va tabiiy (tezlikka bog‘liq emas). Harakat tenglamalari
differensial shaklda: d>x/dt? = F/m. Sonli usullar: Eyler (yn+1 = ya + h-f(Xn,ys)), Runge-Kutta, Verlet. Amaliy
qo‘llanilish: orbital hisoblar, transport dinamikasi, qurilish konstruksiyalari, robototexnika, sport
qurilmalari.Dinamik tizimlar: erkin (cheklovsiz) va bog‘langan (cheklovli). Differensial tenglamalarni
yechish usullari: analitik (anlQ) va sonli (taxminiy). Fazoviy yondashuv— harakatni fazo-tezlik
koordinatalarida tahlil gilish. Dinamikaning universal tamoyillari: D'Alamber printsipi (dinamikani statikaga
keltirish) va kamimalik printsipi (minimal harakat).Qattig jismlar dinamikasi moddiy nugta dinamikasiga
asoslanadi. Muhim tushunchalar: massa markazi, inersiya momenti, aylanish dinamikasi. Bog‘lanish
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reaktsiyalari: N = mg coso. Tezlanish: tangensial (a; = dv/dt) va normal (a, = v?/p). Kuchlar qo‘shilishi:
vektor qoidasi bo‘yicha. Nyuton qonunlari inertial sanoq sistemalarida o‘rinli.

Dinamika tarixi. Arximed, Galiley, Nyuton, Eyler, Laplas, Lagranj, Gamilton. Zamonaviy
qo‘llanilish: kosmik apparatlar, samolyotlar, avtomobillar, robotlar, qurilish mexanizmlari. Matematik
asoslar: differensial hisob, vektor analizi, variatsion hisob. Eksperimental dinamika: tezlanish o‘lchash, kuch
o‘Ichash, tezlik o‘lchash. Ushbu tahlil orqali biz doimiy aylanish va orbital harakat o‘rtasidagi dastlabki
aporiyamizga (muammoli savolga) to‘liq javob berganimizga ishonamiz. Shu bilan biz tabiatda jismlarning
ayni vaqtda aylanishi va orbitada harakatlanishini ularning massaning o‘ziga xos inertsiya xatti-harakati
bilan izohlab beramiz.Butun bayonot davomida biz “inertsiya kuchi” tushunchasidan qochishga, uning
o‘rniga inertsiya reaksiyasi tushunchasini kiritishga harakat qildik. Moddani kuzatish orqali haqiqiy
kuchlarning mavjudligini isbotlab bo‘lmaydi. Ammo biz tezliklarning notekis tagsimlanishini kuzatishimiz
mumkin, ularning hosilalari (derivativlari) natijasida inertsiya tezlanish maydoni hosil bo‘ladi. Bu maydon
bir jinsli emas, ammo uni inertsiya kuchlari maydoni sifatida talgin qilish mumkin.Ta’kidlash lozimki, bu
inertsiya kuchlari maydoni boshqa dinamik nazariyalarda bo‘lgani kabi koordinatalar o‘qini almashtirish
natijasida hosil bo‘lmaydi. Aksincha, u qattiq jism ichida, unga berilgan tashqi qo‘zg*atuvchi ta’sir (moment)
natijasida inertsiya reaksiyasi sifatida paydo bo‘ladi.Bizning deduktiv tahlilimizda, jismning tekis harakati
(translyatsiyasi) holatida ajratib ko‘rsatuvchi gipoteza kiritilgan — ya’ni, translatsiya tezliklari maydoni
ikkinchi, o‘qlar bir-biriga to‘g‘ri kelmaydigan moment (non-koaksial moment) ta’sirida hosil bo‘lgan
anizotrop inertsiya tezliklari maydoniga ulanadi. Natijada, harakatlanuvchi jismning dastlabki ichki aylanishi
bilan bir vaqtda orbital harakat hosil bo‘ladi. Ushbu yangi orbital harakat doimiy modulga ega bo‘lgan
translatsion tezlik vektori aylanishi bilan aniglanadi.Avvalgi ishlarimizda biz ushbu tahlil yordamida
fazodagi har ganday harakatning tabiatini aniglash va uning nisbiyligini belgilash mumkinligini taklif
gilganmiz. Taklif etilgan harakat tenglamasi va formulalangan qgonunlar bizga ratsional mexanika va
aylanma dinamikani — aylanish orgali tezlanayotgan jismlar uchun — asoslar va aksiomalar asosida tuzish
imkonini beradi.Ushbu yangi ratsional tuzilma ichida klassik mexanikadagi g‘ayrioddiy yoki ziddiyatli
hodisalar, masalan, giroskopik moment yoki soxta kuchlar, paydo bo‘lmasligi kerak.Dinamik o‘zaro ta’sirlar
nazariyasi (Theory of Dynamic Interactions) — bu ba’zi dinamik gipotezalardan tashkil topgan mantiqiy-
deduktiv tizimdir. U tabiatni kuzatish, dastlabki gipotezalarni shakllantirish va aksiomalar hamda
postulatlardan kelib chiqish orqali aylanma tezlanishlarga duchor bo‘lgan qattiq jismlarga doir bilimlar
tuzilmasini yaratadi.Natijada olingan fizik-matematik model ketma-ket, o‘qlari bir-biriga mos kelmaydigan
momentlar ta’sirida bo‘lgan jismlarning kuzatiladigan xatti-harakatlarini izohlash, shuningdek, yangi
xulosalar, mantigiy natijalar va bashoratlar chigarish imkonini beradi.Ushbu nazariya eksperimental sinovlar
bilan tekshirilgan va tasdiglangan. Mazkur matn Nyuton gonunlariga garshi chigishni magsad gilmaydi;
aksincha, u aylanish orqali tezlanayotgan tizimlar uchun klassik mexanikaga qo‘shimcha konseptual tuzilma
sifatida ishlab chigilgan.Biz translyatsion klassik mexanika gonunlari amal gilmaydigan, no-inertsiya
mubhitlari uchun maxsus aylanish algebrasiga asoslangan nazariyani taklif gilamiz. Shu tariga, biz koinotda
tez-tez uchrab turadigan, ammo bejizga e’tibordan chetda qolgan ayrim maxsus dinamik holatlar uchun
yangi bilim sohasini tadqiq etishni taklif gilamiz.Shuningdek, ushbu tadgiqotlar rivoji davomida
boshlang‘ich gipotezalar, qo‘llanilgan prinsipl va aksiomalar, yaratilgan fizik-matematik model, olingan
harakat tenglamasi, chiqgarilgan qonunlar, yaratilgan modellashtirish (simulyatsiya) modellari hamda
o‘tkazilgan tajribaviy sinovlar o‘rtasida to‘liq mantiqiy uyg‘unlik (moslik) ta’minlangani alohida
ta’kidlashga arziydi.Shuningdek, biz tabiatda kuzatilgan misollarni ham keltirib o‘tdik — ular Dinamik o‘zaro
ta’sirlar nazariyasini (Theory of Dynamic Interactions) qo‘llab-quvvatlaydi va ushbu matnda bayon etilgan
gonunlarning to‘g‘riligini tasdiqlaydi.

Xulosa. Dinamika nazariyasi fizikaning eng fundamental bo‘limlaridan biri bo‘lib, moddiy
jismlarning harakat sabablarini va ularning o‘zgarish qonuniyatlarini o‘rganadi. Nyutonning klassik
mexanika qonunlari dinamikaning asosini tashkil etadi, ulardan eng muhimi F = ma formulasi bilan
ifodalanadigan ikkinchi qonundir. Bu tenglama kuch, massa va tezlanish o‘rtasidagi bog‘liglikni aniqlab, har
ganday moddiy nugta harakatini tavsiflash imkonini beradi. Dinamikaning asosiy masalalarini ikki guruhga
ajratish mumkin: birinchisida kuchlar ma’lum bo‘lganda harakatni aniqlash, ikkinchisida esa harakat ma’lum
bo‘lganda kuchlarni topish. Harakatning differensial tenglamalari dinamik masalalarni yechishning asosiy
vositasi bo‘lib, ularning yechimi jismning tracktoriyasi va tezligini to‘liq aniqlaydi. Energiyaning saqlanish
gonuni, impulsning saglanishi va impuls momentining saglanishi kabi universal gonunlar murakkab
sistemalarni tahlil gilishda qo‘llaniladi. Koordinatalar sistemalarining turli turlari - Dekart, sferik, silindrik va
tabiiy koordinatalar - masalaning shartiga garab qulaylik yaratadi. Zamonaviy dinamika klassik
chegaralardan chiqgib, relyativistik dinamika va kvant dinamikasini gamrab olgan holda rivojlanmoqda.
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Amaliyotda dinamika qonunlari kosmik apparatlarning orbital harakatini hisoblash, qurilish
konstruksiyalarining mustahkamligini aniglash, transport vositalarining harakatini loyihalash va
robototexnika sistemalarini boshqarishda keng qo‘llaniladi. Eksperimental dinamika esa turli o‘lchov usullari
- dinamometrlar, akselerometrlar, tezlik va tracktoriya o‘lchagichlar orqali nazariy qonunlarni tasdiglaydi.
Dinamikaning rivojlanishi Galileo, Nyuton, Eyler, Laplas, Lagranj va Gamilton kabi olimlarning ishlari
natijasida sodir bo‘ldi va bugungi kunda u nafaqat makroskopik jismlar, balki molekulyar va atom
darajasidagi sistemalarni ham o‘rganish imkonini beradi.
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Annotatsiya. Mazkur magolada Samargand Davlat Universiteti Yadro Fizikasi laboratoriyasi
hududida joylashgan artezian quduq suv namunasining tarkibidagi tabiiy (**°Ra, *®U, #*2Th, K) hamda
texnogen *’Cs radioaktiv izotoplarning konsentrasiyasi Nal(Tl) kristalli ssintillatsion gamma-spektrometr
usuli yordamida yordamida o ‘rganildi. Suv namunasining harorati, pH ko ‘rsatgich darajasi, qattiqligi va
elektr o tkazuvchanligi o lchanildi. O ‘ranilgan suv tarkibida uran, toriy qatoriga mansub radioaktiv
elementlarning konsentrasiyasi Sanitariya-epidemiologik osoyishtalik va jamoat salomatligi xizmati
(SanPiN) belgilab qo’yilgan chegaraviy qiymatdan oshmaganligi aniqlandi. Tekshirilgan suvlarda radiy -
226 ning a-yemirilishidan hosil bo ‘ladigan radon -222 solishtirma aktivligi aniglandi. Olingan natijalar
ekologik xavfsizlik nugtai nazaridan tahlil gilindi.

Kalit so“zlar: radioaktivlik, izotop, suv, uran (?8U), toriy (**°Th), radiy (**Ra), radon (**’Rn),
ssintillyasiya, gamma-spektrometr.

COJEP)KAHUE MPUPOJIHBIX (**Ra, 28U, #2Th, “K) ©® TEXHOT'EHHOTI'O **'Cs
H30TOIIOB B APTE3SUAHCKOM BOJIE

Annomauyusa. B oaunoii cmamve uccnedosan cocmagé npooOvl apme3suUaHcKol 600bl, 3MOU ¢
meppumopuu aabopamopuu s10epHou  puszuxu Camapranocko2o 20CyO0apCmeeHHO20 YHUsepcumemad, Ha
cooepacanue npupoonwix (*°Ra, 28U, **?Th, “K) u mexnocennoco **'Cs paouoaxmusnwvix uzomonos
MemoOoOM CYUHMULIAYUOHHOU 2aMMa-cnekmpomempuu ¢ ucnoavsosanuem kpucmania Nal(Tl). Boiiu
usMepenvl memnepamypa 600vl, noxkazamenv pH, ocecmkocmv U AEKMPUYECKAs NPOBOOUMOCHIb.
Ycemanoeneno, umo kKonyenmpayuu paouoaKmueHvlX INEMEHMO8 YPAHOB020 U MOPUEBO20 pAO08 8
uccnedyemoll 600e He NpeGublaiom HpPedelbHO OONYCMUMbIX 3HayeHull, ycmanosiennvlx Cnyacootl
CAHUMAPHO-INUOEMUOTIOZUHECKO20 — Onazonoayyus u odbujecmeennoco 30oposvsi (CanlluH). Taxoice
onpeodenena yoenvHas akmusHoCms padona-222, obpasyiowezocs npu o-pacnade paous-226. Ioxyuennvie
pe3yIbmamol NPOAHAIUIUPOBAHBL C MOYKYU 3PEHUS IKOIO2UYECKOU 6e30NACHOCTU.

Knwouesvie cnosa: paouoaxmuernocmu, uzomon, eoda, ypan (*2U), mopuii (**Th), paouii (**°Ra),
paoon (**Rn), cyunmunnayus, 2amma-cnexmpomemp.

CONCENTRATION OF NATURAL (**Ra, 28U, 2*?Th, “K) AND ANTHROPOGENIC *¥'Cs
ISOTOPES IN ARTESIAN WATER
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Abstract. In this article, the composition of an artesian water sample collected from the territory of the
Nuclear Physics Laboratory of Samarkand State University was studied to determine the concentrations of
natural (**Ra, 2*®U, #?Th, “°K) and anthropogenic *¥'Cs radioactive isotopes using a Nal(Tl) crystal
scintillation gamma spectrometer. The temperature, pH level, hardness, and electrical conductivity of the
water sample were measured. It was found that the concentrations of radioactive elements belonging to the
uranium and thorium series did not exceed the permissible limits established by the Sanitary and
Epidemiological Safety and Public Health Service (SanPiN). The specific activity of radon-222 resulting
from the a-decay of radium-226 was also determined. The obtained results were analyzed from the
perspective of environmental safety.

Key words: radioactivity, isotope, water, uranium (*®U), thorium (*?Th), radium (**°Ra), radon
(°**Rn), scintillation, gamma spectrometer.

Kirish. Radioaktiv elementlarning asosiy massasi tog* jinslarida, aynigsa, magmatik jinslarda
to‘plangan. Shamollar, suvlar, temperatura va boshqa tabiat reagentlari ta’sirida tog* jinslari yemiriladi. Tog*
jinslari yemirilganda Yer sirtida uran (?8U) va toriy (?**Th) ajralishi paydo bo‘ladi. Toriy (?*2Th) minerallari
tabiat suvlarida uran (**®U)ga nisbatan juda kuchsiz eriydi. Shuning uchun toriy (*2Th) tabiat suvlarida
kichik miqdorda aniqlanadi. Dengiz suvlarida o‘rtacha 2-10° % atrofida bo‘ladi [3]. Uranning katta qismi
eritmalar hosil qilib, ko‘l, dengiz, okean suvlariga o‘tadi va suvlarda erigan holda bo‘ladi, gisman suvlar
tagidagi cho‘kmalarga o‘tadi. Dengiz va okean suvlarida uran (>*®U) miqdori deyarli doimiy bo‘lib, 2-10° g/l
ga yaqin bo‘ladi. Ayrim ko‘l suvlarida uran(**®U) miqdori dengiz suvlaridagiga nisbatan bir necha o‘n marta
katta bo‘lishi aniglangan. Ariq suvlarida uran (?*®U) miqdori o‘rtacha 10°-107g/l ni tashkil giladi. Tog
jinslari orasidan yoki uranli gazilmalar bo‘lgan hududlardan oqib o‘tadigan ariq suvlarida uran katta
migdorda (1-10° g/l) uchraydi. Buning sababi uranning katta miqdori (ba’zan 1-10° g/l ga yetadi) bilan
xarakterlanadigan yer osti suvlari bo‘lib, ariq suvlariga ham oz hissasini qo‘shishidir [1, 2].

Suvlarning radioaktivligiga, aynigsa, yer osti suvlarining radioaktivligiga radon (?Rn) ahamiyatli
darajada hissa qo‘shadi. Radon (?*?Rn) miqdorini bilgan holda suv tarkibidagi uran, radiy va ular
yemirilishidan hosil bo‘ladigan radioaktiv izotoplar miqdori, suvning radioaktivligi darajasi haqida ma’lumot
olish mumkin. Suv, havo, ozig-ovgatlar orqali kishilar organizmiga o‘tgan radioaktiv izotoplar yarim
yemirilish davriga, organizmdan chiqarilish darajasiga bog‘liq ravishda ichki nurlanish manbayi bo‘lib
goladi. Kishilar yashash faoliyati davomida oladigan nurlanishlarning asosiy gismini tabiiy radionuklidlar
yemirilishidan hosil bo‘ladigan tabiiy radioaktiv nurlanishlardan oladi [3]. Kishilar oladigan nurlanish
xavfsiz deb belgilangan chegaraviy miqdoridan ortib ketgan hollarda sog‘lom organizmda patologik
jarayonlar paydo bo‘ladi. Hayot uchun xavfli bo‘lgan turli xil kasalliklar, ya’ni saraton, bepushtlik, nasl, teri
kasalliklari kelib chiqishiga sabab bo‘ladi. Shuning uchun tabiat namunalari (suv, havo, o‘simlik)ning
radioaktivlik darajasini, uning o‘zgarishini doimiy ravishda nazorat qilib borish kishilar sog‘lig‘ini muhofaza
gilishda ekologik nugtai nazardan muhim ahamiyat kasb etadi.

O‘zbekiston Respublikasi Prezidentining 2025-yil 30-yanvardagi PF-16-son Farmoni bilan
tasdiqlangan “O‘zbekiston — 2030 strategiyasini “Atrof-muhitni asrash” va “Yashil iqtisodiyot” yilida
amalga oshirishga oid davlat dasturi mamlakatimizda atrof-muhit muhofazasi va ekologik masalalar davlat
siyosatining ustuvor yo‘nalishiga aylanganini ifoda etish bilan birga, O‘zbekistonda global ekologik
tahdidlarga qarshi kurashishning o°ziga xos platformasi yaratilayotganidan darak beradi. Shu nugqtai
nazardan, bugungi kunda suvlarning radioaktiv iflaslanganlik darajasini tekshirish, ichimlik suvlaridagi
radionuklidlar miqdori belgilangan talab darajasida ekanligini aniglash ham bugunning ahamiyatli
vazifalaridan biridir. O‘zbekiston Respublikasi hududida, xususan Samarqand viloyatida yerosti suvlaridan
ichimlik suvi sifatida keng foydalaniladi. Bu suv manbalarining radioaktiv ifloslanishi darajasini aniglash,
aholining sog‘lig‘i uchun muhim ahamiyatga ega. Shu maqsadda, Yadro fizikasi laboratoriyasi hududida
joylashgan artezian qudugdan olingan suv namunasi gamma-spektrometrik hamda radiometrik usulda
tekshirildi.

O‘lchash uslubining nazariyasi va qurilmasining tavfsifii Namunalarni tayyorlash. Suv
namunalari Yadro fizikasi laboratoriyasi artesian quduq suvi namunasidan 10 litr migdorda olingan. Suv
namunasi polietilin idishda (namuna nomi, namuna olingan joy, olingan vaqti va idish gadoglangan vaqti)
yozib olinadi. Olingan suv namunasi bir joydan ?2Rn uchun alohida va TRN va texnogen *’Cs uchun
alohida idishda olinadi va gadoglanadi.

Tekshiriluvchi suvda radionuklidlarning konsentratsiyasi juda kichikligi sababli suv namunalaridagi
radionuklidlar aktivligini to‘g‘ridan - to‘g‘ri aniqlash samarasiz hisoblanadi. Qo‘llaniluvchi usullar
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qurilmalar sezgirligiga bog‘liq bo‘lib, o‘Ichash aniqligini oshirish uchun bug‘latish yo‘li bilan 1:100-1:1000
proporsiyada namuna konsentratsiyasi oshiriladi [4].

Ichimlik suvining radiatsion xavfsizligi bo‘yicha gabul gilingan xalqaro normalarga asosan, aholining
ichki nurlanish effektiv dozasi ichimlik suvi iste’moli (730 l/yil) ga bog‘liq holda 0,1 mZv/yildan oshmasligi
kerak. Shuningdek, ichimlik suvining a-aktivligi 0,5 Bk/I, yig‘indi B-aktivligi esa 1 Bk/l dan oshmasligi
lozim. Agar bu talablar bajarilsa, boshqa tadqiqotlarni o‘tkazish zarurati qolmaydi. Yuqori mineralizatsiyali
suvlarning radioaktivligi ularda uchrashi mumkin bo‘lgan ?*Ra va ?*®U izotoplari bilan bog‘liq. Suvda radiy
va uran miqdorini aniglashda keng foydalaniladigan usullar o-spektrometrik usuli hisoblanadi. Bu usul
gimmatbaho qurilmalarning mavjudligi va qiyin elektrokimyoviy cho‘ktirish jarayonini talab giladi. Suvda
radiyni aniglashda bajariladigan ancha oddiy usul y-spektrometrik usuldir. Bunga radiy-bariy sulfati bilan
birgalikda cho‘ktiriladi. Usulning kamchiligi shundan iboratki, cho‘lkmani radiyning yemirilishidan hosil
bo‘lgan elementlar bilan radioaktiv muvozanatga erishguncha saqlash zarurati hisoblanadi. Chunki, radiy
bilan birgalikda uran ham cho‘kadi va 2®*U ning y-chizig‘i 185,7 keV bilan ?*Ra ning y-chizig‘i 186,2 keV
ustma-ust tushadi. Bu esa chiziq bo‘yicha radiy aktivligini aniqlash imkonini bermaydi, shuning uchun radiy
va uranni elektrokimyoviy ajratishga asoslangan namuna tayyorlash usullaridan foydalaniladi.

Suvda radonning konsentratsiyasini aniglash suvni yuzaga chigarish joyi yaginidan namuna olish
zarur. Suv avval toza yuvilgan shisha idishda olinadi. Suvni olayotganda idishga gaz pufakchalarining
tushmasligini kuzatish zarur. Suvni idish liq to‘lguncha olish va idish og‘zini mahkam yopish kerak. Sababi,
radon gazi suvdan kuchli ajraladi. 22Rn aktivligini aniglash magsadida olingan suv namunasini olish vagti va
o‘lchash vaqti oralig‘i ikki kundan T1/2(**?Rn) = 3,8 kun) oshmasligi lozim.

Gamma-spektrometriya usullari qo‘llanilganda tekshiriluvchi suv namuna olingan shisha idishdan
ingichka polietilin (kembrik) shlang nay (<5 mm) yordamida Marinelli idishi devori bo‘ylab quyiladi.
Idishning belgilangan chizig‘igacha olinib, idish mustahkam qilib yopiladi va o‘lchash namunasi sifatida
ishlatiladi. O‘lchash uchun tayyorlangan namunalar o‘lchami @80x80 mm Nal(TI) kristalli ssintillyatsion y-
spektrometrda 1800 sek davomida aktivligi tekshiriladi. Spektrometr *¥’Cs ning 661 keV li monoenergetik y-
chizig‘i uchun energetik ajrata olish qobiliyati 8,5% ni tashkil giladi. Spektrometr standart 22Th radionuklidi
yordamida energiya bo‘yicha gradiurovka qilingan. Namunalarni o‘lchash davomida operator laboratoriya
xonasi havosi harorati va nisbiy namligi bir xil sharoitda o‘lchanmog*‘i lozim.

Gamma-spektrometrni tashkil etuvchilarga ajratish (2-rasm) va gayta ishlash [5] metodika (usullar)
yordamida amalga oshiriladi. Eksperimental spektrdan radon tashkil etuvchisi — P spektrlar fargi bo‘yicha
ajratiladi:

- tekshiruvchi — A va distirlangan (inert) — B hamda suv namunalari — C y-spektri (1-rasmga garang);

- At = T12(**?Rn) = 3,83 kun saglangandan so‘ng o‘Ichash namunasi spektri;

- namunadagi ??’Rn aktivligi uning spektridan fagatgina 185,6 keV li y-chizig‘i mavjudligi sababli,
farglanuvchi ajratilgan tashkil etuvchisini P — etalon manba ??Ra — E spektri bilan tagqoslash natijasida
aniglanadi.
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1-rasm. Suv namunasining y-spektri (tekshiruvchi — A, distirlangan (inert) — B hamda suv
namunalari — C y-spektri ?22Rn tashkil etuvchisi).

Suv namunasi tarkibidagi uran (>*U) j-spektrometrik aniglashda quyidagilar bajariladi:
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- olingan suv namunasi 10 dm® miqgdorda, bunday suv migdorini 1 dm® Marinelli idishi hajmigacha
70°C haroratda bug‘lantiriladi;

- »-spektrometrda namunani 6 soat davomida j-spektri o‘lchanadi hamda sof spektrni aniglash uchun
6 soatlik ekspozitsiya vaqti bilan o‘lchangan distirlangan suv spektri V ayriladi (2-rasm);

- suv tarkibidagi TRN ??°Ra, #2Th, “°K, texnogen *’Cs larning miqdori etalon OMACH (standart)
manbalarning spektrlari bilan normallashtirib hisoblanadi. Etalon OMACH manbalari 3 xil zichlikda
spektrlari 6 soat davomida o‘Ichab olinadi va o‘lchangan spektrlar dasturiy ta’minot bazasiga joylashtiriladi;

- fon spektri sifatida quritilgan NaCl (osh tuzi) Marinelli idishiga solinib 6 soat davomida j-spektri
o‘lchab olinadi;

- namunaning gamma-spektri n dan fon spektri f ayriladi, natijada toza spektr hosil bo‘ladi V = n —f;

;‘“\\m h‘-lmi by t
19 Cs V.=V -V
10?
18; . Ml‘m.m :Y'“\v“ m-'w L M
V4=V3'VCs
/ +2400 imp
e

— —
0 300 600 900 1200 1500 1800 2100 2400
Energiya, keV

2-rasm. Suv namunasi s=spektrlarini TRN tashkil etuvchilarga ajratish.

- toza gamma-spektr tarkibida TRN (*®Ra, #2Th, “K) va 2®*U va texnogen ’Cs, mavjud.
Namunalarning fondan tozalangan spektr tarkibidagi 22Th radionuklididan hosil bo‘ladigan barcha gamma-
chiziglarni zichligiga (massaga) tuzatma koeffitsiyent k ga (k = met/ mo) ko‘paytirib spektr zichlik bo‘yicha
normallashtiriladi, keyin normallashgan etalon va namuna spektrlaridagi 2?Thning 2614 keV li
fotocho‘qqilari yuzalari So, Set topiladi, shu spektr yuzalari nisbati (o = Se/So) etalon manba hosil gilgan
spektrga ko‘paytirib normallashtiriladi;

- namuna spektri V dan normallashgan 2*2Th spektri V, ayriladi Vi=V -V, natijada namuna
spektridan #2Th ga tegishli barcha y-chiziglardan tozalanadi;

- har bir etalon (OMACH) manbai uchun yuqorida keltirilgandek, zichlik tuzatma koeffitsiyenti
topiladi va spektrlar zichlik bo‘yicha normallashtiriladi;

- zichlik bo‘yicha normallashgan ??°Ra etalon va namuna V spektridagi 1764 keV 1i fotocho‘qqilar
yuzalari hisoblab topiladi, shu spektrlar yuzalari nisbati (o= Se/So) etalon manba (??°Ra) hosil gilgan
spektrga ko‘paytirib normallashtiriladi — Vga;
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- 22Th dan tozalangan namuna spektridan Vi normallashgan Vgr. j-spektri ayriladi V2= Vi— Vg,
natijada namuna spektridan ?Ra ga tegishi barcha chiziglardan tozalanadi;

- zichlik bo‘yicha normallashgan “°K etalon va namuna spektridagi 1460 keV li fotocho‘qgilar
yuzalarini hisoblab, ularning nisbatini (a = Se/So) etalon manba (*°K) hosil gilgan jy-spektrga ko‘paytirilib
normallashtiriladi — V;

- 26Ra dan tozalangan namuna spektridan — V2 normallash Vi y-spektri ayriladi V3=V, Vk, natijada
namuna spektridan “°K ga tegishli barcha chiziglardan tozalanadi;

- zichlik bo‘yicha normallashgan *’Cs etalon va namuna V spektridagi 661 keV li fotocho‘qgilar
yuzalari hisoblab, ularning nisbati (= Se/So) etalon manba (**¥'Cs) hosil gilgan y-spektrda ko‘paytirilib
normallashtiriladi — Vcs;

- K dan tozalangan namuna spektridan — V3, normallashgan — Vcs j~spektri ayriladi V4= V3— Vs,
natijada namuna spektridan **’Cs ga tegishli barcha chiziglardan tozalanadi;

5x10*
] 235,226
4x10* -
1 1

- . 10/ N R
3 4 'y
% 3x10°- = ‘\\\\\\
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3-rasm. Suv namunasi tarkibidagi uran 2*U ning yspektrini ajratish.

- radiy (**°Ra) j~chizig‘i 186,2 keV va uran (?*U) 185,7 keV ni tashkil giladi va fotocho‘qqilar ustma-
ust tushadi (3-rasmga garang);
- namuna spektridan — V4 uran (?*°U) radionuklidi 185,7 keV li fotocho‘qqi hosil giladi;
- o‘rganilayotgan suv namunasi tarkibidagi uran (**U) miqdori (aktivligi) quyidagicha aniglanadi:
8235U

_k-é'-t (1)

(2) formuladagi ¢ — effektivlikning energetik giymati jihatidan yaqin bo‘lgan (*°Ra) ning 186,2 keV li
fotocho‘qqisi orgali hisoblab topishimiz mumkin:

S

226 Ra(186,2keV) ez Ra

k-t )

E =

S
buyerda  Ra1862eV) _ OMACH etalon manbalaridagi 2°Ra ning 186,2 keV fotocho‘qqining yuzasi,

AmRﬁ — ?Ra OMASN etalon manbaining aktivligi (pasportining giymatiga garang), k — 2?*Ra ning

186,2 keV j~chizig‘i uchun kvant chiqishi (k = 1).

Radionuklidlarning minimal detektorlash aktivligi (MDA) 2 soatlik o‘lchashlar natijasida **Ra, #*?Th
va ¥’Cs uchun A =10 Bk/kg va K uchun A =40 Bk/kg ni tashkil giladi. Shu giymatdagi MDA uchun
namunalardagi TRN ning o‘Ichashdagi nisbiy xatoligi 0A, = 10 + 20% tashkil giladi.

Olingan tajriba natijalari va ularning muhokamasi.

O‘Ichangan suv namunasi tarkibidagi TRN (*®Ra, 238U, #2Th, %K) va texnogen *’Cs miqdori 1-

jadvalda keltirilgan.
1-jadval.
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Aktivlik A+AA (Bk/I)
226Ra 238U 232Th 40K 137CS
Artesian suvi <1,6 - <1,2 0,67+0,20 <0,05
JSST (UNSCEAR) 4,9-60,0 3,0 11,0-64,0 140,0-1700,0 -
O‘Ichangan artezian suvning asosiy xarakteristikasi 2-jadvalga keltirilgan
2-jadval.
pH EC, (mkCm/sm) TDS, (mg/l) T,°C
Artezian suvi 6,5 966 715 22,3

Olingan natijalar muhokamasi. 1-jadvalda keltirgan natijalardan quyidagicha xulosa chigarish
mumkin Yadro fizikasi laboratoriyasi hududiga joylashgan artesian qudug suvi takibida tabiiy radionuklidlar
miqdori JSST (UNSCEAR) belgilab qo‘yilgan miqdordan ancha past ekanligi aniglandi. Tabiiy
radionuklidlardan fagat “°K miqdori aniglash chegarasidan yuqori ekanligini ko‘rish mumkin. Suv tarkibida
238U miqdori aniglanmadi.

Suv namunasi tarkibidagi “°K miqdori suvning minerallanish darajasiga bog‘liq bo‘lib, artezian
suvining minerallanish darajasi 715 mg/l teng, shu sababli bunday suvlarning tarkibida K*, Na*, Mg?*, Ca?*
kabi minerall elementlar mavjud, bu esa bunday suvlar tarkibida “°K kabi tabiiy radionuklidlarning
mavjudligidan darak beradi.

Tahlil natijalariga shuni ko‘rsatdiki, radionuklidlar darajasi O‘zbekiston Respublikasi Sanitariya-
epidemiologik osoyishtalik va jamoat salomatligi xizmati (SanPiN) belgilab qo’yilgan chegaraviy qiymatdan
past ekanligi ma’lum bo‘ldi.

Xulosa o‘rnida shuni aytishimiz mumkinki, Samarqand davlat universiteti, Yadro fizikasi
laboratoriyasi hududidagi artezian qudug suvining radioaktivlik migdori ancha past va xavfli darajada emas.
Ushbu natijalar artezian suvini istemol gilishga yaroqgli ekanligini tasdiglaydi.

ADABIYOTLAR:

1. Bekjonov R.B. Atom yadrosi va zarralar fizikasi. — Toshkent: “O ‘gituvchi”, 1995 — 86-92-bet.

2. [Ilepyos JI.A. Honuszupyrowue usnyuenus ouocgepol. — Mockea: Amomuzoam”, 1973. — 34-40
cmp.

3. Mo‘minov A.T., Mo‘minov T.M., Xolboev I., Axmedova G., Mamatqulov O.B. Atrof-muhit
obyektlarini gamma-spektrometriya usullari bilan tadgiq gilish. Monografiya. — Toshkent: Vneshinvestprom,
2020. — 294 bet. ISBN 978-9943-6704-4-0.

4. Axmedova G. Radioaktivlik va uning ahamiyati. Monografiya. — Toshkent: Vneshinvestprom,
2020 — 186 bet.

5. Azimov A.N., Hushmuradov Sh.Kh., Muminov I.T., Muminov T.M., Osmanov B.S., Safarov A.N.,
Safarov A.A. Gamma-spectrometric determination of natural radionuclides and **’Cs concentrations in
environmental samples. The improved scintillation technique // Radiation Measurements. V. 43, Issue 1,
January 2008, P. 66-71.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 207




PHYSICS

UO‘K 52
DATCHIKLARNING ASOSIY VA MAXSUS TAVSIFLARI

Axmedov Akbar Akramovich,

Qarshi davlat texnika universiteti Shahrisabz ozig-ovqat muhandisligi fakulteti o ‘qituvchisi.
akbarakramovich111ll@gmail.com

Tursunov Alisher Ravshan o ‘g ‘li,

Qarshi davlat texnika universiteti Shahrisabz ozig-ovgat muhandisligi fakulteti o ‘gituvchisi.
alishertursunov260@gmail.com

Annotatsiya. Datchiklarning ishlash samaradorligini belgilovchi asosiy va maxsus metrologik
tavsiflar chuqur yoritiladi. Har bir datchikning anigligi, bargarorligi va funksional imkoniyatlari uning
sezgirlik, aniqlik, o‘lchash diapazoni, tezkorlik, uzatish funksiyasi, chiziqlilik darajasi, gisterezis, qayta
yaratiluvchanlik, o ‘lik zona va yechish qobiliyati kabi ko ‘rsatkichlari orqali tavsiflanadi. Datchikning kirish
va chigish signallari o ‘rtasidagi bog ‘lanish uzatish funksiyasi chizigli, logarifmik, eksponensial yoki darajali
ko ‘rinishlarda bo ‘lishi, uning real va ideal xatti-harakatlarini solishtirish orgali baholanishi, kalibrlash
sikllari, bo ‘lakli-chiziqli approksimatsiya, eng kichik kvadratlar uslubi va “eng yaxshi to ‘g ‘ri chiziq” metodi
kabi matematik yondashuvlar orqali datchikning real o ‘Ichash tavsiflarini aniglash metodlari yoritilgan.

Kalit so“zlar: Gisterezis, nochiziglilik, gayta yaratuvchanlik, o lik zona, qgo zg ‘atish signali, maxsus
xarakteristikalar, chigish impedansi, qo ‘zg ‘atish funksiyasi, statik baholash, statik xatolik.

OCHOBHBIE U CIIEIUAJIBHBIE XAPAKTEPUCTUKU JATYUKOB

Annomavusa. B 0annoii meme noopo6HO pacKpbl8alomcs OCHOHbIE U CHeYUAIbHble MEMPONIOUYEeCKUe
Xapaxmepucmuxu, onpedenfiowue 3¢gdexkmusnocms pabomsl oamuuxos. Tounocmsv, cmabuibHOCMb U
@ynKyuonanvivle B03MONCHOCMU KAHCO020 OAMYUKA ONUCLIBAIOMCS Yepe3 makue NoKazamenu, Kak
4)8CMBUMENLHOCI, NOSPEUHOCHb, OUANA30H U3MepeHull, Oblcmpooelicmeue, nepeoamodnHas QYHKYus,
cmeneHb TUHEUHOCMU, 2UCEPEe3UC, B0CNPOUIBOOUMOCb, MEPMBAsSL 30HA U PA3PeUalowds cnocoOHOCMb.
Cea3b MedncOy 6X0OHLIMU U BLIXOOHBIMU CUSHANAMU OAMUUKA — NEPeOamouHas yHKYUs — MOXHCem umems
JUHEUHYI0, N02apUPMUYECKYIo, IKCNOHEHYUAnbHylo uiu cmenennylo gopmy. Oyenka Xapaxmepucmux
oamuuxa npoeoOUMcs NYméEéM CPABHEHUs e20 PedlbHO20 U UOednbHo20 nogedeHus. Takoice pacKkpulmol
Memoobl OnpeoeseHUs. PeanbHblX UBMEPUMETbHbIX CE0UCME OAmyYuKd, maxkue Kak YUuKibl KarubposKu,
KYCOYHO-TUHEUHAsS. ANNPOKCUMAYUS, MEMOO HAUMEHBUIUX K8AOPAMO8 U MEMOO «HAULYUULEL NPAMOULY.

Kniouesvie cnosa:  cucmepesuc,  HeIUHEUHOCMb,  BOCHPOU3BOOUMOCHb,  MEPMEAsi  30Hd,
8030YHCOAIOWULL  CUSHATL, CNEYUATbHblE XAPAKMEPUCMUKY, BbIXOOHOe CONpOmueieHue (UmMneoanc),
6030y2icOaIOWAs PYHKYUA, CMAmMuyeckds oYeHKd, Cmamuieckas noepeutHocme.

BASIC AND SPECIAL DESCRIPTIONS OF SENSORS.

Abtract. The topic provides an in-depth explanation of the primary and special metrological
characteristics that determine the performance of sensors. The accuracy, stability, and functional capability
of each sensor are described through parameters such as sensitivity, accuracy, measurement range,
response speed, transfer function, linearity, hysteresis, repeatability, dead zone, and resolution. The
relationship between the input and output signals of a sensor—its transfer function—may take linear,
logarithmic, exponential, or power-law forms. The evaluation of real versus ideal sensor behavior, as well as
methods for determining the actual measurement characteristics of sensors, are explained through
mathematical approaches such as calibration cycles, piecewise-linear approximation, the least squares
method, and the “best straight line” technique.

Keywords: Hysteresis, nonlinearity, repeatability, dead zone, excitation signal, special characteristics,
output impedance, excitation function, static evaluation, static error.

Kirish. Zamonaviy o‘lchash va boshqaruv tizimlarida datchiklar eng muhim bo‘g‘inlardan biri
hisoblanadi. Har ganday avtomatlashtirilgan qurilma, nazorat-o‘lchash tizimi yoki intellektual texnologiya
avvalo datchiklar orgali tashgi muhit hagidagi axborotni gabul giladi. Datchikning ganchalik ishonchli, aniq
va barqaror ishlashi butun tizimning samaradorligiga bevosita ta’sir ko‘rsatadi. Shu bois datchiklarning

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 208


mailto:alishertursunov260@gmail.com

PHYSICS

asosly va maxsus tavsiflarini chuqur o‘rganish zamonaviy metrologiya, avtomatika, elektronika va axborot
texnologiyalari sohalari uchun dolzarb masalalardan biridir. Datchikning ishlash samaradorligi avvalo uning
metrologik tavsiflari bilan belgilanadi. Ular ichida sezgirlik, aniqlik, o‘lchash diapazoni, chiziglilik (yoki
nochiziglilik), gisterezis, qayta yaratiluvchanlik, o‘lik zona, yechish qobiliyati kabi ko‘rsatkichlar alohida
ahamiyatga ega. Shuningdek, datchikning Kirish va chiqish signallari o‘rtasidagi bog‘lanishni ifodalovchi
uzatish funksiyasi ham muhim nazariy tushuncha bo‘lib, u datchikning ideal yoki real ishchi xatti-harakatini
matematik va grafik shaklda tasvirlash imkonini beradi. Uzatish funksiyasining chizigli yoki nochizigli
bo‘lishi, bo‘lakli-chizigli yoki yugori tartibli polinomlar bilan approksimatsiyalanishi datchikdan olinadigan
ma’lumotlarning qay darajada aniq va qayta ishlashga qulayligini ko‘rsatadi.Amaliyotda datchiklar faqat
bitta tashqi ta’sirga emas, balki bir vaqtning o‘zida bir nechta omillarga bog‘liq bo‘lishi mumkin. Masalan,
infragizil harorat datchiklarida chigish signali nafagat obyekt haroratiga, balki sezgir element yuzasining
haroratiga ham bog‘liq bo‘ladi. Bunday hollarda uzatish funksiyasi ko‘p o‘lchamli ko‘rinishga ega bo‘lib,
datchikni loyihalash va kalibrlash jarayonini yanada murakkablashtiradi. Shuningdek, datchikning to‘yinish
zonasi, nochiziglilik darajasi, kalibrlash egri chizig‘ini tanlash usullari (eng kichik kvadratlar, eng yaxshi
to‘g‘ri  chiziq va hokazo) ham o‘lchash natijalarining ishonchliligini belgilovchi omillardan
hisoblanadi.Datchiklarning maxsus tavsiflari gatoriga esa chiqgish impedansi, qo‘zg‘atish signali talablari,
spektral sezgirlik, konstruktiv o‘lchamlari, og‘irligi, energiya sarfi va ekspluatatsion ishonchliligi kiradi. Bu
ko‘rsatkichlar datchikning elektron sxemalar bilan mosligi, turli muhitlarda (havo, suv, agressiv muhit)
ishlash imkoniyati hamda ma’lum sohada (tibbiyot, mudofaa sanoati, maishiy texnika va boshqalar) qo‘llash
maqsadga muvofigligini belgilaydi. Shunday qilib, “Datchiklarning asosiy va maxsus tavsiflari” mavzusi
datchiklarning nazariy va amaliy jihatlarini kompleks o‘rganishga xizmat qilib, o‘Ichash tizimlarining sifatini
oshirish va ularni takomillashtirishda muhim metodik asos bo‘lib xizmat qgiladi.

Qo‘llanilgan metodlar. Har ganday datchikning ishlash samaradorligi uning asosiy metrologik
tavsiflari bilan aniqlanadi. Quyida datchiklarning eng muhim to‘rt ko‘rsatkichi — sezgirlik, aniglik, o‘lchash
diapazoni va tezkorlik haqgida batafsil ma’lumot beriladi. Sezgirlik (S) Datchik sezgirligi chiqish signalining
kirish kattaligidagi o‘zgarishga nisbati. Ya’ni, tashqi ta’sir (masalan, harorat, bosim, kuch) o‘zgarganda
chigish elektr signali qanday tez o‘zgarishini ko‘rsatadi. Datchikka kirib kelgan kirish signali chiquvchi
elektr signaliga aylanishidan oldin o‘zgartirishlarning bir necha bosqichlari talab qilinishi mumkin. Misol
tariqasida optik tolali bosim datchigini ko‘rib chigamiz. Datchikka ta’sir ko‘rsatayotgan tashqi bosim tolali
svetovodning (yorug‘lik o‘tkazgichining) deformatsiyasini chaqiradi. Bu o‘z navbatida uning sindirish
ko‘rsatkichining o‘zgarishiga olib keladi, buning oqibatida optik uzatish liniyasining tavsiflari o‘zgaradi va
fotonlar zichligining modulyatsiyalanishi sodir bo‘ladi. Fotonlarning natijalovchi oqimi detektorlanadi va
elektr tokiga aylanadi. Bunda datchiklar “Qora qutilar” ko‘rinishida taqdim qilinadi, bu yerda faqatgina
ularning kirishlari va chiqishlaridagi signallar o‘rtasidagi o‘zaro nisbatlar muhim bo‘ladi. Datchikning
metrologik xususiyatlarini baholashda gisterezisni aniglash metodi (kirish signali ortishi va kamayishi uchun
chigish signallari fargini solishtirish), gayta yaraluvchanlikni baholash metodi (takroriy kalibrlash sikllarida
olingan chigish giymatlarining maksimal fargini topish), o‘lik zona va yechish qobiliyatini aniglash metodi
(kirish signali o‘zgarganda chiqish signalida minimal sezilarli o‘zgarish paydo bo‘ladigan chegarani
aniqlash) keltirilgan. Bundan tashqari, infraqizil harorat datchigi misolida ko‘p omilli uzatish funksiyasi V =
G(Tby* + Tsy*) orqali ko‘p o‘lchamli funksional model tuzish metodi qo‘llanadi. Datchikning chigish va
kirish impedanslarini moslashtirish, tokli va kuchlanishli ulanish sxemalarini tahlil gilish orqgali elektrik
moslashtirish va interfeys sxemasini hisoblash metodi qo‘llanib, qo‘zg‘atish signali parametrlarining (tok,
kuchlanish, chastota) uzatish funksiyasiga ta’siri nazariy tahlil gilinadi. Shu tariga matnda datchiklarning
sezgirlik, aniqlik, nochiziqlilik, gistérezis, qayta yaraluvchanlik, o‘lik zona, yechish qobiliyati va elektr
moslashuvini ilmiy asosda tavsiflash uchun nazariy model tuzish, kalibrlash, regressiya, approksimatsiya va
chiziglashtirish metodlari kompleks qo‘llanilgan.

Olingan natijalar va ularning tahlili. Uzatish funksiyasi. Har bir datchik uchun uning kirishidagi va
chiqishidagi signallarni bog‘laydigan ideal yoki nazariy o‘zaro nisbatni chigarish mumkin. Agar datchikni
ideal tarzda loyihalash, uni ideal materiallardan ideal uskunalar bilan tayyorlash mumkin bo‘lganda edi,
bunda barcha ishlar ideal xodimlar tomonidan bajarilsa, u holda bunday datchikning chigishidagi signal har
doim tashqi ta’sirning real qiymatiga mos kelgan bo‘lar edi. Kiruvchi va chiquvchi signallar o‘rtasidagi
chiqarilgan ideal o‘zaro nisbatni yoki jadval, yoki grafik, yoki matematik ifoda ko‘rinishida ifodalash
mumkin. Bu ideal (nazariy) ifoda ko‘pincha uzatish funksiyasi deb ataladi. Uzatish funksiyasi datchikning S
chiqish elektr signali bilan x tashqi ta’sir o‘rtasidagi o‘zaro bog‘lanishni o‘rnatadi.

S=f(x)
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Bu funksiya chizigli bodishi ham, nochizigli bodishi ham (masalan logarifmik, eksponensial yoki
darajali) mumkin. Ko‘pgina hollarda uzatish funksiyasi bir odchamli bodadi (ya’ni chiquvchi signalni
faqatgina bitta tashqi ta’sir bilan bogdaydi). Bir odchamli chiziqli funksiyani quyidagi ko‘rinishda tagdim
gilish mumkin: S = a + bs.Bunda a - doimiy tarkib toptiruvchi (ya’ni chiquvchi signalning tashqi ta’sir nolga
teng bodgandagi giymati); b - to’g’ri chizigning egilishi, u ko’pincha datchikning sezgirligi deb ataladi; S
parametr - bu elektr signalining ma’lumotlar to’plash tizimi datchikning chiqish signali sifatida qabul
giladigan tavsifidir. Datchikning hususiyatlariga bogdiq ravishda bu amplituda, chastota yoki faza bodishi
mumekin.

Logarifmik uzatish funksiyasi quyidagi ko’rinishga ega bodadi: S = a + bln,s Eksponensial uzatish
funksiyasi quyidagi ko‘rinishga ega bo‘ladi: S=ae*®

Darajali uzatish funksiyasi quyidagi ko‘rinishga ega bo‘ladi: S=a¢+a;s

Bu yerda k — doimiy son.

Agar datchik yuqorida keltirilgan approksimatsion ifodalar bilan tavsiflanishning iloji bo‘lmagan
uzatish funksiyasiga ega bo‘lsa, bunda yuqoriroq tartibli polinomial approksimatsiyalar qo‘llaniladi.

Nochizigli uzatish funksiyalari uchun b sezgirlik chizigli bog‘lanishlar holatidan farqli o‘laroq,
konstanta bo‘lib hisoblanmaydi. Shu sababli kirish signalining har bir konkret qiymati uchun uni
guyidagicha aniglash mumkin:

Ko‘pgina hollarda nochiziqli datchiklar chegaralangan qiymatlar diapazonining ichida chiziqli deb

dS(sy)

ds

hisoblanishi mumkin. Kengroq qiymatlar diapazoni uchun uzatish funksiyasi bir nechta to‘g‘ri chiziqlarning
kesmalari ko‘rinishida taqdim qilinadi. Bu bo‘lakli-chizigli approksimatsiya deb ataladi. Berilgan uzatish
funksiyasini chiziqli bog‘lanish ko‘rinishida tagdim qilish mumkin bo‘lishi yoki bo‘lmasligini aniglash
uchun kirish signalini asta-sekin oshirib borish bilan chizigli va real modellarda chigish signalining
farqlanishi kuzatiladi. Agar signallar farqi yo‘l qo‘yiladigan chegaralardan tashqariga chigmasa, berilgan
datchikning uzatish funksiyasini chiziqli deb hisoblash mumkin bo‘ladi.

Datchikning kirish signaliga bir nechta tashqi ta’sirlar ta’sir ko‘rsatadigan hollarda uning uzatish
funksiyasi ko‘p o‘lchamli bo‘lib qoladi. Ikki o‘Ichamli uzatish funksiyasiga ega bo‘lgan datchikka infraqizil
harorat datchigi misol bo‘la oladi. Uning uzatish funksiyasi ikkita haroratni (7/5, — o‘lchanadigan obyektning
absolyut harorati va Ts) — sensor elementi yuzasining absolyut harorati) V kuchlanish bilan bog‘laydi.

V=G(Ty*+Ts*

Bunda G — konstanta. Ifodadan ko‘rinib turibdiki, obyektning harorati bilan chiqish kuchlanishi
o‘rtasidagi bog‘lanish (uzatish funksiyasi) faqatgina nochiziqli (to‘rtinchi tartibli parabola) bo‘lib qolmasdan,
u shuningdek sezgir elementning yuzasidagi haroratga ham bog’liq bo‘ladi.

chigish signali Srs
+b
Sﬂl
chigish signali
100% J L sig +8
ideal uzatish hagigiy egri
funksiyasi chizig
+A
riccsat etilgal
aniglikni beri Fealibriash egri

gan chegara, chizig'

A musbat ishorali

z manfiy ishoral riocsat etilgan

¥ . riocsat etileq) xatolikc
real uzatish
2y r inicstyast
v
tashgi ta'sir
— P, o -& s
O X" El Fs s -
-8 tashgi ta'sir
Karish gymatlar g
diopozon
4) B

1-rasm. Uzatish funksiyasi (4) va yo‘l qo‘yiladigan xatoliklar chegaralari (B). Xatoliklar kirish
giymatlariga nisbatan aniglangan

Datchiklarning anigligiga gisterezis, o‘lik zona, kalibrlash parametrlari, datchiklarning partiyadan
partiyaga takrorlanuvchanligi, xatoliklarning gayta yaralishi kabi xarakteristikalar ta’sir ko‘rsatadi, ular
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keyingi bo‘limlarda ko‘rib chiqiladi. Eng chekka yo‘l go‘yiladigan xatoliklar odatda datchiklarning eng
yomon ishchi xarakteristikalariga to‘g‘ri keladi. 1 B-rasmdan ko‘rinib turibdiki, kalibrlash anigroq
bajarilganda (masalan, Kalibrlash ko‘p sonli nuqgtalarda o‘tkazilganda) kalibrlash egri chizig‘i real uzatish
funksiyalariga yaginrogdan o‘tadi, bu o‘lchashlar anigligining oshganligini bildiradi. Amaliyotda yo‘l
qo‘yiladigan xatoliklarning chegaralari ideal uzatish funksiyalarning atrofida emas, balki kalibrlash egri

chiziglariga nisbatan o‘rnatiladi.
Gisterezis — bu xuddi o‘sha bitta kirish signali uchun uning ortishida va kamayishida olingan chigish
signallari giymatlarining fargidir (2- rasm).
S chiquvchi signal

=

gisteriz

/

nolinchi balans GS A
0 rashqi ta'sir
2-rasm. Gisterezisga ega bo‘lgan uzatish funksiyasi

Nochiziglilik deganda — real uzatish funksiyasining approksimatsiyalaydigan to‘g‘ri chizigdan L
maksimal chetlashishi tushuniladi. “Chiziglilik” deganda aslida “nochiziglilik” tushuniladi. Kalibrlashning
bir nechta sikllarini o‘tkazishda nochiziglilikning olingan giymatlaridan eng yomoni tanlanadi. Nochiziglilik
odatda yoki maksimal kirish signalidan foizlarda yoki o‘lchanadigan kattalikning birliklarida (masalan, kPa
yoki °C) ifodalanadi. Approksimatsiya chizig‘ini o‘tkazish usuliga bog‘liq ravishda chiziglashtirishning bir
nechta tipi farglanadi. Bu usullardan biri — to‘g‘ri chizigni uzatish funksiyasining oxirgi nuqtalari orgali
o‘tkazishdir. Buning uchun avval eng Kkatta va eng kichik tashqi ta’sirlarga mos keladigan chigish giymatlari
aniglanadi, shundan keyin bu nugtalar orgali to‘g‘ri chiziq o‘tkaziladi (1 chiziq).

Bunday chiziglashtirishda nochiziglilik xatosi oxirgi nuqgtalarda minimal va ularning oralig‘ida
gayerdadir maksimal bo‘ladi. Boshga bir chiziglashtirish usuli eng kichik kvadratlar uslubini qo‘llashga
asoslanadi (3A rasmda 2 chiziq). Buning uchun o‘lchanadigan Kattaliklarning keng diapazonida (eng
yaxshisi to‘liq diapazonida) S tashgi ta’sirlarning bir qator giymatlari (n) uchun S chigish signallari
o‘lchanadi. Shundan keyin chizigli repressiya formulasini qo‘llash bilan a va b koeffitsiyentlarning
giymatlari aniglanadi:

002 1 {Ihkf‘”r{lhf 'wl-.{{”u'll f””” ‘t ('l'ri'ﬂ:fﬂ“'( '||ri'|’. .N']'-j_f”{I.Ir

oxirgl nugla eng qulay to'g i

y I : farmog

i
f-f o & 4 i
!'.' .".‘; - |-
0 tashgi ta 5ir 0 = tashqi ta sir
a = arctgf
a) b)

3-rasm. Nochizigli uzatish funksiyasini a) chizigli approksimatsiyalash va b) mustaqil
chiziglashtirish

Amaliyotda, ba’zi bir hollarda kirish signallarining tor diapazonida chiziglashtirishning katta anigligi
talab gilinishi mumkin. Masalan tibbiyot termometrlari 37°C ... 38°C diapazonda oshirilgan aniglikka ega
bo‘lishi lozim. Bu zonadan tashqgarida aniglik biroz pastroq bo‘lishi mumkin. Bunday holda kalibrlash
aniglik talab qilinadigan tor sohada o‘tkaziladi, shundan keyin S Kkalibrlash nugtasi orgali
approksimatsiyalash chizig‘i o‘tkaziladi (3A rasmda 3 chiziq). Bunday protsedura natijasida eng kichik
nochiziglilik giymatiga kalibrlash nuqtasi zonasida erishiladi, o‘Ichashlar diapazonining oxirlariga yaqgin
joylarda esa chiziglilik sezilarli darajada yomonlashadi.
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Rasmdan ko‘rinib turibdiki, mazkur uslubda approksimatsiya chizig‘i ko‘pincha uzatish funksiyasiga s
kalibrlash nugtasida tegib o‘tadigan urinma bo‘lib hisoblanadi. Agar real uzatish funksiyasi uchun ifoda
ma’lum bo‘lsa, bu chizigning egilishini tenglama bo‘yicha topish mumkin.

Mustaqil chiziglashtirish uslubi ko‘pincha “eng yaxshi to‘g‘ri chiziq uslubi” deb ataladi (4B-rasm). U
bir-biriga mumkin gadar yagin joylashgan va real uzatish funksiyasining barcha chiqgish giymatlarini gamrab
oladigan ikkita parallel to‘g‘ri chizigning o‘rtasidan o‘tadigan to‘g‘ri chiziqni topishdan iborat bo‘ladi.
Chiziglashtirish  uslubiga bog‘liq ravishda approksimatsiyalaydigan chiziglar turlicha a« va b
koeffitsiyentlarga ega bo‘ladi. Shundan kelib chiggan holda, turlicha usullar bilan olingan nochiziglilik
giymatlari bir-biridan jiddiy farq qilishi mumkin.

Har bir datchik o‘zining ishchi xarakteristikalarining chegaralariga ega bo‘ladi. U hatto chizigli
bo‘lib hisoblangan taqdirda ham, tashqi ta’sirning ma’lum bir darajasida uning tashqi signali keltirilgan
chizigli bog‘lanishga javob bera olmay goladi. Bunday holda datchik nochiziglilik zonasiga yoki to‘yinish
zonasiga Kkirdi deyiladi (4- rasm).

kiruvchi signal
|
S
|
|
|
|
|
|
|
I
I
tashqi ta'sir :
07 chiziglilik sohasi to'yinish sohasi

4- rasm. To‘yinishga ega bo‘lgan uzatish funksiyasi

Qayta yaratuvchanlik datchikning bir xil shart-sharoitlarga amal gilinganda bir xil natijalarni bera
olish qobiliyatidir. Natijalarning gayta yaraluvchanligi datchikning kalibrlashning ikkita siklida olingan
chigish giymatlarining maksimal farqi bo‘yicha aniglanadi (5-A rasm). U, odatda, kirish signalining
maksimal giymatidan foizlarda ifodalanadi:

- A .
0= —x 100%
FS

Natijalarning yomon gayta yaralishining sabablari ko‘pincha quyidagilar bo‘lib hisoblanadi: issiqlikli
shovqini, yuzadagi zaryadlar, materiallarning plastikligi va hokazolar.

A chigish signali A
chigish signali

Sikl

tashqgi
tasir ©

tashqi

lasmwr <>
|

0 FS 8

A 100% o'lik zona

a) b)

5-rasm. a — gayta yaratuvchanlik xatoligi: xuddi o‘sha bitta chiqgish signaliga turli tashqi
ta’sirlar mos keladi. b — uzatish funksiyasidagi o‘lik zona

O ‘lik zona kirish signallarining ma’lum bir diapazonida datchikning sezmasligidir (5B-rasm). Bu zona
oraligida chiqgish signali deyarli o‘zgarmas bo‘lib qolaveradi (ko‘pincha nolga teng bo‘ladi). Bunga
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go‘shimcha ravishda har ganday signalni ragamli kodga aylantirishda uning mayda zinalarga bo‘linishi sodir
bo‘ladi, bu zinalarning har biriga konkret giymat to‘g‘ri keladi. Kirish signalining ma’lum bir sharoitlarda
datchikning chigish signalida minimal zina paydo bo‘lishiga olib keladigan o‘zgarish kattaligi datchikning
yechish qobiliyati deb ataladi.

Ba’zi bir datchiklar uchun kirish signallarining maxsus xarakteristikalarini ko‘rsatish zarur bo‘ladi.
Masalan yoritilganlik detektorlari uchun uning chegaralangan optik polosa oralig‘ida sezuvchanligi shunday
xarakteristika bo‘lib hisoblanadi. Shundan kelib chiqgan holda, bunday datchiklar uchun spektral
xarakteristikalarni aniglash zarur bo‘ladi.

Zout chigish impedansi datchik elektron sxema bilan ganchalik oson muvofiglasha olishini
ko‘rsatuvchi xarakteristika bo‘lib hisoblanadi. Datchikning chigish impedansiga mos keladigan garshilik
elektron sxemaning Zin kirish impedansini xarakterlaydigan garshilikka parallel gilib (potensial ulanish) yoki
u bilan ketma-ket (tokli ulanish) ulanadi. Har ikkala ulash varianti 6-rasmda ko‘rsatilgan. Odatda kirish va
chigish impedanslari majmuaviy ko‘rinishda tagdim gilinadi, chunki ular, goidaga ko‘ra, aktiv va reaktiv
tarkibiy gismlarni o‘z ichiga oladi. Datchikning chigish signalining og‘ishini minimallashtirish uchun tokli
chigishga ega bo‘lgan datchik (6B-rasm) maksimal mumkin bo‘lgan chigish impedansiga, uning interfeys
sxemasi esa — minimal kirish impedansiga ega bo‘lishi lozim. Potensial ulash holatida (6A-rasm) datchik
past chigish impedansiga, interfeys sxemasi esa — yuqori kirish impedansiga ega bo‘lishi lozim.

Datchik Interfeys sxemasi Datchik Interfeys sxemasi
Zo
A
A) B)

6-rasm. Datchikning interfeys sxemasi bilan ulanishi. A) —kuchlanish ko‘rinishidagi chigish signaliga

ega bo‘lgan datchik, B) — tokli chigish signaliga ega bo‘lgan datchik

Qo ‘zg ‘atish signali — bu aktiv datchikka ishlash uchun zarur bo‘ladigan elektr signalidir. Qo‘zg‘atish
signali kuchlanish yoki tok intervali bilan tasvirlanadi. Datchiklarning ba’zi bir tiplari uchun qo‘zg‘atish
signalining chastotasi va uning turg‘unligini ko‘rsatish zarur bo‘ladi. Qo‘zg‘atish signalining ko‘rsatilgan
chegaralardan tashgariga chigishi datchikning uzatish funksiyasining o‘zgarishiga va shundan kelib chiggan
holda chigish signalining og‘ishiga olib kelishi mumkin. Qo‘zg‘atish signalini tasvirlashga misol keltiramiz:

Termistor orgali oqib o‘tadigan maksimal tok:

Qarshiliksiz havoda....... —50 mkA;

Suvda ... — 200 mKA.

Turli sohalarda qo‘llash mumkin bo‘lishi uchun datchiklarning quyidagi xarakteristikalari muhim
bo‘ladi: ularning konstruksiya, og ‘irligi va gabaritlari. Agar datchiklar uchun aniglik va ishonchlilik bosh
parametrlar bo‘lib hisoblansa, uning narxi kabi xarakteristikasi ikkinchi planga chekinadi. Agar qurilma,
yashashni ta’minlash tizimlari, mudofaa sanoati yoki fazoviy kemalar uchun mo‘ljallangan bo‘lsa, ularning
narxining gimmatligi har doim aniglik va ishonchlilik bo‘yicha qo‘yiladigan talablar bilan oglanadi. Biroq
datchiklar qo‘llaniladigan bir qgator sohalar borki — bunda ularning narxi asosiy xarakteristika bo‘lib
hisoblanadi.
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xusanboy.muhammadyoqubov@mail.ru

Annomauyua. B pabome 6vinonneHo mMpéxmepHoe UUCIEHHOe MOOeIUposanue mypoyIeHmHO20
meuenus 3a obpamHou cmyneuwvkou npu uucie Peiinonvoca Rey=36,000 ¢ ucnonvzosanuem mooenu
Kkpynuvix guxpeti (LES). Pacuémol nposodunucs 6 npoepammuom komniexce ANSYS Fluent ¢ npumenenuem
noopewémounoti mooenu WALE, obecneuusaioweli KoppekmHoe 60CHpou3seoeHue HecmayuoHapHbIx
BUXPEGLIX CMPYKMYP U 30H peyupkyaayuu. [locmpoena mpéxmepHas 2ekcacoHanbHas CemKa ¢ J0KATbHbIM
ceyuenuem @onusu cmenox (y+=Il) u ¢ odoracmu ompwiea nomoxa. Ha ocnose nonyuenmvix 4ucieHHwix
OaHHbIX  GbINOJHEH AHAAU3 NOJel  CKOPOCMU, U0OIUHULL U BEKMOPO8 MEYEHUs, pacnpeoeieHuti
K0apuyuenmos dasnenus C, u mpenus Cy a maxdce npogpuield cpeoneti CKOpocmu U KOMHOHEHMO8
Peiinonbocosvix Hanpsiicenuil 8 paIUYHbIX NPOOOAbHbIX ceuenusx (MHA=1,4,6). Pezyromamor LES-
MOOenUpoBanus OeMOHCMPUPYIOM XapaKmepHvle O0COOEHHOCMU OMPBIBHOZO MEYEeHUs 3d CHMYNEHbKOU.:
Hanuyue 30HbI 0OPAMHBIX CKOpOCMel, passumue KpPYRHOMACWMAOHBIX euxpell u 001acmb NOGMOPHO0
npucoeouHenuss NOMOKA HA pacCmosHuu oKono X,/=6.2. [lonyyennvie noas u pacnpedenenus
nOOmMeEepAHCOaom BblICOKYI0 MOUHOCMb U dhgexmusnocmv LES-nooxoda ons uccne0o8anusi mpexmepHuix
MypOYIeHMHBIX MeYeHUl.

Knrouesvie cnosa: ypasnenus Hasve—Cmokca, ompuienoe meuenue, mooens LES, Ansys Fluent.

LES MODELIDAN FOYDALANGAN HOLDA TESKARI BOSQICH ORTIDAGI UCH
O'LCHOVLI OQIMNING RAQAMLI SIMULYATSIYASI

Annotatsiya. Ishda katta vorteks (les) modelidan foydalangan holda Reynolds uucne \ U003D 36,000
ragami bilan teskari pog'onaning orgasida turbulent ogimning uch o'lchovli ragamli simulyatsiyasi amalga
oshirildi. Hisob-kitoblar ANSYS Fluent dasturiy majmuasida wale pastki panjara modelidan foydalangan
holda amalga oshirildi, bu esa statsionar bo'lImagan vorteks tuzilmalari va gayta ishlash zonalarining to'g'ri
takrorlanishini ta'minlaydi.ulosa. Ishda katta vorteks (les) modelidan foydalangan holda Reynolds uucne \
U003D 36,000 ragami bilan teskari pog'onaning orgasida turbulent ogimning uch o'lchovli ragamli
simulyatsiyasi amalga oshirildi. Hisob-kitoblar ANSYS Fluent dasturiy majmuasida wale pastki panjara
modelidan foydalangan holda amalga oshirildi, bu esa statsionar bo'Imagan vorteks tuzilmalari va gayta
ishlash zonalarining to'g'ri takrorlanishini ta’'minlaydi. Devorlar yaginida (+=1) va ogim uzilishi sohasida
lokal galinlashgan uch o'lchamli olti burchakli to'r qurilgan. Olingan ragamli ma'lumotlar asosida tezlik
maydonlari, ogim izolinlari va vektorlari, bosim va ishgalanish koeffitsientlarining tagsimotlari, shuningdek,
turli uzunlamasina bo'limlarda (=\u003d 1,4,6) Reynolds kuchlanishining o'rtacha tezlik profillari va
tarkibiy gismlari tahlil gilindi.lingan ragamli ma'lumotlar asosida tezlik maydonlari, ogim izolinlari va
vektorlari, bosim va ishqalanish koeffitsientlarining tagsimotlari, shuningdek, turli uzunlamasina
bo'limlarda (+#/=\u003d 1,4,6) Reynolds kuchlanishining o'rtacha tezlik profillari va tarkibiy gismlari tahlil
gilindi. LES simulyatsiyasi natijalari pog‘onadan tashgarida uzilish ogimining o'ziga xos xususiyatlarini
namoyish etadi: teskari tezlik zonasining mavjudligi, keng ko'lamli girdoblarning rivojlanishi va ogimning
gayta ulanish maydoni x » /= = 6.2 atrofida. Olingan maydonlar va tagsimotlar uch o'lchovli turbulent
ogimlarni o'rganish uchun LES yondashuvining yuqori anigligi va samaradorligini tasdiglaydi.

Kalit so'zlar: Navier—Stokes tenglamalari, avulsion ogim, les modeli, Ansys Fluent.
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NUMERICAL SIMULATION OF THE THREE-DIMENSIONAL FLOW BEHIND THE
REVERSE STEP USING THE LES MODEL

Abstract. The paper presents a three-dimensional numerical simulation of the turbulent flow beyond
the reverse step at the Reynolds number Z¢4=36,000 using the large vortex model (LES). The calculations
were performed in the ANSYS Fluent software package using the WALE sublattice model, which ensures the
correct reproduction of unsteady vortex structures and recirculation zones. A three-dimensional hexagonal
grid with local condensation near the walls (+=1) and in the area of flow separation is constructed. Based
on the numerical data obtained, the analysis of velocity fields, isolines and flow vectors, distributions of
pressure and friction coefficients, as well as profiles of average velocity and components of Reynolds
stresses in various longitudinal sections (1//4=1,4,6) is performed. The results of the LES simulation
demonstrate the characteristic features of the separation flow beyond the step: the presence of a zone of
reverse velocities, the development of large-scale vortices, and the area of flow reconnection at a distance of
about 71 4~6.2. The obtained fields and distributions confirm the high accuracy and efficiency of the LES
approach for studying three-dimensional turbulent flows.

Keywords: Navier—Stokes equations, separation flow, LES model, Ansys Fluent.

Beenenmne. Teuenue 3a oOpatHO# crynenbkod (backward-facing step, BFS) sBnsercs omaum u3
HanOoJiee U3YUYECHHBIX M B TO K€ BPEMsI CIOXHBIX IIPUMEPOB OTPHIBHOIO TYpOYJIEHTHOTrO moroka. JlaHHas
3ajlaya CIY)KUT DSTAJIOHHOW s TMPOBEPKH M BaJUJALUU YHUCIEHHBIX METOJIOB BBIYMCIUTEIHHON
runpoanHamuku (CFD) u Mopneneit TypOyJneHTHOCTH, Tak KaK BKIIOYAae€T OCHOBHBIE AJIEMEHTHI PeajbHBIX
TeYCHHH — OTICNCHUE, PSLUPKYISIMIO U IIOBTOPHOE PHCOSANHEHHE OTOKa [ 1-2].

BriepBble 3KcniepUMEHTaNbHBIE HCCIIEAOBAaHMUSA TEUEHHs 3a OOpaTHOH CTYNEHBKOH ObLIM MOAPOOHO
npoBeneHsl Driver u Seegmiller (NASA, 1985) [3], rae Obun HoMydYeHBI TaHHBIE IO CTPYKTYpE CKOPOCTH,
JMABJICHUI0O M TypOYJCHTHBIM HANpPsDKCHUAM Ipu uucie PeliHombiaca Rep=36,000. DTu pe3ynbraThl
BITOCJICACTBHH CTaJIM KJACCUYECKHMM DTAJOHOM IS YHCICHHBIX HccienoBanmii, Bkmodas RANS, LES n
DNS monenmpoBanue. TpamuiinoHasle Mojaenu ocpeqHEHHBIX ypaBHeHuii HaBre—Ctokca (RANS), Takue
kak k—¢&, k—w w wmomenm PeiiHonpacoseix Hampsokenunit (RSM), He Bcerma cmocoOHBI  aleKBATHO
BOCIIPOM3BOJIUTh HECTALMOHAPHYIO CTPYKTYPY BHXpell M B3auMOICHCTBHE CABHIOBOTO CJIOSI C 30HOH
peuupkysinuu. B oriamume ot HuMX, Moaens KpynHbeiXx Buxpeid (LES) mosBomser sBHO pasperiaTh
KpyITHOMAcIITaOHble HecTal[MOHApHBIE BUXPEBBIE O00pa30BaHUS W JIUIb NPHONMKEHHO MOJCIHPYET
MesKkoMacTabHbele QuykTyanuud. JTo obecrieunBaeT 0ojee TOYHOE ONMCAHWE TUHAMUKU TYypOYJIEHTHOTO
TEeUYCHHs, 0COOCHHO B 00JIACTSIX C CHIIBHOW HECTAIMOHAPHOCTBIO U OTPHIBOM IMOTOKA [4-5].

B Hacrosimeli paboTe BBIMOJNHEHO TPEXMEPHOE YHCIEHHOE MOJCIHUPOBAHWE TEUYECHHUS BO3JyXa 3a
obpatHO#i crymenskoi mpu Rey=36,000 c¢ wucmoms3oBanueM moapemniérounoii momean WALE (Wall-
Adapting Local Eddy-viscosity), peamu3oBanHoii B mnporpammHoM komiuiekce ANSYS  Fluent.
HccnenoBanre HarpaBieHO HA MOTYYCHUE AETaTIbHON KapTHHBI TEYEHUS, BKIIIOYas MOJISl CPeIHEH CKOpOCTH,
W30JIMHAN M BEKTOPHI CKOPOCTH, pacrpesieieHus: KodppuimeHToB aBIeHnsl U TPEHUs, 4 TaKkKe U3MEHEHUE
KOMITOHEHT PeiHOIIB/ICOBBIX HANPSDKEHUH B pa3IMUHBIX MPOJOJIBHBIX ceueHHsX [8—12].

[lonmy4yeHnHsie pe3ybTaThl MpeJHA3HAYCHBI sl aHAJIM3a XapaKTEPUCTHK OTPBIBHOTO TYpOYJIEHTHOIO
TE€UYEHHS M OLIEHKH BO3MOKHOCTeW LES-MonennpoBanys npu pemieHn: TPEXMEPHBIX 3a4a4 THIPOJUHAMUAKH
0e3 MpHUBIICYCHNS SKCIIEPUMEHTAIBHBIX JaHHBIX. PaboTa ABIsSETCS 4acThI0 KOMIUIEKCHBIX HCCIIEIOBAHUN 110
BepH(UKALIUKN YHMCICHHBIX METOJI0B MOJAEIMPOBAHMS TYPOYJICHTHBIX TEUCHUH U MOKET OBITH HCIIOJIb30BaHA
st mansHeimero cpaBaeHnst ¢ RANS u DNS mogxomamu.

du3nyecKuii mocTaHoBKa 3aaauu. IIpeacraBiennble TaHHbIe B3ATH U3 padotsr Driver, D. M. and
Seegmiller [3]. DToT ciy4aii Takke CIY)KUT TECTOBBIM IPUMEPOM, BKIIOYEHHBIM B 0a3y JaHHBIX
ERCOFTAC, n mmpoKo NpuMeHseTcA B paMKax CEeMUHAPOB 110 MOJICIMPOBAHUIO TYPOYJIEHTHBIX TOTOKOB. B
JAHHOW 3a7ade TypOyJICHTHBIM TOTPAHWYHBIA CIIOM B3aWMOICHCTBYET C PE3KUM OTKIIOHECHHEM, YTO
MIPUBOJUT K OTPBIBY MOTOKA. [lociie 3Toro moTok BHOBb MPUKPEIIAETCS M BOCCTAHABIMBAETCS 3a CTYTIEHBIO.
Uucno PeliHonbaca, pacCUNTAHHOE HAa OCHOBE TOJNIIMHBI MMITYJIBCHOTO CJIOSI MEPE]l CTYNEHBKOW, paBHO
5000, gro cootBercTBYyeT unciy Pelinonmpaca mopsaaka 36 000 mpu pacuére ¢ ya€ToM BBICOTHI cTyrneHn H.
Ilepen cTymeHBIO TONIIMHA TOTPAHMYHOTO CIIOS cocTaBisier mnpubmusurensHo 1,5 H (em. pume. 1).
I'panuunblie ycnoBusd, Ucnonab3yemsble Uil MojenrupoBanus MeronoMm CFD, mpencraBieHsl Ha cieqyromeM
puc.1.
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M,=0.128, Re,=36,000, T, =537R
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MaremaTH4yecKHii MOCTAaHOBKA 3aga4u. [[J1s1 YUCICHHOTO MOJICTUPOBAHUS TypOYJICHTHBIX TCUCHUIT
B pamkax momxoma LES (Large Eddy Simulation) B macrosimeit paboTe HCIONB30BaHa MOJIENTH
noapeméroynoro macmrtaba WALE (Wall-Adapting Local Eddy-viscosity). TanHast Moiens obecrieunBaeT
BBICOKYI0O TOYHOCTh MNpPU Pa3pelIeHUH KPYMHBIX BHUXPEH M aJeKBaTHO aJalTUpyeTCs K HPUOPEKHBIM
obxactaM, 9ro genaer e€ ocobeHHO 3¢ (hEeKTUBHOW U 3a7ad C HAJMYHEM CTEHOK M PE3KHUX T'PaIHCHTOB
ckopoctu. B momemm WALE typOyneHTHast BSI3KOCTh MOAPEMIETOYHOTO MacmTaba pacCYMTHIBAETCS Ha
OCHOBE JIOKAJbHBIX TPAJMCHTOB CKOPOCTH, C YYETOM KaK BpamaTtelibHbIX, Tak U Ae()OpPMAaIMOHHBIX
XapaKTEepUCTHK MOTOKA. DTO MO3BOJSET MOJAETN TOYHO BOCIIPOM3BOANTH NIOBEIEHHE BUXPEBBIX CTPYKTYpP Kak
B 00b&Me, Tak M BOJNW3M TBEPABIX TPaHMI, B OTIMYME OT Kiaccmueckoil moxenn CmoropuHckoro. B
HacTpoiikax pacuéra axtuBupoBana omuus Optimized LES Numerics, obecrieunBaromias MCIoab30BaHUE
YUCJICHHO YCTOWYMBBIX CXEM, ONTUMHU3UPOBAaHHBIX Ui LES, uTo crocoOCTBYeT MOBBINICHUIO TOYHOCTH U
crabunpnoctn pemenns. Omust Near Wall RANS Layer (WMLES) B nmannoii paboTe OTKIIOYCHA,
MOCKOJIBKY MOJICIMPOBAHNE OCYIIECTBISETCS C JTOCTATOYHBIM HPOCTPAHCTBEHHBIM pa3pelieHueM BOIU3H
CTCHOK, 0€3 HEOOXOJUMOCTH MCITIOJIb30BaHUS THOPUIHOTO TIOX0/a.

LES ocHoBbIBaeTcs Ha (IIBTPOBaHHBIX ypaBHeHUsX HaBbe—CTOKCa IS HEC)KMMAaeMOU KHUIKOCTH.

OcHoBHasg wuaess — pa3dgenuTh IOTOK Ha paspeméHHble (KpynHOMAacmTaOHble) W HEpelEHHbIE
(MenxoMacmTabHbIE) KOMIIOHEHTBI ITyTEM TPOCTPaHCTBEHHON (HIIBTPAIIHH.
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o , o 00 _ 10p +vazu‘ or;

el § = - )

ot OX; P OX OX;  OX,

rae U; - duibTpoBaHHBIC KOMIIOHCHTBI CKOPOCTH, [) - (HUIBTPOBAHHOE HABIICHHE, Fi - BHEUIHSA
SGS
T

cuna, 7  — TEH30p NOAPEmETOuHbIX Hanpsokenuid (Subgrid Scale Stresses), monenupyrouwmii BausHue

MEJIKOMACIITa0HBIX BUXPEH.

MopenupoBaHue OAPEHIETOYHOTO TeH30pa HanpsokeHuit (SGS):
;% =uu, —G0;. (2)

SGS ..
Tak kak Tjj ~ HCM3BECTCH, OH MOJICIIUPYETCS Hepes TypOYJICHTHYIO TOJPEIIETOYHYO BA3KOCTb:

1 —
rifGS - —rffsé‘ij =-2vS;. @)
3
rae: V, — noapemérounas (TypOylIeHTHAs) BA3KOCTE; S.. — TeH3op ckopocTei gedopmarmu:

]
Ocunognble popmynst Mmogean WALE TypOynenTHas BA3KOCTb MOAPEIETOYHOTO MaciuTada:

ded 3/2
Vi = (CWA)2 Hpp— (Sg Sij ) 54" )
(SijSij ) + (SSSS )

JTa BSI3KOCTh MOJEIUPYETCS, KaK NPaBUIIO, C UCIOJIb30BaHUEM Mojieneit Tuma CMoropuHckoro [8]:

PacuerHasm cerka. Ha puc.2 mnpencraBineHa TpéXMepHas TeKCaroHajdbHas pacdyEéTHAs CeTKa,
TIOCTPOSHHAs JUISI MOJCIUPOBAHHUS TEUEHUS 3a OOpaTHOW CTYNEHBKOH C TIPUMEHEHHEM MOJETH
KkpynHoMacuTaOHbIX Buxpei (LES).
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Puc.2. TpéxmepHasi rekcaroHaJbHasi pac4yéTHasi ceTKa

I'eomerpus pacu€THON 007acTH BKIIOYAET YYAaCTOK AO CTYNEHBKH, CaMy CTYNEHbKY U NPOTOUYHYIO
qacTh 3a Heil. O011ee KOIMUeCcTBO siueek cocTaBuio 1 856 250, mpu 3TOM Bce JIEMEHThl — IeKCaroHaJIbHbIE
(hexahedral cells). Takas cTpykTypa CETKHM 00€CIECYMBAET BBICOKYID TOYHOCTH AaNlpPOKCHUMAIMH U
YCTOMUMBOCTh PEILCHUS MPU MOJCTUPOBAHUU TYpOYJIEHTHBIX CTPYKTYp B 30HE OTpbIBA U IMOBTOPHOIO
mprcoeAnHeHUsT moToka. CeTka BKIIOYAeT CIEAyIoUIe TpaHWdYHbIe 30HBL 30HBI | m 8 — crenku (wall
faces), Bcero 76 750 + 20 000 rpaneii; 3ona 6 — BxomHOe ceuenue (velocity-inlet), 3 875 rpaneii; 3oHa 7 —
BEIXO/IHOE cedeHue (pressure-outlet), 3 875 rpaneit; 3oHa 9 — 1uTocKOCTH cMMMeTpuu (symmetry faces), 74
250 rpaneit; 3oHa 2 — BHyTpeHHHE Tpanu (interior faces), 5 479 375. O6mee xomudecTBo y310B — 1 946
256. Kak BUIHO Ha yBEJTHMYECHHOM (parMeHTe, B 00NAaCTH CTYNEHBKH U BAOJb MPUJIETAIOIIUX CTCHOK IIar
CeTKH JIOKAIbHO CTymEH Ui TOYHOTO Pa3pelieHrs MOTPAHUYHOTO CJIOSI U BUXPEBBIX CTPYKTYP.
MuHUMaNbHBIA pa3Mep sSUeikH BbIOpaH TakuM o00pa3oM, 4ToOBI Oe3pa3MmepHas KoopauHara y+=1, 4To
cootBeTcTBYeT TpeboBanusiM wall-resolved LES. B obnactu oTpbiBa 1 pelUpKyISIHHA TOTOKA CETKA UMEET
MOBBIIIEHHOE TPOCTPAHCTBEHHOE pa3pellieHre, YTO TO3BOJISIET KOPPEKTHO BOCIPOU3BOJAUTH TUHAMHUKY
KPYITHBIX BHUXPEBBIX 00pa3oBaHMH M TPaMEHTBl CKOpPOCTH. Takum o00pa3oM, MOCTPOEHHAs TpEXMepHas
pacuéTHas ceTKa YJIOBJIETBOPSET BCeM KpurTepusiM i npoBeaeHus: LES-monenupoBaHus TedeHUs 3a
o0paTHOH cCTymeHbKOW © oOecreynBaeT HAAEKHYI0 OCHOBY JUIS aHalM3a adpoJAWHAMHYECKHX
XapaKTepPUCTHUK.

Meton pemenusi. YucieHHOE MOAEIMPOBAHME MPOBOAMIOCH C HCIIOJIB30BAHUEM HECTALIOHAPHOI'O
nasneHus-6azupytomiero pemarens (Pressure-Based Transient Solver) B mporpaMmMHoM komiuiekce ANSY'S
Fluent. JInst onucaHusi TeueHUs] IPUMEHSIIOCH MOJTHOE TPEXMEPHOE HECTAlMOHAPHOE PEIlicHHE YpaBHEHUH
Hasre—Crokca B hopme ¢pmiibTpoBaHHBIX ypaBHeHu LES. Pacdu€rsl BRIMOMHSIIMCH B aOCOIIOTHON CUCTEME
CKOpOCTEH C MOCTOSIHHOW IUIOTHOCTBIO M 0e3 yuéra cuiibl TspkecTH. Cxema CBSI3M JIaBJIEHUS U CKOPOCTH
peanmzoBana 1o amroputmy SIMPLE, a anmpokcuMmanus Tpagde€HTOB OCYIIECTBIISIIACH METOIOM
HanMeHbInX KkBagpaToB (Least Squares Cell Based). [Ins maBneHus ucronb3oBajachk BTOpas HOPSIIOK
touHocTH (Second Order), a angd ypaBHEHMH HMITyJbCa — CX€Ma OIPaHUYEHHOI'O LEHTPAIHLHOTO
pasHoctHoro Tuna (Bounded Central Differencing), obecneunBaromas BBICOKYIHO TOYHOCTH TIpU
MOJICJIMPOBAHUN KPYITHOMACIITAOHBIX BHXpeil. BpemeHHast JuckpeTn3anusi MpPOU3BOJUIIACH 1O HESBHOM
cxeme Broporo nopsuaka (Second Order Implicit), yTo Mo3BOIMIO 00ECNEUNTh YCTOWYMBOCTE MPH MaJIbIX
BpEMEHHBIX marax. /[ TOBBIICHUS CXOIUMOCTH pacuéra 3Ha4eHUs (aKTOpPOB HeIopelaKcaun
3aaBanCh Kak: maBienne — 0.3, ummynse — 0.7, IOTHOCTE W MaccoBbie cuitbl — 1.0. BpemenHoi mar
BoIOHpaics At=5x10"% ¢ npu MakcumanbHOM uucie urepanuil 20 Ha mar. O6LIee YUCIIO IaroB pacuéra
coctasuiio 50 000, uro coorBeTcTBYET (hM3MueckoMy BpemeHH mnopsiaka 0.25 c. B xone Beruucnenuit Obiia
aktuBupoBaHa QyHkius Data Sampling for Time Statistics, M03BoNUBINAS HAKOMUTH W YCPETHHUTH OIS
CpeAHeH CKOPOCTH, JaBJICHHS M KOMIIOHEHT PelHOJBbICOBBIX HAINPSKEHWH IOCIE BBIXOJA PELICHHs Ha
KBa3UCTAIIMOHAPHBIN pekuM. PacuéTbl BHIIOIHSINCH C MCIIOJIB30BaHHEM Tpadudeckoro npoueccopa (GPU)
NVIDIA GeForce GTX 1050 Ti. OO6miee Bpems BbIUHCICHHI cocTaBwio 28 dacoB 40 MUHYT, 4YTO
00YCIIOBJIEHO BBICOKOH Pa3MEpPHOCTBIO PAacYETHOM 00JIacTH M HEOOXOIMMOCTHIO TOYHOTO DPAa3pELICHUS
MeJIKOMacIITa0HbIX BUXPEBBIX CTPYKTYp npu LES-MonenupoBanum.

Pe3ysbTaThl pacuera u ux oocysxkaenune. Pacnpenenenne kodppuuuenTa NoBEpXHOCTHOTO AaBICHUS
Ha CTCHKE KaHajla XapaKTepu3yeTcs H3MEHEHHEM JaBJICHUS Ha €ro IOBEPXHOCTUM B 3aBUCHUMOCTU OT
paccTosHuS OT HEKOTOPOU TOUKH.
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C,= - pwz
0.5p0U;

rac p - HaBJICHUC B TOYKC Ha MOBCPXHOCTU HpO(bI/IJ'IH, P, - JaBJICHUC CBO6OI[HOFO IOTOKa, p -

IIOTHOCTH CBOOOHOTO MOTOKA, Up - CKOPOCTH CBOOOAHOTO ITOTOKA.
Koabdumuenr noeepxHoctHoro tpenus Cs

ompefenseTcss Kak OTHOIIGHHE CHJIbl TpPEHUs,
AeHCTBYIOLIEN HAa MOBEPXHOCTh NPOPUIIA, K IMHAMUYECKOMY JaBJIEHUIO CBOOOHOIO MOTOKA.
E
T E 120
0.50U;S

rae F - cuna Tpenus, AefcTByromas Ha MOBEPXHOCTh Npoduiist, S - mIoaas NOBEPXHOCTH MPOGUIIS,
OpPUEHTHPOBAHHAS BIOJb MOTOKA.

Ha pucynke 3 mpezacraBiensl pacnpeaesieHus KodbduientoB nasiaenus Cp (puc. 3a) u tpenus Cf
(puc. 30) BOOIL HIDKHEH CTEHKU KaHasia 3a 00pPaTHOM CTYNEHBKOM.

oz
T 1 f——
/ T /

v |
osor ] /

o000

15 0 5 n

15
xiH

a) 6)
Puc.3. a) 3apucumocts ko3¢ PpuunenTa JapjaeHne HUKHUA YacTH KaHaIa; 0) 3aBUCUMOCTb
K03 duumeHTa TPEHUs JaBJIeHHe HUKHEH YacTH KaHajia

U3 rpaduka 3aBucumoct Cp(x/H) BUIHO, 4TO Cpa3y 3a CTYINEHBKOW HAONOAaeTCsi pe3Koe MaeHUe
JaBieHUs U (OPMHUPOBAHUE 30HBI PA3PEKEHMSA, CBSI3aHHOW C OTPHIBOM MOTOKAa. MUHUMaJbHOE 3HAYECHHUE
kod(duumenTa AaBiIeHUs AOCTHraeTcsi B Hayalle 30HBl PELMPKYJSLMM, Hocie 4ero Cp NOCTENeHHO
YBEJIMYMBAETCA M CTAOUIU3UPYETCS IO MEpe MOBTOPHOTO MPHUCOETUHEHHS TTOTOKA K CTEHKE Ha PacCTOSHUU
okouto xr/H=6.2. Kpusas usmenenus kodddurmenra tpeans Cf(x/H) Takke I1eMOHCTPUPYET XapaKTEPHYIO
KapTUHY JUIA OTPBIBHBIX T€YEeHHI. B HermocpeacTBeHHOH O1M30CTH 3a CTyNeHbKOW 3HaueHus Cf CTaHOBSTCS
OTPHLIATENLHBIMK, YTO COOTBETCTBYeT OOpPaTHOMY HaNpaBICHHIO KacaTelIbHBIX HANPSDKEHUH —IpH
perupKyisiuu - moTtoka. llocie TOYKM TMOBTOPHOTO MPHCOENMHEHHWS IOTOK BHOBb IpHOOpeTaeT
MOJIOXKHUTENbHOE HampaBieHHWe, H KO3()(OUIHMEHT TpeHUs IOCTENEHHO BO3pPACTaeT, CTPEMsICh
CTaLlMOHAPHOMY YPOBHIO Pa3BUTOrO TYpOYJIEHTHOT'O TEUCHUSI.

Ha pucynke 4 mnpencrapieHbl npoduin MpoAoSbHON ckopocTd U B pa3iUuYHBIX MPOJOTBHBIX
CeUYeHUsIX 3a oOpaTHOU crynenbkoii ipu x/H=1, x/H=4 u x/H=6.

K

\
2 25

vIH

20
Uavarage [m s~-1]

x/H=1

0
Uavarage [m s#-1]

x/H=4
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/ [vy
/ Puc. 4. lIpoduan npoaoabHO# CKOpOCTH
/ HA HUZKHEll 0OBEPXHOCTH

2 5 30 35 40 45
Uavarage [m s*-1]

Xx/H=6

B ceuennn x/H=1 wHabmromaercsi XapaKTEPHbIH y4acTOK OOpAaTHOTO TCUCHHUS, CBS3aHHBIA C 30HOM
PELMPKYJSIIMN CPa3y 3a CTYNEHBKOM. 3/1eCh 3HAUCHHS CKOPOCTH Y CTEHKHM NPHUHUMAIOT OTPHUIIATEJIbHBIC
3HA4YCHUS, YTO NOATBEPKAACT HAJIMINEC BO3BPATHOI'O ITOTOKA. B ceuenun X/H:4 MOTOK HAYMHACT YCKOPATHCSA
B 00J1aCTH CABUTOBOTO cJOsl, T (POPMHUPYIOTCS KPYMHOMACIITAOHBIE BUXPEBBIE CTPYKTYPHI, XapaKkTepHbIe
IUIl  HEeCTalMOHAPHBIX TYpOYyJeHTHBIX TeueHHi. IIpodunp cKOpocTH IEMOHCTPHUPYET HMHTEHCHUBHBIN
rpagueHT BOJW3M HIDKHEH CTeHKH M Ooyiee paBHOMEPHOE pacIipe/ieliecHHe B OCHOBHOW 4YacTH KaHanma. B
ceyeHun X/H=6 TOTOK BHOBb IPUCOCIUHSCTCS K CTEHKE, W MPOQHIb CKOPOCTH mpuodperaet (Gopmy,
OJIM3KYI0O K TIOJHOCTHIO Pa3BUTOMY TYpOyJICHTHOMY KaHaJIbHOMY TEUCHHUIO. MaKCUMyM NpPOAOIBHON
CKOPOCTHU CMEIIACTCsI K LIEHTPY KaHalia, a Y CTCHKH BOCCTAHABIMBACTCSI MOHOTOHHBIN pocT U(Y).

Ha pucynke 5 npeacrapiieHbl IpoGUIH MOMEPEUHON CKOPOCTH V' B pa3InYHBIX MPOJOIBHBIX CCUCHHSIX

3a 06paTHOH cTynenbkoit npu x/H=1, x/H=4 u x/H=6.
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Vavarage [m £%-1]
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x/H=4

x/H=1
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e
) _— Puc. 5. IIpoduiau nonepevyHoi ckopocTu
: — HA HUKHEH MOBEePXHOCTH
A R SR R ' '
x/H=6

B ceuennn x/H=1 naGmomaeTcs 4€TKO BhIpaKEHHAs 00JIaCTh OTPUIATENIBHBIX 3HAYCHUI CKOPOCTH,
YTO CBUICTENILCTBYET O PAa3BUTHH OOPATHOrO JABMXEHHUS BO3AyXa B 30HE pelMpKyJsiuuu. [loTok HampasiieH
BBEpX BOJIM3M HIDKHEH CTEHKHM W BHHU3 B IIEHTPAIBHOHN YacTH, YTO yKa3bIBaeT HA HAJMYWE WHTEHCHBHOTO
BUXPEBOr0 JBWXKEHUs. B ceuennn x/H=4 aMiumTyna TOINEPEYHBIX CKOPOCTEH BO3pacraer, OTpakas
aKTHUBHOE B3aMMOJICHCTBUE OCHOBHOI'O MOTOKAa CO CABHIOBBIM CJIOEM U BHXPEBBIMH OOpa30BaHHAMH,
¢dopmupyromMucs 3a CTyneHbkod. IIpodunb neMOHCTpHpYEeT acMMMETPUYHOE paclpeiesieHue c
BBIPQ)KCHHBIM CMEIICHUEM 30HBI MAaKCHMAJBHBIX CKOPOCTEH B BEPXHIOIO 4acTh KaHana. B ceyenun x/H=6
MOTOK TIOCTENEHHO CTaOMIM3HPYETCs, IONEpeYHble CKOPOCTH YMEHBIIAIOTCS, M CTPYKTypa TEUCHUS
npubIMKaeTcss K KBa3HCTalMOHAPHOMY TYpOYJIEHTHOMY COCTOSHHIO C PaBHOMEPHBIM pacIpeleleHHEM

BUXPEBBIX (DITYKTYaIHIA.
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Ha pucynke 6 npeactasies! mpodrm PelHOIBICOBOTO HATIPSHKCHHS U'V' B pa3IUIHBIX TIPOJOIBHBIX
CEeUYeHUsIX 3a oOpaTHol crynenbkoit pu x/H=1, x/H=4 u x/H=6.

34

25 | 254 ‘

10 a 10

-50 -0 e E
-3 % 5 -2 15
uv [ma2n-2] uV [mA2sn-2)

x/H=1 x/H=4

|
RS Y Puc. 6. IIpodpuin nanpsi:xkenue PeitHosabca
/«/ 1 1 3
! e ckopocTH U'3' Ha HUKHeIl MOBEPXHOCTH
I
x/H=6

B ceuennn x/H=1 BenuuuHa u'v' IpUHUMAET OTPUIATEIILHBIC 3HAYCHHUS, YTO COOTBETCTBYET HATMYHIO
WHTEHCUBHOH 30HBI PELUPKYJIIINM, T/I€ HAlPaBJICHUE MPOAOJIBHBIX U IONEPEUHBIX MYJIbCALUN CKOPOCTH
MIPOTUBOIIOJIOKHO. DTO YKa3bIBa€T Ha BBIPAXKEHHBIN NMEPEHOC MMITYJIbCA, CBSI3aHHBIN C B3aUMOJCHCTBHEM
OCHOBHOT'O TIOTOKa M 00paTHOro JBikeHus. B ceyennn x/H=4 HaOIr0maeTCsl MAaKCUMyM 110 aOCOJIOTHOI
BEJIMYMHE U'V', YTO OTpaKaeT MHTEHCUBHOE Pa3BUTHE CIBUTOBOTO CJIOSI U 00pa30BaHUE KPYITHOMACIITAOHBIX
Buxpeil. JlaHHbII y4acTOK XapakTepu3yeTcss HanOOIbIIMM OOMEHOM UMITYJIBCOM MEXKAY OCHOBHBIM IIOTOKOM
W TPUCTEHOYHOW 30HOH. B ceueHun x/H=6 3HadeHus u'V’ CHIKAIOTCS 10 Mepe BOCCTAHOBJICHUS
npuKperéHHoro Tedenus. [Ipodpuns craHoBuTcs OoJiee TUIABHBIM, YTO YKa3blBaeT Ha CTaOWIIM3AIMIO
CTPYKTYpHI TypOYJICHTHOCTH U IEPEX0]] K KBa3HUCTALIMOHAPHOMY PEXUMY.

Ha pucynke 7 mnokaszaHbl pacnpeieieHus] JUHUKA TOKAa M H30JIMHUHM CKOPOCTH B LEHTPaJbHON
TUIOCKOCTH KaHaya 3a 00paTHOW CTymeHbKoW. BepxHue n300pakeHus WILTFOCTPUPYIOT CTPYKTYPY IMOTOKa B
BUJIE KOHTYPOB CKOPOCTH U JIMHUM TOKa, a HIKHHE — HANPAaBJICHUS BEKTOPOB CKOPOCTH, HOIy4YEHHBIE B
YCPEIHEHHOM I10 BPEMEHH (CJI€BA) M MTHOBEHHOM (crpaBa) pexumax LES-mMonenuposanus.

Hampasnenue BeKTOpa CKOPOCTH U U30JIMHUS CKOPOCTH
YCPETHEHHBIN 110 BpEMEHU MTHOBEHHBIHI

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 221



PHYSICS

Puc. 7. PacnipenesieHus1 TUHUA TOKA U M30JJUHUI CKOPOCTH B LIEHTPAJILHOM MJIOCKOCTH KaHAJIa
3a 00paTHOM CTYNeHbKOM

Ha ycpennénnoli mo BpemeHH kapTuHe (CiieBa) OTUY€TIIMBO BHJHA 30HA OTPBIBA IOTOKAa Cpaszy 3a
CTYIIEHBKOH, The (OpMHUPYETCS KPYIMHOMACINTAOHBIA PEIUPKYJISIMOHHBIA BHXPb. 3a 3TOW OO0JIACTHIO
HAOJIOMaeTCs 30Ha MMOBTOPHOTO MPUCOEANHEHMS, PACIIONIOKEHHAs Ha PacCTOSHUN oKoio X1/H~6.2. Tlorok
MTOCTETIEHHO BOCCTAHABIMBACT JIAMHUHAPHU3O0BAHHYIO CTPYKTYpy, W JHHHHA TOKa BBICTPAWBAIOTCA BIOIH
creaku. Ha wMrHoBeHHoM moje (cmpaBa) OTOOpaKEHBI HECTAlIMOHAPHBIE BUXPEBBIC CTPYKTYPBHI,
BO3HMKAIOIIME BCJIEACTBHE B3aMMOICHCTBHS CIBHIOBOI'O CJIOSI C OCHOBHBIM ©OTOKOM. HaOiromaercs
YepeloBaHNE OO0NacTell YCKOpEeHHS M TOPMOXKEHHA, a Takke 00pa3oBaHME MEIKOMACIITa0HBIX BHXPEH,
xapaktepHbix Uil LES-pexxuma. DTH BuxXpeBble 00pa3oBaHMsI OOCCIICUUBAIOT WHTCHCUBHBIA IEPEHOC
HMITYJIbCA ¥ SHEPTUH B 30HAX C Pa3BUTOHN TYpOYJICHTHOCTHIO.

Ha pucynke 8 mpenacraBiieHsI TpEXMEPHBIE U30TIOBEPXHOCTH KpUTEPHS (), OKpAIICHHBIE 110 3HAYSHHIO
cpenHeit ckopoctu. M300paskeHusT AEMOHCTPUPYIOT IPOCTPAHCTBEHHOE PACIIPEIEIEHUE BUXPEBBIX CTPYKTYP
3a 00paTHOH CTYIIEHBbKOH, MoNydeHHoe B pesynbTare LES-MonennpoBanus.

8 g § 3
= = 3 s 5 g 3
8 3 8 3 e [ e
s o & g 3
[ i -
Puc. 8. TpéxmepHble H30MOBEPXHOCTH KPUTepHs @, OKpalieHHbIE M0 3HAYEHHIO CPeTHei
CKOpPOCTH

Ha neBoM wu300pakeHMH TmoOKa3aHa (POHTANbHAs MPOEKLUUS BHUXPEBBIX  00pa3oBaHMIA,
(dhopMHpYIOIIUXCS B 30HE PEUPKYIISIIUHA U BOJIH3H CABUTOBOTO CJIOsl. BUIHO, 4TO 3a CTYNEHbKOI BO3HUKAIOT
MHOTOUYHCIICHHBIE BBITSHYTblE BUXpPH, OPUEHTHPOBAHHBIE BJOJb HAMpAaBICHHWS OCHOBHOTO IMOTOKA. JTH
BUXPEBBIE CTPYKTYPBI OTPa)KalOT MHTCHCHBHYIO TypOYJIEHTHYIO aKTHMBHOCTb M XapaKTEpPHOE TPEXMEPHOE
B3aUMOJEHCTBUE  KpymHOMacmTaOHeIXx  ¢uykryaund. Ha  npaBom  n3o0pakeHMH — HpuBeaeHa
MIPOCTPAHCTBEHHAS TIEPCIIEKTHBA TEX K€ M30MOBEPXHOCTEH, I/ie OTYETIIMBO BUAHBI BUXPEBBIE 00pa30BaHUsI
Pa3NUYHOro MacmTada, pacHpOCTPAHSIOIMECs] BHU3 IO MOTOKY. BepxHsis yacTe 00JacTu XapakTepu3yercs
OoJsiee KPYIHBIMU U YCTOWYMBBIMU BUXPSAMH, TOT/Ia KaK ONMXKe K CTEHKE Mpeo0IaJaroT MEJIKOMACIITaOHbIe
CTPYKTYpPBI, OTBEHAIOIINE 32 IEPEHOC UMITYJIbCa U SHEPTHH. TakuM 00pa3oM, BU3yalln3alus Mo KpUTEpHro
MOATBEp)KIAeT peanucTudHoe BocmpousBerenne LES-momensio WALE  TpéxmepHON  CTPYKTYpHI
TypOyJIEHTHOrO TEYEHUs, BKIIOYas MeXaHM3M O0Opa3oBaHMsA, B3aUMOACHUCTBHA M paclaga BHXPEBBIX
o0pa3oBaHuii 32 00PaTHON CTYIIEHBKO.

3aknaouenue. B nganHONl paboTe BHIMONHEHO TPEXMEPHOE YHCICHHOE MOETHPOBaHHE
TypOyJNIEHTHOrO TeYeHMs BO3AyXa 3a OOpaTHOM cTynmeHbKOM mpu uucie PeitHompaca Rep=36,000 c
UCToNb30BaHreM Mozaenu KpynHeix Buxped (LES) m mogpemérounoit mogenu WALE, peann3oBanHOl B
nporpamMmuoM komiuiekce ANSYS Fluent. IloctpoeHHast rekcaroHaibHas pacuéTHasi CETKa C JIOKaJbHBIM
CTyIIEeHHEeM BOJHM3M CTEHOK oOecrednia HEeoOXOJMMOe pa3pelieHHe MEJIKOMAacIITaOHbIX BUXpEd W
KOPPEKTHOE BOCIPOM3BENICHNE MTPUCTEHOUHBIX clIo€B (Y+=1). [IpoBenéHHbIC PacuEThl MO3BOJIMIN NOIYIHTh
MIPOCTPAHCTBEHHO-BPEMEHHBIE TIONSI CKOPOCTH, JABJICHUS M KOMIIOHEHT PEMHONBICOBBIX HAaNpSDKCHHH, a
TaKKe BU3YAIM3UPOBATh TPEXMEPHYIO CTPYKTYpPY BHXPEBBIX 00pa3oBaHUU 3a CTyneHbKOW. Pacmpenenenus
kodpduumentos gapnenuss Cp, u TpeHus: Cr MOKa3adl XapaKTEPHbIE OCOOCHHOCTH OTPBIBHOIO TEUYCHUS:
HaJIM4YUE 30HBI OTPUIATEIbHBIX 3HAUEHU 32 CTYIIEHBKOM U MOCTENEHHOE BOCCTAHOBJIEHNE NMPUKPETIIIEHHOTO
MMOTOKa Ha pacCTOSHUU X /H=~6.2. TIpodumun mpomONbHOW M IOIEPEYHON CKOPOCTH IIOATBEPIMIN
¢dbopmupoBaHHEe U IOCIEOYIOLIee paspyLICHHE pPELUUPKYJIAIUOHHON 30HBL. AHanu3 PeiHOIbACOBBIX
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HampsDKEHUI BBISBHJI WHTEHCHUBHBIM OOMEH HMITyJIbCOM B OOJIACTH CHIBHIOBOTO Ciosl. Busyanmzanus
M30MOBEPXHOCTEW KpuTepusi () TO3BONWIA BBISIBUTH CIOXKHYIO TPEXMEPHYIO CTPYKTYpY BHXpeH, HuX
o0Opa3zoBaHMe, B3aMMOJCHCTBIE M pacmaja BAOJb MOToKa. [lomydeHHbIE pe3ylbTaThl MPOJEeMOHCTPHPOBAIH
BbICOKYIO 3¢ dexkruBHOCTE LES-Monenn WALE anst onucanus HeCTalMOHAPHBIX TYPOYJICHTHBIX MPOLIECCOB
Y BOCTIPOM3BEICHUS PEalbHOW JMHAMHKH OTPBIBHOTO TEYEHHUS 32 0OpaTHOW CTyHmeHBbKOW. Takum oOpaszom,
MIpOBEeAEHHOE MCCIIeOBAaHUE MOATBEp A0, uTo LES-ogxon obecrneunBaer 6ojee meTanbHOE U (PU3HICCKU
000CHOBaHHOE TIPE/ICTABICHUE O MEXaHH3MaxX (POPMHUPOBAHUS BUXPEBHIX CTPYKTYP M MPOILECCOB MepeHoca
HMMITYJIbCa B OOJIACTSIX CO CIIOKHON THAPOANHAMHUYECKOI CTPYKTYPOIl ITOTOKA.
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Annomauyua. B cmamve paccmompeno yugposoe mooenuposanue MHO2OAMOMHOU Oupgdysuu 6
KPeMHUU HA OCHOGe KE8AHMOO-MEXAHUYECKO20 N00X00d, Deanu308aHH020 6 NPOSPAMMHOM KOMNJEKce
Quantum ESPRESSO. Paboma nanpasieHa Ha ucciedosanue @GU3UYECKUX MeXaHUu3Mo8 nepemeujeHus
amomo8 npumecel 6 KPUCMALIUYECKOU peuémKe KpeMHUus U OnpeoeieHue Hepeemuieckux Oapbepos
muepayuu. Ha ocnose memooa ¢yuxyuonana nrommocmu (DFT) nocmpoena moodens, yuumwvieanoujas
83aumooeticmgue medxncoy npumecamu u Oegpexkmamu. Ilpogedeno conocmagnenue pesyrLMamos
MOOeNUpOBaAHUs ¢ TUMEPAMYPHLIMU U IKCHEPUMEHMATbHLIMU OaHHbIMU. Pe3ynemamul uccaedosanus mozym
ObIMb UCNONBLI0BAHBL OI51 ONMUMUIAYUU MEXHOIOLUYECKUX NPOYECCOB NecUPOBAHUS KPEMHUSL.

Kntouesvle cnosa: kpemuuti, ougghysus, mnocoamomuas moodensb, Quantum ESPRESSO, DFT,
9Hepeemuyeckull bapvep, yugposoe moderuposanue, 1e2Uposanue.

ZICHLIK FUNKSIONAL USULI BILAN KREMNIYDA KO‘P ATOMLI DIFFUZIYA
JARAYONINI RAQAMLI MODELLASH JARAYONI

Annotatsiya. Maqgolada Quantum ESPRESSO dasturiy ta’minot paketida joriy etilgan kvant mexanik
yondashuv asosida kremniyda ko ‘p atomli diffuziyani ragamli modellashtirish muhokama qilinadi. Ish
kremniy kristall panjarasida kirishma atomlari harakatining fizik mexanizmlarini o ‘rganishga va
migratsiyaga energiya to ‘siglarini aniglashga qaratilgan. Kirishma va nugsonlar o ‘rtasidagi o ‘zaro ta’sirni
hisobga oladigan model zichlik funksional nazariyasi (DFT) usuli asosida qurilgan. Simulyatsiya natijalari
adabiyotlar va eksperimental ma’lumotlar bilan taqqoslandi. Tadgiqot natijalari kremniyni qo ‘shish
jarayonlarini optimallashtirish uchun ishlatilishi mumkin.

Kalit so“zlar: kremniy, diffuziya, ko ‘p atomli model, Kvant ESPRESSO, DFT, energetik to ‘siq, ragamli
modellashtirish, legirlash.

DIGITAL SIMULATION OF THE PROCESS OF POLYATOM DIFFUSION IN SILICON BY
THE DENSITY FUNCTIONAL METHOD

Abstract. This paper presents digital modeling of multi-atomic diffusion in silicon using Density
Functional Theory (DFT) within the Quantum ESPRESSO software package. The developed model accounts
for impurity-defect interactions in the silicon lattice. Migration barriers and diffusion coefficients for boron
and phosphorus were calculated. The results confirm the exponential dependence of diffusion on
temperature and demonstrate the accuracy of quantum-mechanical methods in describing diffusion
phenomena in semiconductors. These findings can be applied to improve silicon doping processes in
microelectronics.

Keywords: silicon, diffusion, polyatomic model, Quantum ESPRESSO, DFT, energy barrier, digital
simulation, doping.

BBenenue. B coBpeMeHHOM MHpe MHUKPO W HAHO3JEKTPOHHKA WTPAIOT KIFOYEBYIO POJb B Pa3BUTHH
TEXHOJIOTHH NCKYCCTBEHHOT'O HHTEIJICKTA, CBSI3H, YHEProcOCpEKEHHS U BBIYUCIUTENBHBIX cucTeM. KpemHuit
SBIISIETCS. OCHOBHBIM MaTepHalioM [Jsl TPOM3BOACTBA IOJYIPOBOJHUKOBBIX MNPUOOPOB Ojaromaps
COYCTAHHIO CTAOWIBHBIX (PU3MKO-XUMHUYECKHX CBOHCTB, BBICOKOW YHCTOTBI W TEXHOJOTHYECKOU
coBmectuMocTd. bonee 90% Bcex MHTErpaIbHBIX CXEM B MHUPE M3TOTABINBAIOTCS HA OCHOBE KPEMHUSL.
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IMpoueccrr muddys3nn mpumeceid B KpeMHUH UMEIOT (yHIaMEHTAIbHOE 3HAYCHHE, TaK KaK MMEHHO
OHH OIPEICIAIOT paclpelesieHne JIETHPYIOMUX 3JIEMEHTOB H, CIIEIOBATENIbHO, MapaMeTpbl T'OTOBBIX
MHUKPOCTPYKTYp. OfHAaKO MpH HepexoJie K HAHOMETPOBBIM MaciuTadaM TpaJAuLUOHHBIE Monenu nuddysun,
OCHOBaHHBIE Ha 3akoHax DuKa, CTAHOBATCS HENOCTATOUYHBIMHU. B Takux cuctemax mposBisitorcs 3¢ dexTs
B3aNMOJICHCTBHS MEXIYy aTOMaMH, le(eKTaMi U MEeXy3eIbHBIMH TTOJI0KEHUAMHE, YTO TpeOyeT MPHUMEHEHHS
0oJiee TOYHBIX, KBAHTOBO-MEXaHUYECKIX METOAOB aHamn3a. OcoOyio aKkTyadbHOCTh TeMa mpruoOpeTaeT st
HAyYHBIX LEHTPOB Y30€KHCTaHa, TJe aKTHBHO pa3BUBACTCS HampaBlieHHE HU(QPOBOTO MOACIHPOBAHUS B
MaTepuaaoBeIeHHN U (U3HKE TTOTYTTPOBOIHUKOB.

Lenpto manHOW pabOTHI sBisgeTCA pa3paboTka MUGPOBOH MOAETH MHOTOATOMHOW HU(QYy3UH B
KPEMHHUH U ONpeAeeHne e€ OCHOBHBIX (PH3MYECKHUX MapaMeTPOB C UCMOIB30BaHUEM MeToja (pyHKIHOHAaIa
mwiotHoctd (DFT) B xommiekce Quantum ESPRESSO. B pamkax uccnenmosanusi pematorcs 3amauud: (1)
aHaJIM3 M3BECTHBIX Mojenel nuddys3un, (2) mocTpoeHre KBaHTOBO-MEXaHNIeCKOH MoaenH, (3) mpoBeaeHue
YHCJICHHBIX PacyéTOB MUTPALMOHHBIX OapbepoB U Kod(p¢uimeHToB auddys3uu, (4) comocTaBicHHE C
OKCHICPUMECHTAJIIbHBIMU JaHHBIMHU U ONIPCACIICHUC HpaKTH‘-ICCKOﬁ 3HAYUMOCTHU PE3YJIbTATOB.

b. Teopermueckue ocHOBB Auddy3un B kpeMHUH. Juddy3us B TBEPABIX Temax OMMCHIBAET
TEIUIOBOE [JBIDKCHHE AaTOMOB TIOJ JICHCTBHEM KOHLEHTPAIIMOHHBIX M JHEPreTHYECKUX T'PAJUCHTOB.
Knaccnueckuit monxox k onucanuio audQy3un 0OCHOBaH Ha 3akoHax Duka:

)= pi, L _2(pac
OX ot ox OX
rae J — norok gactui, C — koHIeHTpanus, D — koaddurnment guddysun.

OIIHaKO OTU YPAaBHCHHA CIPABCIAJIMBBI TOJIBKO JI1 OJHOATOMHBIX CUCTCM. B PCAIBHBIX YCIIOBUAX
KPUCTAJUIBI KPEMHHSI COJICPIKAT BAaKaHCUH, MEXKY3eJbHBIC aTOMBI, a TaKkKe Npumecu Oopa, docdopa wmiu
apceHa, KOTOpbIe B3aWMOJCHCTBYIOT MeXIy co0oil. Takoil mporecc HOCHT MHOTOATOMHBIM XapakTep M
TpeOyeT yu€Ta KOJJICKTUBHBIX J(QQEKTOB. DHEprusi MUTpAlMUd aTOMOB ONPEAENISIeTCs ypaBHEHHEM

E
Appennyca: D =D, exp —ﬁ , tne En — sHeprus murpanuu, T — temmeparypa, kK — TMOCTOsIHHAS

BbonbiiMana.
JUis pasnuYHBIX THUIOB NPUMeECEl 3HAYeHWs SHEPTruil MUTpaluu oTin4aroTcs. Hampumep, cormacHo

nutepatypubiM panneiM, E (B) =3.4eV, E (P)=3.8¢eV, E_ (As)~4.1eV .

C. Mertonsl MonmenupoBanus B quantum espresso. Quantum ESPRESSO — 3t0 cBOOOIHO
pacnpocTpaHAeMblil MPOTPaMMHBIN KOMIUIEKC JIsi KBAaHTOBO-MEXAHMYECKUX PACUYETOB, OCHOBAHHBIM Ha
Metone QyHknuonana miaotHocT (DFT). On peanmsyer pemenne ypaBHenuit Kona—Illoma mms
ANIEKTPOHHON CTPYKTyphl KpuctamioB. [lpuvenenne DFT mo3BomseT omnpenenirts 3SHEPreTHYEcKUe
napameTpsl 0€3 HCIOJIb30BaHHUSI AMIUPHUYECCKUX MPUOIMKEHUA, UYTO JIeNlaeT JaHHBIA MeToj 0coOEHHO
LEHHBIM MIPU U3YYECHUH TPOIIECCOB TUPPY3HH.

Pacuérel npoBoAMIKCE IS CyTiep AUYEHKHU KpeMHUS, cojepkaieit 64 aroma. Mcronb30Baiuch NceBao
noreHnuanel PBE u cerounas anmmpokcumarus ¢ mapamerpamu ecutwfc = 40 Ry, ecutrho = 320 Ry u k-
TOUKaMHu 6X6x6. ONTUMHU3AIUS CTPYKTYPBI BBITIOIHsIIACh ¢ TOYHOCTHIO 1.0x1078 Ry. Merog NEB (Nudged
Elastic Band) npumMeHsuicst Ansi onpeesieH!si MUTPAlMOHHBIX MyTell aTOMOB M SHEPreTHYECKUX OaphepoB
MEXy CTa0MIBLHBIMH MOJI0KEHUSMH.

d. PesynbraTtel MozenupoBaHUS W aHanu3. B xome momenmupoBanms MerogoM DFT Ovim
paccurTaHbl 3HAYEHUS] DHEPreTHUECKUX OaphepoB MUTpaIMU U KodQduuueHToB auddy3un sl aTOMOB
0opa B KpHCTaJule KPEMHHUsS. DHEPrusi MUTpaluu cocTaBuia 3.453B, 4TO COOTBETCTBYET JUTEPAaTYPHBIM
naHHbIM. B Tabnuie 1 npuBeneHsl pacuérHbie KoadduimenTsr quddy3un pu pa3InyHbIX TEMIIEpaTypax.

Temmepatypa (K) Oueprust murpauuu (3B) Koadduuuent auddysuu D (cm?/c)
800 3.45 1.2x10°°
1000 3.45 6.5x107%
1200 3.45 3.1x1077
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3aBucumocTh In(D) oT 1/T ons aTtomoB Bopa B KpemMHUK
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Pucynok 1. 3aBucumocts In(D) ot 1/T a1 aTomoB 6opa B kpeMHuM. JInHelHbIH XapakTep
3aBHCHMOCTH MOATBEP:KAAET BbINOJHEHHE 3AKOHA APPEeHHYCAa 1 COOTBETCTBUE Pe3yJIbTATOB
autepaTypHbiM nanHbiM (Fair, 1991)

Pucynoxk 2. DxcriepuMeHTaNbHas 3aBUCUMOCTh Koadduimenta nuddysuu 6opa ot TemnepaTypsl (110
Fair R.B., 1991). UcTtounwmk: Fair R.B. Impurity Diffusion and Doping in Silicon.
*Journal of Electronic Materials*, vol. 20, no. 12, pp. 1021-1034, 1991. DOI: 10.1007/BF02650231.

CpaBHEeHHE PacUETHBIX U HKCIIEPUMEHTAJIBHBIX JaHHBIX ITOKA3aj0, YTO Pa3Indue He MpeBbIIaeT 5%.
DTO TOATBEP)KAAET JIOCTOBEPHOCTh KBAaHTOBO-MEXAaHWYECKOW MOJENM M THPaBHIBHOCTH BHIOOpa MeETOAa
¢yHkumoHana 1ioTHocTH. JluneitHas 3aBucumocTh In(D)—1/T Takke MOATBEPXKIAET TEPMAaIBHO
aKkTUBHpyeMbli MexaHu3M auddysun. Takum o0pa3oMm, Monelb MOXET OBITh HCHONB30BaHA IS
MPOTHO3UPOBAHHMS TIPOIIECCOB JIETUPOBAHUS KPEMHUS B MHKPODJIEKTPOHHUKE.

e. O6cysknenue pe3yabTaToB U MpaKkTHUecKast 3HaYMMOCTh. CpaBHEHHE TIOTy4YEHHBIX JaHHBIX C
IKCIIEPUMEHTAMHU MOKA3aJI0 pacxoxjaeHue He Oonee 5%, 4TO TMOATBEP)KIAAET AOCTOBEPHOCTH MOJEINH.
[IpuMeHeHne KBaHTOBO-MEXaHMYECKMX PACUYETOB TMO3BOJIAET TOYHO YUUTHIBATH BIMSHUE JE(EKTOB,
TEMIIepaTypsl U 3JIEKTPOHHON CTPYKTYphl HA MUTPAllMOHHBIE CBOIicTBa mpuMecei. [IpakTuueckas HeHHOCTh
WCCIIE/IOBAHNSl  3aKIFOYaeTcss B BO3MOXKHOCTH  INPOTHO3UPOBAHHWS  TIOBEJCHUS  TpuMecedl  Tpu
TEXHOJIOTHUECKHUX MPOoIeccax, TaKUX Kak TU(PPYy3MOHHOE JIETUPOBAHUE U TEPMHUYECKHNA OTKUT KPEMHHUEBBIX
TUTACTHH.

f.BeIBOJIBI.

1. Pa3paboTrana KBaHTOBO-MEXaHUYECKas MOJIENIb MHOTOATOMHON 1 dy3un B KpeMHHHU Ha OCHOBE
MeToAa GYHKINOHAIA TNIOTHOCTH.

2. C wucnonp3oBanreM Quantum ESPRESSO mpoBemensl pacd€rbl 3HEpreTHUECKHX Oapbepos
MUTPAIUH IS aTOMOB 00pa u pocdopa.

3. VYcraHoBieHo, 4to Ko3(pduuuentsl aupy3un TMOTUMHAIOTCS HKCIOHEHUUATBLHOMY 3aKOHY
AppeHnnyca.

4. Toka3zana BbIcOKast TOUHOCTH MeToja DFT st MojienupoBaHus MPOIECCOB B MOMYITPOBOTHIUKOBBIX
Marepuanax.

5. PesymbraTel MOryT OBITH HpPHUMEHEHBI JAJS ONTHMH3ALUH TEXHOJIOTMYECKHX MPOLECCOB B
MHKPOJICKTPOHHKE.
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Hloaboypaxumoea Manzypa Mup3oxuo Ku3u,
PhD no ¢usuxo-mamemamuueckum nayxam
Tawkenmckuii 20Cy0apcmeeH bl MeXHUYecKull
yHusepcumem umenu Ucanama Kapumosa
shoabduraximova.m@gmail.com

Annomauusa. Hccneoosana neycmouuu8ocmu moxka 8 KOMHEHCUPOBAHHOM KPeMHUU OU@@y3uonHo-
JIe2UPOBAHHO20 NPUMECHBIMU amomamu ceiena. M3 pe3ynomamos uccie008anull yCmMaHoGIeHo, Hmo
00HapydicenHble KONeOanus moKka 6 onpedeneHHbIX MepMOOUHAMULECKUX YCL0BUAX NePexo0sm Om OObIYHbIX
pecyIsApHbIX  Konebanuil moxka K cmoxacmuyeckomy. Ilokazamo, umo nonyuenHvle pe3yibmanivl
uccne008anull. Mo2ym Ovlmeb UCHOIB308AHbL NPU PACYEMAX U NOCMPOCHUU MAMEeMAMmu4eckux mooeneu
cmoxacmuueckux Konebanuil, Komopbsie Mo2ym Obimb NPUMEHEHbl 8 PA3TUYHBIX OMPACIAX HAVKU U MEXHUKU.

Kniouesvie cnoea: ronebanus moka, cmoxacmuyeckue KoieOamus, KpemHull, Ou@yprayus,
oughghy3uonnas oruna, OUHAMUYECKUL XAOC.

KOMPENSATSIYALANGAN KREMNIYDAGI TOK BEQARORLIGINING
XUSUSIYATLARI

Annotatsiya. Selen kirishma atomlari bilan diffuzion legirlangan kremniydagi tok tebranishlari
o ‘rganildi. Tajriba natijalari asosida tok begarorligi, ma’lum termodinamik sharoitlarda odatiy muntazam
tok tebranishlaridan stoxastik ko ‘rinishga o tishi kuzatildi. Olingan tadgiqot natijalarini stoxastik
tebranishlarning matematik modellarini hisoblash natijalarini fan va texnikaning turli sohalarda ishlatilish
mumkin/igi ko ‘rsatildi..

Kalit so‘zlar: tok tebranishlari, stoxastik tebranishlar, kremniy, bifurkatsiya, diffuziya uzunlik,
dinamik xaos.

FFEATURES OF CURRENT INSTABILITIES IN COMPENSATED SILICON

Abstract. The current instabilities in compensated silicon doped by diffusion with selenium impurity
atoms have been investigated. Based on the results of the study, it has been established that the observed
current oscillations, under certain thermodynamic conditions, undergo a transition from regular (periodic)
current oscillations to stochastic behavior. It is shown that the obtained results can be used in the analysis
and development of mathematical models of stochastic oscillations, which may be applied in various fields of
science and engineering.

Key words: current oscillations, stochastic oscillations, silicon, bifurcation, diffusion length, dynamic
chaos.

BBenenue. JlutepaTypHblii aHaIM3 IMOKa3ajl, YTO BO MHOTHX IMOJYNMPOBOAHHKOBEIX MarephalaX U
CTPYKTypax HaONIOJA0TCAd HEYCTOMYMBOCTH TOKA, MMEIOIINE pa3iMyHble MeXaHU3Mbl. VccienoBanus 3Tux
KoJeOaHuil TOKa B OCHOBHOM IIPOBOJWIINCH B PETYISPHBIX pPEXHMax (KBa3UTapPMOHHUYECKHE, IMHKOBBIE,
OJUHOYHOTO MMITYJIbCHOIO BHJIa), T.€. aBTOPHl HE O0OpaTWiM BHUMaHHE Ha CJIOXHBIE DPEKHUMBI
HEYCTOWYMBOCTEW TOKA, TAKUE KaK CTOXaCTHYECKUE WK XaoTnueckue [1-7].

Y4YeHHBIX U CIIENUANTNCTOB MHTEPECYIOT UCCIEN0BaHNUA OoJiee CIOKHONW JUHAMHKH KOJIEOaHWH TOKa
MIEPEKITIOYAIONIYIOCd MEXAY PEryspHBIM DPEXUMOM M XAOTHYECKHM. YCTaHOBJIEHO, YTO TMEpPexoj OT
PETYJSIPHOTO PEKUMa K CTOXAaCTUYECKUM MPOHMCXOAWIT uepe3 IMOCIEeN0BATEIFHOCTD IOSBICHUS BTOPOM,
TpeThbe M T.A. rapMoHUK (Oupypkaiuii) [8-9]. DTH HcCIeNOBaHUSA HAlOT BO3MOXHOCTH OIPEICIHThH
MEpPEeXOIHBIE MPOIECCHl HEYCTOWYMBOCTEH TOKa OT DETYISPHOTO K XAaOTHYECKHUM, KOTOPBIE SBISIOTCS
OCHOBHBIMH TIpo0JIeMaMHt B 00J1aCcTH TiepeJadn HHHOpMaLuH Yepe3 BOJIOKOHHO-ONTHYECKUM JIMHHUSIM.

Takue uccne10BaHusI HHTEPECHBI TEM, YTO HeNMHEHHbIe 3P eKThl HaOII0AAI0TCSI BO MHOTHX 00JacTIX
HayKd W TeXHWKH. K HHM MOXXHO OTHECTH TAaKW€ HANpaBICHWH KaK THIPOJMHAMHKA KHUIKOCTH,
pamuoTexXHUKa, KBaHTOBas paguodusnka, (HU3MKa IUTa3MbI, XUMHS, Owonorus, MmemuimHa u T.1. [10].
CrienMaaucToB MEPEUUCICHHBIX 001acTell HHTEPECYIOT BOMPOCH! peann3aluy KojiebaTeabHbIX IPOLECCOB B

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 228


mailto:shoabduraximova.m@gmail.com

PHYSICS

CIIELIMAJIHO CO3/IaBaEMbIX CpellaX Ha OCHOBE I1OJIYIIPOBOJHHUKOB, TU3JIEKTPUKOB U KUAKUX KPUCTAIIIOB. DTO
MO3BOJISIET M3y4aThb CTOXAaCTHYECKHE HEYCTOWYMBOCTH U IOCTPOUTH HEJIMHEHHYI CHUCTEMY C ILEJbIO
OIMCAaHUS MaTEeMaTUYeCKON MOJIeNIM Ha OCHOBE TG PepeHINANbHBIX YPaBHECHHH.

@dyHnaMeHTanbHbIE TMPOOJIEMbl BO3HHKAIOT TMPH PACCMOTPEHHMU KOJIEOAaTENbHBIX MPOLECCOB Kak
IIPOLIECCOB CaMOOPTraHM3ALMM B CHJIBHO HEPABHOBECHBIX cHcTeMax. MccienoBaHust kojeOaHMH TOKa B
KOMIICHCUPOBAHHOM KPEMHHMH IIOKa3ajiM, 4YTO OHH BO30YKTAIOTCA €CIM I[EePeBeCTH HX U3
TEPMOJMHAMHUYECKOTO PAaBHOBECHOI'O COCTOSHUSI B HepaBHOBecHoe. B TakoM cocTosHuu Maneiiiee
N3MEHEHUE BHEUIHMX BO3ACHCTBUN (HANPSYKEHHOCTH MPHIOKEHHOTO AIEKTPUYECKOrO IO, TEMIIEPATypBhl,
OCBEIIEHHOCTb, MArHUTHOI'O IOJIS, JAABJICHUS W OPYTHX) HPUBOIUT K BO30YXKICHHIO KOJeOaHWH TOKa B
KOMIICHCUPOBAHHOM KPEMHUH M Tepexojia OT OOBIYHOTO PUTMHYHOTO PEXHMa K CTOXaCTUYECKOMY HIIH
HaoOopoT. MccienoBaHuss CTOXacTHMYECKHX KoyieOaHUSI TOKa B KOMIIGHCHPOBAaHHOM — KpPEMHHH,
JIETUPOBAHHOTO MPUMECHBIMU aTOMaMH{ AAIOT AOIOIHUTEIbHYI0 HH()OPMAIMIO O POJIH INIyOOKHX YPOBHEH,
00pa30BaHHBIX MPH JETUPOBaHUE TPUMECHBIMH aTOMaMHU.

JKcnepuMeHTANBHAs YacTh. J[7s uccineqoBaHUsT HEYCTOWYMBOCTEH TOKAa HaMH ObUIO BBIOpaHBI
KOMIICHCUPOBAaHHBIE 00pa3lbl KPEeMHHUS JISTUPOBAHHOTO IPUMECHBIMH aTOMaMH cejeHa. I3 aHammsa
JUTEPATypPHBIX JTAHHBIX YCTAHOBJIECHO, YTO B KOMIICHCUPOBAaHHOM HJIM CHJIbHOKOMIIEHCHPOBAaHHOM KPEMHUH
JICTUPOBAHHOI'O IMPUMECHBIMU aTOMaMM Maprabia, HOWHKa, CEpbl WM CCJIICHA OBUIH O6Hapy)KeHI)I n
HCCIICI0BaHbl HU3KOYaCTOTHBIE ABTOKOJEOAHMS TOKA, KOTOPHIE IO YCJIOBHSAM BO30YXKICHHA M HPUPOABI
COOTBETCTBOBAIM K TEMIIEPATYPHO-IJIEKTPHUECKUM HeycTondnBocTsM Toka (TOH), nHaGmromaembix B
OJICMCHTAPHBIX ITOJYIIPOBOJAHHUKAX erMHI/Iﬁ u FepMaHHﬁ, a TaxKiX€ B IOJYIPOBOJHHUKOBBIX COCAMHCHUAX

A""BVu A"BV'[11-14].
2,110" A
a) J_/u
3,410° A

T30¢c ' 2,510" A
78107 A
40c "
1,9-10" A
B)/Jv\l
"e0c’ 2,4-10° A
r) JJLAJMUUU
m 6,3-10° A
60c

Pucynoxk 1. Tpurenuniii (a, 6) u croxacTuueckuid (B, I') peKUMbl ABTOKO0JieOaHMiI TOKa B
komiencupoBannom kpemuuu. Ilpu T =80 K, A = 1,48 mxm (hv = 0,85 7B)

INonck croxacTHUECKUX KOJIeOaHWI OCYIIECTBIISUICS MPU OCBEHNICHWH O0paslia cBeTOM M3 00JjacTu
MIPUMECHOH (HOTONPOBOJIUMOCTH, C SHEPrUeH (POTOHOB MEHBIIIE, YeM IIHPHHA 3aMPEIICHHON 30HbI KPEMHUS
(hv<Ey) obecrieunBarommii paBHOMEpPHOE IOTJIONICHHE (OTOHOB MO IUIomaau obpasna. MccnemoBanue
MapaMeTpoB KoJeOaHWi B 3aBUCUMOCTH OT BEIMYMHBI HAMPSHKCHHOCTH DSJIEKTPUUYECKOTO TIONS U
OCBEIICHHOCTH T0Ka3aJio, YTO B OIpPEJCIICHHON 001acTH 3HAYCHHUS! «IPOCTHIC» OJHOTAKTHBIX KOJIeOaHWUI
CTAaHOBATCS XAOTHYCCKMMH, T.C. HAOIONAeTCs TEepPEeXOoJ K CTOXaCTHYCCKUM KoyieOaHusM. B 3tux
WCCIICIOBAHUSAX YCTAaHOBJICHO, YTO W3MEHCHWHM MPUJIOXKCHHOW HAIMPSHKEHHOCTH SJICKTPHUYSCKOTO ITOJIS
MIPUBOJNT K BOSHMKHOBCHHUIO YIBOSHUS meproaa koiebanuit [15,16]. Ha puc. 1 (a-T) mpuBeneHa oxgna u3
MOCJIE/IOBATENILHOCTEH JMHAMHYCCKHX PEKUMOB, H3BIICUCHHAs NpU M3MEHeHWH E mpu (QUKCHpOBaHHOM
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mmHON BoiHBI MK m3mydenus A = 1,48 mxwm (hv = 0,85 3B) u ipu Temneparype T = 80 K. U3 pe3ynbraToB
WCCIIEIOBAHUN YCTAHOBJIEHO, YTO BO3HHKHOBEHHE CTOXAOTHYECKMX KOJeOaHWi myTeM Oundyprammit
yIBOCHUSl TepHoja HaOmoJaeTcss npu u3MeHeHMH E Kak ManmblXx, a Takke OOJbIINX 3HAYCHHH.
DKCIepUMEHTAILHO HAOIOAAIHNCEH ABE OM(YpKalWu YIBOSHHS MEPHOJa: BOSHUKHOBCHUHU JABYXTaKTHOTO H
YEeTHIPEXTAKTHOTO IIUKJIOB. BHYTpH 061acT BO30Y>KAEHHOTO CTOXa0THYECKOTO Xaoca HabIrogaeTcs: 00macTs
PETYISIPHBIX TPEXTaKTHBIX KoJeOaHuit Toka (puc. 1, r).

Pe3ysabTaThl U 00cy:kaeHnss. budypKannoHHbIe TUHAH, PAa3ICIAIONINE MIPE] CTOXaCTHUECKHE OAHO-,
IByX-, YETBIPEXTaKTHBIE, (BHYTpHM OOJACTH Xaoca) pPEXHUMBI KojJeOaHWil, WMEIOT BHJ BIIOKEHHBIX
COOTBETCTBEHHO APYT K APYry. boibimas dacTh 001acTd HEYCTOMYMBOCTH COOTBETCTBYET OJHOTAKTHBIM
perynsipueiM  KoneOanusiM  [16]. OOnacTh CIOXKHOM OUHAMUKK (XaOTHUYECKHX KojeOaHuid) Oomblie
HabOmromaeTcs BOJM3M HIDKHEW TpaHUIBl 00JacTH CYHIECTBOBaHUS KoJIeOaHUM TOKa IO BEIMYHHE,
MIPIJIOKEHHOTO HAMPSDKEHHOCTH TOKAa W HWHTEHCHBHOCTH OCBEHIeHHs. V3 pe3ynpTaToB HCCIENOBaHHUN
YCTQHOBJICHO, YTO MNpPU OCBEIICHHH KPUCTAJla MOHOXPOMATHYECKHM CBETOM C DHEpruei, ONM3KOH K
SHEpruu Kpas QyHIaMEHTaIbHOTO MOTJIONEHHS W OJM3KOW K BEpXHEW rpaHUlle MHTEHCUBHOCTH U3Ty4CHHUsI
B IleMM HaOmromaeTcs OMCTaOMIFHOCTH (POTOTOKA, KOTOpPOE C HM3MEHEHHWEM HWHTEHCHUBHOCTH H3ITyYCHUS
MIEPEXOIUT K PErYSAPHBIM KoeOaHusM Toka. [Ipu MaHHBIX YCIOBHSAX BO30YXACHUS MOXKET HAONTIOAaThCS
OJIMH M3 JBYX KOJEOATEIbHBIX COCTOSHHH, pa3iMyaromuxcsi GOpMOM, aMIUTUTYIOW U YacTOTOH, MpHYEM
BO3MOXKEH TEpPEeX0]] HEPaBHOBECHOTO COCTOSHUS KPHCTAIa M3 OJHOTO B JPYroe B pe3yjbTaTe JCHCTBUS
JOTIOJTHUTENNBHOTO UMITYyJIbca cBeTa. OMHO M3 COCTOSHHI MOXET OBITh YCTOHYMBEIM, TOTJa Peaanu3yercs
MepexoJ] MeKIy KoJieOaTeIbHbIM U YCTOMYHMBBIM COCTOSTHUSAMHE (pHC. 2).

I, MA

JUUL

24 c

Pucynok 2. Jlmarpamma mnoBedeHHMs1 (POTOTOKA NPH BO3AEHCTBHHM JONMOJHUTEJIHHOTO
OCBeIICHUS] B KOMIICHCHPOBAHHOM KPEMHMH, JJerHpOBaHHOM aToMamu cejiea. E = 300 B/cm; A =
1,2 MKM.

o JUUU

CrpenkaMu yKa3aHbl MOMEHTHI BPEMEHM BO3JEWCTBUSA JOMOJHUTEIBHOTO HWHHLMUPYIOLIETO
HUMIIYJIbCA, TEPEBOMASAIIET0 COOTBETCTBEHHO KOMIIEHCHPOBAHHOTO KpPEMHHMS U3 COCTOSHHS KoyeOaHuit
0O0JBIION aMIUIMTYABI B COCTOSHHME KBa3WTapMOHHMYECKMX KOJeOaHWI Majiod aMIUIUTYIbl W OOoJbIIei
4acTOThl M 00paTHO. DTU MCCIIEOBAHMUS MTOKA3bIBAIOT, YTO B KOMIICHCHPOBAHHOM KPEMHUH JISTHPOBAHHOTO
atomMamu ceneHa. HaOmiogaemble KoneOaHUS TOKAa MPH BKIIOYEHWH JONOJIHUTENBHONH OCBELIEHHOCTH
nHTEerpasibHeIM cBeToM J = 0,1 mrokc ¢opma koneOaHuil mepexoanuT K KBa3sUTapMOHUYECKUM U HA000pOT IpH
BKJIIOYEHHUH CBETa B IIeMH BO30YXXJArOTCS KoJNeOaHWA THWYKOBOTO XapakTepa, T.6. B oOpasmax
KOMIICHCUPOBAHHOTO KpeMHHUs Kak Oynro HaOmonmaercs mnaMare Ha (GopMme KoneOaHMH — TOKa.
WunnnupoBanue nepexonia M3 OJHOTO COCTOSHHS B JIPYro€ OCYLIECTBISIIOCH OCIAaOJIEHHBIM HMITYJIECOM
JAMIBI-BCOBIIIKK (JJaMIla THUTajach W3 MOCTOSHHOTO HCTOYHHWKA ToKa). TpeOoBaHUS K MOIIHOCTH
JIOTIOJIHUTENIBHOTO MHUIMKPYIOLIETO UMITYJIbCa M MOMEHTY BPEMEHM MX JEHCTBUS Ha KOMIIEHCUPOBAHHOM
KPEMHHUH OBLIM OJIMHAKOBBIMH C YCJIOBUEM OMMCAHHOTO B padote [16].

Teopernueckuii aHaIM3 MaTEeMaTHYECKOW MOJIENH, IOKA3bIBAaCT, 4YTO SBJICHHE KOIEOaHHWS TOKa
HaOmromaeTcs npu yBenudeHuH JKoylieBa pasorpeBa KpucTalyla C POCTOM €ro TEeMIIEpaTypbl, YTO
MOJTBEP)KAACTCS IOCTOSHHBIM MPHJIOKEHHBIM AJIEKTPUYECKUM TOJEeM. Y CIIOBHUS, B KOTOPBIX HaOJIOaeTcs
KOoJIe0aHUsI TOKa B KOMIIEHCUPOBAaHHOM KPEMHHHM COOTBETCTBYIOT TpEOOBaHHUIO BO3HUKHOBEHUS
CTOXaCTHYECCKUX KOJicOaHUH, onucaHHbIX B padote [16]. [Ipu 3ToM ycTaHOBICHO, YTO (DOTOTOK, KOTOPBIH
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SIBIISIETCS TIPHYMHOW HArpeBa pacTeT ¢ POCTOM TeMIlEpaTyphl. BciieicTBue 3TOro B KOMIIEHCHPOBAHHOM
KPEMHUHU JICTUPOBAHHOM TPHUMECHBIMH aTOMaMH CelieHa - BO30YXKIaloTCs HEYCTOWYHMBOCTH TOKa, T.C.
OuctabwibHOCTE. M3 JnHMTEepaTypHOr0 aHalu3a YCTAaHOBICHO, 4YTO VJOBJICTBOPHUTEIBbHAS MOJICIb,
OIKCHIBAIOIIIAs CTOXAaCTUUECKUE KOIeOaHus TOKa myTeM Oudypkamnuii yaBOSHUS Niepruoia KoieOaHuil Toka B
MOJYTIPOBOTHUKOBBIX MaTepualiaX B HACTosIee Bpemsi OTcyTcTByeT. OJNHAKO COBMAJCHUE Tepexoja K
JUHAMUYECKOMY XaoCy ¥ KauecTBeHHas OJHM30CTh BHJA OW(DYPKAIMOHHBIX JHarpaMM ¥ BpPEMEHHBIX
peanuzarmii lg(t) u T(t) pasTUUHBIX CIOKHBIX TUHAMHYESCKHX PEKHUMOB B KOMIICHCHPOBAHHOM KPEMHHH
YKa3bIBalOT HA TO, YTO MAaTEMaTHYECKHE MOJEIH, OIMHCHIBAIOIINE CTOXACTHYCCKYIO JUHAMHUKY JTHX
KPHUCTAJJIOB, JOJDKHBI, B MEPBYIO OUYepeilb, YUUTHIBATh OOIIUE YEPThI, XapaKTepHbIC Il HU3KOYACTOTHBIX
KOJIeOaHui TOKa Kak B MOJYMPOBOAHUKOBEIX coenuuenuit (CdS,GaAs u ap.) Tak U B KOMIIEHCHPOBAHHOM
kpemuuu [19,20].

3aximoueHne. AHaJIHM3 TONYYEHHBIX PE3YJIbTATOB HCCIENOBAHWMN TOKAa3al, YTO B 3aBHCUMOCTH OT
BEJIMYMH BHEIIHUX BO3JEHCTBHIA mapaMeTpbl U (Gopma KoneOaHWil TOKa B KOMIICHCUPOBAHHOM KPEMHHH,
JISTHPOBAHHOTO MPHMECHBIMU aTOMaMHM CeJicHa CHIIbHO MEHSIOTCS. [lojydeHHbIe pe3ysIbTaThl MOTYT OBITh
WCTONb30BaHbl TIPU pacueTax M IMOCTPOCHHHM MAaTeMaTHYCCKHX MOJIENeld CTOXAaCTHYSCKHX KoJeOaHuM,
HAOJIOIaEMBIX B TIOTYPOBOHUKOBBIX MaTepHANax U COCTUHCHHUSX.
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V]IK 52

OIIPEAEJTEHUE MUKPOCKOIIMYECKUX MTAPAMETPOB IIOBEPXHOCTH
JIABEPHBIM CKAHUPOBAHUEM

Ipeamesa Mykaooacxon Aboymarxcumosna,

ooyenm Hamaneanckuii 20cyoapcmeentblil yHusepcumen.
Kyukxapoea Mykaodoacxon OiidekosHa.

u.0.00yerHm AHOUICAHCKULL 20CYOAPCMBEHHbLU YHUBEPCUMEN.

Annomauusa. B cmamve paccmampugaemcsi cnocod onpeoeneHusi MUKpOCKONUYeCKUx napamempos
NOBEPXHOCMU 3a CHem YMeHbUleHUs Niowaou omoobpaxcaemol o6aacmu ¢ NoMOUWbl KOHQOKATbHO2O
(nazepnoco) cxaHupyroue2o MUKpocKona. Ymeuvuenue oice nocieoneli modcem 0vbimb CKOMNEHCUPOBAHO
npoYeccom CKaHUpOBanUs, ¢ NOMOWBIO KOMOPO2O Omoodpaicaemas oo1acms 00beKma 60CCMaAHABIUBACMCSL
0o mpebyemvix pasmepos. Bo mmnocom ycnexu pazeumus usuxu nosepxHocmu NOAYNPOBOOHUKOS 8
nocieouue Oecamuiemus 005A3aHblL  CO30AHUIO  C8EPXBLICOKOBAKYYMHOU  MEXHUKU, Komopas oaia
603MOIICHOCTD UCCIE008AMb NPOYECCHL HA NOBEPXHOCU MEEPObIX ME 8 KYUCTIBIXY YCAOBUSIX.

Kntouesvle cnoea: meepovix men, onmuuecko20 MUKPOCKONA, (DOKYCUPOBAHHO20 NYYKA Hacmuy,
onmuyecKkue B0JOKHA, KYOUUeCKUX KpUCmainax, OemeKkmopd CUHXPOHHO, JIA3ePHbIll AYY, ONMUYECKUX
MUKPOCKON, J]IeKIMPONPOEOOHOCHb.

DETERMINATION OF MICROSCOPIC SURFACE PARAMETERS BY LASER SCANNING

Abstract. The article discusses a method for determining the microscopic parameters of a surface by
reducing the area of the displayed region using a confocal (laser) scanning microscope. This reduction can
be compensated by the scanning process, through which the displayed area of the object is restored to the
required size. The significant advances in semiconductor surface physics in recent decades are largely due
to the development of ultra-high vacuum technology, which has made it possible to study processes on solid
surfaces under “clean’ conditions.

Keywords: solids, optical microscope, focused particle beam, optical fibers, cubic crystals,
synchronous detector, laser beam, optical microscopes, electrical conductivity.

MIKROSKOPIK YUZA PARAMETRLARINI LAZER SKANERI ORQALI ANIQLASH

Annotatsiya. Magolada konfokal (lazer) skanerlash mikroskopidan foydalangan holda tasvirlangan
hududning maydonini kamaytirish orgali mikroskopik sirt parametrlarini aniglash usuli muhokama gilinadi.
Ikkinchisining gisgarishi skanerlash jarayoni bilan goplanishi mumkin, uning yordamida obyektning
Ko ‘rsatilgan maydoni kerakli hajmga qaytariladi. Ko'p jihatdan so ‘nggi o ‘n yilliklarda yarimo ‘tkazgichlar
sirt fizikasining rivojlanishidagi yutuglar ultra yugori vakuum texnologiyasining rivojlanishi bilan bog ‘lig
bo ‘lib, bu "toza" sharoitlarda qattiq jismlar yuzasida jarayonlarni o ‘rganish imkonini berdi.

Kalit so‘zlar: qattiq jismlar, optik mikroskop, fokuslangan zarrachalar nurlari, optik tolalar, kub
kristallar, sinxron detektor, lazer nurlari, optik mikroskop, elektr o ‘tkazuvchanlik.

Beenenmne. MiHTEpec K HCceI0BaHIIO0 PU3NUECKUX MTPOLIECCOB, TIPOMCXO/SIINX Ha TIOBEPXHOCTH TBEP/IBIX
TeJl, BO3HUK B CBSA3U C YCTAaHOBJIEHUEM 3HAUYUTEIIBHOTO BIMSHUS MPOLIECCOB, MPOUCXOAALINX HA MTOBEPXHOCTH
Ha oObeMHble (U3MYECKHE SIBJICHMS, a Takke Ha paboTy OOJBIIMHCTBAa TBEPAOTENBHBIX MpuOopoB. Ha
TOBEPXHOCTH  TOJYIPOBOJHUKOBOTO KpPUCTAJIa CYIIECTBYET CHCTEMa JUCKPETHBIX WM HENPEPBIBHO
pacTpeielIeHHbIX YHEPTeTUIECKUX YPOBHEH, IPOMCXOXKACHIE KOTOPBIX MOXKET OBITh pa3iiyHbiM. OnTryeckas
MUKPOCKOITUSI CUUTAETCSA TIEPBBIM METOJOM, KOTOPBII MO3BOJMII U3ydaTh CBOMCTBA MMOBEPXHOCTEN TBEPIBIX
Ten. Pu3nKa MOBEPXHOCTH MO CBOEH CYTH ABISETCS MEXIMCIUIUIMHAPHON 001acThi0 3HAHUM, B KOTOPOH
HAXOJATCSI OOBEKTHI UCCIIEIOBAHUS ISl (GPU3UKK U XUMUK. B MPUKIIaIHOM OTHOIIEHUH 3TO — HAyKa, BaKHAS
JUTA 33]1a4 MaTepUaAIOBEACHUA, MUKPO M HAHO 3JIEKTPOHUKH, SHEPTETUKH, KOCMUUECKON TeXHUKH, OAHO U3
BaXHEHIINX HAMpaBJICHUN HAayKd O TIOBEPXHOCTH — 3TO (HU3MKA MOBEPXHOCTU IMOIYIPOBOJHHUKOB.
[ToBepxHOCTh MpeACTaBIsIeT COOOH HOBBIH TOHKHMH IOJYHPOBOJHUKOBBIH MaTepuajl HIH CHCTEMY
MTOHIKEHHON Pa3MepHOCTH, PEICTABIISIONINE OOJBIION HHTEPEC B CBI3U C BO3PACTAIOIINMHU TPEOOBAHUAMHU
K MUKPOMHHHUATIOPU3ALNH TTOJIYTIPOBOIHUKOBBIX TPHOOPOB.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 233



PHYSICS

OpHako, OOJBIIMHCTBO ONTHYECKHX TNPUOOPOB HMEIOT CBOM TIPEAENbl UYyBCTBUTENBHOCTH W
paspemaromieii cnocooHoctr [1]. Paspemaromas crocoOHOCTh ONTHYECKOTO MHKPOCKOIIA OIPEAeIseTCs
ONITHYECKUMH CBOWCTBAaMH OOBEKTHBA, W Onarojaps SBICHUIO AUQPAKIUU CYIIECTBYET TEOPETUUECKHUM
npenen paspelannei CIocoOHOCTH (IUPPaKIUOHHBIN Ipeaesn), ONpeesIOmUics UIMHOW BOJHBI A
HCTIONIE3YEMOTO CBETA.

OcHoBHas yacTh U pe3yabTaTrbl. B XX Beke 0butH pazpaboTaHbl METOABI MUKPOCKOIIHH C TTOMOIIIBIO
9NIEKTPOHHBIX W MOHHBIX My4YKOB. Mcmonp3oBanue ¢ pOKyCHPOBaHHOTO My4Ka YacTHIl ¢ OOJblIei Maccoi
(37eKTPOHOB, MOHOB W JIp.) TIO3BOJIIIIO YMEHBIIUTH UIMHY BONHEI [le-bpoitna u yBennuuts paspernenue,
OJTHAKO TIPH WCIOIH30BAHUN BBICOKODHEPTeTUYECKAX YACTHI[ BO3MOXKHO TIOBPEXKIEHHE ITOBEPXHOCTH
oOpasna [2]. [lomyueHue Gombliero pa3peuicHuss MOXKET ObITh JIOCTHTHYTO 32 CUST YMEHBIIICHUS TUIOIIATH
oroOpakaeMoil 00nacTH. YMEHBbIIEHHE >K€ TMOCIEeAHEH MOXET OBITh CKOMIIEHCHPOBAaHO IPOLECCOM
CKaHWPOBaHUS, C MIOMOIIBI0 KOTOPOro OToOpakaeMasi 00J1acTh 00BbEKTa BOCCTAaHABIMBAETCS A0 TPEOyeMBIX
pa3mepos.

YMeHbIIeHHe 00JacTH, OCBEIAeMOM MCTOYHHKOM H OTOOpa)kaeMoil CHCTEMOM, pealn30BaHo B
KOH(OKATBHOM (JTa3€pHOM) CKaHUPYIOIIeM MHUKpocKomne [3]. YCTpoHCTBO TaKOTO MHKPOCKOIA TOKa3aHO
Ha pucyHke 1.

[
| AR IR e |

3 3

Puc. 1. YcTpoiicTBo KOH(OKAILHOTO (J1a3€pPHOI0)
CKAHHUPYIOIIET0 MUKPOCKOMA

MUKpOCKOT COAEPKUT TOUeuHbIe UCTOYHHK (1) 1 mpuemMHHK (4), a Takxke IB€ JUH3HI (3) KOHEYHOTO
paauyca. [Ipu 3Tom hokyc BTOpo# (KOJUIEKTOPHOM) JIMH3BI COBNAIAECT C MUKPO 00JIacThIO HA 00beKTe (2), Ha
KOTOPYIO TIPUXOJWTCSI HauMEHBIEe CeYeHHe Iydka, (OpMHpPYeMOro OOBEeKTHBOM. B 3TOM ciyuae
CKaHWPOBaHUE MOXXHO OCYIIECTBISTH IMEepeMeleHrneM o0paslia MM HCTOYHWKA W JIETEKTOpa CHHXPOHHO.
Paspemenne B 5TOM cilydae OrpaHHYEHO TEM, YTO NPAKTHUECKH HEJb3sl CQPOKYCHPOBATH JIA3EPHBIA Iy
0ECKOHEYHO MaJIOr0 CEUCHHUsSI M pa3pelieHre Mo-MPeKHEMY OCTaeTcs opsiika JunHbI BoHbI cBeta (0.3-0.6
MkM) [4]. Ecnu nokanpbHOE OCBelIeHHE W3ydaeMoro OOBEKTa OCYIIECTBIATH, MPOITyCKas H3IyYeHHE OT
ncrounuka (1) gepes auadparmy (3) ¢ TMaMeTpoM OTBEPCTHSA, CYIIECTBEHHO MEHBIINM, Y€M HCIIONIb3yeMast
JJIMHa BOJIHBI, TO B TaKOM YCTPOﬁCTBe MOXHO JOCTUYL pa3pCHICHHA, KOTOPOC HAMHOI'0 HHKE
AU(PAKIIUOHHOTO TIpe/iesia MPUYCIOBUH, YTO PACCTOSHUE MEXIY 00beKTOM U auadparmoii d Oymer MeHee
A2 (pucyHok 2).

1 +—d—

2 4

3
Puc. 2. YeTpoiicTBO 0JIM:KHEN0JIbHEr0 ONTHYECKOI0 MUKPOCKONA

CkaHMpOBaHHME MPU 3TOM OCYIIECTBISCTCS IepeMerieHreM oObekta (2) mmm auadparmer (3) ¢
MOJJICpYKaHUEM 3a30pa MKy HUMU HOPsIKa JUTMHBI BOJIHBI (B ipeaenax "omwkHero moiis"). Pasperienue B
3TOM ciydae OyAeT OIpeneNnsTbCs AnaMeTpoM nuadparMbl, a He JIUHOW BOJHBI. [IpuOOpHI Takoro pona
MOJTyYMJIM Ha3BaHUE OJIMKHETIONBHBIX ONTHIeCKUX MUKpockornoB (BCOM). BolbIMHCTBO, CYIIECTBYIONINX
B HACTOSAIIEEe BpPEMS, ONMKHEMOJIBHBIX CKAaHHUPYIOUIMX ONTHYECKHX MHKPOCKOIOB PEAJTM30BAHO IO CXEMeE
pucyHke 2. B kadectBe nmuadparmel ¢ MansiM auaMeTpoM otBepcTisi B BCOM Hucnomb3yloTcesi onTHdecKre
BOJIOKHA (CBETOBOIBI) [5].

B namnbonee obmiem BHje MPOIECC PACIIPOCTPAHEHUS ANEKTPOMATHUTHOTO W3IYUYSHHS TPOBOJISAIIEM
TBEPOM TeJle MOXKHO OIMCATh ITPH MMOMOIIN YpaBHEHUI MakcBera:
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dH

rOtE =~y = dive =0 1)
. .
rot —%OE+GE divH =0 @)
Bennunyel G, 81, H - yYAcbHaA QJICKTPOIIPOBOAHOCTD, AUIJICKTPUYICCKAasA nu MarHuTHasa

IIPOHUIIAEMOCTb, COOTBCTCTBECHHO, SBJIAIOIIHUECA (byHKI_II/ISIMI/I YaCTOThI OITMCBIBAIOTCA TCH30paMU BTOPOI'O
paHra [6] OnHako B KYGI/IIICCKI/IX KpucTtajuiax, rmpu OTCyTCTBUM BHCIIHUX HOJ'ICI\/'I, 9TU BCJIMYUHBI MOT'YT OBITH

Hpe):[CTaBJ'IeHI)I KakK CKaJ'I}IpHLIe BCJIMYUHBEI. HeﬁCTBHTeHLHO, y‘lI/ITI)IBaSI, qTo0
rot — = —rotH
dt dt @)
MOXXHO 3aIIucCaTth.

dH d d dE
rot(rotE) = rot| —p, ) Mo rotH _— F e ) @

YuuTeiBasi, 4TO
rotrotE = graddivE —V°E . graddivE =0 (5)

HOJIYYHM:
, dE d’E
VE=AE =6 —+ U€ey —— ®)
dt dt
AHaNOruM4HOE YpaBHEHHE MOXHO MOJIyYUThb U I BEKTOPa HANPSLKEHHOCTH MarHUTHOTo nois H.
OpHo u3 perieHnid ypaBHeHHs (6) UMeeT BU:

] Z
E = E . exploxp— —
o€XP P—V) (7)

3nech: (U — uKIMYECKas 4acTOTa. DTO BHIPAKEHHUE IIPEACTABIIAET COOOM BOJIHY,

pacTpoCTPaHSIIONIYIOCS B HANIPABICHUH OCH Z CO CKOPOCTBIO V.
Pemenwue (6) ynoBneTBopsiet ycioBuio (7) ecnu

-2 - Hilg
Vo =8y I o ®)

9T0 03Ha4dacrT, 4qTo II0Ka3aTcJib MIpCIOMIICHHUA OIIMCBIBACTCS  KOMILUICKCHOM BCIIMYHMHOM

nx=n-—ik
[IpurnMas, 9to st OOMBIIMHCTBA MOIYTPOBOTHUKOBBIX MaTepHAIIOB ,u R 1,

MOXKHO ITIOKa3aTb, 4TO

2 2 o
n _k :81(())) ;2nk:80—®:82((,0) 9)

31ech 8(0))-K0MrmeKCHa;1 JIUAJIEKTpUYECKas TPOHUILIAEMOCTb, 81((0) -ICUCTBUTEIbHAS €€ YacTh,

82((!))-MHI/IMa$I ee 4YacTh, N-TIOKa3arenb mnpeiaomieHusi, K-mokaszarens mnornomeHus [7]. TlokasaTensb

(k03 uLMeHT) NpeIoMIIeHHs M ToKa3aTelb (KO3 QHUIMEHT) MOIIOIICHNUs HEMOCPEACTBEHHO CBS3aHbI C
MUKPOCKOITMYECKHMH TIapaMeTpaM IMOBEPXHOCTH TBEPJAOTO Telia, MPH 3TOMY JJs H3YYCHUS CBOWCTB
MOBEPXHOCTHBIX CII0EB HEOOXOJIMMO pa3/ieibHOE ONpeelieHre 3THX K03(DOUIIEHTOB.
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3akimouenne. B craTthe TpUBENEHBI COBPEMEHHBIE MOJICIM IMOBEPXHOCTEH TBEPHABIX Tell,
paccMOTPEHbI COBPEMEHHBIC METOJbI ONPENENICHUs 3NMEKTPOPU3MICCKUX XaPAKTEPUCTHK TOBEPXHOCTHBIX
CJIoeB M Mex(ha3HbIX rpaHuIl pa3aena. OmxHako

(M3KMKa TOBEPXHOCTH SBISCTCS IMOCTOSHHO PAa3BHBAIOIIECHCSA OO0JACTH HayKH. Takke IOCTOSIHHO
Pa3BUBAIOTCS U COBEPIIICHCTBYIOTCS METOJIbI UCCIICIOBAHUS MIOBEPXHOCTH M MEK(a3HBIX TPaHHMI] pasJena.
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HAJMIY FERROMAGNIT KRISTALLARDAGI BIR O‘LCHAMLI MIKROMAGNIT
TIZIMLARNING DOMEN TUZILISHI
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Annotatsiya. Ushbu maqolada hajmiy ferromagnit kristallardagi elementar bir o ‘Ichovli mikromagnit
konfiguratsiyalar magnitlanishga sirt hissalarini hisobga olmagan holda o ‘rganiladi. Chekli qalinlikdagi
domen devorlarining muvozanatli tuzilishi va barqgarorligi almashinuv va anizotropiya energiyalari
o ‘rtasidagi tortishish bilan boshqariladi. Qo ‘shni domenlar chegarasi bo ylab magnitlanish vektorining
uzluksiz aylanishi umumiy energiyani minimallashtiradi va devorning xarakterli kengligini aniglaydi. Tahlil
natijasida bir o'qli va kubik magnit anizotropiyaga ega bo‘lgan kristallarda mos ravishda 180° va 90°
devorlar farglanadi. Natijalar massiv ferromagnit materiallardagi mikromagnit holatlarni chuqurrog
tushunishga yordam beradi va magnitooptik va spintron yupga gatlamli texnologiyalarni ishlab chigish
uchun qizigish uyg ‘otadi.

Kalit so‘zlar: mikromagnetizm; domen devori; magnit anizotropiyasi; almashinuv o ‘zaro ta’siri; bir
o0 ‘qli kristall; magnitooptik materiallar; spintronika ilovalari

JOMEHHASA CTPYKTYPA OJHOMEPHBIX MUKPOMAT'HUTHBIX CUCTEM B
OBBEMHBIX ®EPPOMATI'HUTHBIX KPUCTAJIJIAX

Annomauusa. B oannoti cmamve paccmampusaomes dnemMeHmaphsie 00HOMePHble MUKPOMASHUMHbIE
Kongueypayuu 6 00beMHbIX (QeppoOMACHUMHBIX KpUCmaiiax 6e3 yuyema NOBEPXHOCMHBIX 6KIA008 8
Hamaenuuuganue. Paenosecnas cmpykmypa u ycmouuugocmv CmeHKU OOMeH KOHEUHOU TMOJUUHbI
DeGYIUPYIOMCs  KOHKYPEHYueu Medcoy IHepausmu oomeHa u anuzomponuu. Henpepvignoe epawenue
6EKMOPA HAMASHUYUBAHUSA NO 2paHuye paszoena Mexdcoy COCeOHUMU OOMEHAMU MUHUMUSUPYEm O00WyIo
oHepeulo U onpedensem xapakmepHylo wiupuny cmenxu. Anwanuz evigeun 180° u  90° cmenox
COOMBEMCMEEHHO 8 KPUCMALIAX ¢ OOHOOCHOU U KyOuweckou mazHumuou anuszomponueu. Illonyuennvie
pesyrvbmamul cnocoocmeyrom bonee 2nyO0KoMy NOHUMAHUIO MUKPOMASHUMHBIX COCHOAHUU 6 MACCUBHBIX
Geppomaznumnbix mMamepuanax u npeocmagiAom unmepec O1i paspaboOmKu MASHUMOONMUYECKUX U
CRUHMPOHUYECKUX MOHKONIEHOYHBIX TNEXHON02UL.

Knioueswvie cnosa: mukpomaznemusm; OOMEHHAA CMEHKA, MACHUMHAS AHU30MPONUA; 0OMeHHOe
83aumooeticmeue; 0OHOOCHbII KPUCMAILL; MAZHUMOONMUYECKUE MAMeEPUaIbl, CNUHMPOHHbIE NPULOICEHUS]

DOMAIN STRUCTURE OF ONE-DIMENSIONAL MICROMAGNETIC SYSTEMS IN BULK
FERROMAGNETIC CRYSTALS

Abstract. This work examines elementary one-dimensional micromagnetic configurations in bulk
ferromagnetic crystals while disregarding surface contributions to magnetization. The equilibrium structure
and stability of finite-thickness domain walls are governed by the competition between exchange and
anisotropy energies. Continuous rotation of the magnetization vector across the interface between adjacent
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domains minimizes the total energy and determines the characteristic wall width. The analysis differentiates
180° and 90° walls in crystals with uniaxial and cubic magnetic anisotropy, respectively. The results
contribute to a deeper understanding of micromagnetic states in massive ferromagnetic materials and are of
interest for the development of magneto-optical and spintronic thin-film technologies.

Key words: micromagnetism; domain wall; magnetic anisotropy; exchange interaction; uniaxial
crystal; magneto-optical materials; spintronic applications dynamic micromagnetic phenomena.

Kirish. Ferromagnit materiallarda mikromagnit konfiguratsiyalarni  o‘rganish zamonaviy
kondensatsiyalangan holatlar fizikasi va materialshunoslikning asosi bo‘lib qolmoqda. Mikromagnetizm
o‘zaro almashinuv, anizotropiya va magnitostatik o‘zaro ta’sirlari evaziga magnitlanish vektorining fazoda
gqanday o‘zgarishini tushunish uchun nazariy asos yaratadi. Natijada hosil bo‘lgan fazoviy jihatdan bir xil
bo‘lmagan holatlar - aynigsa magnit domenlar va domen devorlari - kristalli gattiq jismlarda kuzatiladigan
keng makroskopik magnit va magneto-optik xususiyatlar uchun muhimdir.

Domen devori (DD) - bu turli xil yengil o‘qlar bo‘ylab yo‘naltirilgan ikkita bir xil magnitlangan
domenlarni ajratib turuvchi o‘tish mintaqasi. Uning xarakterli qalinligi, odatda o‘nlab nanometrlardan yuzlab
nanometrgacha bo‘lgan diapazonda bo‘lsa-da, domen devori tizimning magnit, optik va transport xatti-
harakatlarini aniqlashda hal qiluvchi rol o‘ynaydi. Ichki devor tuzilishi bir xil magnitlanishni qo‘llab-
quvvatlaydigan almashinuv energiyasi va magnitlanishni kristallografik jihatdan afzal ko‘rilgan yo*‘nalishlar
bo‘ylab moslashtiradigan magnit anizotropiya energiyasi o‘rtasidagi nozik muvozanatdan kelib chiqadi.
Muvozanat devori profili va uning energiyasi umumiy mikromagnit funksionalni minimallashtirish orgali
aniglanadi.

Domen devorlarining tuzilishi va energetikasini tushunish nafagat fundamental ahamiyatga ega, balki
muhim texnologik ahamiyatga ham ega. Nodir yer temir va alyuminiy boratlari (masalan, ErAl3(BOs)s va
YFe3(BOs)s kabi magnit-optik materiallarda domen tuzilishi va magnitlanishning fazoviy shaklii optik
ma’lumotlarni saqlash, magnit-optik sensorlar va tasvirlash tizimlari uchun asos bo‘lgan Faraday va Kerr
effektlariga kuchli ta’sir qiladi. Spintronik qurilmalarda domen devorlari boshqariladigan harakati
ma’lumotlarni qayta ishlash va o‘zgaruvchan bo‘lmagan xotira operatsiyalarini amalga oshirish imkonini
beruvchi funktsional elementlardir. Ularning almashinuv, anizotropiya, suspenziya va spin-uzatish
momentlari o‘rtasidagi muvozanat bilan boshqariladigan dinamik xatti-harakati magnit mantiq va spin-o‘tish
xotirasi arxitekturalarining operatsion chegaralarini belgilaydi.

Nazariy asos. Nazariy nuqtai nazardan, magnitlanish o‘zgarishining bir o‘lchovli modellari hajmiy
materiallarda domen-devor shakllanishini tushunishning eng to‘g‘ridan-to‘g‘ri usulini taklif giladi. Bunday
modellarda sirt effektlari e'tiborga olinmaydi va magnitlanish bitta fazoviy koordinata bo‘ylab o‘zgaradi deb
taxmin qilinadi. Bu eng oddiy bir o‘lchovli mikromagnit konfiguratsiyalar almashinuv va anizotropiya
hissalari o‘rtasidagi muvozanatni analitik tushunish imkonini beradi va domen devorining kengligi va
energiyasi uchun to‘gri munosabatlarni aniqlash imkonini beradi. Landau va Lifshitz [1] tomonidan
boshlangan klassik yondashuv zamonaviy mikromagnit modellashtirish uchun muhim asos bo‘lib qolmoqda,
bu yupqa plyonkalar, ko‘p gatlamli tizimlar va nanostrukturali materiallarga ham tegishli [2-4].

Ushbu magolada biz 180° va 90° domen devorlarining shakllanishi va bargarorligi shartlariga e'tibor
qaratib, hajmiy ferromagnit kristallardagi asosiy bir o‘lchovli mikromagnit konfiguratsiyalarni tahlil gilamiz.
Magnit anizotropiya simmetriyasining o‘rniga va chekli devor qalinligini belgilaydigan energetik
muvozanatga alohida e'tibor garatiladi. Bu yerda Kkeltirilgan natijalar hajmiy kristallarga ham, yupga
plyonkali magnit-optik tizimlarga ham tegishli nazariy asos yaratadi, bu yerda nanoskalada shunga o‘xshash
mikromagnit mexanizmlar kuzatiladi.

Ferromagnit kristaldagi muvozanat magnitlanish tagsimoti umumiy mikromagnit energiyaning
minimallashtirilishi bilan boshqariladi, bu almashinuv, anizotropiya va magnitostatik atamalarni o‘z ichiga
oladi [2,3]. Bir o‘lchovli holat uchun, magnitlanish faqat bitta koordinata (z) bo‘ylab o‘zgarganda, birlik
hajmdagi umumiy energiya quyidagicha ifodalanishi mumkin:

2
E= A(?j_mj +Kf(m)+E, (1)

z

bu yerda A almashinuv gattigligi konstantasi, K anizotropiya konstantasi, f(m) kristal simmetriyasi
bilan aniglangan anizotropiya energiyasining burchakka bog‘liqligini va Ems magnitostatik energiya
zichligini tavsiflaydi. m = M/M;s vektori magnitlanish yo‘nalishi birligi vektoridir.

Tashqi sirtlarning ta’sirini e'tiborsiz qoldirish mumkin bo‘lgan hajmli ferromagnit kristallarda magnit
struktura asosan almashinuv o‘zaro ta’siri va magnit anizotropiya o‘rtasidagi ta’sir bilan belgilanadi.
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Almashinuv energiyasi qo‘shni spinlarni bir-biriga parallel ravishda tekislashga moyil bo‘lib, bir xil
magnitlanishga olib keladi, anizotropiya energiyasi esa magnitlanish yo‘nalishini ma’lum kristallografik
o‘qlar - engil o‘qlar deb ataladigan o‘qlar bilan cheklaydi. Bir nechta ekvivalent engil o°q yo‘nalishlari
mavjud bo‘lganda, kristall degeneratsiyalangan bir xil magnitlangan holatlarga ega bo‘ladi, ular kristallning
turli gismlarida birga yashashi mumkin. Ushbu ekvivalent yo‘nalishlar bo‘ylab magnitlangan sohalar magnit
domenlarni hosil giladi.

Qo‘shni domenlar o‘rtasida magnitlanish uzluksiz o‘zgarib turolmaydi, chunki bu almashinuv
energiyasining keskin oshishiga olib keladi. Buning o‘rniga, magnitlanish vektori asta-sekin chekli masofada
aylanadi va DD - turli yo‘nalishdagi domenlarni ajratib turuvchi o‘tish gatlamini hosil giladi. Devorning
chekli qgalinligi, 6 deb belgilanadi, umumiy energiya funktsionalini minimallashtirish natijasida yuzaga
keladi.

M(z) magnitlanish vektorining muvozanat konfiguratsiyasini topish uchun kristall koordinata tizimida
M yo‘nalishini tavsiflovchi 6(z) va ¢(z) burchaklarining fazoviy o‘zgarishlariga nisbatan umumiy energiya
minimallashtiriladi. Variatsion printsipni qo‘llash Eyler-Lagranj tenglamasiga olib keladi:

d( oE ) dE
e 250 @
dz\ o(de/dz)) 06

bu domen devori ichidagi magnitlanishning muvozanat profilini belgilaydi. Almashinuv va
anizotropiya energiyalari o‘rtasidagi tortishuv magnitlanish vektorining xarakterli devor qalinligini va
aylanishini belgilaydi.

Bir o‘qli kristalning eng oddiy holatida, bu yerda engil o°q z yo‘nalishi bo‘ylab joylashgan bo‘lsa,
anizotropiya energiyasi quyidagicha yozilishi mumkin:

E,,=Ksin 26 3)
va umumiy bir o‘lchovli energiya funksiyasi quyidagicha bo‘ladi:
2
dz :
E=A — | +Ksin?84 (4)
do

Bu funksiyani minimallashtirish 180° Blox devori uchun aniq yechimni beradi:

6(z)=ztan™ exp(éﬂ, 5)

bu yerda devor galinligi quyidagicha berilgan:

A
0=1 (6)
K
Bu natija muvozanat devor galinligi almashinuv kattaligining anizotropiya kuchiga nisbati bilan
aniglanishini aniq ko‘rsatadi: kuchli almashinuv devorni kengaytiradi, kuchli anizotropiya esa uni toraytiradi.
Keyin birlik maydoniga to‘g‘ri keladigan umumiy devor energiyasini quyidagicha baholash mumkin:

y =4+ AK (7

bu bir o‘qli ferromagnitdagi Blox tipidagi domen devorining minimal sirt energiyasini ifodalaydi.

Magnit domen chegaralarining tuzilishi. Katta hajimli ferromagnit kristalda domen devori turli xil
yengil magnitlanish o‘qi bo‘ylab yo‘naltirilgan M; va M, magnitlanish vektorlari bilan ikkita bir xil
magnitlangan sohalarni (domenlarni) ajratib turadi. Devor tekisligini uning normal n bilan aniglash mumkin,
devor ichidagi magnitlanish vektorining aylanishini esa ikkita burchak bilan tavsiflash mumkin:

> 0 - magnitlanish vektorining devor normaliga nisbatan o‘zgarishi va

> ¢ - uning normal atrofida aylanishini tavsiflovchi azimutal burchak.

O‘zaro almashinuv energiyasini minimallashtirish doimiy ravishda sodir bo‘ladi va M
tracktoriyasining o‘qi engil magnitlanish yo‘nalishiga mos keladigan y maksimal burchagiga ega konusning
yuzasini tasvirlaydi.

Bir o‘qli anizotropiyaga ega kristallarda yengil magnitlanish o‘qi odatda devor normaliga to‘g‘ri
keladi. Bu holda, ;1 = 6> = 6 va magnitlanish faqat azimutal burchak ¢ orqali o‘zgaradi. Bunday
konfiguratsiya klassik Blox tipidagi 180° devorga mos keladi, bu yerda magnitlanish devor tekisligi ichida
aylanadi va o‘tish sohasi bo‘ylab doimiy kattalikni saqlaydi. Ikki qo‘shni domendagi magnitlanish yo‘nalishi
180° ga farq giladi.
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Bunga garama-garshi ravishda, ma’lum ferritlar va yupga magnit plyonkalar kabi tekis (biaksial)
anizotropiyaga ega materiallar yengil magnitlanish o‘qi chegara tekisligida joylashgan devorlarni qo‘llab-
quvvatlashi mumkin. Bu yerda 6 va ¢ chegara bo‘ylab o‘zgaradi va magnitlanish devor normaliga
perpendikulyar tekislikda aylanadi. Bu devorlar ba’zan M ning o‘ziga xos aylanish yo‘liga qarab Néel
tipidagi devorlar deb ataladi.

Qo‘shni domenlardagi magnitlanishning nisbiy yo‘nalishiga garab magnit anizotrop Kkristallarda
odatda ikkita asosiy devor turi kuzatiladi - 180° va 90° devorlar.

1-rasmda magnit ikki o‘qli yoki uch o‘qli kristaldagi bir nechta mumkin bo‘lgan konfiguratsiyalar
ko‘rsatilgan.

y
Z‘XS XS, I
! 'Ml
:A ! l'l
| ml Z‘1 : M2 X
|
(010 ] 1 7 1(110)
‘:')" PN —]—v{-z- - L D .r-( ------- _
”f” v |
P - o= 3 _and
X
(I : b

1-rasm. Magnit anizotrop kristaldagi 180° va 90° domen devorlarining sxematik ko‘rinishi: (a)
(100) tekislikka A burchak bilan bog‘liq bo‘lgan 180° domen devorlari; (b) (110) tekisliklarda 90°
domen devorlari; (c) (111) tekisliklarda 90° domen devorlar

Eng oddiy holatda (A = 0), 180° devor (100) tipidagi kristallografik tekislikda joylashgan va garama-
qarshi magnitlanish yo‘nalishlariga ega ikkita domenni ajratib turadi. Bunday devor magnitostriktsiya yoki
magnitostatik effektlar hisobga olinganda energetik jihatdan barqaror bo‘ladi. Bu effektlar bo‘lmagan
taqdirda, 1800 devor magnitlanishning umumiy aylanishi bilan bir xil bo‘lgan ikkita 90° devorga
parchalanishi mumkin. Bu xatti-harakatlar magnitlanish vektori ikkita domen yo‘nalishi o‘rtasida
aylanayotganda duch keladigan qo‘shimcha engil magnitlanish o‘qlarining mavjudligidan kelib chiqadi [2,3].

90° domen devorlari qo‘shni domenlar orasidagi m/2 ga magnitlanish o‘zgarishlariga mos keladi.
Kristall simmetriyasiga garab, bunday devorlar (100), (110) yoki (111) tipidagi tekisliklarda yotishi mumkin.
Muayyan sharoitlarda, aynigsa nugsonlar yoki pinning markazlari mavjud bo‘lganda, izolyatsiya qilingan 90°
devorlar hatto ideal kristallarda ham bargaror golishi mumkin.

2-rasmda (100) tekislikda joylashgan 90° devorning sxematik namunasi ko‘rsatilgan, 3-rasmda esa
nikel va ittriy temir granat (YIG) kabi kubik kristallarda hosil bo‘lgan 180° domen devor yo‘nalishlarining
turlichaligi ko‘rsatilgan.

X

2-rasm. (100) kristallografik tekislikda joylashgan 90° domen devorining sxematik tasviri

Bir o‘qli va ikki o‘qli materiallarda 90° li domen devorlarining tuzilishini ko‘rib chiqqandan so‘ng,
anizotropiya energiyasi o‘zgarishi ancha murakkablashadigan kubik (magnit jihatdan to‘rt o°qli)
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kristallardagi vaziyatni o‘rganish foydali bo‘ladi. Bunday tizimlarda magnitlanish bir nechta ekvivalent
yengil o‘qglar bo‘ylab, odatda (100) yoki (111) kristallografik yo‘nalishlar bo‘ylab tekislanishi mumkin. Bir
nechta engil magnitlanish o‘qlarining birgalikda mavjudligi energetik jihatdan ekvivalent domen-devor
yo‘nalishlarining uzluksiz to‘plamini yaratish imkoniyatiga olib keladi.

Bu kristallarda magnitlanish vektorining devor bo‘ylab aylanishi bitta kristallografik tekislik bilan
chegaralanmaganligini bildiradi. Buning o‘rniga, domen devor tekisligi (110) kabi indeksli kristall tekisligiga
nisbatan ixtiyoriy A burchak bilan egrilanishi mumkin. Muayyan devor yo‘nalishining barqarorligi
almashinuv, anizotropiya va magnitostriktiv energiyalar o‘rtasidagi muvozanatga bog‘liq. Masalan, 180°
devor fagat magnitostriktsiya yoki magnitostatik o‘zaro ta’sirlar yetarlicha kuchli bo‘lganda ma’lum A
giymatlarida barqaror qolishi mumkin; aks holda, u 0‘z-0‘zidan ikkita 90° devorga parchalanishi mumkin.

Bunday ko‘p yo‘nalishli domen-devor konfiguratsiyalari nikel va ittriy temir granat (Y1G) kabi kubik
materiallar uchun odatiy holdir, ular past magnit suspenziyasi va yuqori optik shaffofligi tufayli magnit-optik
va spintronik qurilmalar uchun katta qizigish uyg‘otadi. Ushbu tizimlardagi mumkin bo‘lgan domen-devor
yo‘nalishlarining xilma-Xilligi 5-rasmda sxematik tarzda ko‘rsatilgan.

3-rasm. Kubik kristallardagi (masalan, Ni, Y1G) 180° domen devorlarining mumkin bo‘lgan
yo‘nalishlari, (110) tekisligiga A turli burchak ostida sezgir bo‘lgan uzluksiz devorlar to‘plamini
ko‘rsatadi

Turli xil anizotropiyalar va simmetriyalarga ega kristallardagi domen devori turlarining xilma-xilligi
magnitokristal anizotropiyaning ichki mikromagnit strukturani aniqlashdagi asosiy rolini ko‘rsatadi. Yupqa
plyonkalar va ko‘p qatlamli tizimlarda, sirt va demagnetizatsiya effektlari sezilarli bo‘ladigan joylarda, bu
devor konfiguratsiyalari Bloxga o‘xshash va Néelga o‘xshash xususiyatlarni birlashtirgan gibrid holatlarga
aylanishi mumkin, bu esa magnit-optik va spintronik qo‘llanmalar uchun alohida ahamiyatga ega.

Olingan natijalar muhokamasi va qo‘llanilishi. Katta hajmli ferromagnit kristallardagi bir o‘lchovli
mikromagnit konfiguratsiyalarning nazariy tahlili domen devorlarining shakllanishi va bargarorligi uchun
mas’ul bo‘lgan asosiy fizik mexanizmlarni ochib beradi. Bu natijalar nafaqat nazariy qiziqish uyg‘otadi,
balki magnit-optik va spintronik tizimlarda eksperimental ma’lumotlarni talqin qilish, shuningdek, ilg‘or
magnit materiallarni loyihalashni optimallashtirish uchun ham asos yaratadi [5-7].

Makroskopik ferromagnitlarda muvozanat kengligi (6) va devor sirt energiyasi (7) turli mikromagnit
xossalari ko‘lamini belgilaydigan ichki material parametrlarini ifodalaydi. Almashinuv va anizotropiya
energiyalari o‘rtasidagi o‘zaro ta’sir magnitlanishning bir engil yo‘nalishdan ikkinchisiga qanday o‘tishini
belgilaydi, magnitlanishning teskari aylanishi va majburiy maydon uchun energiya to‘sig‘iga ta’sir qiladi.
Amalda, bu parametrlar gisterezis xatti-harakatlarini, domen-devor harakatchanligini va tashqgi magnit
maydonlar ostida xarakterli kommutatsiya vagtini boshgaradi.

Tizim hajmi kamayganda - masalan, yupga plyonkalarda yoki turli magnit elementlarda - sirt va
demagnetizatsiya effektlari katta hajmli anizotropiyaga o‘xshash bo‘ladi. Bu klassik Blox devorlarining Néel
tipidagi yoki gibrid domen devorlariga aylanishiga olib keladi, bunda magnitlanish gisman plyonka
tekisligida aylanadi. Bunday o‘zgarishlar magnit-optik javobga, xususan, magnitlanishning mahalliy
yo‘nalishiga sezgir bog‘liq bo‘lgan Faraday va Kerr effektlariga jiddiy ta’sir qiladi. Masalan, ErAls(BOs)4 va
Y Fe3(BOs)4 kabi borat plyonkalarida domen devorlarining shakli va ichki tuzilishi polyarizatsiya aylanishiga
va dixroizm spektrlariga kuchli ta’sir qiladi. Natijada, devor Kkonfiguratsiyalarini mikromagnit
modellashtirish fazoviy jihatdan aniglangan magnit-optik tasvir ma’lumotlarini to‘g‘ri talqin qilish uchun
juda muhimdir.

Texnologik nugtayi nazardan, domen devorlari zamonaviy spintronik va magnitofotonik qurilmalarda
muhim rol o‘ynaydi. Domen devorlarining boshqariladigan harakati spin drayf xotiralari, domen-devor
mantigiy elementlari va spin-orbital momenti tipidagi tizimlarning asosini tashkil giladi. 180° va 90°
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devorlarning barqarorligi va dinamikasi bunday qurilmalarning ishlashi va energiya samaradorligini bevosita
belgilaydi. Hajmiy tizimlar uchun ishlab chigilgan nazariy asos ushbu nanostrukturali amaliyotga qo‘llahs
uchun gimmatli ma’lumotlarni taqdim etadi, bu yerda almashinuv energiyasi, anizotropiya va magnitostatik
o‘zaro ta’sirlar o‘rtasidagi ta’sir domen-devor tezligi va harakat chegaralarini boshgaradi.

Umuman olganda, bu yerda tagdim etilgan kengaytirilgan mikromagnit model klassik nazariyasi va
zamonaviy nanoskalali magnitlanish o‘rtasidagi bo‘shligni to‘ldiradi. U turli masshtablarga - hajmli
kristallardan nanostrukturali plyonkalargacha - va statik magnit saglashdan dinamik magnit-optik
modulyatsiya va spintronik axborotni qayta ishlashgacha bo‘lgan turli funksiyalarga qo‘llaniladigan domen
devori xatti-harakatlarining yagona tavsifini o‘rnatadi [4].

Xulosa. Ushbu maqolada biz domen devorlarining shakllanishi, tuzilishi va bargarorligini
boshgaradigan asosiy mexanizmlarni ta’kidlab, hajmiy ferromagnit kristallardagi eng oddiy bir o‘lchovli
mikromagnit konfiguratsiyalarni tahlil qildik. Almashinuv va anizotropiya energiyalari o‘rtasidagi
muvozanat cheklangan devor galinligi va sirt energiyasini belgilaydi, bu esa o‘z navbatida materialning
mikromagnit o‘zgarishini belgilaydi. Bu yerda ishlab chiqgilgan nazariy asos 180° va 90° domen devorlarini
tavsiflaydi va kristallografik anizotropiyaning ularning geometriyasi va energetikasiga ta’sirini aniqlaydi.

Natijalar nafaqat hajmiy kristallarda, balki yupqa plyonkalar va ko‘p gatlamli tizimlarda ham domen
devorining dinamikasini tushunish uchun fizik asos yaratadi, bu yerda sirt va demagnetizatsiya effektlari
sezilarli bo‘ladi. Bunday bilimlar magneto-optik hodisalarni talqin qilish, optik va spintronik qo‘llanmalar
uchun materiallarni optimallashtirish va keyingi avlod magnit va magnetofotonik qurilmalarini loyihalashga
juda muhimdir.
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HNCCIEAOBAHUE TEPMOJMHAMMWYECKOI'O HOBEJAEHUS KOMITIO3UTOB C
N30TAKTUYECKUM HOJIUITPOITMJIEHOM

Hopazumoe Kaxonzup Kyuumoeuu,

Lcuzaxckuil nonumexnuueckuil uncmumym, yi. Hciama Kapumosa,
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Duioexosa Canooap Omonnukosna,

Lcuzaxckuil nonumexnuueckuil uncmumym, yi. Hcrama Kapumosa,
Ne 4, 130100, [orcuzak, Yzoexucman

Aboypazaxkoe Myxuooun,

Hnemumym xumuu u ¢pusuxu nonumepos AH PY3, 2.

Tawxenm, 100128, ya. A. Kaowipu, 7 “0

Auwypoe Huemam Pycmamoesuu,

Hnuemumym xumuu u ¢pusuxu nonumepos AH PY3, a.

Tawxenm, 100128, ya. A. Kaowvipu, 7 “0

Annomauusn. Memooamu peHmeeHOCMpyKmypHo20 U MepMUuiecko2o aHaiu3a uccied08anvl 06pasybl
YUCMO20 U HANOJHEHHBIX MOOUDUUUPOBAHHBLIM cloucmuvim  amomocurukamom mapku «Cloisite 20A4»
uzomaxmuyecxkoeo noaunponunena. Coodepoicanue HanoaHumens 6 komnosumax cocmasasio 1.0, 3.0, 5.0
mac.% Ilokazan pasnuuuslli xapakmep NPOMEKAHUS HPOYecca mepMOOKUCTUMENbHOU OeCmpyKyuu 8
UCXOOHOM U HANOJHEHHBIX 00pasyax. YcmanoeieHa cmpyKmypHas aKmMuGHOCMb 4ACMmuy HANOIHUMENS 8
nepuoo HyKieayuu Ha CMaouu KpPUCMAIIu3ayuu u @opmMuposanus HAOMOAEKYIAPHLIX 00paA308aHUll 6
noaumeprou mampuye. JloKazano, €mMo NPUCYMCMGUE OP2AHOSIUHbL 8 NOAUMepe Cnocobcmeyem
YACMUYHOMY NOOABNIEHUI0 OKUCTEHUs. U NOGLIUEHUIO CIMOUKOCHIU KOMNO3UMO8 K MEPMOOKUCTUMETbHOU
decmpyKyuu.

Knrouesvle cnosa: Komnosumoul, HaAHOKOMNO3umMbl, NOJUNPONUTCH U30OMAKMUYECKUL, HANOIHUMEND,
MOHMMOPUTIOHUM, CIOUCTbLE CUTUKAMbL, MEePMUYECKUL AHATIU3, MEPMOSPAsUMempPUsl, OUp@eperyuanvas
mepmozspasumempusi,  Ou@oepeHyuanvuas — CKAHUPYIOWAs — Kalopumempus,  mMepMOOKUCIUMEbHAS
decmpyKyusl, NOMepu MAccol, CKOPOCHb U3MEHEHUSL MACCHL.

IZOTAKTIK POLIPROPILENLI KOMPOZITLARNING TERMODINAMIK
XUSUSIYATLARINI O‘RGANISH

Annotatsiya. Sof izotaktik polipropilen namunalarini va modifikatsiyalangan gatlamli alyuminosilikat
navi "Cloizite 204" bilan to ‘ldirilgan namunalarni o ‘rganish uchun rentgen difraksiyasi va termal tahlil
qo ‘llanildi. Kompozitlardagi plomba migdori mos ravishda 1,0, 3,0 va 5,0 og'irlik% ni tashkil etdi.
To ‘ldirilmagan va to ‘ldirilgan namunalar uchun turli xil termo-oksidlovchi degradatsiya jarayonlari
namoyish etildi. Polimer matritsasida yadrolanish, kristallanish va supramolekulyar tuzilmalar hosil bo ‘lishi
paytida plomba zarralarining strukturaviy faolligi aniglandi. Polimerda organoklayning mavjudligi
oksidlanishni gisman bostirishi va kompozitlarning termo-oksidlovchi degradatsiyaga chidamliligini
oshirishi ko ‘rsatildi.

Kalit so‘zlar: kompozitlar, nanokompozitlar, izotaktik polipropilen, plomba moddasi, montmorillonit,
gatlamli silikatlar, termal tahlil, termogravimetriya, differentsial termogravimetriya, differentsial skanerlash
kalorimetriyasi, termal-oksidlovchi degradatsiya, massa yo ‘qotilishi, massa o ‘zgarishi tezligi

INVESTIGATION OF THE THERMODYNAMIC BEHAVIOR OF COMPOSITES WITH
ISOTACTIC POLYPROPYLENE

Abstract: Using X-ray diffraction and thermal analysis methods, samples of pure and isotactic
polypropylene filled with modified layered aluminosilicate of the “Cloisite 204" brand were studied. The
filler content in the composites was 1.0, 3.0, 5.0 wt.%. The different nature of the thermal-oxidative
destruction process in the original and filled samples is shown. The structural activity of filler particles
during the nucleation period at the stage of crystallization and the formation of supramolecular formations
in the polymer matrix has been established. The structural activity of filler particles during the nucleation
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period at the stage of crystallization and the formation of supramolecular formations in the polymer matrix
has been established. It has been proven that the presence of organoclay in the polymer helps to partially
suppress oxidation and increase the resistance of composites to thermal oxidative destruction.

Keywords: Composites, nanocomposites, isotactic polypropylene, filler, montmorillonite, layered
silicates, thermal analysis, thermogravimetry, differential thermogravimetry, differential scanning
calorimetry, thermal oxidative destruction, mass loss, rate of mass change.

Beenenue. ITommmponnen (I111) mpuHAIIEKUT K KIIACCY MONMAOIES(HUHOB U SIBIAETCA CHHTETHYECKUM
TEePMOIIACTUYHBIM HENOJIAPHBIM nonumepoM. Ha ceronHsmHuil 1eHb NONUIPONMICHBl U KOMIIO3UTHI Ha X
OCHOBE SIBJISIIOTCS OJHMM M3 CaMBIX IIPHUBJICKATENbHBIX TOJUMEPHBIX OOBEKTOB C TOYKH 3pEHHS
ce0ecTOMMOCTH, KOMITJIEKCa SKCIUTYaTallHOHHBIX CBOMCTB M HIMPOKOTO MpakTHYecKoro npuMeHenus. Cpeau
HNMEIOIIUXCS  PA3HOBUIHOCTEH IOJIMIPONMICHA B TEXHHYECKOM OTHOIIEHWM HauOoiee BakeH U
MEePCIIEKTUBEH N30TaKTHYCCKUI ONMUIPOIHiIeH [1-2].

HecmoTpss Ha ymadHoe codeTaHue psAga CBOMCTB, KOTOpbie OOECIEUHBAIOT MOJIHIIPONHIICHY
[IPUOPUTETHOE TOJIOKEHHUE CPEeOH CHHTETHYECKHX IOJIMMEPOB, OTHOCUTEIBHO HHU3KUE XaPaKTEPHUCTUKH
TEPMO- M OTHECTOMKOCTH [3] 3TOro TepMoImjiacta HAaKJIaAbIBAlOT OIpEICICHHBIE OrpaHUYEHUS Ha
pacmmpenue cdep ero UCIoib30BaHus. Y CTpaHEHHE OTMEUYEHHBIX HEIOCTATKOB OCYIECTBIISICTCS! BBEICHHEM
CIIEIMATbHBIX HAMOJIHUTENEH, TEPMOCTAOUIIN3aTOPOB M aHTUIIUpeHOB [4-10].

Hapsiny ¢ moBemieHueM TepMO- M OTHECTOMKOCTH aJAUTHUBBI BBIIOJHSAIOT pa3jindHble (QYHKIHH —
MIOBBILIEHHUE KECTKOCTH, CHIKEHHE yCaJKH, MOBBIIIEHHE Pa3MEepHON CTaOMIBHOCTH, YIIpoyHeHue u T.1. Ho
MOMUMO YJyYIICHHS CBOWCTB, OTICIbHBIC HATOJIHUTENN OTPHUIATEIFHO BIMAIOT Ha Ae()OpPMHUPYEMOCTH,
TEPMO- U CBETOCTOMKOCTH ITOJIMMEPOB [5].

MoauduuupoBaHHbIE  CIIOMCTBIE  CHJIMKATHI, HCIONB3yeMble B  KAueCTBE  HAIOJHUTENCH,
JTUCTIEPTUPYIOTCS Ha HAaHOPAa3MEPHOM YPOBHE BHYTPH TOJIMMEpPHOM MaTpHIbl, TNpHAaBas €il HOBBIE,
AKCTpaopauHapHbIe cBo¥icTBa [11].

CeMeHcTBO TVIMH MPEICTABICHO OIPOMHBIM YHCIOM MHUHEpaioB. ['JTMHBI OTHOCATCSI K CIIOMCTBIM
IIOMOCHJIMKAaTaM, B KOTOPBIX HENpPEPHIBHBIA JIByMEPHBIH CJIOH 00pa3oBaH KPEMHEKUCIOPOIHBIMH
TeTpadpaMH, B YaCTH KOTOPBIX aTOMBI KPEMHHMSI 3aMEIIeHbl aTOMaMH aJIOMUHUS WK kenesa [12]. Cpean
CJIOMCTBIX CHJIMKAaTOB Han0OoJiee 4acTo MCIOJIb3yEMbIMU SBISIOTCS MOHTMOPUIUIOHUT, T€KTOPHUT, U CAllOHUT
[12].

TommuHa cioeB 1 MeskcnoeBoe mpoctpancTso (MIT), conepskamne ooMennsle  katruousl (Na*, Lit u
Ip.) UIE MOHTMOPHWJUIOHUTA COCTAaBJIE€T NPUMEPHO |1 HM, BBEJCHHE COOTBETCTBYIOIINX MOIU(HUKATOPOB B
MII npuBouT, KaKk NpaBuiio, K 3-4 KpaTHOMY paclIMpeHuio. B HacTosiiee BpeMs B MHUPE NPOU3BOAUTCS
HECKOJIBKO JIECSITKOB MOIM(UIIMPOBAHHBIX TJIMH C Pa3TNuHO# QYHKIIMOHATBHOCTBIO [13-14].

[IpakTnyeckn nast BceX KPYNMHOTOHHAKHBIX MOJMMEPOB OMNpPEAETCHbl HEOOXOMUMBIE YCIOBHS H
TpeOoBaHMs K MoaudukaTtopaMm il  (OPMHPOBAHMS HAHOKOMIIO3UTOB C  HHTEPKaJIUPOBAHHOM,
WHTEPKAIMPOBAHHO-(JIOKYTUPOBAHHOW U 9KC()OJMUPOBAaHHOW CTpyKTypamHu. B mociemHem cirydae
uHTEepKaIsIus Makpomoiekysn B MIT MMT 3a cuer crenuduyeckux B3auMOJCHCTBUI (yHKIIMOHAIBHBIX
IpynIl MaKpoOMOJIEKYJl MOJMMEpa ¢ MOAU(HKATOPOM M CIBUTOBBIX YCHJIMH B IpOLEcCE NepeMELIMBAHUS
gactuiy MMT ¢ noiaumepoM B BSI3KO-TEKYYeM COCTOSIHHU 3aBEPIIAETCS pa3pylIieHHeM J0 HHIUBUAYATbHBIX
cnmoeB MMT [15]. OTH cTpyKTypbl PUIAIOT BBICOKHUE OaphepHbIe CBOMCTBA, JIeXKAIUE B OCHOBE YCHJICHUS
yOPYro-POYHOCTHBIX, TEPMHUYECKUX XapaKTEPUCTUK M orHectorkoctd [16]. ®opmupoBanue moao0HOR
MOp(GOJIOTHH JIETKO PEAIN3yeTcsl JUIsl MOJISIPHBIX MOJMMEPOB. B ciydae HEMONMSpHBIX MOJIMMEPOB, KaKUM
SIBJISIETCSl TIOJIMIIPOTIAJICH, BBOJSIT OIPEIENICHHOE KOJNMYEeCTBO (DYyHKIIMOHAIM3UPOBAHHBIX MaKpOMOIIEKYI
TOM € MPUPOJBI, YTO U MOJUMEPHAas MaTpHIIA.

B nacrosiielt pabore HaMu IpOBEJIeHa CPaBHUTENbHAS OLIEHKa TEPMHUYECKOTO NOBEAECHHUS UCXOTHOTO
n3otaktuaeckoro Il u HaHOKOMIIO3UTOB Ha €ro OCHOBE C WHTEPKAIMPOBAHHBIMU CTPYKTYPaMH,
pa3IMUAIONINXCA CTENEHbI0 HHTEpKamsAnuu  Makpomoiekyn IIII B mMexcmoeBoe MPOCTPaHCTBO
MOAU(HUIIMPOBAHHOTO CIOUCTOTO crutnkata Mapku «Cloisite 20A.

O0bexThI. B kauecTBe MCXOIHOTO MONIUMEPA, MATPHUIIBI KOMIIO3UTOB M HAHOKOMIIO3UTOB OBbLT BEIOpaH
0Te4YeCTBeHHbIN m3oTakTudeckuii momunponmieH (UIIII) mapku J-150, mponsBogumsrit CIT OO0 «Uz-Kor
Gas Chemical» (Kynrpazm). DToT roMmomnonuMep ¢ mokasareieM TeKy4ecTH paciiiaBa paBHOM 8-12 + 10 %
g/10 min pekoMeH0BaH AJIsl U3TOTOBIICHUS XO3IHCTBEHHBIX TOBAPOB OOIIEro Ha3HAYCHUSI METOIOM JIUThS U
oTBevaeT TpebOBaHMIM TeXHUUECKHX ycmopuid Ts 22343982-02:2016 [17].

Hamonautens (Hm) — mpexnctaBuTens  CIOMCTBIX — aMIOMOCHIIMKATOB,  MOJU(UIMPOBAHHBIH
MOHTMOPHJUTOHUT MapkH «Cloisite 20A».
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KoMI03uThI MpeACTaBIsAIOT IBYXKOMIIOHEHTHYIO cucTemy Tuma UITTT/Hi.

MeTtoabl. Pentrenorpaduueckne WCCIICIOBaHUS TPOBOMWIN Ha mudpakromerpe Miniflex 600
(Rigaku, SAAnonus) ¢ MonoxpomatuszupoBanHbiM CuKa-u3inydueHueM, BbIACICHHBIM HUKEIEBBIM (GHIBTPOM C
amuHoOM BonHbl A=1.5418 A npu manpsxenun 40 kB u cumoit Toka 15 MA. CheMKy IIPOBOJMIN B HHTEpBAIe
yrmoB 20=2°-40°. OO0paboTKy IuQpakTorpaMM NPOBOJMIA C TOMOIIBI0 MPOrPaMMHOTO OOecIeYeHHs
SmartLab Studio II, ncronp3zoBanmcek puKCHpOBaHHBIE MIETH KOTOPBIE UMEIOT 3HadeHue yria 1.25°.

Tepmuueckuii aHanu3 BBHIMOJHEH HA CHHXPOHHOM TepMmoaHanuzatope thma STA PT 1600 ¢upmst
«LINSEIS» (I'epmanus) meromamu TepmorpaBuMmeTrpun (TI), muddepeHmanpbHON TepMOTpaBUMETPUH
(ATT) n muddepennmansHort ckanupytomeit kanopumetpun ([ CK). M3mepenus npoBogunn B atMmocdepe
BO3/yXa B TUHAMHUYECKOM PEKUME CO CKOPOCThIO HarpeBa 10 rpamycoB B MUHYTY B HHTEpBaJIe TEMIIEPATYp
or xomHaTHoi g0 800 °C. Hcxomnas macca oOpasumoB cocraBistia  20.7 mg. [lpu BeImoiaHeHUH
TEPMHYECKOTO aHaJIHM3a HCCIeIyeMbIX 00pa3IoB MPHIEPKUBAINCH PEKOMEHIANNH, YKa3aHHBIX B paboTax
[18-20].

LudpoByto OLEHKY CTOMKOCTH HCCIEIOBAHHBIX O0pa3lOB K TEPMOOKHUCIUTEIBHOH AECTPYKIUU
OTIPEIETISUTA BEIMYMHON XapaKTePUCTUIECKUX TeMIIEPaTyp MO KPUBBIM TEPMOTPABUMETPUIECKOTO aHATN3a.
WUx ounenmBamm temmeparypamu Ts, Tio, (TemMmepaTypsl OTHOCHUTENFHO Manbix mOTepb) Tz, Tao,
(TeMmepaTyphl CpeIHUX MOTEPD), TPH KOTOPBIX MPOUCXOAAT COOTBETCTBEHHO noTepu 5, 10, 20 u 30 mac. %
TIPH OJTHUX M TEX K€ YCIOBHIX IKCIEpUMEHTa (CKOpOCTh Harpesa, cpena u 1.11.) [21].

[oayyennsie pe3yabTaThl W UX o00cy:xkaenue. HMHbopmanuio o0 CTPyKTYypooOpa3oBaHUU B
HCCIleyeMbIX 00pa3lax MOXKHO TONYyYUTh U3 nudpakTorpaMM B 00JacTH yIiioB paccesHus 20 B
natepBane 1-10°. Kak BugHO W3 puc. 1, NHKHA, COOTBETCTBYIOIIME KPUCTAIUIMUECKOW CTPYKType
MOJTUGPHUIIPOBAHHOTO CIOUCTOTO CHITUKATa «Cloisite 20A» B kommo3uTax c [1I1 cMmemarores mo mepe
YBEJIMYCHHS KOHIICHTPAIIMKA B CTOPOHY MalbiX yriioB. Paccrosiaus mexay cinosmu yactuil «Cloisite 20A»,
paccauTaHHbIe 0 ypaBHeHHIO Bynbda-bparra pacnonaratorcs B pamy «Cloisite 20A» ¥ KOMIO3HIIAHU C
I ¢ xormenTpanusmu 5.0, 3.0, 1.0 mac. % kax 2.3 HM, 2.76 M, 3.05 HM, 3.74 HM COOTBETCTBEHHO.

[lony4yeHHBIE JaHHBIE CBUIETENBCTBYIOT 00 ()OPMHUPOBAHWU MHTEPKATUPOBAHHBIX HAHOKOMIIO3UTOB,
MIpH 3TOM YPOBEHb MHTEpKamsiuyu Makpomosiekyn [II1 B MexciioeBoe MpOCTpaHCTBO CIOMCTOTO CHIIMKATa
[0 Mepe YBEJIUYEHHS €r0 COACPKaHU 3aMETHO YMEHBILACTCS.

B memoM, Takas  KapTHHa  CTPYKTypooOpa3oBaHWsi  3aBepluaercs  (QOpMHUPOBAHHEM
WHTEPKAIMPOBAHHBIX HAHOKOMIIO3UTOB, €CTECTBEHHO, 00hEM MOJIMMEPHOH ()a3bl, BOBICUEHHOW B TIOAOOHYIO
CTPYKTYPY YBEIMUUBACTCS PH MOBBIILICHUH KOHLEHTPALIUH CJIOUCTOTO CHIINKATA.

= PP/Cloisite20A 95/5
— PP/Cloisite20A 97/3

510’

440

6
34104

Intensity

210%

1410

28

Puc. 1. Juppaxmoepammol moougpuyuposannozo ciroucmozo cuauxama (1) u Hanoxomnosumos
noaunponuieHa ¢ cooepaicanuem eaunvl 5 % (2), 3 % (3), 1 % (4).
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Cnemyer 3aMeTuTh, 4YTO CTENEHb HHTEPKANalWh, Oe3yCIOBHO, Hamboyiee BBICOKA BIUIOTH [0
sKkc(oNHMauu B MPUCYTCTBUM KOMITATUOWIU3aTopa (B Cllyyae MCIOJIB30BaHUS MajeuHusupoBanuoro I111)
[22-24], ommako u g uucroro IIII, Omaromgaps MOABMKHOMY aTOMy BOJOPOJa METHIBHOH TPYIIIIBI
HaOmoaeTcs cnabbplii ypOBEHb HHTEPKAISAIINHN, KOTOPBI HE3HAUYNTEBHO YCHIIMBAETCS IO MEepPE TOBBIIICHUS
IITP.

PaccmoTpum TepMuyecKkoe MOBEICHHUE UCCIEAYEMBIX HAHOKOMITO3UTOB.

B tabmume 1 mpencTaBieHB OCHOBHBIE TEMIEpaTypHBIE XapaKTEPUCTHKM TaKHX, KaKk TeMIepaTypa
Hayajla TIpoIecca TMOTeph Macchl — Ty, TemmepaTypa IUaBiIeHHS — Tm, dHTaIbIUS maBieHus — AHm,
onpenenenusle 1Mo KpuBbiM JICK; cKOpOCTh MakCHMajabHOM MOTEPH MAacChl — Vmax, TEMIIEpaTypa
MaKCHUMaJIbHONH CKOPOCTH MOTEPU MACChl — Imax HA TaK HA3bIBAEMOM «TOUYKE Meperru0ay», BBISBICHHBIC 11O
kpuBbiM [[TT; Benmuuunbl temmnepaTyp Ts, Tio, T20, T30 oTMeueHHBIX 1Mo KpuBbIM TI', mCCleIOBaHHBIX
o0pa3sioB: ucxoanoro UIIII, koMIO3UTOB 1 HAHOKOMITO3UTOB Ha €r0 OCHOBE.

Taémuua 1. Tepmuueckre XxapakTEepUCTHKH KOMITO3UTOB Ha OCHOBE MoNUIponriieHa Mapku J-150.

. Ton, Tm, AHp, Tmax, Vmax; Ts, Tho, Tho, Tho,
Ne IPPIFT o °C kJkg | °C %s! |°C  |°C oc |oc
1 100/0 241.1 | 158.8 | -46.61 390.6 |-0.138 | 281.2 |298.4 |320.9 | 338.1
2 99/1 2485 |161.0 |-78.22 439.7 |-0.141 | 290.1 | 311.9 342.3 | 364.6
3 97/3 233.6 |159.1 | -55.33 430.1 |-0.184 | 284.7 | 308.6 340.9 | 365.3
4 95/5 238.2 | 1576 |-64.23 431.8 |-0.216 | 298.9 | 325.7 354.0 | 374.1

Ha puc. 2 mokaszaHel 3KcriepuMeHTaldbHbIe KpuBble TI mepeudcleHHBIX Bblie 00pas3noB. OHU
WUTIOCTPUPYIOT M3MEHEHHsS MacChl 00pa3IoB Kak (yHKIHIO OT Temmeparypsl. [lo pucyHKY BUAHO, 4TO
MOTEPY MAacChl HAYMHAIOT MPOCIICKHUBATHCS JIJIS KAKI0T0 00pasiia mo-pa3HoMy B MHTEpBaje TeMIepaTyp OT
233.6 (oOpa3en 3) mo 248.5 °C (obOpaser 2).

HavansHble TeMnepaTypsl MOTEPU MaCCHI JJIsi 00pa3I[0B pacIoiaraloTcs B psAIy M0 Mepe uX pocra: Ne
3(233.6°C), Ne 4 (238.2°C), Ne 1 (241.1 °C), Ne 2 (248.5 °C). HaumeHee CTOMKHI K TEPMOOKUCITHTEILHOM
necTpykiuu  HeHarnosHeHHbIH [1I1, HamOonee CTOWKHE — WHTEPKAIMPOBAHHBIM HAHOKOMIIO3UT C
comepxkanuem 1 wmac. %. [locrmeanee, Ha Haml B3IJISA, CBS3aHO C TEM, YTO MPAKTHUYECKH BCE YACTHIIBI
MOHTMOPHUJUIOHUTA YYacTBYIOT B Ipouecce uHTepkamsauuu Makpomosekya IIIT B MII crnouctoro cunmkara.
To ecThb ycuiieHre 0apbepHBIX CBOHCTB MHTEPKATUPOBAHHBIX CTPYKTYP B OrpaHn4eHur Aupdy3un MOJIEKyI
KHcIopona B 00beM oOpasia MmakcumanbsHoe. [1o mepe noBbitienuss CC Hapsay ¢ yBenHueHHEM 00beMHOMN
JIOJT UHTEPKAJIMPOBAHHBIX CTPYKTYP (TIOJIOKHUTENBHBIN (PaKTOp) MOSBISIOTCS PBHIXJIBIE arperaThl YaCTHII, HE
YYacTBYIOIIME B 3TOM Ipoliecce (oTpunartenbHerid Qakrtop). [locienHre HUBETUPYIOT MOJIOKUTENbHBINA
3G GEKT MHTEPKATUPOBAHHBIX CTPYKTYp, SBISISCH OYaraMH Hadajia TepMOOKHCIHMTENBbHOW JecTpykiuw.
HAaoO0OpOT, B MHTEpBAJEC HCCIECAOBAHHBIX TEMIIEpaTyp [0 Mepe YBEJIWYEeHUs OObEMHOH J0Ju
MHTEPKAIMPOBAHHBIX CTPYKTYP CTOMKOCTh K TEPMOOKHCIUTENBHOM JeCTpyKIMH 00pa3ioB BO3pacTaeT B
pany 1; 2; 3; 4. llomy4eHHble pe3yJbTaThl CBUAETEIHCTBYIOT, YTO COOTHOIIEHHE «OOBEMHAas OIS
WHTEPKAIMPOBAHHBIX  CTPYKTYP»/«JIOJISl  arperHpOBaHHBIX YaCTHI[ CIOUCTOTO CHIJIMKATa»  SIBIISETCS
KIIIOYEBBIM (PaKTOPOM, ONPEACISIONIMM TEPMHUYECKOE MOBEJACHUE WHTEPKATUPOBAHHBIX HAHOKOMIIO3HTOB
III1.

Crnabast CTOMKOCTP K  TEPMOOKHCIUTEIBHOM  JIECTPYKIMU  HaOmomaercs y  MCXOJHOTO
(wenamostnenHoro) ITIIT [25]. Paznuune mexay croiikocteio mcxoanoro [II1 m HamomHEHHBIX 0OpasloB B
00JIaCTH MPOTEKAHUS TEPMOOKUCIUTENLHON IECTPYKLUH ITPpH Temreparypax Boiiie 240 °C MOXET 10CTUraTh
1o 36°C.

Puc. 3 mpencraBusier coboii Habop oskcmepuMeHTanbHbIX KpuBbIX [ATIT paccmarpuBaeMbix

o0pa3ioB. KpuBble MOKa3bIBAIOT 3aBUCUMOCTh CKOPOCTH TIOTEPH MAacCChl UCCIEAYEMBIX OOBEKTOB OT
TeMriepatypel. B coBokymHOCTH ¢ KpuBBIMH T OHM JOMONHAIOT M yTOYHSAIOT XapakTep IMPOTEKAOINX
MIPOIIECCOB TPH TEMIIEPATypPHOM CKaHMPOBAHUU HCCIIEyeMbIX OOBEKTOB MO W3MEHEHHSIM MacChl H

CKOPOCTHU €€ UBMECHEHHUS.
I[To pucynky BumHO, dYTO ¢opMa AECTPYKIIMOHHOTO TIMKA CKOPOCTH W3MEHEHHUS MacChl
HEHAIOJHEHHOT0 00pasia 1 BhIAEISCTCS OT MOJIOOHBIX ITMKOB TPEX KOMIIO3UTHBIX 00pa3IoB.
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Iluk wucxomnHoro obOpasuma 1 uMeeT MOHOMOJANBHBIM BUA C HaJUMYUEM I[PU3HAKOB HECHJIbHOM
aCUMMETpPHUM, YTO YKa3blBA€T HA IIOYTH OAHOPOIHBIM XapakTep MPOTEKAHUs TEPMOOKUCIUTEIbHOU
JECTPYKIUH C OTHOCHTENBHO YMEPEHHOIH MHTEHCHBHOCTBIO. [log00HKIH muk oOpa3na 2 (C MUHUMAIbHBIM
coJiep)kaHUEeM CJIOMCTOTO CHJIMKAaTa) MO0 MHTEHCHBHOCTH YyTh BBIIIEC MpeAblaylIero obpasuma ¢ CHIBHOU
acUMMETpHEH, KOTOpasi CMEILaeT BEPIIMHY IIMKa B CTOPOHY BBICOKHMX TEMIEpaTyp. DTO yKa3blBaeT Ha To,
9T0 maxke HeOombimas gobaBka (1 mac. %) HEOPraHWYECKOTO HATOJIHUTENS, BBEJSHHOTO B TIOJIHMEpP
croco0OHa MOBBICUTH BETMYMHY TEMIIEPAaTypbl MAaKCUMANIBHBIX 1TOTEph Macchl Ha 49.1 °C (cm. Tadm. 1).

Hectpyknuonnsle muku KpuBblXx JTI' HamomHeHHBIX 00pa3loB HA HHU3KOTEMIIEPATYPHOM KpBLIe
HUMEIOT AOIONHUTENbHbIE ciladble tieun. Takas MyJpTUMOJanbHas (hopMma MUKa, IO-BUAUMOMY, CBsI3aHa C
OTJIMYUTENBHBIMU CTPYKTYPHBIMH XapakTepUCTUKaMH (MaKpOMOJIEKYJIb oJo0Hoe ucxoanomy 111, BOIM3M
MOBEPXHOCTH YaCTHIl U HHTEPKaJIUPOBaHHEIE) [26].

Ilo mMepe moBbIMICHUS COAEPKAHUSI HEOPIaHUIECKOH KOMIIOHEHTH B KOMIIO3UTE 3aMETHBIM 00pa3oM
YCUJIMBAETCs] NHTEHCUBHOCTh MUKa CKOPOCTH TOTEph. MI3MeHeHne conepxanus HanoiaHuTens ¢ 1 1o 5 mac.
% TPUBOJUT K MOBBIIICHUIO MAaKCUMaIbHOM CKOPOCTH ITOTEPH Macchl KOMIO3uTa Oojee ueM B 1.5 pasa (puc.
3, Tabm. 1).
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Ha puc. 4 mpuBenensr kpussie JICK paccmarpuBaembix 00pa3IoB, TOKa3bIBAIOIIHE XapakKTep
Teri000MeHa (pOoTeKaHUe IHI0- M 9K30- 3(Q(HEKTOB U MX TIIYyOMHY) HMCCIIECAYEMBbIX OOBEKTOB B IIPOIECCE
TeMmIreparypHoro ckanupoBaHus. C MpakTUYECKOW TOYKH 3pEHUsI HAMOOBIINK HHTEPEC MPEICTABISET YacTh
pHUCYHKa, OXBaThIBaroImas 00JacTh TeMIlepaTyp A0 Hadajia CyHIECTBEHHBIX morepb macchl (oT 130 mo 260-
280 °C). B stoM oOTpe3ke TeMmIepaTyp HMEET MECTO SHIAOTEPMHUUYCCKHUH IHUK IIJIABJICHUS IOJUMEPHON
MaTpHUIIbl, KOTOpPBIA Jajee YyCTymaeT MECTO Hayally OKHCJICHHUS, €ro pa3BUTHI0 U IEpexody K
TEPMOOKHUCIIUTENFHON JecTpyKUUH. J[BM)KeHHE KPHUBBIX Ha PHUCYHKE HadaB CBOW XOJ M3 OJHOW TOYKH,
Jlabllle MMEIOT MPOJIOJDKEHUE Ha Pa3HbIX YPOBHSIX OT TaK Ha3bIBaeMOW 0a3oBoW nuHHU. UeM BbIIIE X0
KpHUBOH — TeM B OOJIbILIEH cTerneHu oOpasel NoABEP>KEeH MPOLECCY OKUCIICHHS.

BcrnencTBue OTHOCHTENBHO BBICOKOM — PEaKIMOHHOW CIIOCOOHOCTH TPETHYHBIX aTOMOB BOJOPOZAA B
MOJIUIIPOTTHIIEHE ATOT IOJMMEP YYBCTBUTEJICH K HE3HAYUTEIPHOMY OKHCJICHHIO, MPOUCXOSIIEMY B
TIpoIIecce MOyUeHUs, XpaHeHus U mepepadboTtku [27].

Ilo pucyHky MOXHO BHUIETh, YTO MEHEE BCETrO, KaKk M OXHJAIOCh, MOJBEPKEH OKUCIECHUIO 00paser 2
(comepxamuit 1 mac.% wHamoxHmTens), OGonee Bcero — obpazer 1 (0e3 HamomHuTens). OcTaibHBIC JBa
o0pasia HaxoJATCsl B IPOMEKYTOYHOM COCTOSHUH IO CTETICHH OKUCIIEHHUS C HEOOIBIIINM MPENMYIIIECTBOM B
noJs3y obpasua 4 (5 mac.% HamoIHUTES).
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Puc. 4. DxcnepumenTanbhbie kpuBbie JICK ncciieoBaHHBIX 00pa3IioB
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Takoe moOBeZeHWE COTJIACYeTCS CO CTPYKTYPHBIMH JaHHBIMH, a WMEHHO, CTENEHb HHTEPKAJSIINU
Makpomodekyn I1I1 B mexciioeBoe mpocTpaHCTBO TJIMHBI CHOCOOCTBYET K PACHOJIOKEHHIO KOMIIO3UTOB C
coJiep)kaHueM TIWHBI B psgy 1 mac. %, 3 mac. %, 5 mac. % (puc. 1), T.e. OapbepHble CBOMWCTBa
WHTEPKAIMPOBAHHBIX CTPYKTYP, (BOBJICUCHHBIX B MEKCIIOCBOE MTPOCTPAHCTBO) HUBEIUPYIOT MO0 MEpEe pocTa
coJiep>KaHusl TJIMHBI M3-32 IPUCYTCTBHS arperipOBaHHBIX YaCTHUII MOHTMOPHJJIOHUTA.

Ha ocHOBe KOJIMYECTBEHHBIX MaHHBIX (3HAUCHUH XapakTepucTHueckux temrepatyp Ts, Tio, T2o, Tao),
MOJYYCHHBIX M0 TEPMOTPABHUMETPUYECKAM KPUBBIM MOXKHO COCTaBHTH CBOJHBIH Ha0Op AMarpamMMm Hx
3aBHCHUMOCTH OT KOHLEHTPALUH CIOUCTOrO CHIIMKATa B KOMIIO3UTE (pHC. 5).

PucyHok HarnsaHO JEMOHCTPHUPYET 3aMETHBIM IOJBbEM CTOHKOCTH K TEPMOOKUCIUTEIHLHON
JNECTPYKIMKM TPH TIepexojie OT HEHAIOJHEHHOro  obOpasma 1 k oOpasiyy 2, comepxkamiemy 1 mac. %
HanonHuTens. [lanpHelinee yBenMueHHE KOHIIEHTPAIMU CIOHUCTOrO CHJMKara jo 3 u 5 mac. % Maio
CHOCOOCTBYET TIOBBILICHUIO CTOMKOCTH, a B HEKOTOPHIX ciydasx (mpu 3 mac. %- HOM COJEpKaHUHU
HanoHuTeNnsT Ha KpuBbIX Ts, Tip m Too) NPOUCXOMUT HE3HAYUTEILHOE OTHOCUTEIFHOE CHIIKCHHE
TEPMOCTOMKOCTH, KOTOPOE IMOCTEIICHHO NCYE3aeT M0 Mepe Imepexoja K KpuBbIM Tao.

Ilo puc. 5 Habmogaercsi TEHASHLMS POCTa PA3HOCTU TEMIIEPATyp MEXAY HEPBBIMHU JABYMsI TOUKAMHU
KOHIIEHTPALIMOHHBIX 3aBUCHMOCTEH M0 Mepe MnepexoAa B 00J1acTb NOBBIIICHHBIX 3HAYCHUH TeMIIEpaTyp.

OCHOBBIBasICh Ha pe3yJibTaTaX, H3BICUEHHBIX U3 KCIIEpUMEHTANBHBIX KpUBBIX [ITT, ObTH MOCTpOEHBI
KOHIIEHTPAIIMOHHBIE 3aBUCUMOCTH Tmax ¥ Vmax, KOTOpBIE IIOKa3aHBl HA pUC. 6. 3HAK «MHHYC» B 3HAYCHMAX
vmax B Ta0J1. 1 1 Ha puc. 6 yKa3pIBaeT Ha yOBbLIb Macchl.

Xoa M3MEHEHHH 3aBUCUMOCTH 2 pUC. 6 IMEET 0OpaTHBIN XapaKTep M0 CPAaBHEHHIO C 3aBICHMOCTEIO 1.
Ecmu mepexoy kpuBoii Tmax ot HenanoxaeHHOro [T kK KoMIo3uTaM UMeeT ckaukoobpa3ublit Buj (AT=49.1
°C), a mepexobl MeX1y pPa3HbIMH KOMIIO3UTAMH OTMEUYAIOTCSI MUHUMAJIbHBIMA U3MEHEHHUSIMHU TEMITEPaTyphl
(AT=1.7-9.6 °C), To B cimydae KPHUBOH Vmax NEPEXOJ OT YHCTOTO TMOJHMEpa K HAIOJIHEHHOMY
COIPOBOXK/IAETCS MUHHUMAIBHBIM U3MeHEeHUEM (Avmax =0.003 %-s-1), a Mex/1y HallOJTHEHHBIMU 00pa3aMu —
PE3KHM POCTOM CKOPOCTHU MOTEPU MACCHI (AVmax=0.032+0.043 %-s-1).

Ha puc. 7 npuBeneHs! 3aBUCHMOCTH TEMIIEPATY bl IaBieHus Tm (KpruBas 2) U SHTAIBINH [UIaBICHUS
AHp (xpuBast 1) oT comeprkaHus TJIMHBI B HATIOJTHEHHON cucTeMe Ha ocHoBe naHHBIX JICK.
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[Ipu BBemenum nepBoii moprmm HamomHUTens (1 mac. %) HaOmomaeTcss 3aMETHOE IOBBIIICHHE
TEeMIIEpaTyphl IDIABICHUS, 3aTeM 3-X %-Has 100aBKa CHIDKAET BETMYMHY Tm IMOYTH 10 YPOBHS HCXOHOTO
3HAYCHUS M JAJbHEUIICE MOBBIIICHUE COJCPKAHUS MHUHEPAIBHOTO KOMIOHEHTa (5 Mac. %) mpojoinkaer
TEHJICHIIMIO CHIKCHHUSI TeMITepaTyphl TiasiaeHus 10 157.6 °C. OnucaHHasi KOHIICHTPAIMOHHAS 3aBUCUMOCTb
Tm MONHOCTBIO cOTIAacyeTcs C MHOTOYHCIEHHBIMH HJUTFOCTPAIVSIMK, TPHUBEICHHBIMH B pabortax [28],
MOKa3bIBAIOIINMHE BIUSHUE (HOPMHUPYEMBIX CTPYKTYP KPUCTAIUIU3YIOIIUXCS OJTUMEPOB (B ToM uucie u [111)
Ha pa3Mepbl KPUCTALUTUTOB, TEMIICPATypy TUIABJICHUS,

-0.14 TeMIEPATypy KPUCTAILIIU3ALUH.
L 440
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KpuBas 1 puc. 7, moka3piBaromiasi BIWSHUE COJAEPXKaHMS HAIOIHUTENS Ha 3HTAJBIIHIO TUTaBICHHUS
MTOJIMMEPHOIN MaTPUIIBI, U3MEHSETCS TOYTH cuMOaTHO ¢ KpuBoi 2. [lo Benmumne AHm MoXHO cynuTh 00
W3MEHEHUSIX CTETIEHH KPUCTAIMYHOCTH UCCIIEI0OBaHHBIX 00Pa3IOB.

Tak kak cTeneHb KPUCTAJUIMYHOCTH Y SIBIISETCS Mpou3BOAHON OoT AHm, TO ymcioBoe 3HaueHHE
MEHSETCS MPONOpHuOoHaIbHO BennunHe AHm. Kak BumHO 3apopiiieoOpasyromue GyHKIMH s oOpasia 2
SIBHO BBIJICIISIFOTCSL.

BbiBoabl. BpisiBieHO, 49TO TepMmHuecKas CTaOWIBHOCTP HAHOKOMIIO3UTOB Ha BCEM WHTepBaje
WCCIIETIOBAHHBIX TEMIEpaTyp 3HAUNTENbHO BhIIe ncxogHoro 111, mpu 3Tom Takoe moBeieHue OnpeensaeTcs
COOTHOILIECHHEM “00beMa MOJUMEPHOH (ha3bl, y4acTBYIOIIEH B MpollecCce MHTEPKAISLMHA MaKpOMOJEKYJ B
MEXCJIOEBOM IPOCTPAHCTBE CJIOMCTOTO CHJIMKaTa” / “HONd arioMepUpOBaHHBIX YaCTHIl CIIOHCTOTO
cwirkara”. B o6macTi ManbIX KOHIIEHTPALWH CIIOMCTOTO CHJIMKAaTa OTCYTCTBHE ariIOMEPHUPOBAHHBIX YaCTHI]
u OaprepHOro 3¢ eKTa MHTEPKATUPOBAHHBIX CTPYKTYP BechMa 3(p(peKTUBHO cMemaeT Temneparypy Hadana
TEPMOOKHUCIUTENILHON JECTPYKIMH B CTOPOHY BBICOKHX Temmeparyp (no 500°C), mo mepe yBenudeHus
KOHIIEHTPAIMHN CIIONCTOTO CHJIMKaTa JaHHOE COOTHOIICHWE YMEHBINAeTCS 3a CYeT YBENIWYeHHS 10NN
arperupoBaHHBIX YACTHIl MTOITOMY XapaKTEepPUCTHUYECKas TeMIlepaTypa MOTepH Macchl B HHTepBane 5-30
Mac.%. coxpaHseTca Ha YPOBHE MOJIHOCThIO MHTEPKAIUPOBAHHON CTPYKTYPHI.
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GaAs/GalnAs/GalnP/AlGaAs GETEROSTRUKTURALARNING
MODELLASHTIRISH NATIJALARI
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Andijon davlat universiteti tayanch doktoranti
xurmatilloizzatillayev956@gmail.com
Quchgarov Behzod Hoshimjonovich,
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Annotatsiya. Ushbu ishda GaAs/GalnAs/GalnP/AlGaAs geterostrukturalarining fotoelektrik
xususiyatlari SCAPS-1D dasturi orgali modellashtirildi. Simulyatsiya jarayonida gatlamlarning galinligi,
doping darajalari, band gap energiyasi va rekombinatsiya jarayonlari hisobga olindi. Natijalar energiya
zonalarining optimal moslashuvi oqim zichligini oshirishi, rekombinatsiya yo ‘qotishlarini kamaytirishi va
qurilmaning umumiy samaradorligini yaxshilashini ko ‘rsatdi. Tahlillar GalnP yuqori energiyali fotonlarni,
Gads o ‘rta spektrni, GalnAs esa infraqizil diapazonni samarali yutishini tasdigladi. AlGaAs qatlami optik
yo ‘qotishlarni  kamaytirishda muhim rol o ‘ynadi. Modellash natijalavi 37% atrofidagi yuqori
samaradorlikka erishish imkonini ko ‘rsatdi hamda eksperimental qiymatlar bilan yaxshi moslikka ega
bo ‘Idi.

Kalit so‘zlar: GaAs/GalnAs/GalnP/AlGaAs geterostrukturalari,Multi-junction quyosh elementlari,
SCAPS-1D modellashtirish,Band gap energiyasi, Energiya zonalari moslashuvi,Oqim zichligi (Jsc), Ochiq
zanjir kuchlanishi (Voc), Rekombinatsiya yo ‘qotishlari,Optik yo ‘qotishlar, Samaradorlik (n), Fotoyutilish
spektri,Hetero-o ‘tishlar fizikasi, Yugori samarali fotoelementlar

PE3YJIbTATbBI MOAEJIMPOBAHUSA TETEPOCTPYKTYP GaAs/GalnAs/GalnP/AlGaAs

Aunnomanus. B danHou  pabome nposedeHo Mooenuposarue 2emepocmpyKmyp
GaAs/GalnAs/GalnP/AlGaAs ¢ ucnonwsosanuem npocpammur SCAPS-1D. B npoyecce moodenuposanus
VUUMBIBANUCL MONUWUHA CNOEG, KOHYESHMPAYUU J1eUPOSAHUS, WUPUHA 3aNPEUEHHOU 30HbL U MeXAHUIMbL
pexombunayuu. Peyiomamul nokasanu, ymo onmumanbHoe CO21aCO8aHUe IHEePemuteckKux 30H nogvluuaem
NIOMHOCMb  MOKA, CHUMCAem pPeKOMOUHAYUOHHble nomepu u yayuuiaem odwyro 3pghexmusnocms

CMPYKMypbi.
Ananuz noomeepoun, umo GalnP >¢pghexmusno noznowaem gvicoxosnepeemuueckue gomonsi, GaAs
— cpedHull cnexmpanvHulli ouanazon, a GalnAs — umgpaxpacnyio obnacmo, croi AlGaAds cuudcaem

onmuueckue nomepu. Mooeruposanue noxaszano 603modxcHocmv Odocmudicenus KIIJ oxono 37% npu
Xopouiem cOomeemcmeuy ¢ IKCHePUMEHMANbHLIMU OAHHBIMU.

Knrouesvle cnosa: cemepocmpyxmypor GaAs/GalnAs/GalnP/AlGaAs, mHoeonepexoouvie conHeunble
anemenmul, mooenuposanue SCAPS-1D, wupuna 3anpeuwéHnotl 30Hbl, CO2NACO8AHUE IHEPLEMUUECKUX 30H,
niomuocmes  gpomomoxa (Jsc), umanpsicenue pazomxnymou yenu (Voc), pexombunayuonmvie nomepu,
onmuueckue nomepu, 3PpexmusHocms Gomonpeobpazoeanus (1), cnekmpanvbrHoe nozloweHue, QusuKa
2emeponepexo0os, 8biCoKo3(ppexmusnbvie pomosnekmpuiecKue yCmpoucmad..

SIMULATION RESULTS OF GaAs/GalnAs/GalnP/AlGaAs HETEROSTRUCTURES

Abstract. This work presents the simulation of GaAs/GalnAs/GalnP/AlGaAs heterostructures using
the SCAPS-1D software. The modeling considers layer thicknesses, doping concentrations, band gap
energies, and recombination mechanisms. The results show that optimal band alignment improves current
density, reduces recombination losses, and enhances the overall device efficiency.

The analysis confirms that GalnP absorbs high-energy photons, GaAs covers the middle spectral
range, and GalnAs effectively absorbs infrared photons, while the AlGaAs layer minimizes optical losses.
The simulated structures demonstrate the potential to achieve efficiencies around 37%, showing good
agreement with experimental data.

Keywords: GaAs/GalnAs/GalnP/AlGaAs heterostructures, multi-junction solar cells, SCAPS-1D
simulation, band gap energy, energy band alignment, photocurrent density (Jsc), open-circuit voltage (Voc),
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recombination losses, optical losses, photovoltaic efficiency (#), spectral absorption, heterojunction physics,
high-efficiency photovoltaic devices.

Kirish. Geterostruktural fotoelektrik generatorning modellashtirilgan modeli asosida olingan natijalar
quyosh nuri ta’sirida sodir bo‘ladigan fotoelektron jarayonlarning fazoviy tagsimoti, tok—kuchlanish
bog‘lanishi va samaradorlikning o‘zgarishini har tomonlama tavsiflab beradi. Ushbu natijalar COMSOL
Multiphysics va SCAPS-1D muhitlarida yechilgan differensial tenglamalar asosida olingan.

Modelda har bir gatlam (GalnP, GaAs, GalnAs, AlGaAs) uchun elektr potensial, tashuvchilar
konsentratsiyasi, tok zichligi va energiya to‘siqlari alohida hisoblangan. Natijalar asosida struktura bo‘yicha
fotoelektron ogimining yo‘nalishi, yutilgan fotonlar soni va harorat ta’siri tahlil qilindi.

Asosiy gism. Modellashtirish natijasida hosil bo‘lgan I-V xarakteristika quyosh elementining ishlash
tamoyilini to‘liq ifodalaydi. Grafikning boshlanish nuqtasida gisga tutashuv toki (Jsc), so‘ngra ochiq zanjirda
Vo gqiymati kuzatiladi.

1.jadval. Hisoblash natijalariga ko‘ra:

Qatlam Eg (eV) Jsc (mA/cm?) | Voc (V) FF n (%)
GalnP 1.85 14.2 1.13 0.86 16.0
GaAs 1.42 18.7 1.05 0.85 18.9
GalnAs 1.00 22.4 0.87 0.84 20.5
Ko‘p qatlamli tizim o o o o 374
(GalnP/GaAs/GalnAs) '
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1-rasm.“GalnP, GaAs va GalnAs qatlamlarining energetik fotoelektrik ko‘rsatkichlari bo‘yicha
3D taqqoslash grafiki”

Natijalardan ko‘rinadiki, alohida qatlamlarning samaradorligi 16-20 % oraligida, biroq ularni ketma-
ket ulash orqgali samaradorlik 37,4 % gacha oshadi. Bu holat har bir qatlamning quyosh spektrining ma’lum
diapazonini yutish gobiliyati bilan izohlanadi.

I-V grafigining egri chizig‘i ideal fotoelementlarga xos shaklga ega bo‘lib, fill factor (FF) 0,85 dan
yuqori giymatga ega. Bu, rekombinatsiya yo‘qotishlarining pastligi va elektron tashuvchilarning
harakatlanish samaradorligi yuqoriligini ko‘rsatadi.

Quvvat—kuchlanish (P—V) bog‘lanishi quyosh elementi ishchi nuqtasini aniqlashda muhim ahamiyatga
ega. Grafikda quvvat dastlab ortadi, so‘ngra maksimal giymatga yetib, pasaya boshlaydi. Bu nuqtada hosil
bo‘lgan kuchlanish va tok mos ravishda Vi, va I deb belgilanadi.

Pmax=VmxIm (1)

Olingan natijalar bo‘yicha maksimal quvvat 0.032 W/sm? ni tashkil etdi, bu esa umumiy samaradorlik
n=37.4% ga mos keladi.

P-V grafigi tahlilida aniglanishicha, maksimal quvvatga erishish kuchlanish Vn=0.92V va tok zichligi
Im=17.8 mA/sm?da yuz beradi.

Spektral javob funksiyasi fotoelementning har xil to‘lqin uzunliklaridagi fotonlarga sezgirligini
ko‘rsatadi. Modellashtirish natijalariga ko‘ra:

¢ 350-500 nm diapazonda GalnP gatlam faol ishlaydi;

» 500-850 nm diapazonda GaAs gatlam yutilishning asosiy gismini tashkil etadi;
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¢ 850-1200 nm diapazonda GalnAs infragizil nurlarni yutadi.

Spektral samaradorlik grafigida yutilish koeffitsiyenti a(A)ortishi bilan fotojavob (QE) 0,92-0,95
oraligéida o‘zgaradi, bu esa fotonyutilishning 92-95 % samaradorlikda amalga oshayotganini
ko‘rsatadi.Modelda qatlamlar orasidagi elektr maydonning tagsimoti ham hisoblangan. Eng katta elektr
maydon GalnP/GaAs interfeysida kuzatilgan (taxminan 2,8x10° V/cm). Bu to‘siq (heterobarrier)
fotoelektronlarni ajratib, ularning qayta rekombinatsiyasini kamaytiradi. Natijada tashuvchilar yo‘qotilishi
minimal bo‘ladi.

Elektr potensialning fazoviy tagsimoti o(x)\varphi(X)e(x) grafigi modellashtirishda silliq o‘tish
xususiyatini ko‘rsatadi, bu esa qatlamlar o‘rtasida panjara mosligi (lattice match) yaxshi ekanini bildiradi.

Tahlillar shuni ko‘rsatdiki, harorat 300 K dan 350 K gacha oshganda:

¢ V,1.10 V dan 1.03 V gacha kamayadi (—2,1 mV/K);

e Jsc esa biroz ortib, 18.7 dan 19.1 mA/cm? gacha ko‘tariladi;

o Umumiy samaradorlik 37.4 % dan 36.2 % gacha kamayadi.

Bu issiglik rekombinatsiyasining ortishi va tashuvchilar hayot davrining gisgarishi bilan izohlanadi.
Shu sababli, geterostruktura tizimlarida issiglik targatish tizimi (heat sink) muhim ahamiyatga ega.

Modellashtirish natijalari asosida quyidagi ilmiy xulosalarga kelindi:

¢ Har bir qatlamning band gap qiymati to‘g‘ri tanlanganda, fotoelektrik yutilishning spektral gamrovi
95 % dan yuqori bo‘ladi;

¢ Elektr maydon tagsimoti va energiya to‘siglari elektron tashuvchilarni samarali ajratadi;

 Harorat oshishi samaradorlikni pasaytiradi, ammo 315 K atrofida tizim optimal ishlaydi;

« Modelda hisoblangan samaradorlik (n = 37.4 %) tajriba natijalari bilan 3 % farqg ichida mos keladi.

GaAs/GalnAs/GalnP/AlGaAs geterostrukturalarning modellashtirilgan natijalari ko‘rsatadiki, bu tizim
yugori kvant samaradorlik, past rekombinatsiya tezligi va bargaror elektr xususiyatlarga ega.Shunday qilib,
modellashtirish natijalari fotoelektrik generator samaradorligini oshirish uchun gatlam parametrlari va
harorat sharoitlarini optimallashtirish zarurligini ko‘rsatdi.

Harorat va yorug‘lik intensivligining samaradorlikka ta’siri

Geterostruktural fotoelektrik generatorlarning samaradorligi tashgi muhit omillariga-harorat, yorug‘lik
oqimi, spektral tarkib va nurlanish burchagiga sezilarli darajada bog‘liqdir. Ayniqgsa, harorat (T) va yorug‘lik
intensivligi (P,) tizimdagi fotoelektron jarayonlarga to‘g‘ridan-to‘g‘ri ta’sir ko‘rsatadi. Shu sababli,
modellashtirish natijalarini harorat va yorug‘likning o‘zgarishi sharoitida tahlil qilish geterostrukturali
panellarning ishlash bargarorligini aniglashda muhim ahamiyatga ega.

Yarimo‘tkazgichli geterostrukturalarda harorat ortishi bilan tashuvchilarning harakatchanligi ()
kamayadi, rekombinatsiya ehtimoli esa ortadi. Buning natijasida ochiq zanjir kuchlanishi (Vo) kamayadi,
gisqa tutashuv toki (Jsc) esa biroz ortadi.Harorat o‘zgarishining samaradorlikka ta’siri quyidagi empirik
bog‘lanish orqali ifodalanadi:

Voe(T)=Voce(To)—B(T-To) (2)

bu yerda p~2.2 mV/K Ty=300K-nominal harorat.

Modellashtirish natijalariga ko‘ra:

¢ 300 K da Voc=1.10 V;

e 325 Kda Vo=1.04 V;

¢ 350 K da Voc=0.98 V.

Demak, harorat 25°C ga oshganda V. giymati taxminan 0,12 V ga pasayadi, bu esa samaradorlikning
3-4 % ga kamayishiga olib keladi. Harorat ortganda band gap energiyasi (Eg) torayadi, bu esa fotonlarning
yutilishini biroz osonlashtiradi va Jsc ning oshishiga sabab bo‘ladi.Bu jarayon quyidagi formula bilan
ifodalanadi:

bu yerda a va B-materialga bog‘liq koeffitsiyentlar (GaAs uchun: 0=5.4x10—4 eV, =204 K).

Natijada:

¢ 300 K da Jic=18.7 mA/sm?;

¢ 325 K da Jsc=19.1 mA/sm?;

¢ 350 K da Jsc=19.5 mA/sm?.

Ammo bu ofsish samaradorlikni to‘liq qoplamaydi, chunki V. pasayishining ta’siri ustun
bo‘ladi.Quyosh panellarida hosil bo‘ladigan tok zichligi yorug‘lik oqimi zichligiga (P,) deyarli chizigli
ravishda bog‘liq.Bu bog‘lanish quyidagi formula orqali ifodalanadi:

Jse=K-Pin (3)
bu yerda k — fotoyutilish koeffitsiyenti, Pin kiruvchi nurlanish quvvati.
Modellashtirish natijalariga ko‘ra:
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2-jadval. “Yorug‘lik oqimi kuchi oshganda geterostruktura fotoelementining asosiy
parametrlarining o‘zgarish jadvali”

Yorug‘lik intensivligi Pin (W/m?) Jsc (mA/cm?) Vo (V) n (%)
500 9.2 0.88 175
800 14.9 1.02 29.6
1000 18.7 1.10 374
1200 22.5 1.12 38.1

Ko‘rinib turibdiki, yorug‘lik kuchi ortganda Jsc chizigli, Voc esa logarifmik o‘sadi. 1000 W/m? dan
yuqorida esa to‘yinganlik holati kuzatiladi, bunda rekombinatsiya tezligi ortadi va samaradorlik deyarli
o‘zgarmaydi.Modellashtirish natijalariga ko‘ra, haroratning oshishi va yorug‘likning kuchayishi bir-biriga
garama-garshi ta’sir ko‘rsatadi:

» Harorat ortishi rekombinatsiyani tezlashtiradi va Vo ni kamaytiradi;

e Yorug‘lik oqimi ortishi esa tashuvchilar sonini ko‘paytiradi va Jsc ni oshiradi.

Natijada umumiy samaradorlik (n) quyidagi ko‘rinishda o‘zgaradi:

n= [:T: Pi'n) = T]'o[l - aT[:T - 300)]‘-1.9[1]!'11 - 1000] (34)

bu yerda @, = 0.004/K va ap = 0.0006/W - m~2-empirik koeffitsiyentlar.

Hisoblashga ko‘ra, 315 K haroratda va 1000 W/m? yorug‘lik ogimida tizim optimal ishlash rejimida
bo‘ladi.

Modellashtirish natijalari asosida quyidagi grafiklar tahlil gilindi:

o Voo—T grafigi — harorat oshganda kuchlanishning pasayish tendensiyasini ko‘rsatadi.

o Js—P, grafigi — yorug‘lik intensivligi ortganda tokning chiziqli o‘sishini ifodalaydi.

o 1T grafigi — harorat oshishiga qarshi samaradorlikning kamayish egri chizig‘ini beradi.

o 1P, grafigi — yorug‘lik kuchi ortganda samaradorlikning to‘yinganlik zonasiga kirishini ko‘rsatadi.

Natijalar quyidagicha umumlashtiriladi:

3-jadval. “Haroratga bog ‘lig fotoelektrik parametrlar (Voc, Jsc, FF, n)”

T (K) Voc (V) Jsc (mA/cm?) FF n (%)
300 1.10 18.7 0.86 37.4
325 1.04 19.1 0.85 36.5
350 0.98 19.5 0.84 35.6
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2.rasm. “Haroratning Voc, Jsc, FF va samaradorlik (1) ga ta’siri”
Xulosalar yuqoridagi modellashtirish natijalaridan shuni ko‘rsatadiki:Harorat ortishi samaradorlikni

2-3 % ga kamaytiradi, chunki rekombinatsiya va issiglik yo‘qotishlari ortadi,Yorug‘lik oqimining ortishi esa
1000 W/m? gacha samaradorlikni oshiradi, undan keyin to‘yinganlik bosqichi boshlanadi,Optimal ishchi
harorat 310-320 K atrofida bo‘lib, bu giymatda tizim eng yuqori quvvat bilan ishlaydi,Shunday qilib,
GaAs/GalnAs/GalnP/AlGaAs geterostrukturalar issiqlik va yorug‘lik o‘zgarishlariga nisbatan yuqori
bargarorlikka ega, bu ularni yuqori haroratli hududlarda qo‘llash imkonini beradi.
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Abstract. Advancing memristor technologies requires precise control over the structural, electronic,
and defect-mediated behaviors of oxide-based semiconductor materials.

In recent years, ZnO and its doped derivatives have gained significant scientific attention due to their
tunable electronic structure, strong sensitivity to external stimuli, and compatibility with next-generation
neuromorphic architectures. This study aims to investigate how controlled hydrostatic pressure affects the
phase evolution, lattice dynamics, and memristive characteristics of Mn-, Co-, and Cu-doped ZnO systems.
Using published studies focused on the effects of high pressure on modern semiconductor devices, the
influence of external factors on ZnO samples was evaluated through various approaches. The primary
results and numerical data were derived from these referenced works.

In-situ laser Raman spectroscopy measurements were performed on pure ZnO, Zno.ssMno.020, and
Zno.9sCo0.020 samples under pressures up to 18.6, 18.4, and 13.1 GPa, respectively. The main objective of
this study was to determine how small amounts of Mn and Co doping affect the tetragonal—octahedral
(wurtzite—rocksalt) phase transition of ZnO under high pressure.

Keywords: laser Raman spectroscopy, high pressure, doping, tetragonal-octahedral (wurtzite—
rocksalt) phase, phonon interaction.

BOSIM TA’SIRIDA YUZAGA KELUVCHI FAZAVIY O‘TISHLAR VA Mn HAMDA Co
BILAN LEGIRLANGAN ZnO STRUKTURALARINING MEMRISTIV XUSUSIYATLARI

Annotatsiya. Memristor  texnologiyalarini  rivojlantirish  oksid  asosidagi  yarimo ‘tkazgich
materiallarining struktura, elektron va nugsonlar bilan bog ‘lig xatti-harakatlarini aniq boshqarishni talab
etadi. So ‘nggi yillarda ZnO va uning dopen gilingan hosilalari o zining sozlanadigan elektron tuzilishi,
tashgi omillarga yuqori sezuvchanligi hamda yangi avlod neyromorf arxitekturalariga mosligi tufayli ilmiy
Jjamoatchilik e’tiborini kuchaytirdi. Ushbu tadqiqot Mn-, Co- va Cu-doplangan ZnO tizimlarida gidrostatik
bosimning fazaviy evolyutsiya, panjara dinamikasi va memristiv xususiyatlarga ko ‘rsatgan ta’sirini
o ‘rganishga qaratilgan. Zamonaviy yarimo ‘tkazgich qurilmalarida yugori bosimning roliga bag ‘ishlangan
adabiy manbalar asosida ZnO namunalarining tashqgi omillarga javobi turli yondashuvlar orgali tahlil
qilindi. Asosiy natijalar va sonli ko ‘rsatkichlar ushbu manbalardan olingan.

In-situ lazer Raman spektroskopiyasi orqali sof ZnO, Zno.ssMno.o:0 va Zno.ssCoo.020 namunalarida
mos ravishda 18.6, 18.4 va 13.1 GPa gacha bo ‘Igan bosimlarda o ‘Ichoviar amalga oshirildi. Tadgigotning
asosiy magsadi — Mn va Co kabi kichik migdordagi dopantlar ZnO ning yuqori bosim ostidagi tetragonal—
oktaedrik (wurtzit—ruksalt) faza o ‘tishiga ganday ta’sir ko ‘rsatishini aniglashdan iborat.

Kalit so“zlar: lazer Raman spektroskopiyasi, yuqori bosim, doping, tetragonal—oktaedrik (wurtzit—
ruksalt) faza, fonon o zaro ta’siri.

®A30BBIE IIEPEXO/IbI, MTHAYLHWPOBAHHBIE JABJIEHUEM, U MEMPUCTUBHOE
HOBEJAEHUE OKCUJAHBIX CTPYKTYP ZnO, JETUPOBAHHBIX Mn U Co

Annomayua. Pazgumue MeMpucmopHuvlx MexHoLo2ull mpedyem moyHo20 KOHMPOIA CIMPYKMYPHUBIX,
NEKMPOHHBIX U 0epeKm-0nOCPEOOBAHHBIX CBOUCE OKCUOHBIX NOJYHPOBOOHUKOGLIX Mamepuanos. B
nocneduue 20061 ZnO u e20 1e2upo8anHvle NpoU3BoOHble NPUSLEKAIOM 3HAYUNENbHOe 6HUMAHUe 011a200aps.
pezynupyemott 2NeKmpoOHHOU CMPYKmype, 6blCOKOU UYECMEUMENbHOCU K GHEWHUM 6030eUcmeusim U
COBMECMUMOCIU € APXUMEKMYPAMU HeUpOMOP@HbIX YCmpoucms H08020 nokonenus. Hacmosuwee
uccnedosanue HANPAGIeHo HA U3VHeHue GAUAHUS KOHMPOIUPYEMO20 2UOPOCAMUYECK020 Od6leHUs Ha
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azosyro sgomoyUI0, OUHAMUKY PEUEmKY U MeMpucmugHvle xapaxmepucmuru cucmem ZnQO, 1e2upo8aHHbix
Mn, Co u Cu. Ananus enuanusa eHewHux paxkmopos Ha oopasyvl ZnO 8bINOIHEH HA OCHO8E ONYOIUKOBAHHBIX
uccnedo8anutl, NOCEUEHHBIX PO BbICOKO20 OABNIEHUSI 8 COBPEMEHHBIX NOIYNPOBOOHUKOBLIX YCIMPOUCMBAX.
Ocnosnvie pe3ynbsmamol U YUCIEHHble OaHHbLE ObLIU NOYYEHbL U3 dITUX UCTOYHUKOS.

Hsmepenus in-Situ  nazepnoi  Paman-cnexmpockonuu  6vliu  npogedenvt  0as uucmozo ZnO,
Zno.9sMno.o20 u Zno.9sC00.020 npu oasnenusx 0o 18.6, 18.4 u 13.1 I'lla coomeemcmeenno. OcHoenas yenw
pabomuvl 3aKNI0UANACH, 8 ONpedeNeHUuU mo20, KAk Maavlie KonyeHmpayuu necupyrouux snemenmos Mn u Co
GAUAIOM HA MEeMPAcOHATbHO—OKMAI0pUudeckull (8lopyum—poxcoavm) gaszoeuitl nepexod ZnO npu 6biCOKOM
dasieHuu.

Knwouesvie cnosa: naszepnas pamanHo8cKasi CHEKMPOCKONUS, 6bICOKOE OdaGleHue, Necuposanue,
MempazoHaIbHO—OKMAIOPUYECKAs (8IOpYUmM—poxcoavm) gasa, 3aumooeicmesue PoHOHOS.

Introduction. Pure ZnO exhibited characteristic tetragonal phonon interactions, whereas Mn and Co
incorporation induced distinct local vibrational effects that shifted differently during compression. These
shifts indicate that Zno.ssMno.e2O and Zno.s7C00.030 undergoes a unique phase transition pathway, distinct
from those of pure and Co-doped ZnO. By correlating local vibrational features with structural evolution
under pressure, this work demonstrates the capability of Raman spectroscopy to probe changes in lattice
dynamics induced by doping. The obtained results provide deeper insight into how local lattice effects
influence phase transitions and serve as a guideline for designing ZnO-based materials with tunable
properties suitable for optoelectronic applications under high-pressure conditions To explore these
mechanisms, multilayer oxide structures—including ZnO, ZnMnO, ZnCoO, MnO, and MnCuO—were
synthesized on semiconductor and metallic substrates using sequential deposition technigques. Dopant
incorporation was carried out to induce local lattice distortions, modify the electronic density of states, and
introduce magnetic interactions relevant to memristor switching. Following growth, the samples were
subjected to controlled hydrostatic pressures in the 5-15 GPa range. Raman spectroscopy, structural
characterization, and pressure-dependent phase analysis were employed to evaluate the resulting
transformations.

L) |
30 40 60 60 70
Raman shift /cm!
Figure 1. The Raman analyst in ZnO-based
Our findings indicate that Mn- and Co-doped ZnO exhibit distinct, dopant-specific pressure-driven

behaviors. Mn doping introduces dual local vibrational modes, which strongly interact with the ZnO lattice
and mediate the transition from the tetragonal phase to an orthorhombic (octagonal-like) phase near 9 GPa.
Co doping, on the other hand, generates only a single local vibrational mode, resulting in a more moderate
shift in the phase transition onset pressure. These results demonstrate that d-electron configuration, ionic
radius, and dopant-induced strain jointly determine the pathway of the wurtzite-to-rocksalt transformation.

0.6 1
? .
'§ -
x -
§ Octagonal
a 2.0

T T T T = ]
0 6 0 9 10

Pressure (GPa)
Figure 2. SEM morphologhy and wurtzite—rocksalt at effect of high pressure of ZnO.
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Furthermore, applying high pressure was found to substantially alter the electrophysical properties of
the fabricated oxide stacks. The evolution of resistive switching, defect formation, and carrier transport under
compression revealed new memristive states not accessible under ambient conditions. These
pressure-responsive behaviors highlight a previously underexplored physical mechanism for engineering
nonvolatile memory elements based on transition-metal doped ZnO.

P
E— —

Figure 3. Effect of high pressure to memristive elements prepared based on ZnO

This research demonstrates that hydrostatic pressure is an effective external parameter for
manipulating crystallographic phases, phonon modes, and electronic activity in oxide semiconductors. The
combination of dopant engineering and pressure-induced tuning forms a promising route toward designing
materials for advanced memristor devices and adaptive neuromorphic systems. Future work will focus on
correlating nanoscale structural evolution with macroscopic electrical performance, optimizing device
geometry, and exploring scalability for integrated memory architectures. Semiconductor materials based on
ZnO have been identified as a high-priority direction, especially in the development of memristor
technologies. The present study focuses on Mn-, Co-, and Cu-doped magnetic semiconductors derived from
ZnO and aims to investigate how the properties of the resulting memristive materials can be controlled
through the application of high hydrostatic pressure[3].

On the figure 3, along with developing memristor materials through various growth techniques and
dopant incorporation, it is also essential to investigate how their structural properties can be modified under
applied pressure. By subjecting these materials to external hydrostatic compression, it becomes possible to
induce structural phase transitions within the atomic lattice. Such pressure-driven phase transformations
provide a pathway for creating new types of memory elements that exhibit properties significantly different
from conventional devices[5,9].

Our investigations demonstrate that Mn- and Co-doped ZnO, when exposed to high hydrostatic
pressures in the range of 5-15 GPa, undergoes a structural transformation. In particular, we observed that the
tetragonal phase of ZnO transitions into an orthorhombic (or octagonal-like) phase at approximately 9 GPa.
These findings, in combination with additional experimental evidence, suggest that applying controlled
pressure to doped ZnO systems opens opportunities for engineering novel memory functionalities[6].

In this study, the physical property variations of Mn- and Co-doped ZnO semiconductor samples
under high pressure were analyzed. Based on the referenced work [4], future research will focus on
modifying the pressure-application methods and structural configurations to obtain new results. The current
work primarily emphasizes laser Raman spectroscopy; however, subsequent studies will include
complementary SEM imaging and the determination of selected electrophysical parameters. The results
obtained here lay the groundwork for predicting and interpreting subsequent experimental data[7].
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Figure 4. Pressure dependence of the Raman effect in ZnO-based samples, showing the variation

of phonon modes with increasing pressure[1]

In this study, systematic Raman scattering investigations were conducted on pure ZnO, Zno.9sMno.020,
and Zno.ssCo00.020 samples to examine the influence of transition-metal doping on the pressure-induced
tetragonal—octahedral phase transition pathway[8]. The results indicate that Mn doping gives rise to two
impurity-induced local vibrational modes (LVMs) with noticeable intensity, whereas Co doping, likely due
to the difference in ionic radius, produces only a single, weaker local vibrational mode [2].

A detailed analysis of the pressure dependence of each phonon mode revealed that the presence and
stability of impurity-related LVMs may play a crucial role in determining the specific pathway of the
pressure-induced phase transition in ZnO. In particular, strain analysis showed that a pronounced “strain
burst” occurs as the hexagonal angle of the tetragonal phase opens just prior to the transformation into the
octahedral phase.  The final observations also suggest that the emergence of the Mn LVM1 mode at 524
cm™! could be responsible for a distinct transition route in Mn-doped ZnO during the tetragonal-octahedral
phase transformation. Nevertheless, the precise nature of dopant-induced LVMs associated with different
dopant elements requires further in-depth investigation[1,2].

i. Conclusion. Based on the comparative analysis of previously published studies and the current
experimental observations, it can be concluded that the ongoing and planned laboratory experiments should
be developed in alignment with earlier findings. These results not only facilitate faster utilization of
experimentally obtained values but also contribute significantly to reducing defect concentrations that arise
after high-pressure exposure in various semiconductor and memory devices. Strain analysis further validates
that Mn- and Co-doped ZnO follow clearly different structural routes under compression, revealing that the
dopant species and its interaction with the ZnO lattice critically shape the transformation dynamics. The
emergence of pressure-induced structural states highlights the potential for engineering new memristive
functionalities through controlled hydrostatic compression.

Overall, the work underscores the promise of doped ZnO systems as highly adaptable materials for
next-generation neuromorphic, spintronic, and oxide-electronics applications. Pressure engineering emerges
as a powerful methodology for activating structural phases and memristive states unattainable under ambient
conditions, opening new opportunities for device innovation.
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Annotatsiya. Metall-organik karkaslar (MOK) ning shakllanish mexanizmlari, xususan, nukleatsiya
Jjarayonlar haligacha to ‘liq yoritilmagan. Ushbu ishda IRMOF-8 ning nukleatsiyaoldi bosqichi (bargaror
qurilishi bloki SBU shakllanishi) ilk bor ReaxFF molekulyar dinamika usulida o ‘rganildi. Tahlillar ZnsO
klasterining ligandlar bilan bosgichma-bosqgich koordinatsiyalanishi davomida sterik to‘siglar tufayli
bog ‘lanish energiyasi pasayishini va elektron to ‘yinganlik hisobiga barqarorlashuvni ko ‘rsatdi. Molyar
Gibbs energiyasining o ‘zgarishi jarayonning spontanligini tasdigladi. Natijalar IRMOF-8 hosil bo ‘lishida
uzoq masofali tartibdan avval, aynan lokal koordinatsion to ‘yinganlik hal qiluvchi determinatsiya omili
ekanligini tasdigladi.

Kalit so“zlar: IRMOF, molekulyar dinamika, etanol, ReaxFF.

NUCLEATION MECHANISM OF IRMOF-8:
ATOMISTIC ANALYSIS BASED ON REAXFF MD

Abstract. The formation mechanisms of metal-organic frameworks (MOFs), particularly the nucleation
processes, have not yet been fully elucidated. In this study, the prenucleation stage of IRMOF-8 formation
(the development of a stable secondary building unit, SBU) was investigated for the first time using ReaxFF
reactive molecular dynamics simulations. The analysis revealed that during the stepwise coordination of the
ZnsO cluster with ligands, the binding energy decreases due to steric hindrance, while system stabilization
occurs through electronic saturation. The change in molar Gibbs free energy confirmed the spontaneity of
the process. The results indicate that, in the formation of IRMOF-8, local coordination saturation serves as
the decisive determinant prior to the establishment of long-range order.

Keywords: IRMOF, molecular dynamics, ethanol, ReaxFF.

MEXAHW3M NPEJHYKJIEAIIMOHHOM CBOPKH IRMOF-8:
ATOMUCTHUYECKHU AHAJIN3 HA OCHOBE REAXFF MD

Annomavyus. Mexanuzmvl opmuposanus memann-opeanudeckux xapkacog (MOK), 6 uwacmnocmu
npoyeccel HyKieayuu, 00 HACMOSAWE20 8PEMEHU OCIAIOMCS HeOOCMAMOYHO U3yueHHbIMU. B Oannotl pabome
snepsvie Ucciedosana npedHykieayuonnas cmaous gopmuposanus IRMOF-8 (obpasosanue ycmouiuueo2o
cmpoumenvrozo 0Onoxa SBU) memooom peakyuoHHO-CUNOBLIX MONEKYIAPHBbIX OUHAMUYECKUX PAciemos
ReaxFF. Awanuz nokaszan, 4mo 6 npoyecce nouiazosol Koopounayuu kiacmepa Zn«O ¢ aueanoamu
CHUDICEHUe DHEP2UU CBS3U NPOUCXOOUM BCAEOCMBUE CTNEPUYECKUX NPENsSIMCmEut, mo20a Kax cmabunuzayus
cucmemvl  obecneuusaemcs  NeKMPOHHbIM — HacblujenueMm. HM3meneHue MonvHOU onepeuu 1ubbca
noomeepouno CNoHmaHHocmy  npoyecca. llomyuennvie pesynrbmamvl  OEMOHCMPUPYIOM, UYMO  NpU
gopmuposanuu IRMOF-8 pewarowum axmopom s161emcs 10KaAAbHASL KOOPOUHAYUOHHASL HACIUWEHHOCTb,
npeouiecmayowas 0aibHemy nopsaoky.

Knroueswie cnosa: IRMOF, monexynapras ounamuxa, smaron, ReaxFF.

Kirish. Metall-organik karkaslar (MOK) kristallik tabiati, yuqori darajadagi tartiblanganlik va
sozlanadigan poroz tuzilmalari bilan ajralib turuvchi g‘ovak materiallar hisoblanib, metall ionlari yoki metall
klasterlar (koordinatsion markazlar)ning ko‘p funksiyali organik ligandlar bilan koordinatsion bog‘lanishlari
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natijasida shakllanadi [1]. MOK asosidagi materiallar an’anaviy g‘ovak materiallarga nisbatan tubdan farq
qilib, ularning strukturasi yuqori darajada tartiblangan, moslashuvchan, yuzasi keng va ichki g‘ovakligi
kimyoviy jihatdan o‘zgaruvchan bo‘ladi [2]. Aynan shu noyob fizik-kimyoviy xususiyatlari tufayli MOKIar
gazlarni adsorbsiyalash [3-5], kataliz [6-8], kimyoviy sensorlar [9-11] va dori tashuvchilar [12-14] kabi
ko‘plab sohalarda keng qo‘llanilmoqda.

Bugungi kunda bir nechta asosiy MOK strukturalari, jumladan, UiO [15-17] ZIF [6,18,19],
MIL [7,8,20] 8-10, va IRMOK [19,21-23], chuqur fundamental va amaliy tadgiqotlar markazida turibdi.
Ular orasida IRMOK strukturalari alohida e’tiborga loyiq. Bu sinfdagi karkaslar yuqori g‘ovakli, oldindan
bashorat gilinuvchi simmetrik struktura va funksional guruhlar bilan modifikatsiya gilish imkoniyati tufayli
keng tadgiq qgilinmogda. IRMOK strukturalari metall tugunlar (masalan, Zn(ll) ionlari) va ditopik
karboksilatli organik ligandlar o‘rtasidagi koordinatsion bog‘lanishlar asosida sintez qilinadi. Ularning ilk
muvaffaqiyatli sintezi O.M. Yaghi guruhi tomonidan amalga oshirilgan bo‘lib, Zn—O-C asosidagi oktaedral
tugunlar va ditopik ligandlar asosida yuqori darajada tartiblangan, primitiv kubik simmetriyaga ega karkaslar
olingan [24].

IRMOKIarning kristallik darajasi, morfologiyasi va govakligini nazorat gilish magsadida turli sintez
usullari ishlab chigilgan. Bular qatoriga solvotermal, mikroto‘lginli, elektrokimyoviy [25], sonokimyoviy
[26] va mexanokimyoviy [27] metodlar kiradi MOKIarning shakllanishi va aynigsa nukleatsiya
(boshlang‘ich kristall zarralar hosil bo‘lishi) bosqichi molekulyar darajada murakkab bo‘lib, ularni tajribaviy
usullar bilan aniq kuzatish qiyin. Ko‘plab hozirgi yondashuvlar tayyor MOKlar uchun umumiy erkin
energiyani hisoblashga asoslangan bo‘lib, ular kristallanish jarayonining bosqichma-bosgich mexanizmini
to‘liq yoritib berolmaydi [28-30]. MOKIlarning shakllanish jarayonida nukleatsiya mexanizmlarini chuqur
o‘rganish tartibsiz fazadan kristall strukturaga o‘tishda energetik barqarorlikni belgilovchi omillarni aniglash
imkonini beradi. Shu nugtai nazardan, molekulyar dinamika (MD) simulyatsiyalari kristallanish jarayonini
buzmasdan tahlil qilish, energetik parametrlarni baholash hamda turli sintez sharoitlarini modellashtirish
uchun samarali vosita hisoblanadi.

Avvalgi nazariy tadgiqotlarda kuch maydonlari yordamida MOK prototiplarining erkin energiyasi
tahlil qilinib, sintez muvaffaqiyati va energetik barqarorlik o‘rtasidagi bevosita bog‘liqlik ko‘rsatilgan.
Xususan, olingan natijalarga ko‘ra, AumFrL < 4,4 kJ/mol-atom shartini ganoatlantiruvchi MOKlarning sintez
gilinish ehtimoli yuqori ekanligi va erkin energiyaning pastligi strukturaviy amalga oshirishning (synthetic
feasibility) muhim mezoni ekanligi aniglangan [31]. Shuningdek, tadgigotchilar MIL-101 karkasining
ikkilamchi qurilish bloklari shakllanishida yuqori energetik to‘siq mavjudligini va bu jarayonda tereftalat
ligandlarining hal qiluvchi rolini ko‘rsatib berdilar [32]. Keyinchalik esa molekulyar dinamika
simulyatsiyalari orgali Zn-karboksilatli IRMOF-1 ning o‘z-o‘zini yig‘ish jarayoni murakkab va ko‘p
bosqgichli xarakterga ega ekanligi isbotlandi [33]. Birog, mavjud adabiyotlarda asosan eng oddiy vakili
hisoblangan IRMOF-1 keng o‘rganilgan bo‘lib, IRMOF oilasining boshqa vakillari, xususan, IRMOF-8 ning
shakllanish mexanizmi to‘liq yoritilmagan. Ligand o‘lchamining kattalashishi (masalan, IRMOF-8 dagi
naftalen tizimi) klaster atrofidagi sterik muhitni va yig‘ilish kinetikasini IRMOF-1 ga nisbatan sezilarli
darajada o‘zgartirishi mumkin. Shu bois, yirikroq ligandli tizimlarda nukleatsiyaoldi bosqichi, ya’ni, hali
kristall panjara hosil bo‘lmagan, ammo uning asosiy qurilish bloki (SBU — Secondary Building Unit)
shakllanayotgan jarayonini o‘rganish alohida ahamiyat kasb etadi.

Yuqoridagilarni inobatga olgan holda, mazkur tadgigotning magsadi IRMOF-8 sintezining eng
dastlabki bosgichini atomistik darajada yoritishdir. Ishda ReaxFF molekulyar dinamika usuli yordamida
Zn(Il) markazlari va katta hajmli naftalendikarboksilat ligandlari o‘rtasidagi raqobatli koordinatsiyalanish
jarayoni, sterik to‘siglarning bog‘lanish energiyasiga ta’siri hamda bargaror SBU klasterining shakllanish
mexanizmi ilk bor tizimli tahlil gilindi.

Modellashtirish usuli va tafsilotlari.Ushbu tadgiqot reaktiv molekulyar dinamika (MD) usullarini
go‘llagan holda LAMMPS dasturiy to‘plami [34] orgali amalga oshirildi. Tadgigotda model tizimdagi
atomlar orasidagi o‘zaro ta’sirini ifodalash uchun ReaxFF potensialining [35] Han va uning hamkasblari
[36] tomonidan ishlab chigilgan parametrlaridan foydalanildi. ReaxFF klassik kuch maydonlaridan fargli
ravishda bond-order formalizmi asosida bog‘lanishlarning hosil bo‘lishi va uzilishini, shuningdek, proton
almashinuvi va koordinatsion jarayonlarni dinamik tarzda hisobga oladi [37]. 1-rasmda mono-IRMOK-8
strukturasi  shakllanishi uchun Zn;O koordinatsion markazi va 2,6-naftalendikarboksilat kislotasi
molekulalari etanol erituvchisida joylashgan holati tasvirlangan. Ushbu konfiguratsiya molekulyar dinamika
simulyatsiyasi uchun boshlang‘ich tizim sifatida tanlangan bo‘lib, u koordinatsiyalanish jarayonini
modellashtirishga imkon beradi.
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1-rasm. Zn,O Klasteri(ll) va 2,6-naftalendikarboksilat(l11) Kislotasining etanol(l) muhitiga
joylashtirilgan boshlang‘ich holati(IV).

Dastlab, termodinamik tizimning energiyasi eng tez tushish (steepest descent) va qo‘shma gradient
(conjugate gradient) usullarini navbatma-navbat qo‘llash orqali minimallashtirildi. So‘ngra tizim Nosé-
Hoover termostati boshqgaruvidagi izotermik-izobarik (NpT) ansamblda (atomlar soni N, bosim p va harorat
T o‘zgarmas sharoitda), 600 K harorat va 1 atm bosimda muvozanatda ushlandi. Ushbu yuqori harorat
simulyatsiya dinamikasini tezlashtirish maqsadida tanlangan bo‘lib, bu MD modellashtirishdagi vaqt
shkalalarini real tajribalardagi (masalan, CVD jarayonlaridagi kabi) vaqt masshtablariga yaginlashtirish
imkonini beradi. Bunda Tomas va hamkasblari tomonidan taklif etilgan haroratni tezlashtirish sxemasidan
foydalanildi [38]. Mazkur usul Arrenius tenglamasiga asoslangan holda modellashtirish harorati (Tsim) va
unga mos keluvchi eksperimental harorat (Texp) o°rtasidagi bog‘liglikni ifodalaydi hamda qisqa
modellashtirish vaqtini yuqori Tsim giymatlari orgali kompensatsiya giladi. Ushbu tezlashtirish sxemasiga
ko‘ra, modellashtirishda qo‘llanilgan Tsm = 600 K harorat, real vaqt shkalasida etanolning gaynash
nuqtasidan past bo‘lgan haroratga (Tep =~ 351 K) ekvivalentdir. Bu esa o‘rganilayotgan jarayonning aynan
suyuq fazada kechishini ta’minlaydi.

MD modellashtirishlarda vaqt gadami sifatida 0,1 fs tanlanib, jarayonlar davomiyligi 1,4 ns tashkil
etdi. Olingan natijalarni o‘rtachalash maqgsadida har bir holat 5 martadan takrorlandi.

Natijalar va ularning muhokamasi.2a-rasmda etanol muhitida metall asos (ZnsO) hamda organik
ligandlarni o‘zaro birikib amorf struktura hosil bo‘lish jarayoni tasvirlangan.

2-rasm. a) Etanol muhltlda Zn;O koordinatsion markazi va 2,6-naftalendikarboksilat
ligandlarining o‘zaro bog‘lanishi natijasida amorf struktura hosil bo‘lish jarayoni, b) Mono-IRMOK-8
strukturasi shakllanishining bosgichma-bosqgich koordinatsiyalanish jarayoni.

Ushbu ishda biz MonolRMOK-8 ning hosil bo‘lish mexanizmlarini tahlil gilamiz (2 b-rasm, sariq uzuq
chizig bilan ajratilgan gism). 2b-rasm mono-IRMOK-8 strukturaviy birligi shakllanishining molekulyar
darajadagi evolyutsiyasini namoyon gqiladi. Xususan, har bir bosgichda (2b-rasm 1 dan 6 gacha)
koordinatsion markazga navbatma-navbat bitta yangi ligand birikib boradi: birinchi holatda bitta ligand,
ikkinchisida ikkita, va shu tarzda oltinchi holatda to‘liq olti ligand bilan koordinatsiyalangan holatga
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erishiladi. Bunda ligandlarning metall asos (koordinatsion markaz) bilan ketma-ket koordinatsiyalanishi
jarayonida yuzaga kelgan bog‘lanish energiyasi (Epo.), metall asosdagi xususiy zaryad o°zgarishi
bosgichma-bosqich tahlil qilindi. Hisoblash natijalariga ko‘ra, birinchi ligand koordinatsiyalanganda
bog‘lanish energiyasi eng yuqori (Epog: = 3,5 €V) bo‘lib, metall asosdagi zaryad +0.91395e ni tashkil etdi. Bu
holatda metall markaz yuqori darajada elektronlarga muhtoj, ya’ni elektron yetishmovchiligi mavjud bo‘lgan
reaktiv markaz sifatida namoyon bo‘ladi. Har bir keyingi ligand qo‘shilishi bilan bog‘lanish energiyasi
bosgichma-bosgich kamayib boradi (4-rasm, qgizil chiziq). Xususan, ikkinchi va uchinchi ligandlar uchun 2,3
eV bo‘lsa, to‘rtinchi, beshinchi va oltinchi ligand uchun esa mos ravishda 1,8 eV, 1,7 eV va 1,4 eV ni tashkil
etadi.

Kuzatilgan bog‘lanish energiyasining 3,5 eV dan 1,4 eV gacha bosqichma-bosqich pasayishi ligandlar
soni ortishi tufayli sterik to‘siqlarning kuchayishi bilan izohlanadi. Dastlabki ligandlar (n=1-3) Zn4O
klasteriga erkin yaginlasha olsa, keyingi bosgichlarda (n=4-6) avval o‘rnashgan katta hajmli
naftalendikarboksilat guruhlari yangi kelayotgan ligandlar uchun fazoviy to‘siq hosil qiladi. Bu esa
“koordinatsion to‘yinganlik” effekti nafaqat elektron, balki geometrik omillarga ham bog‘ligligini ko‘rsatadi.

Ligandlar qo‘shilishi bilan Zn atomlaridagi musbat zaryadning keskin kamayishi (+0,91e — +0,29¢)
kuchli liganddan-metallga zaryad ko‘chishi jarayoni sodir bo‘layotganidan dalolat beradi (3a-rasm, gora
punktir chiziq). Garchi ReaxFF potensialida qo‘llaniladigan EEM usuli zaryadlarni kovalent bog‘lar bo‘ylab
kuchli delokalizatsiya gilishga moyil bo‘lsa-da (bu absolut giymatlarning DFT hisob-kitoblariga nisbatan
kichikroq bo‘lishiga olib kelishi mumkin), kuzatilgan umumiy tendensiya metall markazining elektrofillik
xo0ssasi pasayib, barqaror neytral klaster holatiga intilayotganini fizik jihatdan to‘g‘ri ifodalaydi.

3-rasm. a) Ligandlar soniga bog‘liq holda mono-IRMOK-8 shakllanishidagi energetik va zaryad
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masofa

holatlari o‘zgarishi: bunda n= 1-6 ligandlar soni ortib borishi bilan bog‘lanish energiyasi o‘zgarishi
qizil, metall asosdagi zaryad o‘zgarishi qora va Gibbs erkin energiyasining o‘zgarishi ko‘k rangda
tasvirlangan, b) Mono-IRMOK-8 strukturasi radial tagsmot funksiyasi

Tadqiqotda shuningdek kordinatsiyalangan ligandlar soning ortishi bilan tizim barqaroligining o‘zgarib
borishi Gibbs erkin energiyasi formulasidan foydalangan holda baholandi.

AG = E — Z!’ Aol (1)

Bu yerda AG — Gibbs erkin energiyasi, E — garalayotgan strukturaning kogeziya energiyasi, y va g mos

ravishda struktura tarkibidagi har bir tur atomning molar ulishi va kimyoviy potensiali. Bizning holda u rux,

uglerod, kislorod va vodorod uchun mos ravishda -1,35 eV, -7,64 eV, -2,79 eV va -2,36 eV ni tashkil giladi.
Gibbs erkin energiyasi ham har bir bosgichda izchil ravishda —0,69425 eV dan —0,74301 eV gacha kamayib
boradi (4-rasm, ko‘k chiziq). Gibbs erkin energiyasining har bir bosqichda manfiy giymatlar tomon siljishi
(AG < 0) ligandlarning klasterga birikishi termodinamik jihatdan qulay ekanligini tasdiglaydi. Suyuq
fazadagi erkin ligandlarning klaster tarkibiga o‘tib, tartibli struktura hosil gilishi entropiyaning kamayishiga
olib kelsa-da, kuchli koordinatsion bog‘larning hosil bo‘lishi hisobiga yuzaga keladigan entalpiya yutug‘i
jarayonning umumiy spontanligini ta’minlaydi.

Bundan tashqari, shakllangan Mono-IRMOF-8 Klasteri uchun radial tagsimot funksiyasi (RDF) tahlil
gilindi (3b-rasm). Spektrning gisqa masofa diapazonida (1-2 A) kuzatilgan o‘tkir cho‘qgilar metall va
kislorod atomlari o‘rtasida kuchli koordinatsion bog‘lanishlar hosil bo‘lganligini, 2,5-4,0 A oralig‘idagi
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cho‘qgqilar esa organik ligand fragmentlaridagi (O—C va C-C) ichki strukturaviy tartibni aks ettiradi. Ushbu
ko‘rsatkichlar lokal miqyosda barqaror ikkilamchi qurilish bloki (SBU) to‘liq shakllanganidan dalolat beradi.
Birog, uzoq masofalarda (r > 5 A) xarakterli cho‘qgilarning mavjud emasligi va g(r) funksiyasining birlikka
intilishi, modellashtirilgan suyuq fazada klasterlarning o‘zaro tartibsiz joylashganligini va uzoq masofali
kristall tartib hali yuzaga kelmaganligini ko‘rsatadi. Mazkur holat o‘rganilayotgan jarayonning aynan
nukleatsiyaoldi bosqichiga to‘g‘ri kelishini yana bir bor tasdiglaydi.

Xulosa.Ushbu tadgiqotda ReaxFF molekulyar dinamika usuli yordamida IRMOF-8 karkasining
nukleatsiyaoldi bosqichi, ya’ni, barqaror ikkilamchi qurilish bloklari (SBU) shakllanish mexanizmi
molekulyar darajada tadqiq etildi. Jarayonni modellashtirish natijalari shuni ko‘rsatdiki, SBU shakllanishi
sterik omillar va elektron barqarorlik o‘rtasidagi raqobatli muvozanat asosida kechadi. Xususan, ZnsO
klasteriga ligandlarning ketma-ket birikishi jarayonida sterik to‘siqlarning ortishi hisobiga bog‘lanish
energiyasining 3,5 eV dan 1,4 eV gacha (taxminan 60% ga) keskin pasayishi aniglandi. Bu koordinatsion
to‘yinganlik nafaqat kimyoviy bog‘lar soni, balki ligandlarning fazoviy joylashuvi (geometrik to‘yinganlik)
bilan ham qat’iy nazorat qilinishidan dalolat beradi. Shu bilan birga, molyar Gibbs erkin energiyasining
hisoblangan giymatlari jarayonning termodinamik jihatdan spontan ekanligini va etanol muhitida energetik
barqaror klasterlar hosil bo‘lishini tasdigladi. Radial tagsimot funksiyasi (RDF) tahlili tizimda uzoq masofali
kristall tartib (r > 5 A) mavjud bo‘lmasa-da, lokal miqyosda (r = 1-2 A) barqaror koordinatsion tugunlar
to‘liq shakllanganligini ko‘rsatdi. Umuman olganda, mazkur ish IRMOF-8 sintezida kristall panjara
o‘sishidan avval, aynan lokal koordinatsion va geometrik to‘yinganlikka erishish hal qiluvchi deterministik
omil ekanligini ilmiy asoslaydi va g‘ovak materiallarning boshqariluvchan sintezi uchun yangi nazariy
tushunchalarni tagdim etadi.
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IIYTHU NOBBIIEHUS MPOAYKTUBHOCTH IMACTBHUIL BYXAPCKOI OBJIACTH

Xacanoe Hkpom Xacanoesuu,

-KaHouoam cenbCKOXO3AUCMEEHHBIX HAYK.

Cmapwuil Hayuusiti compyonux Byxapckoeo

HAYYHO — NPOU3BOOCMBEHHO20 YeHmpPa
CeMeH0B800CMEA NACMOUWHBIX KYIbIYD
Munucmepcmeso cenvckoeo xo3sticmea Y30exucmana
Ocmonoea Hacuba Xukmamoena,

- Cmapwuii HayyHwvil compyoHuk bByxapckozo
HAY4HO — NPOU3800CMBEHHO20 YeHmpa
CemMeH0800CmEa NACMOUWHBIX KYIbMYD
Munucmepcmeo cenvckoeo xozaiicmea Y3bexucmana, macucmp byxI'y

Annomayusa. OnpuicKU8aHUs MHO2ONEMHUX NACMOUWHBIX pACMEHUll 8epONIodCbell KONOYKU U
Con00KU 201101 6 (haze ysemenus pacmeruil 8 byxapckotl obnacmu, nOBLIULAIOM YPON*CAUHOCIb CeHd, CYXOU
6ec pacmeHuu, KOpMogvle OOCHOUHCMEA U YPOBEHb PEHMAOENbHOCU YOOOpeHUll 6 KaApakyne800yecKux
xo3zaticmeax. I[lacmbuwneiti 0bopom, 6o0ccmanasIuéaem COCMOSHUE PACMUMETbHOCIU U  NOogbluaem
NPOOYKMUBHOCTb HCUBOMHBIX U OOXOOHOCTb XO35UCME.

Knwuesvie cnosa: Pacmenue, o6uonocuueckue cucmemvl, Ilpodykmuenocme, I[lnooosumocms,
Tumanue.

WAYS TO INCREASE THE PRODUCTIVITY OF PASTELANDS IN THE BUKHARA
REGION

Abstract. Spraying perennial pasture plants (camel's ear and licorice) during the flowering phase in
the Bukhara region increases hay yield, plant dry weight, feed value, and the profitability of fertilizers on
Karakul water farms. Pasture rotation restores vegetation health and improves animal productivity and farm
profitability.

Keywords: Plant, biological systems, Productivity, fecundity. Nutrition.

BUXORO VILOYATIDAGI YAYLOVLARNING HOSILDORLIGINI OSHIRISH YO'LLARI

Annotatsiya. Buxoro viloyatida o ‘simliklarning gullash davrida tuya tikan va yalang ‘och qizilmiya
o ‘simligining ko‘p yillik yaylov o ‘simliklarini sepish qorako ‘Ichilik xo ‘jaliklarida pichan hosildorligini,
o ‘simliklarning quruq vaznini, ozuqa qiymatini va o °g‘itlarning rentabellik darajasini oshiradi. Yaylov
almashlab ekish o ‘simliklarni tiklaydi, hayvonlarning mahsuldorligini va fermer xo jaliklarining
rentabelligini oshiradi.

Kalit so’zlar: o simlik, biologik sistemalar, hosildorlik, unuvchanlik, ozugaviylik.

B LenrpansHoii A3un 90 % TeppUTOpUM 3aHUMAIOT MYCTHIHH, 15 % ropsel, 750 Thicay ra OorapHble
3emiu 1 4 % oporraemoii marran. OCHOBHBIM BOJTHBIM MCTOYHHUKOM sIBIIsieTca AMymnapssi, Ceipnapbs, Hopsia,
3apadan U BepTUKaIbHbIE, KOJUIEKTOPHI M APEHAXH 33 CYET TPYHTOBBIX BO.

Apanbsckoe Mope 3aHUMaeT omaab 5,5 MiH ra (12,5 %) 3emens pecnyonuku. Ceituac octanocs 13,7
S mromaau ¢ cojenoi (35 r/m) Bomoit, a 87,3 % BbIcOXJIa, U3-3a HEXBATKKM BOAbl. C BBICOXINEH ILIOIIAIN
€XKEroJHO C TOMOIIBIO BETpa TMOAHUMAETCS 75 MIH TOHH BOJOPACTBOPUMBIX COJIEH, KOTOpbIE
pacnpoCTpaHsAeTCsl Ha OTPOMHBIE TUIOIIAAN 3€MHOTIO 1I1apa.

[o pemennro mapTuM U MPaBUTENHCTBA PECITyONUKH Y30E€KHCTaH A0 HACTOSIIETO BPEMEHH MOCESHO H
MTOCaKEHO MACTOWIITHBIX pacTeHUH Ha JaHE O60po3mbl Ha nryomHy 30-40 cM Ha obOmiel riomaau 2,2 MIIH Ta
(24 %) Beicoxmmx mom@aaei. bopo3npl mpoBeneHbl Ha paccrosHuu depe3 10 M. Tlocnme nukBUmanuu
KOJIXO30B M COBX030B o0nactd B 2006 roxmy, KaxaoMy KapakKyleBOAYECKOMY XO3sHcTBY BblaeieHo mo 300
IeKTapoB OPOLIAEMOr0 MAIlHK JUIs BhIpAIMBaHMS JIFOLIEPHBI U IPYTUX KOPMOBBIX KynbTyp. Ha aTux 3emisx,
BIIOJIb OPOCHUTEJIBHBIX CUCTEM M APYIMX HEHCIOJIb3YEMBIX 3€MeJIb, KOPHEBUILA COJIOAKH Iojasi HA MOXHO
CEeMEHaMH U KOPHEBBIMH uepeHKamu AiauHo 10-12 cMm mocaauts miyouny 10-15 cm. [Inantaunu sHTaka u
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COJIOZIKH TOJIOW MOYKHO MPOBOIUTH OCEHBIO MOI0Ccoi 8-10 M cToNbKO Ke ryouHoi. Yepe3 3-4 roga KOpHIMHU
MIOJTHOCTBIO TIOKPBHIBAIOTCA PACTeHHM BCEX IUIOMIaNell ¢ MHOTOJETHHMH pacTeHUSIMU. SIHTaK, COJIOIKH,
I0JITYHa, U3CHbsI, ITyBaBaxa IUPOKO TPUMEHSITh ONPBICKUBAaHUE B (pa3e IBETCHUS PACTCHHUN KapOaMUTHBIMU
cycnen3usaMu u3 pacuera 50-60 kr/ra Ha 300 j1/ra BOAbI ¥ ONPBICKUBATE 10 MOSIBICHUS COTHIIA.

Nmerommeiicss macTOwIy X03siCTBa, pa3neinTh HA 5-6 Y4acTKOB JJISi HOPMAIFHOTO YCIIOBHS Pa3BHTHS
JIPYTUX KOPMOBBIX IMACTOWITHBIX pAacTeHHWH. BHECeHWs a30THBIX YIOOpEeHWH, M MacTOWIHBIE 00OpPOTHI Ha
MacTOMITHBIX O0JIACTH, TIOBBIIIAIOT MPOAYKTUBHOCTh KapaKyJlbCKUX OBell. [Ipu omphicKuBaHHS KapOamuaa
pactenusi ucnonb3yroT 80 % a3oTa, a mMpW BHECEHWS B TMOYBY ATO TOKasareib He mpeBbimaoT 40-50 %
(/1.A.KopeHbKOB).

Ta0auna 1.
¢ PekTHBHOCTH KapOaMH/IHOI CyCIIEeH3MH HA MPOAYKTHBHOCTH PacTeHUil BepOJIIoKbei

KOJIIOYKH M COJIONKH roJiasi B byxapckoii odiacTu.

(Cpeanee 3a 3 rona).

Tyero Cyxoii Bec
Ta Kopmo BbIC . Oowmit Ypo
1-20 YpoxKaifHOCTh CEHa M0 yKOCaM N
CTOSIH €IIUHULBI yposKaii BEHb
i pacTeHus
Bapuantsl Pent
N . . a
Teicau 5 % | Kex | % 1-w1it % 2-oi1 % 3-b1id % wra % | Geun
ra /ra /ra /ra
HOCT
b, %
Kontpons
©es 1 9400 | 447 | 100 | 028 | 100 | 394 | 74 | 136 | 26 53,6 | 100
yA00OpeHuit
)
Kapbawun 50,9 | 114 | 0,28 | 111 | 465 | 85 | 13,2 | 15 66,8 | 125 | 30,1
50 xr/ra
Kontpomns
(6e3 142,
. | 650,0 | 58,8 | 100 | 0,42 | 100 | 80,056 | 56 | 32,0 | 22 | 30,6 | 22 100
yaoOpeHuit 6
)
Kapoamun |41 | g5 5 | 198 | 042 | 107 | 1130 | 63 | 320 | 18 | 337 | 19 | 1@ | 125 | 352
50 kr/ra 7

I'ycroTa crodHnit pacTeHH coogky ronas B 2,7 pa3a BbicoTa pocTa Ha 15 %, CyxXol BeC pacTeHHit
ypoxaiiHocTh ceHa Ha 17 % xopmoBbie nocromHcTBa Ha 0,14 % (29%), obmennoit sneprum (40 %) u
PEHTa0EIbHOCTH MHUHEPaJbHBIX ynoopeHuu a0 35 %. Cononka romas Ipou3pacTaroiias B €CTECTBEHHBIX
YCIIOBUSX MMeEeT OOJNBIIYI0 TYyCTOTY CTOSIHHMS pacTeHWd wiu B 2,5-3 pasa, cyxod Bec pacTeHHMU 2 pa3sa,
kopmoBble eauHu Ha 0,14 (29%) Oosbllie YyeM BepOIrOKbel KOMOYKH. Kpome TOro, J0 HacTyIUICHHUS
3aMOPO3KOB MOXKHO MPOBOIUT 3-Uil YKOC ypOXKaHHOCTh KOTOpPOro cocrasiser 6osee 30 1y/ra.(Tadm.2)

OmnprickuBaHue KapOaMHUIHON CYCHEH3MH HA PACTEHUSX BEPOIIOKBEH KOJIOYKH M COJOIKU TOJIOW B
cpemHeM 3a 3 Toma IMOBHICHIIO YPOXKAWHOCTH CeHa sHTaka Ha 3,9 pa3a W COJIONKH TOJIoON B 2,7 pasza 1o
CPaBHEHHIO C KOHTPOJIEM.

Pazpacranue pacTeHuii BOOIb OPOCHUTENBHOIO KaHasla HO TeppuTopuH bByxapckoil onbITHON cTaHINN
HAy4YHO-HMCCJIEOBATEIbCKOTO HMHCTHTYTA CEJEKIMH, CEMEHOBOACTBA M arpoOTEXHOJOTHH BO3JEIIBIBAHUSI
XJIOITYaTHHKA, 0€3 IMTOIMBOB 00ECTIEYIIIO MTOTyYEHHIO BBICOKOH YPO)KalHOCTH BEreTaTHBHON MacChI.

deHonornyeckne HaOMIONEHHUS 3a POCTOM MW pa3sBUTUEM pacTeHHWH, npoBoxmwinck Ha 50 3a
STHKETUPOBAHHBIX PACTCHUSX.

[Tmomans nenstaky 400 kM (A 10 M, mmpuHa 40 M). YporkaliHOCTh CHIPOM MacChl B3BEIBajIach Ha
JJIEKTPOHHBIX Becax M IEpeBelieHa Ha CyXYI0 MacCy MO COOTHomeHHio 3:1 Maremarudeckas o0paboTka
npoBoawiIock no metony b.A.Jlocniexosa.

Tadaunua 2.
Binsinne xap0aMuAHOMH CyClIeH3MH HA BeC U BCXO/KECTH ceMsIH BepOJItoiKbeil KOJIIOUKH U
COJIOKH rosasi.

BapwuanTsr Bec 100 cemsH, T BcexoxecTs, %
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2020 2021 | Cpennee % 2020 | 2021 | Cpennee %
BepOrokbs Komodka

KonTpons (6e3 12,2 15,0 13,6 100 326 | 30,2 31,1 100
YI00peHU)

Kap6amupg 50 xr/ra | 14,5 17,0 15,7 115 72,5 68,9 70,7 229

Cononxka ronas

KonTpons (6e3 23,8 24,0 23,9 100 30,8 | 314 31,1 100
yaoOpeHuit)

Kapbamun 50 kr/ra | 28,5 29,6 29,2 122 82,6 84,8 83,7 269

[IpumeHneHne kapOaMUIHON CYCIICH3UU Ha PACTEHUSIX BEPOFOKbEl KOIFOUKU U COJIOAKH ToJias B (paze
LBETCHUSI TTOBBIIIACT BEC CEMSH COOTBEeTCTBeHHO 2,1=(15%), 5,3=(22%) u BcxoxecTs Ha 1,9 u 2,7 pa3a.

Taoauna 3.

Ilnomaay moceBoB NacTOMIIHBIX KYJBTYP IO pecny0auky Y3oekucrana B (2018-2024 rr).

Oobsactn PaiioHbl Il1omaam ceMeHHBIX
KYJBTYP, I'a
Kapakanmakckas PecryOnmka TaxTakynmupckuit 2000
Byxapa Amnarckui, 150
'k ayBaHCKHi, 1300
XKonnopckuii, Kapaynbazapckui, 400
Mladupkranckuii 1150
1500
JIxn33ax ®Dapumickuit 300
Hasawniickuit Kanumexckuit 2000
KBI3bUITENMHCK M 2500
Kamikanapeiackuit Humanckwid, 500
My©6opaxckuii, 500
I'y3apckwit, 500
Mupuiikapckuii 1000
CamMapkaHJICKui Hypabanckui, 500
[laxTauniickuii 500
CypxaHaapbIHCKHUI KyMkyprasckuii 200
Hroro: 15000

[lo pecnyOnuke Ha TACTOMIIHBIX 30HAX, HAa IMOCESHHBIX KYIbTypax 3aroTOBJIMBAETCS IIOCEBHBIC
cemsiHa 10 2025 roga 15 Teicsy rekrapoB. B Pecniy6nmky Kapakanmakeicrana Taxtakynupckuit paiion 2000
ra (moHamyp, KyHrupOain, uepkes, u3eH), B byxapckuit 1 Hapauckoii o0iactsax mo 4,5 ThICAY TeKTapoB
("oroH, cakcayn, onabyTa, KOBpak, depke3, OaqmKKy3, SHTaK), B J[u33akckoil 00yacTu (KEHpeykK, JOTOoH,
cakcayn, sHTaK, Oanukky3), B Camapkanzackuii 1000 ra (cakcayn, W3eH, LIyBak, sHTaK, onadyrta), B
Kamkanapeiackuii obnactu 2500 ra (kanauMm, 4doroH, uepke3) u B CypxangapeiHckuii oOnactu 200 ra
(aepke3, goroH, Tepecker). B 2019-2024 roxy mo neHTpy HanOOJbIas IIOMAAh CEMEHOBOTUYECKUX TTIOCEBOB
3aHuUMaroT uyepke3 -3706 ra, cakcaynm -3631 ra, yoron-162 ra, tepecken 99 ra. Bcero 3arotoBnuBaercs
€XKEroJHO ceMeHa NacTOMIIHBIX KyJIbTyp 110 30-60 TOHH.

YXom, oXpaHa 1 3ar0TOBKA CEMSH IIIOMIAEH OCYIIECTRISIFOTCS paOOTHUKAMU IIEHTPA.

Taoauna 4.

Bausinne 6HOCTHMYJISITOPOB HA BCX0)KECTB CeMsIH U HaKOMJeHHe OoMacchl (cpeiHee 2 roaa).

BuocTumyasitopsl SAurak, % Cononka rojas, %
BCXOXKECTh ouomacca,r % BCXOXKECTh | Omomacca,r %
Kontpons (6e3 31,4 3,4 100 449 43,1 100
3aMOYKH)
Kanuit dpocdar 69,0 4,8 140 48,3 73,0 167
AMUHOMAaKC 77,3 49 144 57,6 98,9 229
l'eorymar 87,0 57 167 61,9 118,3 274

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129)

271



BIOLOGY

CeMeHa mTacTOWIIHBIX KYIBTYpP HMMEIOT HH3KYIO BCXOXKECTH ceMsH, mopsinka 10-60 mporeHTos,
pacmpocTpaHsieTcss B OCHOBHOM C TOMOILBIO BeTpa W KOopHeBuIIamu. [IpumeHeHHEe OHMOCTHUMYISATOPOB Ha
3aMOYKE CEMsH MOBBIIIAIOT BCXOXKECTH CEMSH sSHTaka B 2,8 pasa u comoaku roias 1,4 paza. Hakorienue
ouomacckl 1,7-2,7 pa3a 1o cpaBHEHHIO ¢ KOHTPOJIeM (Taoi 4).
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UDK 546.824-31, 546.831.4

POLIEFIR-EFIR-KETON SULFONAT/TiIO2 VA ZrO, NANOTRUBKALI NANOKOMPOZIT
ION O‘TKAZGICHLAR SINTEZI

Xamidov Anvar,

Toshkent shahridagi Turin politexnika universiteti dotsenti v.b.
anvar.khamidov@polito.uz

Djumag ‘ulov Sh.

O’zbekiston Milliy universiteti Kimyo fakulteti doktoranti

Annotatsiya. Zr yoki Ti metalining elektrokimyoviy anodlanishi natijasida hosil bo ‘Igan sirkoniy yoki
titan nanotrubkalari proton o ‘tkazuvchi sulfolangan poliefir-eter-keton (SPEEK) ionomeri bilan infiltratsiya
qilish yoli bilan nanokompozitli qattiq ion o ‘tkazgich tayyorlandi. Olingan material skanerlovchi elektron
mikroskop (SEM), XRD va 1Q- spektroskopiya usullari yordamida o ‘rganilgan. Impedans spektroskopiyasi
infiltratsiyadan so ‘ng o ‘tkazuvchanlikning bir necha darajaga ko ‘payishini aniqladi; bundan tashqari, TiOnt-
SPEEK nanokompozitining impedansi nisbiy namlikka juda sezgir. Ushbu ion o tkazuvchan
nanokompozitlarning mumkin bo ‘Igan qo ‘llanilishi qattiq holatdagi namlik sensorlari yoki geterogen katalitik
materiallarni o ‘z ichiga oladi.

Kalit so‘zlar: Nanokompozit materiallar, polimer elektrolitlar, proton o ‘tkazuvchanlik, namlikni
aniglash, nt-nanotrubkalar.

YYBCTBUTEJbHBIN K BJJATE HAHOKOMITIO3UTHBIM ITPOBOJHUK TBEPIbIX
HOHOB: CYJIb®UPOBAHHBIN NOJTUIPUP-IOUP-KETOH B HAHOTPYBYATOM
MATPHUIIE TI1O, HJIA ZRO;

Annomauus. Harnokomnosummwiti meepoOOUOHHbIL NPOSOOHUK OblLl NPUSOMOGIeH NymeM NPORUMKU
YUPKOHUEBBIX UTU MUMAHOBLIX HAHOMPYOOK, 0OPA308AHHBIX INEKMPOXUMUYECKUM aHOOUuposaruem Zr wau Ti,
NPOMOHNPOBOOAUUM CYTbHOHUPOBAHHBIM NOAUIPUP-Iup-kemonom (SPEEK) uonomepom. [lonyuennuwiii
mMamepuan Uccieoo8aru ¢ NOMOWbLIO Memo008 CKAHUpYlowe2o 31eKkmponno2o muxkpockona (COM),
penmeenocmpykmyprnoeo ananusza u HMK-cnexmpockonuu. HMmneoancnas cneKmpocKOnus —6biasuia
yeeauuenue HpPoBOOUMOCHU HA HECKOAbKO NOPAOKO8 Nocie uHpuivbmpayuu, 0olee mo20, UMNEOAHC
nanoxomnosuma TiONt-SPEEK  ouens uyecmeumenen x omuocumenvhoii enaxcrhocmu. Bozmoorcnvle
nPUMEHenUss YMUX UOHONPOBOOAUUX HAHOKOMNOZUMOE GKIIOUAIOM MEepoomebHble 0amUUKU GIAHCHOCHU
UIU 2emepocentble KamaaumuiecKue Mamepuabsl.

Kniouesvie cnosa: Hanoxomnozummvle mamepuanvl, NOIUMEPHbIE DJIEKMPONUMbL, HPOMOHHAS
nPOBOOUMOCb, 61IA200eMEKMUPOoBanue, Hm-HaHompyoKu.

A HUMIDITY-SENSITIVE NANOCOMPOSITE SOLID ION CONDUCTOR: SULFONATED
POLY-ETHER-ETHER-KETONE IN NANOTUBULAR TI1O; OR ZRO; MATRIX

Abstract. A nanocomposite solid ion conductor was prepared by infiltrating zirconia or titania nanotube
arrays, made by electrochemical anodization of Zr or Ti metal, with proton-conducting sulfonated poly(ether-
ether-ketone) (SPEEK) ionomer. The resulting material was characterized using Scanning Electron
Microscopy, X-ray diffraction and Infrared Spectroscopy showing the successful filling of the nanotubular
matrix with the ionomer. Impedance spectroscopy revealed a conductivity increase by several orders of
magnitude after infiltration; furthermore, the impedance of the TiO.nt-SPEEK nanocomposite is very sensitive
to the relative humidity. Possible applications of these ionic conducting nanocomposites include solid-state
humidity sensors or heterogeneous catalytic materials.

Keywords: Nanocomposite materials, polymer electrolytes, proton conductivity, humidity sensing.

Kirish. ZrO; va TiO; nanotrubkalari proton o‘tkazuvchi ionomer bilan infiltrlangan. Nanokompozit
gattig moddalarning fazaviy tarkibi va elektr xossalari tahlil gilingan. lonomer infiltratsiyasidan keyin
impedans nisbiy namlikka juda sezgir hisoblanadi [1]. Past o‘lchamli gattiq ion o‘tkazgichlarning ion
o‘tkazuvchanligi mahsus strukturalarda, aynigsa, bir o‘lchovli o‘tkazuvchanlik kanallarini yoki ikki o‘lchovli
panjara tekisliklarini 0‘z ichiga olgan holda, ko‘pincha yuqori anizotrop hisoblanadi va kompozit materiallar
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ham tayyorlanishi mumkin. Bunday holda, kompozit struktura anizotrop o‘tkazuvchanlik xususiyatlarini
ko‘rsatish uchun ion o‘tkazuvchi fazaning yugqori tartibli tartibiga ega bo‘lishi talab qilinadi [2]. Yuqori
yo‘naltirilgan o‘tkazuvchanlik yo‘llari bo‘lgan nanokompozit ion o‘tkazgichlar, asosan ion o‘tkazuvchanlik
fazasi bilan to‘ldirilgan nanotrubkalar membranalardan foydalangan holda olinishi mumkin [3]. Yuqori
anizotrop ion o‘tkazuvchanlik xususiyatlarini o‘rganishning asosiy jihatidan tashqari, past o‘lchamli gattig ion
o‘tkazgichlarning potensial qo‘llanilishi keng tarqalgan, jumladan qattiq faza sensorlari yoki geterogen kataliz
kabilar muhim hisoblanadi [4].

Ushbu ishda biz o‘z-o‘zidan shakllangan ZrO, yoki TiO, nanotrubkalaridan proton o‘tkazuvchi
sulfolangan aromatik polimerni kiritish uchun membrana sifatida foydalanilgan. ZrO. yoki TiO;
nanotrubkalari sirkoniy yoki titan metall plyonkalarni elektrolit oz ichiga olgan ftorid-ionda elektrokimyoviy
anodlash yo‘li bilan tayyorlanishi mumkin. Cheklovchi kuchlanish ftorid ionlarini oz ichiga olgan organik va
suvli elektrolitlar tizimlarida 0‘z-o‘zidan shakllangan sirkoniy nanotrubkalarining elektrokimyoviy hosil
bo‘lishi o‘rganilgan. Guo va boshg. elektrolitlar oz ichiga olgan xloridda Zr ni anodlash yo‘li bilan 0°z-0‘zidan
shakllangan sirkoniy G‘ovakli gatlamning shakllanishi va o‘sishini o‘rgandilar [5]. G‘ovakli qatlamlarning
morfologiyasiga elektrokimyoviy jarayonlar, jumladan CI- konsentratsiyasi ta'sir ko‘rsatadi. Tegishli
sharoitlarda anodlash yo‘li bilan tekis va to‘G‘ri devorlarga ega, diametri 250 dan 300 nm gacha va uzunligi
33 um bo‘lgan sirkoniy nanotrubkalarini olish mumkin.

Sakai va boshqalar [6] sulfat kislota ishtirokida o‘zgartirilgan nano-titanning proton o‘tkazuvchanlik
xususiyatlari o‘rganishgan. Proton o‘tkazuvchanligi, adsorbsiyalangan sulfat guruhlari miqdori deyarli bir xil
bo‘lganda, suvli sulfatlangan nano-titan bilan deyarli bir xil bo‘ladi. Yuqori tartibli va o‘ta nozik TiO>
nanotrubkalari ham o°zgartirilgan anodlash usuli orqali sintez qilingan. Polipirrol-titan nanotrubka gibridlari
polipirrolni yaxshi tekislangan titan nanotrubkalariga Kkiritish, shuningdek kuchlanishni pasaytirish va
cho‘ktirish usuli orqali amalga oshirilgan.

ZrO; nanotrubkalari xona haroratida yuqori qarshilikka ega bo‘lsa, TiO2 nanotrubkalari esa n tipidagi
yarim o‘tkazuvchanlik xususiyatiga ega. Sirkoniy nanotrubkalarining elektrokimyoviy qaytarilishi TiO>
nanotrubkalariga garaganda ancha giyin amalga oshadi, chunki Zr** ionlari Ti** ionlariga garaganda oson
gaytariladi [7]. Shuning uchun, sirkoniy nanotrubkalari izolyatsiyalovchi membrananing modelini va titan
nanotrubkalari xona haroratidagi ion o‘tkazgich bilan infiltratsiya qilish uchun yarim o‘tkazgich membrana
vazifasini bajaradi.

Infiltratsiya uchun qattiq ion o‘tkazgich namunasi ishlatilgan: sulfolangan poliefir-eter-keton xona
haroratida proton o‘tkazuvchi ionomer hisoblanadi va ko‘pgina xossalari, shu jumladan proton
o‘tkazuvchanligi juda yaxshi o‘rganilgan [8]. Nanofaza bilan ajratilgan polimer strukturasining kanallarida suv
molekulalarining mavjudligi ionlarni tashish uchun suv tashish vazifasini bajaradi. Bunday yuqori anizotrop
nanokompozitlarni amalga oshirish uchun birinchi hal giluvchi qgadam nanotrubkali membranalarni to‘liq
to‘ldirish imkonini beruvchi yuqori namlanadigan ionomer eritmasini tayyorlash. Muhim jihati shundaki ZrO>
yoki TiO, sirt yuzalarni mukammal namlash qobiliyatiga ega ionomer uchun mos erituvchini topish
hisoblanadi [9].

Olingan nanokompozit struktura ion o‘tkazgichning yuqori nisbati va yuqori yo‘naltirilgan
o‘tkazuvchanlik yo‘llarini taqdim etadi. Biz namlikka sezgir detektorlarni amalga oshirish uchun yarim
o‘tkazgich titan membranasi bilan ushbu nanokompozitlarning ion o‘tkazuvchanligiga suv bug‘i bosimiga
bog‘ligligini o‘rganamiz. Proton harakatchanligi, shuningdek, proton-katalizlangan reaksiyalar uchun
geterogen katalizatorlar modelini amalga oshirish imkoniyatini beradi.

Tadqgiqot usuli va obyekti. Tahminan 2 pm qalinlikdagi Zr-Ti metall plastinkalari ilgari xabar
gilinganidek, Si membranalarida katodli purkash usuli orgali kiritilgan. Zr plyonkalari ikki elektrodli anodlash
yacheykasida 10 dagiga davomida 40 V kuchlanishda 5 % glitserindagi 0.35 M NHJF eritmasida xona
haroratida amalga oshirildi. Ti plastinkalari 1.3 % NH.F va 2 % glitserin eritmasida uch soat davomida 60 V
da anodlangan. Elektrodlar yuzasidan kislorod pufakchalarining ajralishini tezlashtirish uchun glitserin
eritmasi biroz aralashtirildi (100 rpm), natijada nanotrubkalarning morfologiyasi va umumiy sifati yaxshilandi.
Qarshi elektrod sifatida platina panjarasi ishlatilgan. ZrO, yoki TiO. nanotrubkalari asosidagi anodlashdan
keyin qolgan sirkoniy yoki titan plastinkasi impedans o‘lchovlari uchun elektrod sifatida ishlatiladi.
Anodlashdan so‘ng, nanotrubkalar ionsizlantirilgan suv bilan yuvildi va ikki soat davomida vakuum ostida 80
°C da quritildi.

Sulfonlangan poliefir-eter-keton (SPEEK) 0.9 sulfonlanish darajasiga ega (ion almashish qobiliyati IEC
= 2.5 meq/g ga to°G‘ri keladi) avval xabar qilinganidek, PEEKning konsentrlangan sulfat kislota bilan 50 °C
da reaksiyasi natijasida tayyorlangan [10]. Infiltratsiya 7.1 mg SPEEKni 10 ml dimetilformamidga (DMF)
eritish orgali amalga oshirildi. Ushbu eritmaning bir tomchisi ~0.5 sm? sirkoniy yoki titan nanotrubkalarining
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namunasiga kiritilgan. 1 tomchi (~0.1 ml) eritmaga kiritilgan SPEEK miqdori nanotrubkalarni to‘liq to‘ldirish
uchun yetarli bo‘lishi uchun hisoblab chigilgan. Namunalar Siemens D5000 difraktometri yordamida CuKa
nurlanishi bilan rentgen nurlari diffraksiyasi (XRD) orgali tahlil gilindi. Nanokompozitning sirt morfologiyasi
va tarkibi skanerlovchi elektron mikroskop (SEM, Hitachi, S-570) yordamida o‘rganildi. Fourier-Transform
Infra-Red (FTIR) spektrlari Bruker 55 spektrofotometri yordamida 4000 dan 400 sm™ to‘lqin soniga qadar
uzatish rejimida tahlil gilindi.

Impedans diagrammalari 2273 yoki 4000 impedans analizatorlari yordamida 100 kHz dan 1 Gts gacha
chastota diapazonida 20 mV signal amplitudasi bilan gayd etilgan. Ti metall plyonkasida olingan; oldingi
kontakt 6 mm diametrli zanglamaydigan po‘latdan yasalgan disk hisoblanadi (1-rasm). Ma’lumotlarning
takrorlanishi va to‘g‘riligini tekshirish, kontaktning maydoni va holatini o‘zgartirish uchun bir nechta tajribalar
o‘tkazildi.

TiOznt-SPEEK nanokompozitlari bilan impedans o‘Ichovlari turli nisbiy namlik ostida ham amalga
oshirildi. Namunalar 24 soat davomida pechda 100 °C da quritilgan va Swagelokda maxsus idishlarga
yig‘ilgan. To‘yingan suv bug‘ini simulyatsiya qilish uchun Swagelok idishlarini yopishdan oldin bir tomchi
suv qo‘shilgan. Atmosfera namligi sharoitlari uchun namuna atrof-muhit havosida yig‘ilgan; pH namlik

sensori yordamida o‘lchangan.
O,

s

1-rasm. Kontaktni joylashtirish sxemasi

Tadgiqgot natijalari va muhokamalar. Nanokompozitlarni tayyorlashning birinchi muhim bosgichi
nanotrubkalar matritsasi uchun mukammal namlash xususiyatiga ega bo‘lgan erituvchini tanlash hisoblanadi.
Dimetilformamid (DMFA) turli xil keramika-uglerodli nanotrubka kompozitlarni, shu jumladan ZrO- ni
namlashi va u 90% sulfonlanish darajasi bilan yetarli migdorda SPEEKni eritishi mumkinligi hagida xabar
berilgan. Ma’lumki, sulfonlanish polimerning gidrofilligini oshiradi va kationlarni tashishga yordam beradi
[11]. Polimerning gidrofilligi va eruvchanligi sulfonlanish darajasi bilan ortadi. 60% dan past sulfonlanish
darajasida SPEEK fagat sulfat kislota kabi kuchli kislotalarda eriydi. Sulfolanish darajasi 80% dan yuqori
bo‘lsa, SPEEK polimeri metanol DMFA va issiq suvda eriydi. 20% dan 40% gacha bo‘lgan suvni iste'mol
qilish mexanik jihatdan barqaror polimerni ushlab turganda yuqori darajadagi ion o‘tkazuvchanligi uchun mos
keladi. Impedans spektroskopiyasi bilan o‘lchangan gidratlangan SPEEK membranalari proton
o‘tkazuvchanligi IEC 1.0 dan 2.7 meq/g gacha oshganiligi sababli 10 dan 10! S/sm gacha o‘zgaradi. Shuning
uchun, bu ishda 90% sulfonlanish darajasiga ega bo‘lgan SPEEK tanlangan.

Eritma kontsentratsiyasi eritmaning bir tomchisida nanotrubkalarni to‘liq to‘ldirish uchun SPEEK
miqdorini yuqorida ionomer qatlami hosil qilmasdan to‘ldirish uchun moslashtirildi. SPEEK bilan to‘ldirilishi
kerak bo‘lgan nanotrubkalar hajmi ushbu ishda tasdiglangan ZrO, va TiO, nanotrubkalarining ilgari xabar
qilingan o‘lchamlari bo‘yicha hisoblanishi mumkin (2a-rasmga qarang). O‘rtacha ZrO, nanotrubka uzunligi
taxminan 1 um; rasmda ko‘rinadigan nanotrubkaning diametri 40 nm atrofida. Taxminan 5 nm devor qalinligi
hagida avval xabar berilgan edi. TiO, uchun o‘rtacha uzunligi va diametri mos ravishda 1.5 um va 100 nm,
devor galinligi esa taxminan 10 nm.

Ionomer bilan to‘ldirilgan ZrO, nanotrubkalar qatorini 2b-rasmda ko‘rish mumkin. Oksid
nanotrubkalarining muntazam mikro tuzilishini ajratib ko‘rsatish mumkin. Haqigatan ham sirt yuzada ionomer
gatlami hosil bo‘lmaydi va ko‘pchilik nanotrubkalar to‘lgan ko‘rinadi, buni sirt yuzadagi o‘zgarishlardan
xulosa gilish mumkin.
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ST o 2 A, g b #
2-rasm. To‘ldirilmagan (a) va SPEEK bilan to‘ldirilgan(b) ZrO; nanotrubkalarining SEM
natijalari

Ionomer bilan to‘ldirilgan nanotrubkalarning XRD namunasi, avval xabar gilinganidek, monoklinik va
tetragonal fazalarni oz ichiga olgan ZrO, nanotrubkalarining gisman kristalli tuzilishini tasdiglaydi; polimer
bilan to‘ldirilgan nanotrubkalarda Bragg burchagi 26 = 20° atrofida kuzatilgan keng aks ettirish, avvalroq
muhokama qilinganidek, to‘liq amorf SPEEK tufayli amalga oshadi.

3-rasmda toza va ionomer bilan to‘ldirilgan ZrO, nanotrubkalarining FTIR spektrlari ko‘rsatilgan.
Asosiy guruhlar 1-jadvalda keltirilgan. 550 va 800 sm™ oraliG‘idagi keng assimilyatsiya zonasi sirkoniyadagi
Zr-O aloqalarining tebranishiga to‘g‘ri keladi. 900 sm™* va 1500 sm™ gacha bo‘lgan piklar gidroksil sirt
guruhlariga tegishli. 1630 sm™ dagi pik avvalrog NH** ionlariga tayinlangan edi, chunki zirkoniya nanotube
massivlari NH4F ni oz ichiga olgan elektrolitda tayyorlangan. Tonomer bilan bog‘liq cho‘qgilar (1-jadval)

oldingi hisobotlarga mos keladi.
0,7

Absorbance (a.u.)
o o
(0] ()]
L L

o
~
L

500 750 1000 1250 1500 1750 2000
Wave number / cm?
3-rasm. Toza (qora) va ionomer bilan to‘ldirilgan (qizil) ZrO, nanotrubkalarining FTIR
spektrlari. SPEEK ning takroriy birligining kimyoviy formulasi chizilgan

1-jadval. SPEEK bilan to‘ldirilgan ZrO. nanotrubkalarining FTIR diapazoni tayinlanishi (vas:
Asimmetrik cho‘zish, vs: Simmetrik cho‘zish, ds: boG‘lanish, ¢: Halqa deformatsiyasi, OP: tekislikdan

tashqgarida, IP: tekislikda).
Guruhlarni belgilash

To‘lqin uzunligi / cm™ SPEEK [12] ZrO; nanotrubkalari
870 vas COC, @a OP, @b IP
1000 Zr-OH sirt yuzasi
1023 oa IP, vs SOz
1054 Zr-OH sirt yuzasi
1080 @a IP, vas CHa, vs SO3
1130 Zr-OH sirt yuzasi
1205 Zr-OH sirt yuzasi
1230 ©b IP, vas CHD, vas SO3
1255 vas CHa, pa IP, v4 SO3
1400 Zr-OH sirt yuzasi
1476 vas COC, @a IP, @b IP
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1610 vs C=0, ¢b IP

To‘g‘ri va ionomer bilan to‘ldirilgan ZrO, nanotrubkalarining impedans modulining chastotaga
boG-ligligi (Bode grafigi) 4-rasmda keltirilgan. Tekshirilayotgan chastota diapazoni ichida toza ZrO, nt ning
empedans moduli TZ | chastotaga teskari proporsionaldir (qiyalik -1 4-rasmdagi ikki logarifmik chizma), bu
tenglamaga ko‘ra sig‘imli javobga mos keladi (bu yerda f - chastota va C sig‘im):

Z =1/QnfC)

SPEEK infiltratsiyasidan keyin impedansning sezilarli darajada pasayishini aniq kuzatish mumkin,

chunki SPEEK o‘tkazuvchanligi nanotrubkalar ZrO, matritsasidan ancha yuqori bo‘ladi [13,14].

1,0E+09

® ZrO2nt

1,0E+08
@ ZrO2nt + SPEEK
1,0E+07
El,OE+06
1,0E+05
°
1,0E+04 ? Te
(] ©0 000000000 %o
1,0E+03
10 100 1000 10000 100000

f/HZ

4-rasm. Atrof-muhit namligida (RH = (30 + 10) %) toza va ionomer bilan to‘ldirilgan ZrO,
nanotrubkalari uchun impedans spektrlari (Bode moduli chizmalari)

Shuningdek, biz TiO.nt-SPEEK nanokompozitlarining turli nisbiy namlik ostida impedans javobini
tahlil gildik. Ushbu tajriba namlikka sezgir detektorlarni amalga oshirish uchun konsepsiya isbotidir. 5-rasmda
qurug sharoitda, atrof-muhit namligida (RH = (30£10)%) va to‘yingan bug‘ bosimini ifodalovchi bir tomchi
suv borligidagi impedansning taqqoslanishi ko‘rsatilgan. Nyquist uchastkalaridagi impedans namlikdagi bu
o‘zgarishlarga juda sezgir ekanligini kuzatish mumkin. Chizigli bo‘lmagan eng kichik kvadrat o‘rnatish uchun
ishlatiladigan ekvivalent sxema (ikki parallel garshilik-doimiy fazali elementlarning Q ketma-ket joylashishi)
5-rasmda ko‘rsatilgan. Doimiy fazali elementning impedansini yozish mumkin:

2(0) = Y° (i)

Bu yerda i hayoliy birlik, o burchak chastotasi, Y° CPE giymati va n CPE ko‘rsatkichi elementning fizik
tabiatini ko‘rsatadi: 1 ga yaqin qiymat mukammal bo‘lmagan siG‘imni bildiradi. Spektrlarning chiziqgli
bo‘lmagan eng kichik kvadrat moslashuvi turli RH uchun 2-jadvalda Kkeltirilgan TiO.nt-SPEEK
nanokompozitlarining garshilik va CPE giymatlarini berdi.
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10000 30% RH
® 0% RH
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5-rasm. TiOz2nt-SPEEK nanokompozitlari impedansining 25 °C da namlikka bog‘ligligi.
Chiziglar rasmda ko‘rsatilgan ekvivalent sxemadan foydalangan holda chiziqli bo‘Imagan eng kichik
kvadrat moslamalarni ifodalaydi

2-jadval.
TiO:nt-SPEEK nanokompozitlarining turli nisbiy namlikdagi elektr xususiyatlari
RH/ % R1/Q Y°l/Fs" nl
0 16150 610" 0.98
30 760 1.210% 0.95
100 40 - -

CPE qiymatlari va ko‘rsatkichlari yupqa materiallarga xos bo‘lsada, qarshilik nisbiy namlik bilan juda
kuchli pasayadi, bu yugori samarali namlik detektorining konsepsiyasi uchun imkoniyatlarni ko‘rsatadi.

Xulosa. SPEEK ning ZrO, yoki TiO; nanotrubkalariga infiltratsiyasi natijasida yaratilgan nanokompozit
qattiq ion o‘tkazgichning tayyorlanishi va xususiyatlari o‘rganilgan. Mikro tuzilma va faza tarkibi SEM, XRD
va FTIR spektroskopiyasi bilan tasdiglangan. Ion o‘tkazuvchi polimerning infiltratsiyasi natijasida namuna
garshiligining kuchli pasayishi impedans spektroskopiyasida aniglangan. Namlikka sezgir detektorning
konsepsiyasi ishoti TiO2nt-SPEEK nanokompozitlari bilan ko‘rsatilgan. Ushbu istigbolli nanokompozit qattiq
ion o‘tkazgichlarning boshqga xususiyatlari, aynigsa kimyoviy sensorlar va geterogen kataliz sohasida
qo‘llanilishi amalga oshiriladi.

ADABIYOTLAR:

1. Gellings PJ, Bouwmeester HIM, eds. Handbook of Solid State Electrochemistry. Boca Raton: CRC
Press; 1997.

2. Kudo T, Fueki K. Solid State lonics. Tokyo: Kodansha-VCH; 1990.

3. Rickert H. Electrochemistry of Solids. Berlin: Springer; 1982.

4. Yao YFY, Kummer JT. lon exchange properties of and rates of ionic diffusion in beta-alumina.
Journal of Inorganic & Nuclear Chemistry. 1967;29(9):2453-&.

5. Croce F, Appetecchi GB, Persi L, Scrosati B. Nanocomposite polymer electrolytes for lithium
batteries. Nature. 1998;394(6692):456-458.

6. Sata N, Eberman K, Eberl K, Maier J. Mesoscopic fast ion conduction in nanometre-scale planar
heterostructures. Nature. 2000;408(6815):946-949.

7. Steinhart M, Wendorff JH, Greiner A, et al. Polymer nanotubes by wetting of ordered porous
templates. Science. 2002;296(5575):1997-1997.

8. Adhikari B, Majumdar S. Polymers in sensor applications. Progress in Polymer Science.
2004;29(7):699-766.

9. Wang XX, Zhao JL, Hou XR, He Q, Tang CC. Catalytic Activity of ZrO2 Nanotube Arrays Prepared
by Anodization Method. Journal of Nanomaterials. 2012:5.

10. Roziere J, Jones DJ. Non-fluorinated polymer materials for proton exchange membrane fuel cells.
Annual Review of Materials Research. 2003;33:503-555.

11. Kreuer KD. On the development of proton conducting materials for technological applications.
Solid State lonics. 1997;97(1-4):1-15.

12. Di Vona ML, Knauth P. Sulfonated Aromatic Polymers as Proton-Conducting Solid Electrolytes
for Fuel Cells: a Short Review. Zeitschrift Fur Physikalische Chemie-International Journal of Research in
Physical Chemistry & Chemical Physics. 2013;227(5):595-614.

13. Knauth P, Di Vona ML. Solid Proton Conductors: Properties and Applications in Fuel Cells.
Chichester: Wiley; 2012.

14. Vacandio F, Eyraud M, Chassigneux C, Knauth P, Djenizian T. Electrochemical Synthesis and
Characterization of Zirconia Nanotubes Grown from Zr Thin Films. Journal of the Electrochemical Society.
2010;157(12):K279-K283.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/12 (129) 135



INFORMATICS

UO*K 004

SQLDA MA’LUMOTLARNI FILTRLASHDA FUNKSIYALARDAN FOYDALANISH
SAMARADORLIGI

Toshpo ‘latova Shahnozabonu Bobomurodovna,
Buxoro davlat universiteti talabasi
shahnozatoshpulatova982@gmail.com

Annotatsiya. Ushbu maqolada SQL tizimida ma’lumotlarni filtrlash jarayonida funksiyalardan
foydalanishning ahamiyati va samaradorligi yoritilgan. Ma’lumotlar bazasi bilan ishlashda filtrlar
yordamida kerakli yozuvlarni tanlab olish jarayoni muhim bosqichlardan biri bo'lib, funksiyalar
qo ‘llanilganda ushbu jarayon yanada qulay, aniq va tezkor bo‘ladi. Matn, son va sana bilan bog ‘lig
funksiyalarning filtrlashdagi roli, ularning amaliy qo ‘llanilishi hamda foydalanuvchiga taqdim etadigan
ustunliklari batafsil ko 'rib chiqiladi. Shuningdek, katta hajmdagi ma’lumotlarni qayta ishlashda
funksiyalardan foydalanish natijasida tizim samaradorligining oshishi, qidiruv mezonlarining
moslashuvchanligi va tahlil jarayonlarining optimallashuvi hagida ham fikr yuritiladi. Magolada funksional
yondashuvning real amaliyotdagi afzalliklari, uni qo‘llash misollari va ma’lumotlar bilan ishlash sifati
ganday yaxshilanishi chuqur tahlil etilgan. Ushbu annotatsiya mavzuning mazmunini gisga va izchil yoritib,
maqolaning nazariy-amaliy giymatini aks ettiradi.

Kalit so‘zlar: SOL, ma’lumotlarni filtrlash, funksiyalar, agregat funksiyalar, matn funksiyalari, sana
funksiyalari, ma’lumotlar bazasi, optimallashtirish, qidiruv samaradorligi, SELECT operatori, LIKE
operatori, UPPER(), LOWER(), COUNT(), SUM(), ma lumotlarni qayta ishlash.

AOOEKTUBHOCTH UCIOJIb30BAHMS ®YHKLHAN TPA ®UJIbTPALIAM JAHHBIX B
SQL

Annomayua. B oannoii cmamve paccmampusaemcs sHavenue u 3@PHeKxmueHocms UCNONb306AHUS
@yuxyui npu gurempayuu dannvix 6 cucmeme SQL. Ilpoyecc ombopa neodXo0umvix 3anucei sA61Aemcs
OOHUM U3 KTIOYe8blX dMAnoe pabomul ¢ 6a3amu OAHHbIX, U NpUMeHeHUe PYHKYULL denaem dmom npoyecc
bonee yOoOHbIM, MOUHBLIM U onepamugnbiM. 1100po6HO ananusupyemcs poib MeKCmosblX, HUCIOBbIX U
0ammuvIX QYHKYull 8 urompayuu, ux npaKxmuyeckoe npumeHeHue u npeumyuecmea O noib30eameell.
Taxoice paccmampusaemcs NOGvluieHUe NPOU3BOOUMETLHOCU CUCTEMbL NPU 00pabomke 6oabuux 06bEM08
OaQHHBIX, 2UOKOCMb YCI08ULl NOUCKA U ONMUMU3AYUA AHATUMUYEeCKUX onepayui. B cmamve npugedenvi
npumepbl UCNONb30BAHUA QYHKYUOHATLHO2O NOOX00d U NOKA3AHO, KAKUM 00pA30M NpuMeHeHue hyHKyull
nogvluaem Kawecmso pabomul ¢ OaHHIMU. AHHOMAYUs ompasicaem cooepicanue padomvl U NOO4EpPKUaem
eé meopemuueckyio u npaKmu4ecKyio 3Ha4UMOCMb.

Knrouesvte cnosa: SQL, Quivmpayus oauwnvix, QyHxyuu, azpecamuvie @QYHKYUU, MEKCMOGbLE
@dyukyuu, Qynxkyuu oamuvl u pemenu, 6a3a OaHHbIX, onmMuMuU3ayus, 3PhexmusHocms noucka, onepamop
SELECT, onepamop LIKE, UPPER(), LOWER(), COUNT(), SUM(), obpabomxa 0anHblX.

EFFECTIVENESS OF USING FUNCTIONS IN DATA FILTERING IN SQL

Abstract. This article explores the significance and effectiveness of using functions in the process of
data filtering within SQL systems. Filtering plays a crucial role in retrieving relevant records from large
datasets, and the use of functions greatly enhances accuracy, flexibility, and processing speed. The study
examines the practical application of text, numeric, and date functions, highlighting their role in improving
query precision and simplifying data analysis tasks. Additionally, the article discusses the impact of
functional approaches on system performance, especially when working with large volumes of data, and
emphasizes the advantages of optimized filtering conditions. Real examples demonstrate how the use of
functions contributes to higher data quality and more efficient database operations. This abstract provides a
concise overview of the content and underscores the theoretical and practical value of the research.

Keywords: SQL, data filtering, functions, aggregate functions, text functions, date and time functions,
database optimization, query efficiency, SELECT statement, LIKE operator, UPPER(), LOWER(), COUNT(),
SUM(), data processing.
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Kirish. Zamonaviy biznes, ilmiy tadgiqot va sanoat jarayonlarida ma’lumotlar hajmi tobora ortib
bormoqda. Shu sababli, katta hajmdagi ma’lumotlarni tez va samarali tahlil gilish ehtiyoji kundan-kunga
oshib bormoqda. Ma’lumotlar bazasida saqlangan ma’lumotlar ustida interaktiv tahlil olib borish
foydalanuvchiga real vaqt rejimida garor gabul qilish imkonini beradi va ish samaradorligini sezilarli
darajada oshiradi. SQL (Structured Query Language) — ma’lumotlar bazasini boshqarish va so‘rovlar orqali
ma’lumotlarni olish uchun eng ko‘p ishlatiladigan vositalardan biridir. Ushbu tilning funksiyalari, xususan
matn, son va sana bilan bog‘liq funksiyalar, ma’lumotlarni filtrlash jarayonini sezilarli darajada
soddalashtiradi va natijalarni anigroq olishga yordam beradi. Masalan, UPPER() va LOWER() funksiyalari
yordamida matn bo‘yicha qidiruv katta-kichik harflardan mustagil amalga oshiriladi, SUBSTRING() va
boshqa matn funksiyalari ma’lum qismlarni ajratib olishda foydalidir, ROUND() va ABS() kabi son
funksiyalari esa hisoblashlarni soddalashtiradi. Ko‘plab tadqiqotlar va maqolalarda SQL funksiyalaridan
foydalanish samaradorligi alohida ta’kidlangan. Masalan, Ivanov va boshqalar [1, 2] 0z maqolalarida biznes
jarayonlarida ma’lumotlarni filtrlash va qayta ishlashda UPPER(), LOWER() va agregat funksiyalarning
afzalliklarini ko‘rsatgan. Shuningdek, Petrov va Smirnov [3] magqolasida katta hajmdagi ma’lumotlarni
interaktiv tarzda filtrlash va tahlil gilishda SQL funksiyalarining samaradorligi batafsil yoritilgan. Shu bilan
birga, Kumar va Sharma [4] maqolasida sog‘ligni saglash sohasida bemorlar ma’lumotlarini interaktiv tahlil
gilishda COUNT() va GROUP BY operatorlarining samaradorligi batafsil yoritilgan. Ushbu tadgiqotlar [5,6]
shuni ko‘rsatadiki, SQL funksiyalari yordamida ma’lumotlarni tezkor, aniq va interaktiv tarzda filtrlash
imkoniyati mavjud, bu esa foydalanuvchi uchun qulay tizimlarni yaratishda muhim ahamiyatga ega. SQLda
ma’lumotlarni filtrlashda funksiyalardan foydalanishning amaliy jihatlarini o‘rganish va foydalanuvchi
uchun interaktiv va samarali tizimlarni ishlab chigish. Shu magsadda maqolada quyidagi vazifalar bajariladi
SQL funksiyalarining imkoniyatlari va ishlash printsiplari tahlil qilinadi, ma’lumotlar bazasidagi katta
hajmdagi ma’lumotlar ustida interaktiv filtrlash metodlari ishlab chiqiladi, amaliy misollar yordamida
natijalar vizual tarzda ko‘rsatiladi va foydalanuvchi uchun real vaqt rejimida ma’lumotlarni boshqarish va
filtrlash imkoniyatlari yaratiladi.

Yechiladigan muammo va masalaning qo‘yilishi. Hozirgi kunda biznes, ilmiy tadgiqot va sanoat
sohalarida ma’lumotlar bazasiga tushadigan ma’lumotlar hajmi sezilarli darajada ortib bormogda. Ko‘plab
foydalanuvchilar va tashkilotlar ma’lumotlar bazasidagi kerakli ma’lumotlarni tezkor tarzda izlash, filtrlash
va tahlil gilish imkoniyatlarini gidirmoqdalar. Shu nugtai nazardan, yechiladigan muammo quyidagicha
shakllanadi. SQLda ma’lumotlarni filtrlash jarayonida funksiyalardan foydalanish orqali tahlil jarayonini
tezlashtirish, natijalarni anigroq olish va foydalanuvchiga interaktiv boshgaruv imkoniyatlarini yaratish.

Ushbu muammoni yechish uchun quyidagi masala qo‘yiladi.

Ma’lumotlar bazasida saqlangan katta hajmdagi ma’lumotlarni interaktiv tarzda filtrlash va tahlil
qilish zarur.

Matnli ma’lumotlar bo‘yicha qidiruvni katta-kichik harflardan mustagil amalga oshirish,
ma’lumotlarning muayyan qismlarini ajratib olish va filtrlash kerak.

Sonli va statistik ma’lumotlar bo‘yicha o‘rtacha, maksimal, minimal ko‘rsatkichlarni aniqlash va
guruhlash zarur.

Natijalarni foydalanuvchiga qulay vizual tarzda ko‘rsatish va real vaqt rejimida interaktiv boshqaruv
imkoniyatini yaratish talab gilinadi.

Tijorat kompaniyasining sotuvlar ma’lumotlar bazasida quyidagi vazifa mavjud:

Har bir mahsulot bo‘yicha har oy sotilgan miqdorlarni aniqglash.
Har bir mahsulot guruhi bo‘yicha umumiy sotuv summasini va o‘rtacha qiymatni hisoblash.
Faqgat ma’lum minimal migdordan yuqori sotuvlar bo‘yicha natijalarni filtrlash.
e  Matn bo‘yicha qidiruv katta-kichik harflardan mustaqgil bajarilishi kerak.
Amaliy misol.
SELECT
ProductGroup,
UPPER(ProductName) AS ProductNameUpper,
SUM(SaleAmount) AS TotalSales,
AVG(SaleAmount) AS AverageSales,
COUNT(*) AS SaleCount
FROM Sales
WHERE SaleAmount > 100
GROUP BY ProductGroup, ProductName
HAVING SUM(SaleAmount) > 500
ORDER BY TotalSales DESC;
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- UPPER(ProductName) funksiyasi matn gidiruvini katta-kichik harflardan mustaqil giladi.

- SUM(SaleAmount) va AVG(SaleAmount) agregat funksiyalari yordamida umumiy va o‘rtacha
sotuvlar hisoblanadi.

- GROUP BY ProductGroup, ProductName operatori ma’lumotlarni mahsulot va mahsulot guruhi
bo‘yicha guruhlaydi.

- HAVING SUM(SaleAmount) > 500 orgali fagat muayyan minimal summadan yugori guruhlar
filtrlanadi.

- ORDER BY TotalSales DESC esa natijalarni eng yugori sotuvdan eng pastgacha tartiblaydi.

Ushbu yechim foydalanuvchiga katta hajmdagi sotuvlar ma’lumotlarini interaktiv tarzda filtrlash,
guruhlash va tahlil qilish imkonini beradi, natijalarni tezkor va aniq olishni ta’minlaydi. Shu bilan birga,
SQL funksiyalari yordamida jarayon samaradorligi oshadi va garor gabul gilish tezlashadi.

Masalaning yechilishini tekshirish va SQL funksiyalarining samaradorligi. Katta hajmdagi
ma’lumotlar bilan ishlashda asosiy muammo — kerakli ma’lumotlarni tez va aniq aniqlash, ularni filtrlash va
tahlil gilishdir. SQL funksiyalari bu jarayonda samaradorlikni sezilarli darajada oshiradi.

1. Filtrlash jarayonining optimalligi:

SQL funksiyalari yordamida filtrlash shartlarini moslashtirish va optimallashtirish mumkin. Masalan,
matn funksiyalari (UPPER(), LOWER()) yordamida foydalanuvchi qidiruvini katta-kichik harflardan
mustagqil qilish mumkin. Bu esa ma’lumotlarni qidirish tezligini oshiradi va inson xatolarini kamaytiradi. Shu
tarzda, so‘rovlar aniq natija beradi va foydalanuvchiga kerakli yozuvlarni tez topish imkonini beradi.

2. Guruhlash va agregat funksiyalar:

Katta hajmdagi ma’lumotlarni guruhlash va umumiy statistika olish uchun SUM(), AVG(), COUNT(),
MAX(), MIN() kabi agregat funksiyalar qo‘llaniladi. Bu funksiyalar natijalarni avtomatik ravishda hisoblash
va tartiblash imkonini beradi, shuningdek, tahlil jarayonini tezlashtiradi. Masalan, bir kompaniya sotuvlar
ma’lumotlarini guruhlab tahlil gilganda, har bir mahsulot guruhi bo‘yicha umumiy va o‘rtacha sotuvlar aniq
va tez hisoblanadi.

3. Shartli filtrlar va samaradorlik:

WHERE va HAVING operatorlari bilan birgalikda ishlatilgan funksiyalar orqali ma’lumotlarni
yanada samarali filtrlash mumkin. Masalan, fagat minimal giymatdan yuqori yoki ma’lum kriteriyalarga
javob beruvchi yozuvlarni tanlash, natijalarni anigroq giladi. Bu esa interaktiv tizimlarda foydalanuvchi
qgarorlarini tezkor gabul gilishga yordam beradi.

4. Interaktiv tahlil va vizualizatsiya:

SQL funksiyalari natijalarni tezkor tarzda chigarish imkonini berib, ularni vizualizatsiya gilish uchun
ham qulay bazaviy asos yaratadi. Natijalar jadval, diagramma yoki grafik ko‘rinishda taqdim etilganda
foydalanuvchi uchun qulay interaktiv tizim hosil bo‘ladi. Bu katta hajmdagi ma’lumotlar bilan ishlashda
xatolarni kamaytiradi va garor gabul gilish jarayonini soddalashtiradi.

5. Amaliy tadgiqotlar va maqolalardagi dalillar:

Ko‘plab tadgiqotlar va ilmiy maqolalar SQL funksiyalarining samaradorligini tasdiqlaydi. Masalan,
Johnson va boshqalar o‘z tadqiqotlarida tijorat kompaniyalari uchun sotuvlar ma’lumotlarini tahlil gilish
jarayonida agregat funksiyalardan foydalanish natijasida hisobotlarni avtomatlashtirish mumkinligini
ko‘rsatgan. Shu bilan birga, Kumar va Sharma maqolasida sog‘ligni saqlash sohasida bemorlar
ma’lumotlarini interaktiv tahlil qilishda matn va guruh funksiyalarining samaradorligi yoritilgan. Bu
tadqiqotlar SQL funksiyalari yordamida ma’lumotlarni tezkor va aniq tahlil qilish imkonini berishini
tasdiglaydi.

SQLda ma’lumotlarni filtrlashda funksiyalardan foydalanish samaradorligi bir necha jihatdan
namoyon bo‘ladi: Katta hajmdagi ma’lumotlarni tezkor filtrlash va guruhlash, natijalarni avtomatik hisoblash
va tahlil qilish, interaktiv va vizual tizimlar orqgali foydalanuvchi qulayligini oshirish, garor gabul gilish
jarayonini optimallashtirish.

Eksperiment va olingan natijalarning tahlili. SQL funksiyalarining ma’lumotlarni filtrlashdagi
samaradorligini baholash uchun eksperimentlar amalga oshiriladi. Ushbu eksperimentning magsadi — SQL
funksiyalari yordamida katta hajmdagi ma’lumeotlarni tezkor, aniq va interaktiv tarzda tahlil qilish
imkoniyatini tekshirish.

Eksperiment shartlari:

- Ma’lumotlar bazasida turli mahsulotlar, sotuvlar summasi, sanalar va mahsulot guruhlari mavjud
bo‘ladi.

- Har bir mahsulot guruhi bo‘yicha umumiy va o‘rtacha sotuvlarni hisoblash, fagat ma’lum
minimal migdordan yuqori sotuvlarni tanlash talab etiladi.

- Matn bo‘yicha gidiruv katta-kichik harflardan mustaqil bajarilishi shart.
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- Olingan natijalar interaktiv va vizual tarzda taqdim etiladi, masalan, diagramma yoki jadval
shaklida.

Eksperiment jarayoni:

- Avvalo, ma’lumotlar bazasida filtrlar va agregat funksiyalar yordamida so‘rovlar bajarildi.

- Har bir guruh bo‘yicha umumiy sotuvlar, o‘rtacha sotuv va sotuvlar soni aniqlab olindi.

- Katta-kichik harflardan mustaqil matn filtrlari yordamida qidiruvlar sinovdan o‘tkazildi.

- Natijalar vizual tarzda bar chart va line chart orgali foydalanuvchiga taqdim etildi.

Olingan natijalar:

- Matn funksiyalari samaradorligi: UPPER() va LOWER() funksiyalari yordamida barcha matn
qidiruvlari to‘g‘ri va katta-kichik harflardan mustaqil bajarildi. Natijalar aniq va bir xil formatda chiqgarildi.

- Agregat funksiyalar samaradorligi: SUM(), AVG(), COUNT() funksiyalari orgali har bir guruh
uchun umumiy va o‘rtacha sotuvlar aniq hisoblandi. Bu katta hajmdagi ma’lumotlar bilan ishlashda vaqtni
sezilarli darajada gisqartirdi.

- Filtrlash va guruhlash: WHERE va HAVING operatorlari bilan birgalikda ishlatilgan
funksiyalar fagat minimal shartlarga javob beruvchi yozuvlarni tanlash imkonini berdi, bu esa natijalarni
foydalanuvchi ehtiyojlariga moslashtirdi.

- Interaktiv tahlil: Vizualizatsiya natijalari foydalanuvchiga qulay va intuitiv tarzda taqdim etildi,
har bir guruh bo‘yicha natijalarni solishtirish imkoniyati yaratildi.

Eksperiment shuni ko‘rsatdiki:

- SQL funksiyalari yordamida ma’lumotlarni filtrlash samaradorligi sezilarli darajada oshadi.

- Katta hajmdagi ma’lumotlar bilan ishlashda natijalar tezkor va aniq olinadi.

- Interaktiv vizualizatsiya foydalanuvchi uchun qulay garor gabul gilish va tahlil gilish imkonini
beradi.

- Matn, son va guruh bo‘yicha filtrlar kombinatsiyasi ma’lumotlarni tahlil qilish jarayonini
soddalashtiradi va xatolarni kamaytiradi.

SQLda ma’lumotlarni filtrlash jarayonida turli funksiyalardan foydalanish mumkin. Ular quyidagicha
kategoriyalarga bo‘linadi:

Agregat funksiyalar: SUM(), AVG(), COUNT(), MAX(), MIN()

Misol:

SELECT ProductGroup, SUM(SaleAmount) AS TotalSales

FROM Sales

GROUP BY ProductGroup

HAVING SUM(SaleAmount) > 500;

Matn funksiyalari: UPPER(), LOWER(), SUBSTRING(), CONCAT()

Misol:

SELECT UPPER(ProductName) AS ProductNameUpper

FROM Sales

WHERE ProductName LIKE 'Lap%';

Sana va vaqt funksiyalari: YEAR(), MONTH(), DATEDIFF()

Misol:

SELECT * FROM Sales

WHERE YEAR(SaleDate) = 2025;

Shartli funksiyalar: CASE WHEN ... THEN ... END

Misol:

SELECT ProductName,

CASE WHEN SaleAmount > 500 THEN 'High'
ELSE 'Low' END AS SaleCategory

FROM Sales;

Xulosa. Ushbu maqolada SQLda ma’lumotlarni filtrlash jarayonida funksiyalardan foydalanish
samaradorligi keng gqamrovda o‘rganildi. Tadqiqot natijalari shuni ko‘rsatdiki, SQL funksiyalari
ma’lumotlarni dinamik tarzda filtrlash imkonini beradi, murakkab so‘rovlarni soddalashtiradi va
ma’lumotlarni tozalash hamda standartlashtirish jarayonini sezilarli darajada tezlashtiradi. Bu esa
dasturchining ish samaradorligini oshiradi va ma’lumotlarni boshgarish jarayonini yanada qulay gqiladi.
Aynigsa, matn, sana va raqamli qiymatlar ustida ishlov berishda funksiyalarning qo‘llanilishi so‘rovlarni tez
va aniq natijalar bilan ta’minlaydi. Shu bilan birga, tadqiqot natijalari shuni ko‘rsatdiki, funksiyalardan
haddan tashqari yoki noto‘g‘ri foydalanish tizim samaradorligini pasaytirishi mumkin. Ayniqgsa, katta
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hajmdagi jadvallarda ba’zi funksiyalar indekslardan samarali foydalanishni cheklab, so‘rovlarni
sekinlashtiradi. Shu sababli, filtr shartlarini indekslarga moslash, funksiyalarni fagat zarur hollarda qo‘llash
va ma’lumotlarni oldindan tayyorlash samaradorlikni oshirishning muhim omillaridan hisoblanadi. Masalan,
matnlarni giyoslashda UPPER() yoki LOWER() funksiyalarini ogilona ishlatish, sanalarni tahlil gilishda
DATEPART() va YEAR() funksiyalarini maqsadga muvofiq qo‘llash so‘rovlarni tezlashtiradi va noto‘g‘ri
natijalarni oldini oladi. Amaliy tahlillar shuni ko‘rsatdiki, SQL funksiyalari orqali ma’lumotlarni filtrlash
jarayonini optimallashtirish tizim samaradorligini oshirishda muhim rol o‘ynaydi. Masalan, matnlarni
giyoslashda UPPER() yoki LOWER() funksiyalaridan ogilona foydalanish, sanalarni tahlil gilishda
DATEPART() va YEAR() funksiyalarini maqsadga muvofiq qo‘llash so‘rovlarni tezlashtiradi va noto‘g‘ri
natijalarni oldini oladi. Shuningdek, murakkab shartlarni soddalashtirish, ma’lumotlarni tozalash va
standartlashtirish orqali ma’lumotlar bazasining barqaror ishlashini ta’minlash mumkin. Kelajakda
funksiyalarning samaradorligini oshirish bo‘yicha bir qator istigbolli yo‘nalishlar mavjud. Jumladan, turli
DBMSlarda (masalan, MySQL, PostgreSQL, SQL Server) funksiyalarning ishlash tezligini solishtirish,
so‘rovlarni paralel ishlashga moslash va caching mexanizmlarini joriy etish imkoniyatlari tadqiq qilinishi
mumkin. Shuningdek, katta hajmdagi ma’lumotlar bilan ishlashda analitik so‘rovlar va funktsional
optimizatsiya metodlarini ishlab chiqish SQL so‘rovlarining tezkorligini sezilarli darajada oshiradi. Umuman
olganda, SQL funksiyalari ma’lumotlarni filtrlash jarayonida kuchli va qulay vosita sifatida ahamiyatlidir.
Ularni oqilona va magsadga muvofiq ishlatish tizim samaradorligini oshirishga, ma’lumotlarni tez va aniq
gayta ishlashga, shuningdek, tizim resurslaridan optimal foydalanishga yordam beradi. Shu bilan birga,
funksiyalarning samaradorlikka ta’siri, indekslar bilan muvofigligi va so‘rovlarni optimallashtirish zarurati
doimiy e’tiborda bo‘lishi lozim. Tadqiqot natijalari SQL funksiyalarining afzalliklarini, ularni samarali
go‘llashning ahamiyatini va ma’lumotlarni filtrlash jarayonini yanada optimallashtirish zaruratini aniq
ko‘rsatdi.
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UO‘K 004
“BTEC” XALQARO DASTURI QANDAY SAMARA BERADI?

Xo‘jayev Sulaymon Sultonovich,
Axborot tizimlari va raqamli texnologiyalar kafedrasi katta o ‘qituvchisi

Annotatsiya. Pearson BTEC — bu 1984-yilda tashkil etilgan, amaliy mashg'ulotlarga yo ‘naltirilgan
kasbiy talim va malaka dasturlari tizimi bo ‘lib, talabalarga kasbiy ko ‘nikmalarni o ‘rgatishga garatilgan. Bu
tizimning asosiy magqsadi talabalarni bandlikka yoki oliy taslimga tayyorlash, ularga hunarli sifatli ta'lim
berishdir. Dastlab Buyuk Britaniyada yaratilgan, BTEC dasturlari 40 yildan ortiq vaqt davomida dunyo
bo ‘ylab o‘qitilib kelinmogda. Ular ansanaviy akademik ta'limga muqobil bo ‘lib, qo‘lga o ‘rgatish orgali
amaliy ko ‘nikmalarni rivojlantiradi. Pearson BTEC 24 dan ortig fan sohasida, jumladan, biznes,
texnologiya, ijodiy san'at, elektron sport va boshgalarda malaka oshirish imkonini beradi. BTEC dasturlari
sanoat ekspertlarining ishtiroki bilan ishlab chigilgan, bu talabalarga zamonaviy ish bozori talablariga
javob beradigan ko ‘nikmalarni egallashga yordam beradi. BTEC o ‘qituvchilarga ta'lim berishda
moslashuvchanlikni ta'minlaydi, shu bilan birga onlayn va sinf mubhitida o ‘qitishni qo ‘llab-quvvatlaydi.
BTEC talabalarni kasbiy malakalarni egallashga undaydi va universitetda o‘qish yoki ishga kirishda
yordam beradi. Pearson yetakchi xalqaro ta’lim tashkiloti bo‘lib, Texnikumlarda o‘qish muddatlari va
davomiyligi kasb murakkabligi va o ‘quvchining ta’lim darajasiga garab belgilanadi.

Kalit so‘zlar: ta’lim, tarbiya, yoshlar tarbiyasi

HACKOJIBKO DO®PEKTUBHA MEKAYHAPOJAHAS ITPOI'PAMMA BTEC?

Annomayus. Pearson BTEC — smo cucmema npoepamm npogeccuonanvrozo obpasoeanus u
obyuenus, ocnogannas 6 1984 200y. Ona opuenmuposana na npaxmuyeckoe oOyyeHue u HAnpaeieHa Ha
npuobpemenue cmyoeHmamu npo@eccuoHarbHuIX Hagbikos. OCHOBHOU Yeablo SMOU CUCEMbl AGNAEMCs]
Nn0020MOBKA CMYOeHmo8 K mpyo0oycmpoucmey uiu noay4eHuio eblcuieco oopazoeanus, npedoCcmasiss um
KayecmeenHoe npogeccuonanrvnoe odpazosanue. Ilpocpammer BTEC, usnauanvho co30anuvie 8
Benuxobpumanuu, peanusylomca no ecemy mupy yce oonee 40 nem. Onu a61a10mcs anbmepHamugol
MPAOUYUOHHOMY — AKAOeMUUECKOMY 00pa3oeanuio, pas3eueds npaKmuyeckue HAGbIKU NOCPeOCmEoM
npakmuyeckozo ooyyenus. Pearson BTEC npedocmagnsem xeanugurayuu no oonee yem 24 npedmemHuim
obnacmsam, 6KmOYas OusHec, MexHONIO2UY, mMeopuecmeo, Kubepcnopm u Opyeue. Illpozpammer BTEC
paspabameisaiomcs ¢ yuacmuem OMpPACIe8blX IKCNEepmos, 4mo nomozaem cCmMyOeHmam npuobpemams
HaBvIKU, omeeuanwue mpebosanuam  cospemennoco  puiika mpyoa. BTEC  npedocmasnsem
npenodasamenim 2ubKOCMb 8 NPenodasanull, no0epx’cUas 00yueHUue 8 OHNAUH - U AYOUMOPHBIX CPEOdX.
BTEC noowpsiem cmydenmog noiyuams npopheccuoHanbHylo Kearugukayuo u nomoaaem um y4umocs 6
YHUgepcumeme unu naumu pabomy. Pearson — eedywas mexcoynapoonas o6pazosamenbas op2aHu3ayus, a
NPOOOIAHCUMENLHOC U OTUMENLHOCb 00VYUEHUSI 8 MEXHUYECKUX KOIEOHCAX ONPedensitomest CLOHCHOCTHBIO
npogeccuu u yposnem 06pazoeanus cmyoeHma.

Knrwouesvie cnosa: obpazosanue, socnumarnue, 00pazoeanue Moao0exicu

HOW EFFECTIVE IS THE BTEC INTERNATIONAL PROGRAM?

Annotation. Pearson BTEC is a system of vocational education and training programs, established in
1984, focused on practical training, aimed at teaching students vocational skills. The main goal of this
system is to prepare students for employment or higher education, providing them with quality vocational
education. Originally created in the UK, BTEC programs have been taught around the world for over 40
years. They are an alternative to traditional academic education, developing practical skills through hands-
on training. Pearson BTEC provides qualifications in over 24 subject areas, including business, technology,
creative arts, e-sports and more. BTEC programs are designed with the participation of industry experts,
which helps students acquire skills that meet the demands of the modern job market. BTEC provides teachers
with flexibility in teaching, while supporting teaching in online and classroom environments. BTEC
encourages students to gain vocational qualifications and helps them to study at university or get a job.
Pearson is a leading international education organization, and the duration and duration of studies at
Technical Colleges are determined by the complexity of the profession and the level of education of the
student.
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Pearson haqgida. Pearson — 70 dan ortiq davlatda 35000 dan ziyod xodimga ega bo‘lgan, o‘qitish
orqali insonlarning hayotida sezilarli o‘sishga erishishni ta’minlash maqgsadida barcha yoshdagi odamlarga
yordam ko‘rsatish ustida g‘ayrat bilan ishlayotgan dunyodagi lider ta’lim beruvchi kompaniya. O‘quvchilar
kompaniya manfaatlarining va unga yo‘naltirilgan harakatlarning markazi hisoblanadi, chunki ta’lim
tizimining rivojlanishi umuman insonlarga ijobiy ta’sir etadi. Biz sizga va o‘quvchilaringizga qanday yordam
berishimiz mumkinligi to‘g‘risida qualification. pearson. com. sayti orqali ko‘proq bilib olishingiz mumkin.

Texnikumlarda Angliyaning “BTEC” xalqaro ta’lim dasturi joriy etilishi hagida avval xabar
berilgan edi. Dastlabki bosgichda ushbu dastur 14 ta texnikumda tajriba tarigasida joriy etiladi. “BTEC”
dasturi bitiruvchilarga 70 ta davlatda tan olinadigan diplom beradi va 200 dan ortiq xorijiy
universitetlarga kirish imkonini yaratadi.

Pearson BTEC Oliy Milliy malakalari o‘quv dasturiga o‘quvchilarga qaratilgan yondashuvga
asoslanadi. Talabaning ishga joylashish va oliy ta’limda muvaffagiyat qozonishi uchun zarur bo‘lgan amaliy,
shaxslararo va fikrlash gobiliyatlarini rivojlantirishga garatilgan moslashuvchan, modulli tuzilma mavjud.
Ular eng yangi kasbiy standartlarni ifodalaydi va talabalarga ish uchun ko‘nikma va xatti-harakatlarni
rivojlantirish imkoniyatini beradi, masalan, guruh loyihasida ishtirok etish yoki mijoz topshirig’ini bajarish.
Talaba talabalarga kasbiy tan olinishi yoki a’zo bo‘lish yo‘lida yordam berish uchun professional yoki savdo
malakasidan yoki tanlangan professional organlarga a’zolikdan ozod qilishni so‘rashi mumkin.

Pirson yetakchi xalqaro ta’lim tashkiloti bo‘lib, dunyo bo‘ylab 784 ta markazga ega va uning
bitiruvchilarining 90 foizi ish bilan ta’minlanadi. Bu dastur texnikumlarda o‘quv muddatlarini kasb
murakkabligi va o‘quvchining ta’lim darajasiga qarab moslashtirish imkonini beradi. Masalan, “Ekspeditor”
kasbida 9-sinf bitiruvchisi 3 yil, 11-sinf bitiruvchisi esa 2 yil o‘qiydi. Pearson BTEC International Level 3
Biznes boshqaruvi malakalari, birinchi navbatda, biznes sohasida, avvalo oliy ma’lumot orgali, biznesda
ishga joylashish yoki, muqobil ravishda, kichik o‘quv kurslari orqali ishga kirishni xohlovchi 16-19 yosh
guruhidagi talabalarga mo‘ljallangan. Kichik biznesda ishlash.

Edexcel, BTEC va LCCI malakasi. Edexcel, BTEC va LCCI malakasi butun dunyoda tajribadan
o‘tgan va tan olingan, akademik va kasbiy malaka taqdim etadigan malaka berish bo‘yicha Buyuk
Britaniyada eng yirik tashkilot hisoblanadigan Pearson tomonidan beriladi. Qo‘shimcha ma’lumot olish
uchun  qualifications.pearson.com  saytimizga  tashrif  buyuring. Bundan  tashgari, siz
qualifications.pearson.com/contactus sahifasida biz bilan bog‘lanish uchun berilgan to‘lig ma’lumotlardan
foylangan holda ham bog‘lanishingiz mumkin.

40 yillik muvaftaqiyatli ish tajribasiga ega bo‘lgan VTEC malakalari hukumatlar, sanoat sohasi va oliy
ta’lim tomonidan xalqaro darajada tan olingan. VTEC malakasi o‘quvchilarga to‘g‘ridan-to‘g‘ri yoki
yugqoriroq darajadagi o‘qish yordamida muayyan bo‘sh ish o‘rniga ishga joylashishga imkon beradi. Karyera
uchun o°‘qish VTEC markazlari, loyihalar asosida baholash uchun qo‘llaniladigan modullarga asoslangan,
moslashuvchan tuzilma va bilimlarni o°‘zida mujassamlashtirgan, o‘quvchilarga mo‘ljallangan o‘qitishga
yondashuvni taklif etadi.

VTEC bandlik sohasi va oliy ta’limdagi muvaffaqiyatli faoliyat uchun zarur bo‘lgan amaliy,
shaxslararo va fikrlash ko‘nikmalarining uzviy rivojlanishini ta’minlashga qaratilgan. O°‘zbekiston
Respublikasi uchun VTEC malakalarini ishlab chigishda biz ko‘plab davlat muassasalari, ish beruvchilar,
oliy ta’lim tizimi vakillari va kollejlar bilan, ularning ehtiyojlarini qondirish magsadida ish olib bordik. Biz
ish beruvchilar tomonidan ko‘proq qadrlanadigan lavozimlarda qaysi mehnat resurslariga talab mavjudligini
tushunish hamda bilim va ko‘nikmalardagi bo‘shliglarni aniqlash magqsadida turli sanoat tarmog‘idagi
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manfaatdor tomonlar bilan keng ko‘lamdagi tadqiqotlarni o‘tkazdik. Ish beruvchilar tarmoqqga oid so‘nggi
talablar borasida chuqur bilimlarga ega, ishlashga va jamoada faoliyat olib borishga tayyor bo‘lgan yangi
xodimlarni izlashadi. Oliy ma’lumot oluvchi o‘quvchilar keng ko‘lamdagi tadqiqotlar o‘tkazish, tahlil yozish
va muddatlarga amal qilish ko‘nikmalariga muhtoj bo‘ladilar. VTEC malakasi to‘plangan tajribalarni
o‘quvchilarga yetkazish uchun o‘qitishning keng qamrovli va chuqur bo‘lishini ta’minlaydi.

Pearson ushbu zarur ehtiyojlarga asoslanadi va quyidagilarni taklif etadi:

* har biri aniq magsadga ega bo‘lgan VTEC malakalari ko‘lami har bir o‘quvchining o‘qish dasturini
tanlovini qanoatlantiradi va belgilangan o‘sish rejalarini amalga oshirishga yordam beradi

* ish beruvchilar uchun muhim bo‘lgan bir qator bilim, ko‘nikma va xulqgni tan oluvchi, O‘zbekiston
Respublikasi uchun ishlab chigilgan professional standartlarga mos keluvchi bir gator VTEC malakalari

» ish beruvchilar va oliy ta’limning ehtiyojlari bilan chambarchas bog‘liq bo‘lgan tegishli materiallar

» o‘quvchilarga rivojlanishda yordam berish uchun tanlab olingan baholash va loyihalar; barcha
baholash va loyihalar biz tomonimizdan sizning va ish beruvchilarning yordamida, o‘quvchilarni barcha
uchun umumiy bo‘lgan bilim va tushunchalar bilan ta’minlab, kadrlarga bo‘lgan mahalliy talablarni
gondirish uchun ishlab chigiladi.

Mazkur malakalar to‘liq yoki noto‘liq ish kunida o‘tiladigan kurslar sifatida taklif etilishi va alohida
tarzda yoki VTEC ning boshqa kurslari bilan birgalikda taqdim etilishi mumkin. Biz kurs davomida o‘quvchi
va o‘qituvchilarning kafolatlangan va eng yuqori darajadagi tajribaga ega bo‘lishlari uchun resurslar bilan
go‘llab-quvvatlab turish bo‘yicha xizmatlarning to‘liq turlarini taqdim etadi.

Dasturdan kutilayotgan asosiy samaralar:

e Ta’limning muvofigligi: Kasbiy ta’lim dasturlari o‘zaro muvofiqlik va uzviylikka ega bo‘lib,
bitiruvchilar oliy ta’limga o‘tishda o‘zlashtirilgan modullari va to‘plangan kreditlari asosida bakalavriatning
muayyan bosqichidan davom ettirish imkoniga ega bo‘ladi.

e Texnikumlarning mustaqilligi kengaytiriladi: Texnikumlar fanlar soni va soatlarini 30 foizgacha
o‘zgartirish, mahsulot ishlab chiqarish va sotish imkoniyatiga ega bo‘ladi. Shuningdek, ular kontrakt asosida
ish beruvchilarning buyurtmasiga ko‘ra kadrlar tayyorlash huquqiga ega.

e O‘qitish jarayoniga ish beruvchilar keng jalb qilinadi: Ta’lim dasturlari ish beruvchilar talabi
asosida shakllantiriladi. Natijada, muayyan hududlardagi o‘rta bo‘g‘in kadrlari bo‘yicha ehtiyojlar
gondiriladi.

e Yakuniy attestatsiya tizimi yangilanadi: Bitiruvchilarning bilim va ko‘nikmalari ish beruvchilar
ishtirokida amaliy imtihonlar orgali baholanadi.

Dastur ta’siri: “BTEC” dasturiga asoslangan texnikumlar bitiruvchilarining rivojlangan davlatlarda
yugori daromadli ish joylariga joylashish imkoniyatlari oshadi. Shuningdek, 180 nafar pedagogning malakasi
oshiriladi va yiliga 1,680 nafar o‘quvchi o‘qishga gabul gilinadi.

Texnikumlarning moddiy-texnik bazasini mustahkamlash va ragamlashtirish uchun maxsus
jamg‘arma tashkil etiladi. Jamg‘armaga Oliy ta’lim, fan va innovatsiyalar vazirligining byudjetdan tashqari
jamg‘armasidan 50 milliard so‘m va Davlat byudjetidan 2025-yilda yana 50 milliard so‘m ajratiladi.

ADABIYOTLAR:
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UO“K 62-1
O‘LCHASH QURILMALARIDA NEYRON TARMOQLARDAN FOYDALANISH

Tursunov Alisher Ravshan o ‘g ‘li,

Qarshi davlat texnika universiteti. Shahrisabz ozig-ovqat muhandisligi fakulteti o ‘qituvchisi.
alishertursunov260@gmail.com

Axmedov Akbar Akramovich,

Qarshi davlat texnika universiteti. Shahrisabz 0ziq-ovgat muhandisligi fakulteti o ‘qituvchisi
akbarakramovichl11ll@gmail.com

Annotatsiya. Ushbu ishda o°‘lchash qurilmalarida sun’iy neyron tarmoglaridan foydalanishning
nazariy asoslari, amaliy imkoniyatlari va afzalliklari yoritilgan. Neyron tarmoglarining murakkab
funksiyalarni o ‘z-o zidan o ‘rganish, signallarni gayta ishlash, chizigli bo Imagan jarayonlarni modellash va
shovginli ma’lumotlar sharoitida aniq natija chigarish qobiliyatlari zamonaviy o ‘Ichash tizimlarining
samaradorligini oshirishda muhim o rin tutadi. Tadgiqot natijalari neyron tarmoglar asosidagi o ‘lchash
tizimlari an’anaviy algoritmlarga nisbatan yugori moslashuvchanlik, aniglik va tezkorlikka ega ekanini
ko ‘rsatadi. Ish sanoat avtomatikasi, metrologiya, elektronika, tibbiyot diagnostikasi, energetika hamda loT
tizimlaridagi aglli sensorlar uchun amaliy ahamiyatga ega.

Kalit so“zlar: neyron, tarmoq, kibernetika, sensor tizimlar, signallar, kremniy, uzatuvchi funksiya.

HCHOJIb30BAHUE HEMPOHHBIX CETEN B U3MEPUTEJBHBIX IIPUBOPAX

Annomauua. B oannoii pabome u3znosicenvl meopemuyeckie 0CHOBbL, NPAKMU4ecKue 803MOHCHOCU
U npeumyujecmsda UCHOIb308AHUSA UCKYCCHBEHHBIX HEUPOHHLIX cemell 8 USMEPUMeNbHbIX Npubopax.
CnocobHocmb HeUpOHHbIX cemell K CaAMOCMOSMENbHOMY OOVHeHUIO CLOMCHbIM (DYHKYUAM, obpabomke
CUCHAN08, MOOEIUPOBAHUIO HENUHEUHBIX NpOYecco8 U Gvloaue WOYHBIX Ppe3yIbmamos 6 YCI0GUSX
3QUIYMIEHHbIX ~ OGHHBIX — USPAem  BAJCHYIO POlb 8 NOGblUEHUU IPHeKmusHocmu  co8pemeHHbIX
usMepumenvHuIx cucmem. Pezynomamol uccredosanusi noxkaswiearom, umo usmepumenbHvie CUCHEMbl HA
OCHOBe HelPOHHbIX cemell 001a0arom 3HAYUMENbHO OONbWEN  A0ANMUEHOCMbIO, MOYHOCMbIO U
bvicmpoOdeticmeuem no CpagHeHulo ¢ MpAOUYUOHHLIMU ancopummamu. Paboma umeem npakmuyeckoe
3HaueHue O NPOMBIUWIEHHOU ABMOMAMUKY, MeMpONoUU, INEeKMPOHUKY, MEOUYUHCKOU OUASHOCMUKU,
9HepeemuKU, a MaKtce UHMELIeKMYAIbHbIX CEHCOPHBIX cucmem 8 cocmage 10T-mexnonoeuil.

Knioueevie cnoea: weiipon, cemv, KubepHemuka, CeHCOpHblE CUCMEMbl, CUSHANbI, KPEMHUI,
nepedamoyHas GyHKyus.

APPLICATION OF NEURAL NETWORKS IN MEASUREMENT INSTRUMENTS

Abstract. In this work, the theoretical foundations, practical capabilities, and advantages of using
artificial neural networks in measurement instruments are discussed. The ability of neural networks to
independently learn complex functions, process signals, model nonlinear processes, and produce accurate
results under noisy data conditions plays an important role in enhancing the efficiency of modern
measurement systems. The research results show that measurement systems based on neural networks
demonstrate significantly higher adaptability, accuracy, and speed compared to traditional algorithms. The
study has practical significance for industrial automation, metrology, electronics, medical diagnostics,
energy systems, as well as intelligent sensors within 10T technologies.

Keywords: neuron, network, cybernetics, sensory systems, signals, silicon, transfer function.

Kirish. Sun’iy neyron tarmogqlar nazariyasini yaratishda konnektsionizm (inglizcha connection —
bog ‘lanish) katta ta’sir ko‘rsatdi. Konnektsionizm — bu inson miya (tafakkur) modellarini yaratish, o‘rganish
va rivojlantirish bilan shug‘ullanuvchi sun’iy intellekt bo‘limidir. Konnektsionizm nuqtayi nazaridan neyron
tarmoglarni qurish konsepsiyasining asosi shundan iboratki, neyronlarni juda sodda avtomatlar yordamida
modellashtirish mumkin. Miyaning butun murakkabligi, uning moslashuvchan ishlashi va boshga muhim
Xususiyatlari esa aynan neyronlar orasidagi bog‘lanishlar bilan belgilanadi. Har bir bog‘lanish — bu
signalni uzatuvchi sodda elementdir.

Bunday yondashuvga ko‘ra neyron tarmoq modeli quyidagi xususiyatlarga ega bo‘ladi:
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e Tizimning bir xilligi  barcha elementlar juda sodda, tizimning xulg-atvori asosan bog‘lanishlar
tuzilishiga bog‘liq;

e Ishonchlilik — ishonchsiz elementlardan tashkil topgan tizim ko‘p sonli bog‘lanishlar hisobiga
bargaror ishlaydi;

o Golografiklik — tizimning bir gismi buzilganda ham umumiy xususiyatlar saglanib goladi.

Faraz qilinishicha, bog‘lanishlar tizimining keng imkoniyatlari — eski alogalarni gayta faollashtirish
(demaskirovka qilish) va yangi alogalar yaratish — modelning sodda elementlardan tashkil topganligi,
ularning ishonchsizligi va ba’zi aloqalarning buzilishi kabi kamchiliklarni qoplaydi.

Neyron tarmoglarning matematik modellari rivojlanishining dastlabki bosgichlarida konnektsionizm
nihoyatda muhim rol o‘ynadi. Chunki u neyron tarmog‘i tomonidan amalga oshiriladigan induktiv xulosalar
mexanizmlarini tushunishga yordam berdi va ko‘plab amaliy masalalarning yechilishiga imkon yaratdi.

Biroq real vazifalarga mos matematik neyron tarmoqg modellarini yaratish uchun inson miyasining
biologik ishlash prinsiplari bo‘yicha yanada chuqur ilmiy tadqiqotlar talab etiladi.

Kibernetikaning asoschisi Norbert Viner o‘zining asosiy asarini “Kibernetika yoki hayvon va
mashinada boshqarish hamda aloqa” deb nomlagan. Bu ta’rif orqali Viner boshqaruv qonunlari tirik va
jonsiz tabiat uchun umumiy ekanligini ko‘rsatdi va shu bilan kibernetikaning fundamental ekanini belgilab
berdi. Endi kibernetika nuqtayi nazaridan insonning sensorial tizimlari funksiyalarini umumiy ko‘rinishda
ko‘rib chigamiz.

Qo‘llanilgan metodlar. Inson atrof-muhit va organizmning ichki muhiti haqidagi ma’lumotlarni
sensor tizimlar yordamida oladi, bu tizimlarni I.P.Pavlov analizatorlar deb atagan. Zamonaviy
neyrofiziologiya nugtayi nazaridan sensor tizimlar — bu periferik retseptorlar (sezgi organlari), ulardan
keluvchi nerv tolalari (o‘tkazuvchi yo‘llar) va markaziy nerv tizimi hujayralari (sensor markazlar)dan tashkil
topgan maxsus nerv tizimi bo‘laklaridir. Sensor organlarda tashqi ta’sir energiyasi asablardagi signalga
(retseptor potentsiali) aylantiriladi, u esa keyinchalik nerv hujayralarining impulsli faolligiga — harakat
potentsialiga o‘tadi. O‘tkazuvchi yo‘llar orgali bu potentsiallar sensor markazlarga yetib boradi, bu
markazlar hujayralarida nerv signallarining gayta ishlanishi (qayta kodlanishi) sodir bo‘ladi.

Sensor tizimning barcha bo‘g‘inlarida signallarni kodlash va tahlil gilish bilan bir vaqtda dekodlash —
ya’ni sensor kodni “o‘qish” ham amalga oshiriladi. Dekodlash jarayoni sensor markazlarning motor (harakat)
va assotsiativ miyaning qismlari bilan o‘zaro bog‘ligligi asosida amalga oshiriladi. Motor tizim
hujayralarining nerv impulslaridan esa qo‘zg‘alish yoki tormozlanish yuzaga keladi. Natijada harakat
(amal) yoki harakatsizlik (to‘xtash) vujudga keladi.

Alohida ta’kidlash kerakki, sensor tizimlardagi informatsiya tashuvchisi elektr tabiatiga ega. Demak,
sensor tizimlarning asosiy funksiyalari quyidagilardan iborat:

e signallarni qabul qilish (retsepsiya);

o retseptor potentsialini impulsli faollikka aylantirish;

e boshlang‘ich faollikni sensor markazlarga uzatish;

« sensor markazlarda signalni gayta ishlash (transformatsiya);

« signallarning xususiyatlarini tahlil gilish;

« signallarni identifikatsiya qilish;

e garor gabul gilish.

E’tibor berilsa, insonning tashqi muhit ta’sirini sezishi haqidagi mazkur tavsif boshgaruv
sistemasining ishlashini fiziologiya terminlari orgali tasvirlashdir. Boshgaruv tizimidagi datchiklar rolini
retseptorlar, boshgaruvchi EHM (kompyuter) vazifasini inson miyasi, ijro mexanizmlari vazifasini inson
mushaklari, harakat dasturi generatori vazifasini esa yana miya bajaradi.

Biologik boshqaruv tizimlarining markaziy bo‘g‘ini — bu miya bo‘lib, u 100 milliarddan ortiq nerv
hujayralari neyronlardan tashkil topgan. Har bir neyron o‘rtacha 10 000 ta bog‘lanishga ega.

Inson miyasining aniq ishlash mexanizmi hali-hanuz sir bo‘lib qolmoqgda. Shunga garamay, bu
hayratlanarli darajada murakkab “protsessor’ning ayrim jihatlari ma’lum. Inson miyasining asosiy elementi
— bu neyron deb ataluvchi maxsus hujayralar bo‘lib, ular eslab qolish, fikrlash va oldingi tajribani har bir
harakatga qo‘llashga qodir. Aynan shu xususiyat neyronlarni boshga tana hujayralaridan ajratib turadi.

Inson bosh miyasining po‘stlogi — bu galinligi 2-3 mm bo‘lgan, neyronlardan tashkil topgan tekis
qatlam bo‘lib, uning yuzasi taxminan 2 200 sm? ni tashkil etadi. Bu oddiy kompyuter klaviaturasining
yuzasidan ikki baravar katta demakdir. Miya po‘stlog‘ida taxminan 10'° neyron mavjud bo‘lib, bu taxminan
Somon yo‘lidagi yulduzlar soniga teng. Har bir neyron 10°—10* boshga neyronlar bilan bog‘langan. Umuman
olganda, inson miyasida 10'* dan 10> gacha neyronlararo bog‘lanish mavjud. Inson aqlining kuchi bazaviy
elementlar (neyronlar) soniga, ular orasidagi bog‘lanishlarning xilma-xilligiga, shuningdek, genetik
dasturlanish va ta’lim-tarbiya jarayoniga bog‘liq. Alohida neyron murakkab tuzilmaga ega bo‘lib, uning
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o‘zining tarkibiy gismlari, kichik tizimlari va boshgaruv mexanizmlari mavjud. U juda ko‘p miqdordagi
elektroximik bog‘lanishlar orqali axborotni uzatadi. Neyronlarning qariyb yuzdan ortiq turli sinflari mavjud.
Neyronlar va ular orasidagi bog‘lanishlar birgalikda an’anaviy kompyuterlardagi hisoblash jarayonidan farqli
ravishda nobinar, begaror va nosinxron jarayonni hosil giladi. Sun’iy neyron tarmogqlar esa murakkab
miyadagi eng asosiy elementlarni model giladi, bu esa olimlar va tadgigotchilarni muammoni yechishning
yangi yo‘llarini izlashga undaydi.

Hozirgi vaqtda neyronlar uchta katta guruhga bo‘linadi: retseptor neyronlari, effektor neyronlar va
oraliqg (inter) neyronlar.

e Retseptor neyronlar sensor ma’lumotlarni miyaga kiritish uchun xizmat gqiladi. Ular tashqi
muhitning sezgi organlariga ta’sirini (masalan, yorug‘likning ko‘z to‘r pardasiga, tovushning eshitish
magsurasiga ta’siri) o‘zlarining aksonlari orqali elektr impulslariga aylantiradi.

o Effektor neyronlar ularga kelgan elektr signallarni ijro organlariga, masalan, mushaklarga,
aksonlaridagi maxsus sinapslar orgali uzatadi.

 Oraliq neyronlar markaziy nerv tizimini hosil giladi va retseptorlardan olingan ma’lumotni qayta
ishlash hamda boshqaruv signallarini effektorlarga yetkazish uchun mo‘ljallangan.

Inson va yugori darajadagi hayvonlarning bosh miyasi kulrang modda va oq moddadan tashkil
topgan. Kulrang modda — bu neyronlar, dendritlar va aksonlar to‘plamidir. Oq modda esa miyadagi turli
sohalarni, sezgi organlarini va mushaklarni bir-biriga bog‘lovchi tolalardan tashkil topgan. Bu tolalar elektr
izolatori bo‘lib xizmat qiluvchi maxsus miyelin qavati bilan qoplangan.

Miyada tuzilishi jihatidan o‘zaro ajralgan bo‘limlar mavjud: miya po‘stlog‘i (kora), gippokamp,
talamus, miyachok, amigdal va boshqalar. Har bir bo‘lim murakkab modulli tuzilishga ega. Miya
tuzilishida alohida o‘rin egallagan bosh miya po‘stlog‘i (katta yarim sharlar po‘stlog‘i) eng muhim bo‘lim
bo‘lib, hozirgi kunda asosiy assotsiativ axborot qayta ishlash jarayonlari aynan shu yerda sodir bo‘ladi,
degan fikr gabul gilingan.

Sensor sohalar bilan po‘stloq o‘rtasidagi, shuningdek po‘stlogning turli qismlari o‘rtasidagi
bog‘lanishlar fizik jihatdan paralleldir. Bir gatlamdagi hujayralar boshga gatlamga proyeksiya giladi, va bu
proyeksiyalar ko‘plab tarmoqlanuvchi va qo‘shilib ketuvchi tolalardan iborat bo‘ladi (ya’ni, proyeksiyalar
divergent va konvergent).

Olingan natijalar va ularning tahlili. Hozirgi kunda miyaga vizual (ko‘rish) ma’lumot kirishi eng
yaxshi o‘rganilgan jarayonlardan biridir. To‘r pardadan kelayotgan qo‘zg‘alishlar po‘stloqqa tartibli
topografik ko‘rinishda yetadi, ya’ni to‘r pardada yaqin joylashgan nuqtalar po‘stloqda ham yaqin joylarni
faollashtiradi. Ko‘rish tizimida turli murakkablikdagi vizual stimullarga javobiga qarab oddiy, murakkab va
gipermurakkab neyronlar ajratiladi. Sun’iy neyronlarda tabiiy (biologik) neyronning ishini taqlid qilish
uchun juda tik (keskin) o‘tishga ega bo‘lgan nelinear qo‘zg‘alish funksiyasi kiritilgan. Bu funksiya neyron
chigish signalining ikkilik (binar) holatini takrorlash imkonini beradi: 1 — qo‘zg‘algan holat, 0 —
tormozlangan holat. Bu holatlar orasidagi o‘tishning chegarasi (porogi) Co deb ataluvchi doimiy siljish
giymati orgali boshqariladi.

Shuni ta’kidlash kerakki, sun’iy neyron
ichida analog sxema yoki ragamli neyron-
imitator uchun zarur bo‘lgan tashqi quvvat
manbai  mavjud. Shu sababli  biologik
neyronlardagi kabi elektroximik energiyani
tiklash uchun zarur bo‘lgan “o‘lik vaqtni”
(refrakter davrni) kiritishga ehtiyoj yo‘q. Bu
esa kremniy asosidagi sun’iy neyronlar ancha
yugori tezkorlikka ega ekanini anglatadi.

1-rasm. Asosiy (bazaviy) sun’iy neyron:

e X1, X2 — Kirishlar;

e Ci, C: — og'irlik koeffitsiyentlari;

e Co —siljish (porog) giymati;

e X — summator;

e F(.) — nelinear faollashtirish funksiyasi

(qo‘zg‘alish funksiyasi).

l-rasmda sun’iy neyronning soddalashtirilgan modeli tasvirlangan. Modifikatsiya qilingan kirish
signallari ai, a2 summatorga uzatiladi, u asosan kirishlarning og‘irliklar bilan ko‘paytmasini yig‘ish
funksiyasini bajaradi. Summator uchun turli operatsiyalarni tanlash mumkin: arifmetik o‘rtacha, eng katta
giymat, eng kichik giymat, YOKI (OR), VA (AND) kabi amallar, ular turli natija giymatlarini hosil giladi.
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Ko‘pchilik tijoriy dasturiy paketlar muhandis-dasturchilarga yuqori darajadagi dasturlash tillari yordamida
o‘zlarining maxsus summator funksiyalarini yaratishga imkon beradi. Ba’zan summalash funksiyasi vaqt
bo‘yicha ishlashini ta’minlaydigan
faollashtirish funksiyasi qo‘shilishi

ke bilan murakkablashtiriladi.
= y“ 2-rasm. O‘tkazish funksiyasi
1 - namunasi
Har ganday holatda ham
0,8 summalash funksiyasining chigishi
ma’lum algoritm asosida uzatuvchi
HE funksiyadan o‘tadi va natijada
g o chigishda (0 yoki 1, -1 yoki 1 yoki
i boshqa biror son) hosil bo‘ladi.
0,2 - Mavjud ~ neyron tarmo_qla(da
- uzatuvchi funksiyalar sifatida
— . Kirish  gomoid, sinus, giperbolik tangens va
_'1 _6’5 ' o ) 01’5 ' 0',5 i qiyan boshqa funksiyalar ~ qo‘llanishi

mumkin. Uzatuvchi funksiyalardan
birining namunasi 2-rasmda ko‘rsatilgan. Barcha sun’iy neyron tarmoqlari asosiy blok — sun’iy neyron
asosida quriladi. Mavjud ko‘plab variantlar va farqlar samarali neyron tarmogqlarini yaratishda iste’dodli
ishlab chiquvchilarga ijodiy yondashuv uchun katta imkoniyat beradi.

Sun’iy neyron tarmoqlarini yaratish va ulardan foydalanishning yana bir qismi alohida neyronlar
orasidagi ko‘plab bog‘lanishlarga taalluglidir. Inson miyasida guruhlanish shunday amalga oshadiki, axborot
dinamik, o‘zaro ta’sirli va o‘z-o‘zini tashkil qiluvchi tarzda gayta ishlanadi. Biologik neyron tarmoqlari
uch o‘lchamli makonda, mikroskopik elementlardan tashkil topgan bo‘lib, juda turli xil ulanishlarga qodir.
Inson tomonidan yaratilgan sun’iy tarmogqlarda esa jismoniy cheklovlar mavjud. Hozirgi vaqtda mavjud
bo‘lgan sun’iy neyron tarmogqlari alohida sun’iy neyronlarning qatlamlarga birlashtirilgan ko‘rinishidir. 3-
rasmda sun’iy neyron tarmogqlarining tipik tuzilishi ko‘rsatilgan. Ba’zi tarmogqlar faqat bitta qatlam yoki hatto
bitta elementdan iborat bo‘lishi mumkin bo‘lsada, ko‘pchilik amaliy tizimlar kamida uch xil gatlamdan
iborat:

3 —rasm. Oddiy neyron tarmog tushulishi
l | 1. Kirish gatlami
2. Yashirin gatlam
3. Chigish gatlami
Kirish qatlami neyronlari ma’lumotlarni
kirish  fayllaridan  yoki  bevosita  elektron

C) ®
)V e 48
s datchiklardan gabul qgiladi. Chigish gatlami esa
%\ axborotni tashqi muhitga, qo‘shimcha kompyuter
}? )/'_) protsessoriga yoki boshga qurilmaga uzatadi.
— X z Ushbu ikki gatlam orasida bir nechta yashirin
qatlam  bo‘lishi mumkin; bu qatlamlardagi
25 neyronlar har xil tarzda bog‘langan bo‘lib, har bir
yashirin neyronning Kirish va chigishlari boshga

neyronlar bilan ulanadi.
Neyronlar orasidagi bog‘lanishning
yo‘nalishi neyron  tarmoqlarining ~ muhim
jihatlaridan biridir. Aksariyat tarmoglarda yashirin gatlamdagi har bir neyron avvalgi gatlamdagi barcha
neyronlardan signallarni qabul qiladi va ko‘pincha kirish qatlamidan ham signal oladi. Signallar ustida amal
bajarilgach, neyron o‘z chigish signalini keyingi gatlamdagi barcha neyronlarga uzatadi — bu oldinga
uzatish (feedforward) deb ataladi. Agar teskari aloga mavjud bo‘lsa, chiqish qatlamidagi neyronlarning
chiqish signallari oldingi gatlamlarga gaytariladi. Neyronlar orasidagi ulanish turi tarmogning ishlashiga
katta ta’sir ko‘rsatadi. Ko‘pgina neyron tarmoqlari dasturiy paketlari foydalanuvchiga bog‘lanishlarni
ixtiyoriy ravishda qo‘shish, o‘chirish yoki boshqgarish imkonini beradi. Doimiy ravishda moslashtiriladigan
bog‘lanish koeffitsiyentlari qo‘zg‘atuvchi ham, tormozlovchi ham bo‘lishi mumkin.
Amaliy masalalarni yechishda neyron tarmoqlarni qo‘llash.
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Obrazlarni klassifikatsiya gilish. Bu vazifa — kirish obrazining (masalan, nutq signali yoki qo‘lda
yozilgan belgi) belgi — vektori ko‘rinishida berilgan holda, uni oldindan belgilab qo‘yilgan bir yoki bir necha
sinfga mansubligini aniqlashdan iborat. Mazkur usulning mashhur qo‘llanilishlariga harflarni tanish, tilni
aniglash, elektrokardiogramma signallarini tasniflash, gon hujayralarini ajratish kiradi.

Klasterlash (kategoriyalash). Klasterlash vazifasini yechishda o‘quv to‘plamida sinf yorliglari
bo‘lmaydi. Klasterlash algoritmi o‘xshash obrazlarni bir klasterga joylashtirish prinsipi asosida ishlaydi.
Klasterlash ko‘pincha bilimlarni ajratib olish, ma’lumotlarni siqish va ularning xususiyatlarini o‘rganishda
go‘llanadi.

Funksiyalarni approksimatsiya qilish. Faraz qilaylik, bizda o‘quv tanlov (ma’lumotlar to‘plami)
mavjud: (X1, y1), (X2, ¥2), ..., (Xn, ¥n), ya'ni kirish—chiqish juftliklari. Bu juftliklar shovqin ta’sirida buzilgan
noma’lum R funksiyasi tomonidan generatsiya qilingan. Approksimatsiya vazifasi — ushbu noma’lum
funksiyaning E ko‘rinishdagi yaqinlashmasini topishdan iborat. Funksiya approksimatsiyasi ko‘plab ilmiy va
muhandislik sohalarida modellashtirish masalalarini yechishda zarurdir.

Oldindan aytish (prognozlash). Faraz gilaylik, bizda vaqgtning ketma-ket lahzalarida olingan n ta
diskret o‘lchovlar mavjud: {y(t:), y(t2), ..., y (t.)}. Vazifa — keyingi lahzada y (t. + 1) giymatini oldindan
aytishdan iborat. Prognozlash biznes, ilm-fan va texnikada juda muhim ahamiyatga ega (masalan, fond
bozoridagi narxlarni oldindan bilish, ob-havo prognozi).

Optimallashtirish. Matematika, statistika, texnika, fan, tibbiyot va iqtisodiyotdagi ko‘plab
muammolar optimallashtirish masalalari sifatida ifodalanishi mumkin. Optimallashtirish algoritmining
magsadi — barcha cheklovlarga mos keluvchi, magsad funksiyasini maksimal yoki minimal giluvchi eng
yaxshi yechimni topishdir.

Ma’no bo‘yicha murojaat qilinadigan xotira. An’anaviy kompyuterlarda xotiraga faqat aniq manzil
orqali murojaat qilish mumkin, bu manzil xotira mazmuniga bog‘liq bo‘lmaydi. Manzil noto‘g‘ri
hisoblangan taqdirda, butunlay boshqa ma’lumot chaqirilishi mumkin. Assotsiativ xotira yoki ma’no
bo‘yicha murojaat gilinadigan xotira esa mazmun orqali qidirishga asoslanadi. Xotira mazmuni hatto gisman
kirish yoki buzilgan ma’lumot bo‘lsa ham esga chagqirilishi mumkin. Assotsiativ xotira multimedia axborot
bazalarida qo‘llanishi mumkin.

Boshgaruv. Dinamik tizimni ko‘rib chiqamiz: u(t) — boshqaruvchi kirish ta’siri, y(t) — tizimning shu t
lahzadagi chigish signali. Etalon modelga ega boshgaruv tizimlarida magsad — tizim etalon model belgilagan
kerakli trayektoriyada harakat gilishi uchun mos kirish signali u(t) ni hisoblab topishdir. Bunga misol sifatida
dvigatelning optimal boshgaruvini keltirish mumkin.

Shu bilan birga, neyron tarmogqlar ayrim sohalarda an’anaviy hisoblash usullaridan ustunlikka ega
bo‘lishiga qaramay, mavjud neyron tarmoqlari hali mukammal yechim darajasiga yetmagan.

Xulosa. Neyron tarmoqlar asosidagi o‘lchash tizimlari an’anaviy algoritmlarga nisbatan yuqori
darajadagi moslashuvchanlik va adaptivlikka ega bo‘lib, real vaqt rejimida ishlash qobiliyati bilan ajralib
turadi. Bu esa sanoat avtomatikasi, elektronika, metrologiya, tibbiyot diagnostikasi, energetika, transport,
atrof-muhit monitoringi va loT tizimlaridagi aqglli sensorlarning rivojlanishida muhim ahamiyat kasb etadi.
Yakuniy xulosa sifatida aytish mumkinki, neyron tarmogqlarni o‘lchash qurilmalariga integratsiya qilish
ularning funksional imkoniyatlarini kengaytiradi, inson omili sababli yuzaga keladigan xatoliklarni
kamaytiradi va of‘lchash jarayonlarining ishonchliligini oshiradi. Kelgusida ushbu sohada yanada
takomillashgan algoritmlar, chuqur o‘rganish modellaridan foydalanish va aqlli sensor tizimlarini yaratish
orqali o‘Ichash texnologiyalarining samaradorligini yuqori bosqichga olib chiqish imkoni mavjud.
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UO‘K 004

TASHKILOTLARDA BIZNES UZLUKSIZLIGINI BOSHQARISH TIZIMINI
MODELLASHTIRISH USULLARI

Turdimatov Mamirjon Mirzayevich,

Farg‘ona davlat texnika universiteti “DI va kiberxavfsizlik ” kafedrasi dotsenti
turdimatovmamirl 958@gmail.com

Aliyev Muhammadali G‘ulomjon o°‘g'li,

Farg ‘ona daviat texnika universiteti “Axborot xavfsizligi” yo ‘nalishi 1-kurs magistranti

Annotatsiya. Ushbu tadgiqot tashkilotlarda Biznes uzluksizligini boshgarish tizimini (Business
Continuity Management - BCM) loyihalash va modellashtirish usullariga garatilgan. Ma’lumki, zamonaviy
raqamli igtisodiyot sharoitida tashkilot jarayonlarining qisqa muddatga to ‘xtab qolishi moliyaviy
yo ‘qotishlar, mijozlar ishonchining pasayishi va brend obro ‘sining kamayishiga olib kelishi mumkin. Shu
tufayli tadqiqot asosan risklarni aniqlash va BCMning nazariy va amaliy asoslari tadqiqi o ‘rganilgan.

Kalit so‘zlar: biznes uzluksizligini boshgarish, BCM (Business Continuity Management), risk,
risklarni boshqarish, biznesga ta’sir tahlili (BIA), tiklash strategiyalari, favqulodda holatlar, tashkilot
bargarorligi, ragamli igtisodiyot, axborot tizimlari xavfsizligi, korporativ boshgaruv .

METHODS FOR MODELING BUSINESS CONTINUITY MANAGEMENT SYSTEMS IN
ORGANIZATIONS

Abstract. This study focuses on methods for designing and modeling Business Continuity Management
(BCM) systems in organizations. It is known that in the conditions of the modern digital economy, a short-
term interruption of organizational processes can lead to financial losses, loss of customer trust, and a
decrease in brand reputation. Therefore, the study mainly focuses on identifying risks and studying the
theoretical and practical foundations of BCM.

Keywords: business continuity management, BCM (Business Continuity Management), risk, risk
management, business impact analysis (BIA), recovery strategies, emergencies, organizational stability,
digital economy, information systems security, corporate governance.

METOAbI MOAEJIUPOBAHUA CUCTEM YIIPABJIEHUSA HEITPEPBIBHOCTBIO
BU3HECA B OPTAHU3ALIUAX

Annomayua. Jlannoe uccrneoosanue NOCEAUEHO MemMoOdM NPOeKMUPOBAHUS U MOOETUPOBAHUS
cucmem ynpaenenus nenpepvisHocmvio ousneca (BCM) 6 opeanuzayusax. Hzeecmno, umo 6 ycnosusx
cospemeHnol Yuppoeoli IKOHOMUKU KPAMKOBPEMEHHOe NPePbléaHue OPeaHU3AYUOHHBIX NPOYECCO8 MONCEN
npusecmu K (QUHAHCOBbIM NOMmMepsaM, nomepe 008epusi KIUEHMOS U CHUNCEHUI0 penymayuu OpeHOdq.
Ilosmomy uccrneoosanue 8 OCHOBHOM COCPEOOMOUEHO HA BbIAGNEHUU PUCKOG U U3YYEHUU MeOPemUiecKux u
npaxmuyeckux ocnos BCM.

Knioueswie cnosa: ynpasnenue nenpepwisnocmoio 6usneca, BCM (Business Continuity Management),
DUCK, Ynpasienue puckamu, anaiusz eo3oeucmeus na oOusnec (BIA), cmpamecuu e6occmanognenus,
upessblualinble CUMyayul, OpeaHU3AYUOHHAS YCMOUYUBOCIb, YUDPOBaAs IKOHOMUKA, 0e30nacHOCMb
UHOPMAYUOHHBIX CUCEM, KOPROPAMUBHOE YNPABTIEHIUe.

Kirish. Zamonaviy tashkilotlarning bargaror va samarali faoliyat yuritishi ularning ichki va tashqi
jarayonlarining uzluksiz ishlashiga bevosita bog‘lig bo‘lib, bunda axborot tizimlari, ma’lumotlar
almashinuvi, texnologik infratuzilma, xizmat ko‘rsatish tarmoglari va inson resurslari muhim o‘rin tutadi.
Ragamli igtisodiyot sharoitida har ganday xizmatning gisqa muddatga to‘xtab qolishi ham jarayonlarning
izdan chigishiga, mijozlar ogimini kamayishiga, moliyaviy yo‘qotishlar ortishiga va brend obro‘sining
pasayishiga olib kelishi mumkin. Aynigsa bugungi globallashgan muhitda xavf omillari ko‘payib bormoqda:
tabiiy ofatlar, texnik nosozliklar, elektr ta’minotidagi uzilishlar, dasturiy xatoliklar, kiberhujumlar,
ma’lumotlar yo‘qolishi va xodimlarning tasodifiy xatolari tashkilotning uzluksiz ishlab turishiga real tahdid
soladi. Bunday sharoitda tashkilotning favqulodda holatlarga tayyorligi nafagat texnik choralar bilan, balki
puxta o‘ylangan, oldindan rejalashtirilgan va muntazam sinovdan o‘tkaziladigan boshgaruv tizimi bilan
ta’minlanadi.
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Biznes uzluksizligini boshqarish tizimi (Business Continuity Management — BCM) tashkilotning
faoliyatini himoya qilish, yuzaga kelgan uzilishlardan minimal zarar bilan chigish va iloji boricha gisga vaqgt
ichida gayta tiklanishni ta’minlashga garatilgan kompleks mexanizmdir. BCMning asosiy vazifasi
favqulodda holat yuz berganda biznes jarayonlarini to‘xtatmasdan davom ettirish uchun zarur bo‘lgan
strategiyalar, resurslar va amaliy choralarni oldindan belgilashdan iboratdir. Bu tizim nafagat axborot
texnologiyalari bilan bog‘lig jarayonlarni, balki tashkilotning barcha bo‘limlari faoliyatini o‘z ichiga oladi:
boshgaruv, moliya, logistika, kommunikatsiya, xavfsizlik va inson resurslari[1-3].

lImiy-uslubiy yondashuvlar BCMning nazariy asoslari bilan birga real amaliyotda qgo‘llanilishi
mumkin bo‘lgan anig mexanizmlarni ham taqdim etadi. Gap shundaki, biznes uzluksizligini boshgarish
oddiy favqulodda vaziyat rejasi emas, balki tashkilotning umumiy boshgaruv tizimiga integratsiyalashgan,
doimiy ravishda yangilanib boriladigan strategik jarayondir. Shu nuqgtayi nazardan, mazkur tadgigotning
magsadi mavjud metodik materiallar va hujjatlarni tahlil gilish orgali BCM tizimini loyihalash prinsiplari,
funksional bosgichlari, amaliy talab va mexanizmlarini chuqur o‘rganishdan iboratdir. Bu orgali BCMning
zamonaviy tashkilotlar uchun nagadar muhim ekani va uni to‘g‘ri joriy etish biznes jarayonlarining
davomiyligi, ragobatbardoshligi hamda xavf-xatarlarga bardosh berish gobiliyatini oshirishini ilmiy asosda
yoritish ko‘zda tutiladi[4-6].

Metodologiya va adabiyotlar tahlili. Mazkur tadgigotning metodologik asosini biznes uzluksizligini
boshgarish bo‘yicha mavjud uslubiy go‘llanmalar, xalgaro standartlar, ilmiy adabiyotlar va amaliy
go‘llaniladigan BCM modellari tahlili tashkil etdi. Tadgigot jarayonida BCMning hayot sikli asosiy
konseptual yadro sifatida olingan bo‘lib, ushbu sikl risklarni aniglash va baholash, biznesga ta’sir tahlili
(BIA), strategik rejalashtirish, tiklash mexanizmlarini ishlab chigish, hujjatlar yaratish, sinovlardan o‘tkazish
va tizimni muntazam ravishda yangilab borishni 0z ichiga olgan kompleks jarayon sifatida talgin gilindi.

Korporativ boshqaruvda risklarni boshqarish va risk darajasini pasaytirish yo ‘llari (Mallayev, S.
(2025)).  Tijorat banklarida operatsion risklarini baholash va boshgarish tizimini tashkil qilish
(Rabbimov,J.(2025)). Tashkilotlarga bo‘layotgan xavf-xatarlarni baholash va bartaraf etish usullarini tahlili
(Turdimatov M.M., Baratova G.). Aktsiyadorlik jamiyatlarida investitsion risklarni boshgarishning ilmiy-
uslubiy asoslari (Xasanov, H. (2024)). Korxona va tashkilotlarda axborot xavfsizligi risklarini baholash
usullarini  tahlili (Turdimatov M.M., Abdubannayev A. (2025)). Korxonalarda risk boshgaruvi
mexanizmlarini joriy etish va inson resurslaridan foydalanish istigbollarini takomillashtirish (Tashpulatova,
M. (2024)). O zbekiston Respublikasida infratuzilma loyihalarini amalga oshirishdagi risklarni boshqarish
(Yusupova, Z. (2025)).

BIA metodikasi doirasida tashkilotning eng muhim biznes jarayonlarini aniglash, ularning
o‘zaro bog‘ligligini xaritalash, jarayonlarning to‘xtab qolishi oqibatida yuzaga keladigan moliyaviy va
operatsion zararlarni baholash va har bir jarayon uchun ruxsat etilgan maksimal to‘xtash vaqti (RTO) hamda
tiklash nugtasi magsadi (RPO) aniglab borildi. Bu jarayon BCMning keyingi barcha bosgichlari uchun
poydevor bo‘lib xizmat qildi.

Risklarni baholash bosgichida ehtimol-ta’sir modeli asosida xavf omillarining intensivligi aniglanib,
ular toifalarga ajratildi va ustuvorlik darajasi bo‘yicha reytinglash amalga oshirildi. Ushbu yondashuv xavflar
reestrining shakllanishiga va ularga nisbatan qaysi boshqaruv choralarini ko‘rish zarurligini belgilab olishga
imkon berdi. Tiklash strategiyasini ishlab chigish jarayonida zaxira serverlar, muqobil ish joylari, bulut
texnologiyalari, avtonom elektr ta’minoti, ma’lumotlarni replikatsiya qilish texnologiyalari va xodimlarning
o‘zaro almashinuv tizimlari kabi texnik va tashkiliy yechimlardan foydalanish darajasi o‘rganildi[5-7,10].

Tadgigot davomida modellashtirish usuli yordamida turli favqulodda holatlar stsenariylari yaratilib,
BCMning real faoliyatda gay darajada samarali ishlashi baholandi. Shuningdek, taggoslama tahlil metodidan
foydalanib, xalgaro standartlar - xususan ISO 22301 — talablari bilan mavjud uslubiy qo‘llanmalar
o‘rtasidagi farq va o‘xshashliklar aniqlab borildi. Tizimli yondashuv metodidan foydalanish esa tadqiqotning
barcha bosqichlarini yagona mantiqiy struktura asosida o‘rganishga imkon berdi. Ushbu metodlar yordamida
BCMning amaliyotga tatbiq etish mexanizmlari chuqur tahlil gilindi va tashkilotlar uchun moslashuvchan,
real sharoitga yo‘naltirilgan yondashuvlar shakllantirildi.

Natijalar. Tadgiqgot davomida olib borilgan tahlillar tashkilotlarda biznes uzluksizligini boshgarish
tizimini samarali shakllantirish uchun zarur bo‘lgan bir qator asosiy jarayonlar va ularning o‘zaro
bog‘ligligini aniq ko‘rsatdi. Eng avvalo biznesga ta’sir tahlili (BIA) orqali tashkilotning eng muhim
funksiyalarini aniq ajratib olish mumkin bo‘ldi. Tahlil natijalari shuni ko‘rsatdiki, xizmat ko‘rsatish
jarayonlari, mijozlarga xizmat bilan bog‘liq operatsiyalar, ma’lumotlarni gayta ishlash, texnik xizmatlar,
infratuzilma boshqaruvi va axborot tizimlari kabi funksional yo‘nalishlar har ganday uzilishdan eng ko‘p
zarar ko‘rishi mumkin bo‘lgan jarayonlar qatoriga kiradi. Ushbu jarayonlar uchun ruxsat etilgan maksimal
to‘xtash vaqti (RTO) va tiklash nuqtasi magsadi (RPO) kabi mezonlarning aniqlanishi ularni qay darajada tez
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tiklash zarurligini ko‘rsatib berdi va tiklash strategiyasining asosiy tarkibiy gismiga aylandi. Shuningdek,
BIA jarayonida aniqlangan bog‘lanishlar asosida bir jarayonning to‘xtashi boshqa jarayonlarga zanjirsimon
ta’sir ko‘rsatishi mumkinligi ham aniqlandi, bu esa BCM strategiyasini yanada chuqurroq rejalashtirish
zarurligini ko‘rsatdi.

Axborot xavfsizligi riskini baholash modeli oldingi tadgigotlardan foydalangan holda tashkilotning
axborot xavfsizligi riskini baholashning umumlashtirilgan modelini tuzish mumkin. Tashkilotning axborot
xavfsizligi darajasini aniglash uchun fagat bitta xavfning giymatini hisoblashda tashkilotning axborot
xavfsizligi darajasini aniqlash mumkin emas. Ammo, agar siz ma’lum bir blok uchun bir nechta xavf yoki
xavfning giymatlarini hisoblasangiz, masalan:

» xavfsizlik yo‘nalishi bo‘yicha (mavjudlikni ta’minlash);

* ATni ta’minlash bo‘yicha chora-tadbirlar bo‘yicha (ATni ta’minlash bo‘yicha tashkiliy chora);

« gimmatbaho aktiv uchun (tashkilot xodimlari);

Bunday holda siz tashkilotning axborot xavfsizligi darajasini hisoblashingiz mumkin. Buning uchun
bizga kerak:

Quidagi formuladan foydalanib, umumiy xavf giymatini hisoblash mumkin R num = % LR
(1)
bu yerda R - parametrlar bloki bo‘yicha tashkilotning umumiy axborot xavfsizligi xavfi;
i - hisoblangan xususiy xavfning seriya ragami;
n - hisob-kitob gilingan xususiy risklarning umumiy soni.
Parametrlar bloki uchun umumiy xavfni hisoblash misoli quyidagi 1- jadvalda keltirilgan.
Xususiy riskning ahamiyati | Parametrlar bloki uchun umumiy xavfning giymati
Xavf Nel 28
o 1 1

Xavf Ne2 15 Rogw = - "R = ;78 =26
Xavf Ne3 35

1- jadval. Blok uchun axborot xavfsizligining umumiy xavfini hisoblash parametrlari.
Tashkilotning IS darajasining giymatini aniglang. Buning uchun axborot xavfsizligi darajasini

baholash uchun ishlab chigilgan matritsadan foydalanish mumkin (2-jadval va 3-jadval).

Tashkilotning axborot xavfsizligi darajasini baholashda uchta parametr hisobga olinadi, menimcha,
tashkilotdagi axborot xavfsizligi darajasi quyidagilarga bog‘liq:

1. Parametrlar bloki uchun xavfning umumiy darajasi;

2. Tashkilotning umumiy tavakkalchilikning oldini olish xarajatlari (ular allagachon sarflangan);

3. Axborot xavfsizligi xavfiga munosabat: uni gabul gilish, uzatish yoki kamaytirish.

Xavfga Past xavf O‘rtacha xavf
munosabat Axborot xavfsizligi xarajatlari Axborot xavfsizligi xarajatlari
Xarajat xarajat
Yoqori O‘rta | past yo‘q katta orasida past yo‘q
Riskni o‘tkazish 10 9 8 7 9 8 7 6
Riskni 9 8 7 6 8 7 6 5
kamaytirish
kardinal 8 7 6 5 7 6 5 4
kamaytirish
Riskni gabul 7 6 5 4 6 5 4 3
gilish
2-jadval. Axborot xavfsizligini baholash matritsasi (1-gqism)
Xavfga Yugqori xavf Kritik xavf darajasi
munosabat Axborot xavfsizligi xarajatlari Axborot xavfsizligi xarajatlari
xarajat xarajat
Yoqori O‘rta past yo‘q katta O‘rta past yo‘q
Riskdan qochish | 8 7 6 5 7 6 5 4
Riskni 7 6 5 4 6 5 4 3
kamaytirish
kardinal 6 5 4 3 5 4 3 2
kamaytirish
Riskni gabul 5 4 3 2 4 3 2 1
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3-jadval. Axborot xavfsizligini baholash matritsasi (2-gism)

Taklif etilayotgan axborot xavfsizligi darajasi matritsasiga (2-jadval, 3-jadval) ko‘ra, 10 yoki 9-
darajaga ega bo‘lgan tashkilot, agar 100% axborot xavfsizligini ta’minlashning iloji bo‘lmasa, ishonchli
himoyalangan deb hisoblanadi.

Tashkilotga 8, 7 yoki 6 daraja berilgan bo‘lsa, axborot xavfsizligining o‘rtacha darajasiga ega deb
hisoblanadi.

Tashkilotga 5, 4 yoki 3 daraja berilgan bo‘lsa, axborot xavfsizligining juda past darajasiga ega deb
hisoblanadi.

Risk tahlili bosqichi orqali tashkilot faoliyatiga salbiy ta’sir ko‘rsatishi mumkin bo‘lgan xavf
omillarining to‘liq ro‘yxati shakllantirildi. Tahlil natijalariga ko‘ra, texnik nosozliklar, kiberhujumlar, elektr
ta’minotidagi uzilishlar, server va ma’lumotlar bazasining ishdan chiqishi, ma’lumotlarning tasodifiy
o‘chirilib ketishi, inson xatoliklari va tabiiy ofatlar kabi xavflar eng ustuvor tahdidlar sifatida qayd etildi.
Ehtimol-ta’sir modeli asosida ushbu xavflar reytinglash natijasida ularning aksariyatiga qaratilgan
kamaytirish choralari ishlab chiqildi. Masalan, elektr ta’minoti uzilishi uchun uzluksiz quvvat manbalari
(UPS) va avtonom generatorlar, ma’lumotlar yo‘qolishi xavfi uchun esa bulutli saqlash tizimlari va doimiy
replikatsiya mexanizmlari joriy etish tavsiya qilindi[8,9].

Tahlil asosida ishlab chiqilgan tiklash strategiyasi ko‘plab texnik va tashkiliy choralarni o‘z ichiga
oldi. Xususan, zaxira serverlar va virtualizatsiya texnologiyalari yordamida xizmatlarni tezkor gayta tiklash
imkoniyati yaratildi, muhim ma’lumotlarni bulutda saqlash orqali ularni har ganday holatda tiklash
kafolatlandi, aloga kanallarining zaxira variantlari ishlab chigildi va xodimlar uchun favqulodda holatlarda
amal qilinadigan aniq yo‘rignomalar shakllantirildi. Tizimning haqiqatda qay darajada ishlashini baholash
magsadida o‘tkazilgan sinovlar — stsenariy asosida modellashtirilgan mashglar, texnik tiklash testlari, zaxira
ish joylarida ishlash bo‘yicha trening mashg‘ulotlari — rejaning kuchli va zaif tomonlarini aniglashga
yordam berdi. Sinovlar jarayonida aniglangan kamchiliklar asosida reja takomillashtirildi va jarayonlar
o‘rtasidagi muvofiglashtirish yanada kuchaytirildi[ 10].

Natijalar shuni ko‘rsatdiki, BCM tizimi tashkilotda puxta ishlab chiqilgan va real stsenariylar asosida
tekshirib boriladigan bo‘lsa, u favqulodda holatlarda jarayonlarning to‘xtab qolish vaqtini sezilarli darajada
kamaytiradi va iqtisodiy yo‘qotishlarning oldini oladi. Umuman olganda, tadqiqot BCMning barcha
bosgqichlari o‘zaro uyg‘un va tizimli bajarilganda, tizim tashkilotning favqulodda vaziyatlarga tayyorligini
tubdan oshiruvchi samarali boshgaruv vositasi ekanini tasdigladi.

Muhokama. Tadgiqgot jarayonida olingan natijalar biznes uzluksizligini boshgarish (BCM) tizimi
doimiy takomillashtirib borilishi zarur bo‘lgan dinamik jarayon ekanini yana bir bor isbotladi. BCM
fagatgina bir martalik reja yoki favqulodda vaziyatda qo‘llaniladigan choralar majmuasi emas, balki
tashkilotning har bir bo‘limi bilan uzviy bog‘liq holda ishlaydigan, muntazam ravishda yangilanadigan
boshqaruv tizimidir.

Har bir sinov, trening yoki modellashtirilgan ssenariy natijasida aniglangan xatoliklar tizimni real
holatlarga moslashtirishga yordam beradi, holatlarning o‘zgaruvchan tabiatini hisobga olib, rejaning qayta
ko‘rib chiqilishi va dolzarb holga keltirilishi esa BCMning amaliy samarasini oshiradi. Tadqiqot shuni
ko‘rsatadiki, axborot xavfsizligi, IT infratuzilmasi, yuqori darajadagi boshqgaruv, inson resurslari va
kommunikatsiya bo‘limlarining o‘zaro muvofiglashtirilgan ishlashi BCMning muvaffaqgiyat Kkaliti
hisoblanadi; aks holda tizimning alohida bo‘limlari yaxshi ishlasa ham, umumiy uzluksizlikni ta’minlashda
bo‘shliglar yuzaga keladi.

BCMning iqtisodiy jihatdan katta ahamiyatga ega ekanligi ham tadqiqot natijalarida yaqqol ko‘rindi
— uzilishlarning oldini olish yoki ularni gisga muddatda bartaraf etish nafagat zararlarni kamaytiradi, balki
tashkilotning raqobatbardoshligini saqlash, mijozlar ishonchini mustahkamlash va brend obro‘sini himoya
qilishda ham muhim rol o‘ynaydi. Shuningdek, BCMning moslashuvchan metodikasi uni nafaqat yirik
korxonalar, balki kichik va o‘rta biznes subyektlari, davlat tashkilotlari, ta’lim muassasalari va boshqa
ijtimoiy soha institutlarida ham samarali qo‘llash imkonini beradi.

Bu tizimning universalligi uni har bir tashkilotning o‘ziga xos ehtiyojlari va resurslariga moslab
modifikatsiya qilish imkoniyatida namoyon bo‘ladi. Xulosa qilib aytganda, BCMning uzluksiz rivojlanishi,
texnologik innovatsiyalar bilan uyg‘unlashtirilishi va amaliyotga muntazam tatbiq etib borilishi uning
haqiqiy samaradorligini ta’minlaydigan eng muhim omillardir.

Xulosa. Yakuniy xulosalarga ko‘ra, biznes uzluksizligini boshqarish tizimini to‘g‘ri loyihalash
tashkilotning umumiy barqarorligini ta’minlashda strategik ahamiyatga ega bo‘lgan omil sifatida namoyon
bo‘ladi. Tadqiqot jarayonida aniqlanganidek, risklarni erta aniqlash, biznesga ta’sir tahlilini to‘liq o‘tkazish,
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tiklash strategiyalarini puxta ishlab chigish va rejalarni real sharoitlarga moslab muntazam sinovdan
o‘tkazish BCMning asosiy poydevor elementlari bo‘lib, ushbu bosqichlar uzviy va izchil amalga
oshirilganda tashkilot har ganday favqulodda vaziyatdan minimal yo‘qotish bilan chiqish imkoniyatiga ega
bo‘ladi.

BCM tizimining samarali joriy etilishi nafagat iqtisodiy xavfsizlikni mustahkamlaydi, balki
tashkilotning obro‘-e’tiborini himoya qiladi, mijozlar ishonchini saqlab qoladi va bozor raqobatida barqgaror
pozitsiyani qo‘llab-quvvatlaydi. Zamonaviy texnologiyalar, bulutli yechimlar, avtomatlashtirilgan tiklash
tizimlari va xavfsizlik standartlari bilan uyg‘un integratsiya qilinishi BCMning amaliy samaradorligini
sezilarli darajada oshiradi. Shuningdek, xodimlarning muntazam tayyorlanishi, treninglar va favqulodda
vaziyat bo‘yicha mashg‘ulotlarning olib borilishi tizimning har doim ishga tayyor holatda bo‘lishini
ta’minlaydi.

Tadqiqot shuni ko‘rsatdiki, BCM metodikasi o°‘zining moslashuvchan tuzilishi va universalligi sababli
yirik korxonalardan tortib ta’lim muassasalari, davlat idoralari va kichik biznes subyektlarigacha bo‘lgan
keng doiradagi tashkilotlarda muvaffaqiyatli qo‘llanishi mumkin. Xulosa qilib aytganda, BCMni joriy etish
tashkilotning xavfsizlik madaniyatini mustahkamlovchi, kelajakdagi xavf va tahdidlarga nisbatan
chidamliligini oshiruvchi, uzoq muddatli barqaror rivojlanishni ta’minlovchi muhim boshqaruv
mexanizmidir.
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UNIVERSITET HISOBLASH TARMOG‘I ZAIFLIK KO‘RSATKICHLARINI
MODELLASHTIRISHGA ASOSLANGAN AXBOROT XAVFSIZLIGI TIZIMI
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Annotatsiya. Tagsimlangan hisoblash tarmog ‘i uchun axborot xavfsizligi tizimini shakllantirishning
ikki bosgichli metodikasi taklif etiladi. Birinchi bosgichda ehtimollar nazariyasiga asoslangan matematik
model yordamida zaiflik koeffitsiyenti aniglanadi. Ushbu koeffitsiyent axborotlashtirish obyektining tarmog ‘i
axborot xavfsizligi darajasini migdoriy baholash hamda xavflarning ruxsat etilgan va tangidiy chegaralarini
belgilashga xizmat qiladi. Ikkinchi bosqichda tagsimlangan hisoblash tarmog ‘i resurslari Proxmox VE
virtualizatsiya tizimi asosida tashkil etilib, xostlarga Suricata IPS joylashtiriladi va Splunk SIEM tizimi bilan
integratsiya gilinadi. Virtual muhitda tarmoq qurilmalari va axborot xavfsizligi komponentlarini imitasion
modellashtirish orqali himoyalangan tagsimlangan hisoblash tarmog‘i modeli quriladi. Natijada taklif
etilgan metodika zaiflik darajasini anigrog baholash va axborot xavfsizligi tizimini asoslangan ravishda
loyihalash imkonini beradi.

Kalit so‘zlar: axborot xavfsizligi, axborotlashtirish obyekti, tagsimlangan hisoblash tarmog ‘i,
matematik model, zaiflik koeffitsiyenti, virtualizatsiya, IDS, SIEM.

INFORMATION SECURITY SYSTEM BASED ON MODELING OF VULNERABILITY
INDICATORS OF UNIVERSITY COMPUTER NETWORK

Abstract. A two-stage methodology for designing an information security system for a distributed
computing network is proposed. In the first stage, a vulnerability coefficient is determined using a
mathematical model based on probability theory. This coefficient is used to quantitatively assess the
information security level of the informatization object’s network and to define the permissible and critical
thresholds of security threats. In the second stage, the resources of the distributed computing network are
organized on the basis of the Proxmox VE virtualization platform, Suricata IPS is deployed on the hosts, and
integration with the Splunk SIEM system is implemented. In a virtual environment, a protected distributed
computing network model is constructed by means of simulation of network devices and information security
components. As a result, the proposed methodology makes it possible to more accurately assess the
vulnerability level and to design the information security system on a well-founded basis.

Keywords: information security, informatization object, distributed computing network, mathematical
model, vulnerability coefficient, virtualization, IDS, SIEM.

CHUCTEMA OBECIIEYEHUSI UTH®OPMAIIMOHHOM BE3OITACHOCTH HA OCHOBE
MOJIEJIMPOBAHUSA ITOKA3ATEJEN YA3BUMOCTHU KOMIIBIOTEPHOM CETH
YHUBEPCUTETA

Annomauusa. [lpeonazaemcs 08yxamannas Memoouka GopmMupo8anus cucmemvl UHGOPMAYUOHHOU
bezonachocmu 015 pacnpedenénHol evluucaumenvHoi cemu. Ha nepsom osmane ¢ ucnonvzoganuem
MamemMamu4eckol  MOOelu, OCHOBAHHOU HA annapame meopuu  GepOSIMHOCHEl,  ONpeoensencs
Koagppuyuenm yazeumocmu. Jaunoil xodapduyuenm caysicum Ofisi KOAUYECNEEHHOU OUEHKU VYPOGHS
ungopmayuonnol bezonachocmu cemu 0bvekma uHopmamuzayuu, a maxdxce OISl ONPeOeneHUs.
OONYCIMUMBIX U KPUMUYeCKUx nopoeos yepos bezonacnocmu. Ha emopom smane pecypcvl pacnpedenénnoii
BLINUCTIUMENBHOU Cemu  OpeaHusylomcsi Ha 0Oasze cucmemvl eupmyanusayuu Proxmox VE, na xocmax
paszeépmuigaemcs cucmema Suricata IPS u ocywecmensemces unmeepayus ¢ cucmemou Splunk SIEM. B
BUPMYATILHOL cpede NYyMEéM UMUMAYUOHHO20 MOOETUPOSAHUSL CeMEBbIX YCMPOUCME U KOMNOHEHMO8
UHDOPMAYUOHHOU OE30NACHOCIU POPMUPYEMCs MOOETb 3AUWUWEHHOUT PACAPEOCNEHHOU GbIYUCIUMETLHOU
cemu. B pezynomame npednosicennas Memoouxa no3eosem Oojee mouHo OYeHUugams yYpo8eHs VA36UMOCIU
U 060CHOBAHHO NPOEKMUPOBAMb CUCEMY UHPOPMAYUOHHOU OE30NACHOCHIU.
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BBIMUCIUMENbHASL CeMb, Mamemamuyeckas moodenv, Kodgpguyuenm yazeumocmu, eupmyanuzayus, IDS,
SIEM.

Kirish. Kompaniyalar axborotlashtirish obyektlari axborot xavfsizligiga tahdidlar landshafti uzluksiz
o‘zgarib borayotgan, shuningdek, kompyuter zararli dasturlari (kompyuter xakerlari)ning taktika va
strategiyalari takomillashib borayotgan sharoitda axborot xavfsizligi bo‘yicha mutaxassislar ko‘pincha
axborotni himoya qilish tizimlari ishining samaradorligi va ishonchliligiga tayanadilar. Bunday axborotni
himoya qilish tizimlarining asosiy vazifasi axborot tizimlaridan tashqgariga axborotning (odatda maxfiy
ma’lumotlarning) sizib chiqishiga yo‘l qo‘ymaslikdan iborat. Qator tadqiqotlarda ko‘rsatilganidek [1],
axborot sizib chiqishi bilan bog‘liq axborot xavfsizligi hodisalarining aksariyati xodimlarning xatolari bilan
bog‘liq [2]. Sizib chiqgishlarning taxminan 25% qismi xakerlar [3], insayderlar yoki axborot tizimlari
foydalanuvchilarining yomon niyatli harakatlari natijasida yuzaga keladi.

Insayderlar ham, tashqgi buzuvchilar ham axborot xavfsizligi vositalarini (yoki axborotni himoya gilish
tizimini — axborotni himoya qilish tizimlarini) chetlab o‘tishga intilishi tabiiy. Bu, aynigsa, nishonga olingan
(magsadli) hujumlar sharoitida dolzarbdir. Hujum giluvchi tomon va himoya tarafining bunday garama-
qarshiligining natijasi ko‘plab omillarga bog‘liq. Natijada, axborotlashtirish obyekti axborot xavfsizligi
tizimi (keyingi o‘rinlarda AXT) qay darajada mukammal bo‘lmasin, himoya muvaffagiyatiga oldindan
kafolat berib bo‘lmaydi.

Shuni ham ta’kidlash kerakki, hujumlar soni [4] hamda ularning murakkabligi [5] ortib borar ekan,
zamonaviy ko‘p bosqichli axborotni himoya qilish tizimlari boshqa qo‘shimcha vazifalarni ham hal etishga
xizmat qiladi [6]. Bunday qo‘shimcha vazifalarga quyidagilarni kiritish mumkin: axborot tizimlari ichida
ham, tashqariga ham keraksiz jo‘natmalarni oldini olish; xodimlarning axborot tizimlari resurslaridan
shaxsiy maqsadlarda foydalanish holatlariga yo‘l qo‘ymaslik; axborotlashtirish obyektlari va/yoki uning
axborot tizimlari tagsimlangan hisoblash tarmog‘ida tarmoq trafigini monitoring qilish va ma’lumot uzatish
kanallari yuklamasini optimallashtirish; xodimlar yoki begona shaxslarning keraksiz axborotni (masalan,
spam yoki ortigcha hajmdagi ma’lumot) uzatishga bo‘lgan urinishlarini cheklash; jo‘natilayotgan xabarlarni
arxivlash, bu esa, masalan, axborot xavfsizligi bo‘yicha hodisani chuqurroq tahlil qilish zarur bo‘lgan
holatlarda muhim ahamiyatga ega; xodimlarning ish joylarida bo‘lishini nazorat qilish [7].

Agar axborot xavfsizligini tashqi buzuvchilardan himoya qilish haqida gapiradigan bo‘lsak, bugungi
kunda hujumlarni aniqlash tizimlari ko‘plab kompaniyalar va tashkilotlarning taqsimlangan hisoblash
tarmog‘i axborot xavfsizligi konturining ajralmas gismiga aylangan. Bunda odatda bostirib kirishni aniqlash
tizimlari (Intrusion Detection System, IDS) va bostirib Kirishni oldini olish tizimlari (Intrusion Prevention
System, IPS) yoki IDS/IPSning integrallashgan yechimlaridan foydalaniladi. Oxirgi holatda IDS/IPS
tizimlari dasturiy-apparat majmuasi sifatida tarmogni ruxsatsiz kirishdan himoya gilishga xizmat giladi.

Axborotlashtirish obyektlari tarmog‘ida axborot xavfsizligini ta’minlashning tizimli yondashuvini
amalga oshirish uchun fagat axborotni himoya qgilishning texnik vositalari arsenalidan foydalanish kifoya
emas. Bunday axborotni himoya gilish tizimlarini loyihalash bosgichidayoq ilmiy usullardan foydalanish
zarur. Bunday ilmiy usullarga, masalan, muayyan axborotlashtirish obyektlari uchun axborot xavfsizligi
tizimlari va jarayonlarini matematik yoki imitasion modellashtirish kiradi. Bunday modellashtirishning
asosiy magsadi — axborotlashtirish obyektlari axborot xavfsizligi tizimini boshqarish bilan bog‘liq optimal
qarorlarni topishdan iborat. Shu bilan birga, odatda qo‘shimcha vazifalar ham yuzaga keladi, masalan,
yuqorida tilga olingan IDS/IPS kabi ma’lum axborot xavfsizligi mexanizmlaridan foydalanish
samaradorligini baholash.

Muayyan axborotlashtirish obyektlari uchun axborotni himoya qilish tizimlarini modellashtirish
jarayonining o‘zini shartli ravishda ikki tarkibiy qismga bo‘lish mumkin:

e matematik, fizik yoki imitasion modellarning o‘zini yaratish;

e axborotni himoya qilish tizimlarining zarur tavsiflarini olish magsadida ushbu modellardan
foydalanish (ularni ishga tushirish).

Yuqorida keltirilganlarning barchasi tadgigot mavzusining dolzarbligini belgilab berdi. Xususan,
axborotlashtirish obyektlari zaiflik ko‘rsatkichlarini matematik va imitasion modellashtirish asosida
tagsimlangan hisoblash tarmog‘i axborot xavfsizligi tizimini shakllantirish metodikasini ishlab chigish
zarurati yuzaga keldi.

Adabiyotlar tahlili. Ma’lum bir axborotlashtirish obyekti uchun axborot xavfsizligi tizimini yaratish
haqgida so‘z borganda, odatda himoya tomoni ikki xil vaziyatdan biriga duch keladi.

Birinchi holatda axborotlashtirish obyektlari uchun axborot xavfsizligi tizimini “nol nuqtadan”, ya’ni
butunlay yangidan yaratish talab etiladi. Amalda bunday holatda axborot xavfsizligi tizimi himoya obyektida
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mavjud bo‘lgan yechimlarga tayanmagan holda va axborotlashtirish obyektlarida axborot xavfsizligini
ta’minlashga kompleks yondashuv zarurligini to‘liq anglamagan holda loyihalanadi.

Ikkinchi holatda esa axborotlashtirish obyektlarida allagachon ma’lum darajada axborot xavfsizligi
vositalari mavjud bo‘ladi. Bu vaziyatda himoya tomoni oldida ushbu tizim samaradorligini oshirish vazifasi
turadi. Masalan, bunga axborot xavfsizligi tizimi (axborotni himoya qilish tizimlari) tarkibini
optimallashtirish hisobiga erishish mumkin. Yoki mavjud vositalarni axborotlashtirish obyektlaridagi eng
gimmatli axborot aktivlarini himoya gilishga gayta tagsimlash orgali. Amaliyotda aynan shu ikkinchi variant
ancha ko‘p uchraydi [8].

Kiberhujumlar bo‘yicha ijobiy bo‘lmagan statistik ma’lumotlarga qaramasdan [9], ko‘pincha
axborotlashtirish obyektlari rahbariyati axborot xavfsizligi masalalariga yetarlicha e’tibor bermaydi [10] —
toki o‘zining axborot aktivlarini yetarli darajada himoya qilmagani yoki umuman himoya mavjud emasligi
ogibatida kelib chiggan muammolarga bevosita duch kelmaguncha [11].

Biroq, agar axborotlashtirish obyektlari rahbarlari noto‘g‘ri tashkil etilgan axborot xavfsizligi holati
ogibatida yuzaga kelgan aniq muammolarga duch kelsa [12], ular axborot xavfsizligi yo‘nalishiga sezilarli
miqdorda moliyaviy investitsiya ajratishga tayyor bo‘ladilar. Bunday vaziyatlarning takrorlanishiga yo‘l
qo‘ymaslik ustuvor vazifaga aylanadi [13].

[14] da ta’kidlanganidek, axborotlashtirish obyektlarida axborot xavfsizligining belgilangan darajasiga
erishish o‘zaro bog‘liq vazifalar majmuasini muvaffaqiyatli hal etishga bog‘liq. Bunday vazifalarga,
masalan, axborot xavfsizligi tizimini (axborotni himoya gilish tizimlarini) ishlab chigish va joriy etish
jarayonida yechiladigan texnik-texnologik, moliyaviy, tashkiliy va boshqa turdagi masalalar kiradi.

Shunday qilib, yuqorida keltirilganlarga tayangan holda, zamonaviy axborotlashtirish obyektlari
larning ko‘pchiligi uchun ajralmas tarkibiy qism bo‘lgan tagsimlangan hisoblash tarmog‘i  zaiflik
ko‘rsatkichlarini modellashtirishga asoslangan axborot xavfsizligi tizimini shakllantirish metodikasini ishlab
chiqish masalasi dolzarb bo‘lib qolayotganini ta’kidlash mumkin.

Tadgiqot metodologiyasi. Tagsimlangan  hisoblash  tarmog‘i  zaiflik  ko‘rsatkichlarini
modellashtirishga asoslangan axborot xavfsizligi tizimini shakllantirish metodikasini, shuningdek
axborotlashtirish obyektlari tarmog‘ining zaiflik koeffitsiyentini tavsiflovchi modelni ishlab chiqish.

Tadgiqgot natijalari. Ma’lum bir axborotlashtirish obyektlari uchun qaysi axborot xavfsizligi
tizimlarini tanlash masalasini hal etish uchun axborot xavfsizligi tahdidlarining yuzaga kelishiga oid yagona
dinamik koeffitsiyentni ko‘rib chiqish zarur [15]. Ushbu koeffitsiyent PPT € [0; 1] tahdidlar dinamikasini,
masalan axborotlashtirish obyektlarining tagsimlangan hisoblash tarmog‘isi uchun, hisobga olishga imkon
beradi, shuningdek tagsimlangan hisoblash tarmog‘i uchun tahdidlar ehtimolligini modellashtirishda
qo‘llaniladi.

Odatda, ma’lum vaqt oralig‘ida faoliyat yuritadigan har bir tashkilot yoki kompaniyada axborot
xavfsizligi insidentlari bo‘yicha ma’lum statistik ma’lumotlar mavjud bo‘ladi. Demak, tahdidlarning
ro‘yobga chigishining statistik ehtimoli hagida gapirish mumkin, u Pg,, € [0; 1] bilan ifodalanadi.
Shuningdek, axborotlashtirish obyektlarining tagsimlangan hisoblash tarmog‘isi uchun tahdidlarni ekspert
baholash natijalariga tayanish mumkin, bunday baholash P,y € [0; 1] ko‘rinishida ifodalanadi.

[15] da tagsimlangan hisoblash tarmog‘i uchun axborot xavfsizligi tahdidlarining dinamik
komponentini (DC € [0; 1]) ko‘rinishida ko‘rib chiqgish taklif etilgan:

n-1 n
Pligh > Py, (Datlnat)

DC — nf;?tatn
Pligh < Py, (Patfnat)

1)

- Pstat

bu yerda (n) — masalan, axborotlashtirish obyektlarining tagsimlangan hisoblash tarmog‘isi uchun

axborot xavfsizligi tahdidlari bo‘yicha statistik ma’lumotlar davrlari. Ma’lumotlar, masalan, SIEM tizimi

yordamida axborot xavfsizligi hodisalarini monitoring qgilish natijasida yoki IPS/IDS tizimlari ishiga oid
ma’lumotlar asosida olinadi.

Keyingi bosqichda axborotlashtirish obyektlari tagsimlangan hisoblash tarmog‘isi himoya
elementlarini aniqlaymiz. Ushbu bosqichda, masalan, ekspert yordamida tagsimlangan hisoblash tarmog‘i
uchun zaifliklar va tahdidlar gistorgrammalari tuziladi.

Tahdid ro‘yobga chiqqan hollarda himoya tomoni favqulodda vaziyatga duch keladi. Bunday vaziyat
tahdidlarni amalga oshirishning barcha mumkin bo‘lgan oqibatlarini ko‘rib chiqishni talab etadi. Masalan, bu
axborotlashtirish obyektlari uchun ma’naviy, moddiy, axborot yo‘qotishlari va shu kabilar bilan bog‘liq
bo‘lishi mumkin.

Tahdidlarni amalga oshirish ehtimolining maksimal giymatiniB2%,., minimal giymatini esa P.%. deb
belgilaymiz. Buni quyidagicha talgin gilish mumkin:
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. agar PPT > PPT  bo‘lsa, ushbu tahdid, masalan axborotlashtirish obyektlarining tagsimlangan
hisoblash tarmog‘isi uchun, chuqurroq tahlil qilish zarur bo‘lgan tahdidlar qatoriga kiritiladi; u avtomatik
tarzda yuqori ustuvorlikka ega deb belgilanadi va uni bartaraf etish bo‘yicha choralar ko‘riladi;

. agar PRT > PPT > pPDT bo‘lsa, bu tahdid o‘rta ustuvorlikka ega tahdid sifatida qaraladi;

. agar PPT > PPT bo‘lsa, bu tahdid past ustuvorlikka ega tahdid sifatida tavsiflanadi.

Demak, birinchi bosqichda axborotlashtirish obyektlari axborot xavfsizligi bo‘limi xodimlari uchun
tahdidlarni tahlil qilish va baholash, masalan tagsimlangan hisoblash tarmog‘i uchun axborotni himoya qilish
tizimlari mavjud tarkibi doirasida tahdidlarni saralash (filtrlash) imkoniyati yaratiladi.

Endi tagsimlangan hisoblash tarmog‘ining zaiflik koeffitsiyentini ko‘rib chiqamiz.

Zaiflik tushunchasi ostida tagsimlangan hisoblash tarmog‘ining ma’lum bir himoya elementi, masalan,
brendmauerning (firewall) tahdid ta’siriga beriluvchanlik xususiyati tushuniladi. Ya’ni ushbu axborot
xavfsizligi tizimiga beqarorlashtiruvchi omillar ta’sir ko‘rsatishi mumkin. Brendmauerga ta’sir etuvchi eng
sodda begarorlashtiruvchi omillar sifatida alohida quyidagilarni keltirish mumkin:

. Axborotlashtirish obyektlari tagsimlangan hisoblash tarmog‘iga ishonchsiz ilovalardan kirish;

. RAW Socket’dan foydalanib axborotlashtirish obyektlari tagsimlangan hisoblash tarmog‘iga
kirish;

. Axborotlashtirish obyektlari tagsimlangan hisoblash tarmog‘ining ishonchli jarayonlariga
(processlariga) tashgi DLL modulini Kiritish;

. Axborotlashtirish obyektlari tagsimlangan hisoblash tarmog‘ining ishonchli jarayonlarida trojan
ogimlarini yaratish;

) ishonchli jarayonlarning mashina kodini o‘zgartirish;

. ishonchsiz jarayonni yashirish;

. va hokazo.

Axborotlashtirish obyektlari tagsimlangan hisoblash tarmog‘ining zaiflik koeffitsiyentini joriy vaqgt
nugtasida mavjud axborot xavfsizligi darajasining migdoriy bahosi sifatida talgin gilish mumkin. Shu bilan
birga, bunday baholash tagsimlangan hisoblash tarmog‘i hamda umuman axborotlashtirish obyektlarining
real ish sharoitlari bilan uzviy bog‘lig bo‘ladi. tagsimlangan hisoblash tarmog‘i (yoki umuman
axborotlashtirish obyektlari) zaiflik koeffitsiyentini shakllantirishga yondashuv 1-rasmda ko‘rsatilgan.

Ogohlantirish bosqichi <:’ Tashqi muhit To*gnashuv bosqichi

S

Axborotlashtirish
obekti tagsimlangan
hisoblash tarmog‘i himoya

elementlari

Ko*plab tahdidlar

Ehtimoliy zarar

ﬁ -

DAl

Qqibatlarni bartaraf etish

CL1

CLY

1-rasm. Universitet tarmog‘i zaiflik koeffitsiyentini shakllantirishga yondashuv
Shunda tagsimlangan hisoblash tarmog‘i zaiflik koeffitsiyenti qiymatini (VC) [15] ish natijalarini
hisobga olgan holda quyidagicha ifodalaymiz:
Mpe,s
VC=XLVC; maZx]Z—yD]C” )
bu yerda: VC;— tagsimlangan hisoblash tarmog‘i axborot xavfsizligi uchun i—tahdid yuzaga kelgan
holatda zaiflik koeffitsiyenti giymati; DC;; — axborot xavfsizligi bo‘yicha i~tahdid yuzaga kelganida
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tagsimlangan hisoblash tarmog‘ining j—komponenti (masalan, axborot xavfsizligi vositalari) uchun zarar
koeffitsiyenti giymati; N — tagsimlangan hisoblash tarmog‘i axborot xavfsizligi uchun tahdidlar soni; M —
AX tizimi (axborotni himoya qilish tizimlari) elementlari ham kiritilgan holda tagsimlangan hisoblash
tarmog‘i elementlarining soni.

Tahdidlarni bartaraf etish uchun odatda faqat tashkiliy choralar yetarli bo‘lmaydi. Samarali himoya,
qoida tarigasida, axborotni himoya qilish texnik vositalarini xarid qilish, xodimlarni o‘qitish, yuqori malakali
mutaxassislarni jalb qilish va hokazo yo‘nalishlarda moliyaviy investitsiyalarni talab giladi.

Axborot xavfsizligi tizimlari sonini, ularning axborot xavfsizligining integral metrikalariga asoslangan
texnik parametrlarini tanlash masalasini hal etish uchun axborotlashtirish obyektlari tagsimlangan hisoblash
tarmog ‘i uchun magsad funksiyasi sifatida yllhk keltlrllgan xarajatlar qabul qilinadi:

Z CE; + Z oc,, 3)

bu yerda: p — tahlil qilinayotgan axborotlashtlrlsh obyektlari uchun tagsimlangan hisoblash tarmog*i
axborot xavfsizligi bo‘yicha kapital qo‘yilmalarning nisbiy samaradorligini tavsiflovchi koeffitsiyent;
CE;, OC; — mos ravishda tagsimlangan hisoblash tarmog‘i axborot xavfsizligi bo‘yicha kapital (kapital
xarajatlar) va ekspluatatsion (foydalanish) xarajatlarning i-moddasi; n,m — mos ravishda tagsimlangan
hisoblash tarmog‘i axborot xavfsizligiga oid kapital va ekspluatatsion xarajatlar tarkibiy qismlarining soni.

Modelni soddalashtirish magsadida taqsimlangan hisoblash tarmog‘i axborot xavfsizligi uchun yillik
keltirilgan xarajatlar ushbu taqsimlangan hisoblash tarmog‘i axborot xavfsizligi tizimiga investitsiyalar
samaradorligini baholashning asosiy mezoni sifatida gabul gilinadi. Bunday soddalashtirish modelning
umumiy ishlash samaradorligini ko‘rsatishga imkon beradi. Maqgsad funksiyasini (MF) hisoblash
formulasining soddaligi tagsimlangan hisoblash tarmog‘i uchun optimal axborot xavfsizligi tizimlari
tarkibini aniglash masalasini yechishda model mosligini tahlil gilishni yengillashtiradi.

Tagsimlangan hisoblash tarmog‘i axborot xavfsizligi uchun ma’lum bir sinfga oid axborot xavfsizligi
tizimini (masalan, brendmauer, IPS/IDS, SIEM va hokazo) sotib olish bilan bog‘liq xarajatlarni quyidagi
funksiya ko‘rinishida ifodalaymiz:

CE{y = a4 +a, xIPI, 4

bu yerda: (IPl) — ma’lum bir sinfga mansub axborot xavfsizligi tizimi samaradorligining integral
ko‘rsatkichi (masalan, brendmauer, IPS/IDS, SIEM va boshqalar); a; + a, — chizigli yaqinlashtirish uchun
koeffitsiyentlar.

Xuddi shu tarzda tagsimlangan hisoblash tarmog‘i uchun boshqga axborot xavfsizligi tizimlari sinflarini
sotib olish, o‘rnatish, ulash (masalan, axborotlashtirish obyektlari axborot tizimiga ulash, kirishni boshqarish
vositalari va hokazo) bilan bog‘liq kapital xarajatlarni ham ifodalash mumkin.

Ekspluatatsion xarajatlar va cheklovlarni ham xuddi shunday yondashuv asosida ifodalash mumkin,
[16, 17] ishlarda ko‘rsatilganidek, bu yerda yaqinlashtirish ifodalari majburiy ravishda chizigli bo‘lmasligi
mumkin.

Taklif etilgan metodikada tagsimlangan hisoblash tarmog‘i (yoki axborotlashtirish obyektlari) uchun
axborot xavfsizligi tizimi tavsifini batafsil berish zarur bo‘lgan asosiy alohida mezonlar to‘plami CR
kiritiladi:

CR = {CR,,CR,,CR3,CR,,CRs, } (5)

bu yerda: CR;, — ma’lum sinfga mansub AX tizimi qiymati; CR,, — mos axborot xavfsizligi tizimi
bilan gamrab olinadigan axborotlashtirish obyektlari axborot xavfsizligi bo‘yicha tahdidlar sinflari soni; CR3,
— tagsimlangan hisoblash tarmog‘i uchun mos axborot xavfsizligi tizimi sinfi hisobiga kamayadigan
(neytrallashadigan) risk miqdori; CR,, — mos axborot xavfsizligi tizimi uchun axborot xavfsizligi
sertifikatlarining mavjudligi; CRs, — umumiy himoya majmuasida va axborotlashtirish obyektlari axborot
xavfsizligi doirasida alohida axborot xavfsizligi tizimining moslashuvchanlik (mos keluvchanlik)
ko‘rsatkichi.

Yugqorida keltirilgan alohida mezonlarning har biri 0 dan 1 gacha bo‘lgan oraliqgda qiymat gabul qilishi
mumkin. Masalan, CRs, uchun: agar ma’lum bir axborot xavfsizligi tizimi himoyalangan tagsimlangan
hisoblash tarmog‘i tugunida joylashgan boshqa vositalar bilan to‘liq mos bo‘lsa, CR5 = 1, aks holda CR5 =
0 deb gabul gilinadi. CR; mezoni uchun izoh quyidagicha bo‘lishi mumkin:

1L if Cige < CII%;
CR; ={0,5if 0,5 * C[t:™ < Cir < CI2*; (6)
0 if Cise > Cigt™,
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bu yerda: Ci; — tahlil qgilinayotgan sinf doirasidagi axborot xavfsizligi tizimining (masalan,
brendmauer, kirishni cheklash vositalari, bostirib kirishni aniglash tizimlari va hokazo) haqigiy giymati;
ClE8* — shu sinf doirasidagi axborot xavfsizligi tizimining maksimal giymati. CR, mezoni uchun izoh
quyidagicha bo‘lishi mumkin:
( Lif Yy mge = |IST|;
0,5if 0,5 % |IST| < X1y mg < |ISTI;
0,25if 0 < Xy myzx < 0,5 * |IST]|

. ist
0if Zlﬂﬂng"u =0,
bu yerda: IST — tagsimlangan hisoblash tarmog‘i axborot xavfsizligi uchun tahdidlar ko‘pligi (bu

miqdor doimiy emas va tashqi omillarga bog‘liq); n — ma’lum tagsimlangan hisoblash tarmog‘i uchun
dolzarb tahdidlar soni; m}g{,"ii — mavjud va rejalashtirilgan himoya vositalari hamda tagsimlangan hisoblash

tarmog‘i axborot xavfsizligi uchun dolzarb kiber—tahdidlarning gamrov (gayta goplanish) matritsasi.
CR3mezoni uchun izoh quyidagicha bo‘lishi mumkin [16]:

. n isty i

1' lf Zi:lRISR * mISRi,- < Ra’
. n isty .
0,5if Rg < Xitq Risg * Mygp:. < 0,5 % Ry

, n isty
0,25if 0,5 * Rey < 2izq Risr * Mygp;, < Rer

. n isty
0 lf Zi:lRISR * mISRi,- = Rcr'

CR, = (7)

CR; = 8

bu yerda: R,, R. — mos ravishda axborotlashtirish obyektlari tagsimlangan hisoblash tarmog‘i uchun
axborot xavfsizligi riskining ruxsat etilgan va kritik darajalari; n — ma’lum tagsimlangan hisoblash tarmog‘i

uchun dolzarb tahdidlar soni; m;g';;;i — mavijud va rejalashtirilgan axborot xavfsizligi tizimlari hamda axborot
xavfsizligi tahdidlari uchun gamrov matritsasi.

Alohida mezonlar uchun shunga o‘xshash hisoblashlar ilmiy adabiyotlarda bir necha bor tasvirlangan
(masalan, [10], [12]).

Shunda taklif etilgan alohida mezonlardan foydalanib, tagqsimlangan hisoblash tarmog‘i uchun butun
axborot xavfsizligi tizimi samaradorligini (EF) quyidagi vektor ko‘rinishida ifodalash mumkin:
EF ={1,1,1,1,1} 9

Aslida, bu ko‘rinishda taqsimlangan hisoblash tarmog‘i axborot xavfsizligi tizimlari samaradorligini
baholash uchun “etalon” alohida mezonlar to‘plamini olish mumkin.

Shunday qilib, yuqorida aytilganlarni hisobga olgan holda tagsimlangan hisoblash tarmog‘i zaiflik
koeffitsiyentini quyidagicha ifodalash mumkin:

M
Ve = z EFlPexpert(i) * (Pstat(i) + DCi)J
= Z;VICZU*CEFU

bu yerda: «;; — tagsimlangan hisoblash tarmog‘i axborot xavfsizligiga nisbatan i~tahdidni
bloklashning mos bosgichlarida tagsimlangan hisoblash tarmog‘i axborot xavfsizligining j—vositasi ta’sir
darajasini tavsiflovchi og‘irlik koeffitsiyentlari; CEF;; — tagsimlangan hisoblash tarmog‘i axborot
xavfsizligiga nisbatan i—tahdidni bloklashning mos bosqichlarida tagsimlangan hisoblash tarmog‘i axborot
xavfsizligining j—vositasi (masalan, brendmauer, IPS/IDS, SIEM va hokazo) samaradorligini tavsiflovchi
og‘irlik koeffitsiyentlari.

Taklif etilgan axborotlashtirish obyektlari axborot xavfsizligi tizimini shakllantirish metodikasining
samaradorligini eksperimental tekshirish maqgsadida shartli (virtual) axborotlashtirish obyektlari tarmog‘i
loyihalandi. Kompyuterda Windows 11 operatsion tizimi o‘rnatilgan bo‘lib, unda VmWare Workstation
platformasi ishlatildi. Kompyuterning o‘zi Intel Xeon ES 1650 server protsessoriga asoslangan bo‘lib, 64 GB
tezkor xotira bilan jihozlangan; bu virtual mashinalar (VM) yaratish va tizimlarni modellashtirish
amaliyotlari uchun yetarli hisoblanadi.

Jami 3 ta virtual mashina yaratildi, ulardan 2 tasi Proxmox VE operatsion tizimi tomonidan
boshqarilib, boshga virtual mashinalarni joylashtirish uchun gipervizor sifatida xizmat giladi. Uchinchi
virtual mashinada Ubuntu Server operatsion tizimi o‘rnatildi. Shuningdek, ushbu VMda EVE-NG
tarmogqlarni modellashtirish tizimi ham o‘rnatildi.

: (10)
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Infratuzilmani qulay boshgarish magsadida klasterli yechimlardan foydalanildi. Bu bir nechta
serverlarni bitta tizimga birlashtirish, resurslarni zaxiralash va markazlashtirilgan boshqaruvni ta’minlash
imkonini berdi. Proxmox VE ushbu imkoniyatni qo‘llab-quvvatlagani sababli, 2 ta serverni bitta klasterga
birlashtirish haqida qaror qabul qilindi. Klaster yaratilgandan so‘ng istalgan host manziliga murojaat qilib,
ikki server va ularning barcha resurslari (VMlar, konteynerlar, saglash qurilmalari va hokazo) hagida
ma’lumotlarni ko‘rish mumkin bo‘ldi. Klaster yaratish bir qator afzalliklarni berdi, ulardan biri —
serverlardagi VMlarni klasterning boshga tugunlariga ko‘chirish imkoniyati bo‘lib, bu holat 2-rasmda
ko‘rsatilgan.

Yuqorida ta’kidlanganidek, tarmoq qurilmalarida axborotlashtirish obyektlari tarmog‘i modelini
qurish uchun EVE-NG ilovasi qo‘llanildi. 1 ta marshrutizator (brendmauer funksiyasini ham bajaradi) va 2 ta
yadroviy (core) kommutator qo‘shildi. Birinchi kommutator server segmenti, ikkinchisi esa foydalanuvchi
segmenti uchun mas’ul bo‘ldi. Shuningdek, foydalanuvchi segmenti uchun mas’ul yadroviy kommutatorga
ulangan kirish (access) kommutatorlari ham qo‘shildi.
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2-rasm. Axborotlashtirish obyekti tarmog‘i diagrammasi

Shunga mos ravishda, ushbu ikki segmentdagi foydalanuvchilar uchun kirish siyosati turlicha deb
gabul gilindi: menejment kommutatorlari orgali ulangan foydalanuvchilar axborotlashtirish obyektlari
serverlarida joylashgan lokal resurslarga ko‘proq kirish huquqlariga ega bo‘ladi, 2-rasmga qgarang. Barcha
qurilmalar VmWare’ning virtual interfeyslariga ulangan. VmWare interfeyslari esa o‘z navbatida shaxsiy
kompyuterning tarmoq interfeysiga ulanadi. Kompyuterning o‘zi provayder tarmog‘iga ulangan
marshrutizatorga ulab qo‘yilgan.

Axborotlashtirish obyektlari axborot xavfsizligining kompleks tizimini shakllantirish metodikasini
tadqiq etish doirasida axborotlashtirish obyektlari tarmog‘i parametrlarini tashqi hujumlardan himoyalangan
holatga o‘zgartirish garori gabul qilindi. Yadro kommutatorlarini hamda ular bilan marshrutizator orasidagi
alogalarni rezervlash (rezervlashgan ulanishlarni tashkil etish) hagida garor gabul gilindi. Buning uchun
serverlardan va foydalanuvchi kirish kommutatorlaridan ikkala yadro kommutatoriga ham alogalarni tashkil
etish lozim bo‘ladi. Bugungi kunda aksariyat kirish kommutatorlarida bunday magqsadlar uchun 2—4 ta yugori
tezlikdagi portlar mavjud va serverlarda odatda kamida 2 portli tarmoq kartalari o‘rnatilgan bo‘ladi.

Marshrutizator va yadro kommutatorlarini o‘zaro bog‘lash uchun dinamik marshrutlash protokoli
o‘rnatildi.

Keyin yadro kommutatorlarida virtual tarmoglar (VLAN) yaratildi. Bu axborotlashtirish obyektlari
resurslarini axborot xavfsizligini ta’minlash, kirishni cheklash va tarmoq trafigini ichki kichik tarmoqlarga
(subtarmoqlarga) bo‘lish orqali segmentatsiya qilish imkonini berdi. Shuningdek, tarmoqdagi sikllar (loop)
paydo bo‘lishining oldini olish uchun kommutatorlarda STP protokoli sozlandi. Bundan tashqari, DHCP
snooping, ARP paketlarini tekshirish, flood turidagi hujumlar uchun trafikni filtrdan o‘tkazish funksiyalari
yo‘lga qo‘yildi.
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Axborotlashtirish obyektlari tarmog‘ini yanada ishonchliroq himoya qilish magsadida, uning ayrim
tugunlarida xavfsizlikni ta’minlash va DNS manzillarini filtrlashdan tashqari, kiberhujumlarni aniqlash
uchun tarmoq trafigini tahlil giluvchi alohida virtual mashinani (VM) ulash magsadga muvofiq deb topildi.
Bu magsad uchun IPS Suricata o‘rnatilgan Kali Linux (Debian) asosidagi alohida VM yaratish qarori qabul
gilindi.

Axborotlashtirish obyektlari ning himoyalangan tarmog‘i sozlash ishlari yakunlangach, tizimning
ishlash samaradorligi sinovdan o‘tkazildi. Buning uchun Pi-Hole o‘rnatilgan VM barcha qurilmalarda hamda
chegara (perimetr) marshrutizatorida asosiy DNS server sifatida ko‘rsatildi. Pi-Hole ilovasi real vaqt rejimida
qaysi so‘rovlar bloklangani va qaysilariga ruxsat berilgani haqida ma’lumotlarni ko‘rish imkonini berdi. Pi-
Hole yordamida axborotlashtirish obyektlari axborot xavfsizligi administratori statistikani diagramma
ko‘rinishida ko‘rishi va ular bo‘yicha batafsil ma’lumotlarni tahlil gilishi uchun qulay sharoit yaratildi.

Olingan natijalardan (3-rasmga qarang) ko‘rinib turibdiki, virtual tagsimlangan hisoblash tarmog‘i
uchun sinovdan o‘tkazilgan axborot xavfsizligi tizimi (taklif etilgan metodika asosida qurilgan) 5 soatlik ish
davomida 3700 dan ortiq zararli so‘rovlarni blokladi, bu esa axborotlashtirish obyektlari tarmog‘iga
kirayotgan jami trafikning 41 % dan ortig‘ini tashkil etadi. Shunday qilib, axborotlashtirish obyektlari
tarmog‘i axborot xavfsizligini oshirish maqsadida IDS va SIEM tizimlaridan foydalanish bo‘yicha gabul
qilingan qarorlarning to‘g‘riligi tajriba asosida tasdiglandi.

IDS Suricata va SIEM Splunk o‘rnatilgach, SIEM tizimi IDS’dan tizim xabarlari (loglar)ni ola
boshladi. Atigi bir soat ichida sistema bo‘yicha axborotlashtirish obyektlari axborot xavfsizligi qoidalarining
buzilishi va tegishli trafikni bloklash hagida 20 ta xabar yuborildi. Bu esa bunday tizimlar axborotlashtirish
obyektlari xavfsizlik konturi doirasida o‘zini oglashini xulosa qilish imkonini berdi.

New Pivot

3-rasm. IDS Suricata’dan olingan ogohlantirishlarning Splunk tizimida grafik ko‘rinishda
tasvirlanishi

Na fagat tagsimlangan hisoblash tarmog‘i, balki umuman axborotlashtirish obyektlari bo‘yicha
axborot xavfsizligi darajasini baholashda ham ushbu matematik yondashuvdan foydalanish imkoniyatini
alohida ta’kidlash joiz. Hozirgi bosqichdagi tadqiqotning kamchiligi sifatida taqsimlangan hisoblash
tarmog‘i yoki umuman axborotlashtirish obyektlari uchun tahdidlarning to‘liq ro‘yxati ko‘rib chigilmaganini
gayd etish mumkin. Shuningdek, tajriba davomida tahdidlarni neytrallash uchun tanlab olingan axborot
xavfsizligi choralari ro‘yxati ham cheklangan bo‘lgan.

Muhokama. Ko‘pgina zamonaviy axborot xavfsizligi obyektlarining hisoblash tizimlari yoki
tagsimlangan hisoblash tizimlari o‘z arxitekturasida murakkab elementlarning katta to‘plamini birlashtiradi.
O‘z navbatida, bunday elementlarning har biri kompyuter hujumchilari tomonidan amalga oshiriladigan
kiberhujumlarga nishon bo‘lishi mumkin. Shunga mos ravishda, taqsimlangan hisoblash tarmog‘i
arxitekturasini tashkil etuvchi har bir element yetarlicha katta sonli kiber tahdidlarga duch keladi.

Mazkur tahdidlarning taqsimlangan hisoblash tarmog‘i axborot tizimlariga ko‘rsatadigan ta’sirini
kamaytirish, ayrim hollarda esa yetkazilishi mumkin bo‘lgan zararni oldini olish maqgsadida tarmoq
arxitekturasiga turli xil axborotni himoya gilish vositalari integratsiya gilinadi. Yoki, potensial tahdidlarning
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xilma-xilligini inobatga olgan holda, axborot xavfsizligini ta’minlash bo‘yicha chora-tadbirlar va vositalar
majmui shakllantiriladi.

Tagsimlangan hisoblash tarmog‘i uchun axborot xavfsizligi vositalarini ko‘paytirish, demakki,
sarflanadigan resurslar, birinchi navbatda moliyaviy resurslar hajmini oshirish har doim ham kutilgan
natijani bermasligi allaqachon isbotlangan. tagsimlangan hisoblash tarmog‘ida qo‘llaniladigan axborot
xavfsizligi vositalari va chora-tadbirlari turli yo‘nalishlarga qaratilgan bo‘lishi mumkin. Masalan, bu zararli
dasturiy ta’minotning muhim tagsimlangan hisoblash tarmog‘i tugunlariga kirib borishiga yo‘l
go‘ymaydigan axborot xavfsizligi vositalari bo‘lishi mumkin. Yoki tizim administratorlari uchun butun
tagsimlangan hisoblash tarmog‘i hamda uning alohida komponentlari ishini monitoring qilishga
mo‘ljallangan ommabop dasturiy mahsulotlar bo‘lishi mumkin.

Axborot xavfsizligi tahdidlari landshafti uzluksiz o‘zgarib borayotgani va tagsimlangan hisoblash
tarmog‘i arxitekturasi murakkablashgani sari tahdidlar soni ortib borayotganini inobatga olsak,
tarmoqlarning xavfsiz va ishonchli ishlashini ta’minlashga doir masalalar yanada ko‘proq e’tibor va
qo‘shimcha tadqiqotlarni talab giladi. Shu sababli tagsimlangan hisoblash tarmog‘i uchun axborot xavfsizligi
tizimini shakllantirish bo‘yicha taklif etilgan metodika va zaiflik koeffitsiyenti modeli axborotlashtirish
obyektining taqsimlangan hisoblash tarmog‘i bo‘yicha zaiflik darajalarini miqdoriy baholash imkonini
berishi amaliy jihatdan asoslangan.

Xulosa. Shunday qilib, olib borilgan tadgigotlar quyidagi natijalarga erishish imkonini berdi:

. Universitet hisoblash tarmog‘i (yoki tagsimlangan hisoblash tarmog‘i) uchun axborot xavfsizligi
tizimini shakllantirish metodikasini aniqlashtirish bo‘yicha takliflar ilgari surildi.

. Metodikaning birinchi bosgichida ehtimollar nazariyasi apparatiga tayangan holda matematik
modellashtirishdan foydalanish tavsiya etiladi. Taklif etilgan yondashuv tagsimlangan hisoblash tarmog*i
zaiflik koeffitsiyentini (zarurat tug‘ilganda esa umuman axborotlashtirish obyektlari uchun) hisoblashga
mo‘ljallangan analitik ifodani olish imkonini berdi.

o Tagsimlangan hisoblash tarmog‘i axborot xavfsizligi tizimini shakllantirish metodikasining
ikkinchi bosqichida axborotlashtirish obyektlari tarmog‘i axborot xavfsizligi komponentlarini imitasion
modellashtirish va virtualizatsiya usullari qo‘llaniladi.

. Eksperimental tadgiqotlar jarayonida axborotlashtirish obyektlari ning himoyalangan tarmoq
modeli yaratildi. Eksperimental modelda tarmoq qurilmalari va axborot xavfsizligi komponentlari virtual
mashinalarda (VM) emulyatsiya qilindi. axborotlashtirish obyektlari tarmog‘i resurslari Proxmox VE server
virtualizatsiya tizimi yordamida gayta tiklandi (replikatsiya qilindi). axborotlashtirish obyektlari tarmog-‘i
xostlarida PVE boshgaruvi ostida Suricata IPS tizimi joylashtirildi, Splunk tizimi esa SIEM sifatida
qo‘llanildi.

o Tagsimlangan hisoblash tarmog‘i uchun axborot xavfsizligi tizimini shakllantirishning taklif
etilgan metodikasi va zaiflik koeffitsiyenti modeli tagsimlangan hisoblash tarmog‘ining turli elementlari
zaiflik darajalarini miqdoriy baholash imkonini berishi ko‘rsatildi. Shuningdek, taklif etilgan model axborot
xavfsizligi tarmoqg tizimini loyihalash bosgichida axborotlashtirish obyektlari zaifligining kutilayotgan
darajasini baholashni amalga oshirish, shuningdek tahdidlar va zaifliklarni neytrallash bo‘yicha qarshi
choralar samaradorligini oldindan baholashga imkon berishi ta’kidlandi.
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UO‘K 62

GTL KORXONALARI BUG* QOZONLARIDA BUG* TAYYORLASH JARAYONLARINI
MUKAMMAL BOSHQARISH TIZIMLARINI ISHLAB CHIQISH

Hamrayev Javlonbek Hoshim o°g‘li,

Qarshi davlat texnika universiteti; p.f.f.d (PhD) dotsent
hamrayevjavlionbek11l@gmail.com

Farmonov Lazizbek Beg‘am o‘g‘li,

Qarshi davlat texnika universiteti2-kurs magistratura talabasi

Annotatsiya. Mazkur maqolada GTL (Gas-to-Liquid) texnologiyasi asosida ishlovchi sanoat
korxonalarida bug* qozonlarida bug* tayyorlash jarayonlarini samarali boshqarish masalalari yoritilgan.
Tadgigotda mavjud boshgaruv tizimlarining kamchiliklari tahlil gilinib, avtomatlashtirilgan nazorat va
boshqaruv algoritmlarini takomillashtirish yo ‘llari taklif etilgan. Shuningdek, energiya tejamkorlikni oshirish,
issiglik yo‘qotishlarini kamaytirish hamda bug* sifati va barqarorligini ta’minlashga qaratilgan texnik
yechimlar ishlab chiqilgan. Natijada ishlab chigilgan tizim bug “ ishlab chigarish jarayonini real vaqt rejimida
nazorat gilish, optimal harorat va bosim parametrlarini avtomatik ushlab turish imkonini beradi.

Kalit so‘zlar: GTL texnologiyasi, bug‘ qozoni, avtomatlashtirish, boshqaruv tizimi, energiya
samaradorligi, issiglik jarayoni, texnologik nazorat, ragamli tizim.

PABPABOTKA CUCTEM COBEPIIEHHOI'O YIIPABJIEHUS TIPOLUECCAMMU
HAPOIIOAI'OTOBKH B ITAPOBBIX KOTJIAX HA IPEANIPUATUAX GTL

Aunomauwus. B Oaunoil cmamve paccCMAmpusarOmcs GORPOCchl  dPhexmusHoco  ynpagieHus.
npoyeccamu no020MoGKY napa 6 NAposvbix KOMJIAX HA NPOMBIUIEHHBIX RPEOnPUSMUsX, pabomaowux no
mexnonoeuu GTL (Gas-t0-Liquid). B uccrnedosanuu npoananusuposanvi HeOOCMAmKu CyujeCmeyouux
cucmem YnpaeneHus u NPeonoNCeHbl NYyMU COBEPUICHCTNBOBAHUS AN2OPUMMOE  AGMOMAMUIUPOBAHHO2O
KoHmposisi u ynpasienus. Taxoice paspabomanvl mexHuuecKue peuwenus, HANPAeiIeHHble HA NOBbIUEeHUE
9HEPe03phekmusHoCmu, CHUNCEHUe nomepb Menia u obecneuenue Kauecmea u cmadbuivHocmu napa. B
pe3yibmame pazpadomanHas CUCmeMa NO380a5em KOHMPOIUPOSANb NPOYECC NPOU3B00CNEA NAPA 8 PENCUME
PEanbHO20 BPEeMEHU, ABMOMAMUYECKU NO00ePICUBAMb ONMUMAIbHBIE NAPAMEmPbl MeMnepamypvl u
oaenenusl.

Knrouesvre cnosa: mexnonoeuss GTL, napoeou xomen, aemomamusayus, CUcmemda YHPAGIEHUS.,
OHEP20IPHEKMUSHOCb, MENI0BOU NPOYECC, MEXHONOSUYECKUL KOHMPOTb, YUPDPOBAs CUCTHEMA.

DEVELOPMENT OF A COMPREHENSIVE CONTROL SYSTEM FOR STEAM
PRODUCTION PROCESSES IN STEAM BOILERS AT GTL ENTERPRISES

Abstract.This article covers issues of effective management of steam preparation processes in steam
boilers at industrial enterprises operating on the basis of GTL (Gas-to-Liquid) technology. The study analyzes
the shortcomings of existing control systems and proposes ways to improve automated control and
management algorithms. Also, technical solutions aimed at increasing energy efficiency, reducing heat losses,
and ensuring steam quality and stability have been developed. As a result, the developed system allows real-
time control of the steam production process, automatic maintenance of optimal temperature and pressure
parameters.

Keywords: GTL technology, steam boiler, automation, control system, energy efficiency, thermal
process, technological control, digital system.

Kirish. Zamonaviy GTL (Gas-to-Liquid) korxonalari gazni suyuglikka aylantirish texnologiyasida
asosiy issiqlik manbayi sifatida bug‘ qozonlariga tayangan holda ishlaydi. Bug‘ ishlab chigarish jarayoni GTL
ishlab chigarishning uzluksizligi, mahsulot sifati va energiya tejamkorligi uchun hal giluvchi ahamiyatga ega.
Shu sababli, bug* tayyorlash jarayonini mukammal boshqarish tizimini yaratish sanoatning barqaror ishlashini,
xavfsizligini va igtisodiy samaradorligini oshirishda muhim omil hisoblanadi.

GTL texnologiyalarining keng joriy etilishi natijasida energiya resurslaridan ogilona foydalanish,
chigindilarni kamaytirish va ekologik xavfsizlikni ta’minlash masalalari tobora dolzarb bo‘lib bormoqda. Bug*
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qozonlarida boshqaruv jarayonlari yetarlicha optimallashtirilmagan taqdirda, issiglik yo‘qotishlari ortadi,
yoqilg‘i sarfi ko‘payadi va chiqindi gazlar hajmi oshadi. Bu esa ishlab chiqarish xarajatlarining ortishiga
hamda ekologik muvozanatning buzilishiga olib keladi. Shuning uchun GTL korxonalarida bug* qozonlarini
avtomatlashtirilgan tarzda boshgarish nafagat texnik, balki iqtisodiy va ekologik jihatdan ham muhim
ahamiyat kasb etadi. Mukammal boshgaruv tizimi yoqilg‘i sarfini kamaytirish, bug* ishlab chiqgarish sifatini
barqarorlashtirish hamda chiqindi gazlarning zararli ta’sirini pasaytirish imkonini beradi.

Tadgqiqot usullari: Tadgigot obyekti sifatida GTL (Gas-to-Liquid) korxonasidagi bug® qozon qurilmasi
va uning issiglik-energetik jarayonlari tanlandi. Ushbu qozon qurilmasi tabiiy gazni yoqish orqali suvni bug*
holatiga o‘tkazish, bug® bosimi va haroratini muayyan texnologik parametrlar doirasida saglash vazifasini
bajaradi. Qozon tizimi quyidagi asosiy gismlardan iborat: yonish kamerasi, issiqlik almashinish sirtlari, suv
ta’minoti nasoslari, bug‘ kollektorlari hamda avtomatik datchiklar tizimi. Jarayonning asosiy nazorat
gilinadigan parametrlari — harorat, bosim, suv darajasi, bug® oqim tezligi va yoqilg‘i sarfi hisoblanadi.
Tadgiqot aynan shu parametrlarni optimallashtirish va ularni real vaqgt rejimida avtomatik boshgarish imkonini
beruvchi yangi tizimni ishlab chigishga garatilgan.

Yangi boshqaruv tizimini ishlab chiqish jarayoni to‘rt bosqichli tizimli yondashuv asosida amalga
oshirildi:

1. Tizimli tahlil bosgichi — mavjud bug‘ qozoni boshqaruv sxemalari, sensor tizimlari va operator paneli
tahlil qilindi. Ularning ish rejimlari va xatolik manbalari aniqlanib, samaradorlik ko‘rsatkichlari baholandi.

2. Modellashtirish bosgichi — gozon jarayonlari uchun issiglik balanslari asosida matematik model
tuzildi, bu model orqali harorat va bosim o‘zgarishlari vaqt bo‘yicha tahlil qilindi. 3. Algoritmik sintez bosqichi
— mavjud nazorat tizimlari bilan taggoslanadigan yangi boshqgaruv algoritmi ishlab chiqildi; u adaptiv va
optimallashtirilgan boshgaruv tamoyillariga asoslandi.

4. Eksperimental bosgich — taklif etilgan algoritm simulyatsion muhitda (MATLAB/Simulink asosida)
sinovdan o‘tkazilib, amaliy GTL sharoitlariga mosligi tekshirildi.

Ushbu bosgqichlar integratsiyalashgan holda tizimning ishonchliligi va barqarorligini ta’minlash uchun
asos bo‘ldi.

Bug‘ qozonidagi issiqlik jarayonlari energiyaning va massaning balansi tenglamalari asosida
modellashtirildi.

Harorat va bosim o‘zgarishlarini ifodalovchi asosiy dinamik munosabatlar quyidagicha yoziladi:

dT
p E — Qin - Qout
bu yerda:
— C, — issiqlik sig‘imi,
— T — qozon ichidagi harorat,
— Qin — yonish natijasida hosil bo‘lgan issiqlik migdori,
— Qout — bug" chiqishi va issiqlik yo‘qotishlari.
Bug‘ bosimining o‘zgarishi esa quyidagi differensial tenglama orqali ifodalanadi:

dP  R(T)
E = T(min - mouf)

bu yerda:

— P — bug® bosimi,

— V — qgozon hajmi,

— min va mout — suv kiritilishi va bug‘ chiqarilishining massaviy tezliklari.

Ushbu tenglamalar MATLAB muhitida ragamli integratsiya usullari orgali yechilib, jarayon
parametrlarining dinamik o‘zgarishlari modellashtirildi. Natijalar tizim barqarorligini baholash va optimal
boshgqaruv strategiyasini ishlab chigish uchun asos bo‘ldi.

Taklif etilgan boshgaruv algoritmi adaptiv va neyron tarmogli yondashuvlarga asoslanadi. Tizimda PID-
regulyator asosiy boshqaruvchi sifatida qo‘llanilgan, biroq u sun’iy neyron tarmoq orqali 0‘z parametrlarini
real vaqt rejimida o‘zgartira oladigan shaklda modernizatsiya gilingan.

1. Sensorlardan kelayotgan real o‘lchov ma’lumotlari (harorat, bosim, bug® oqimi) neyron tarmoq
blokiga uzatiladi.
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2. Tarmoq o‘tgan davr ma’lumotlariga asoslanib jarayonning keyingi holatini bashorat giladi.

3. Boshqaruv bloki har bir o‘zgaruvchiga mos optimal yoqilg‘i sarfi, suv miqdori va havo oqimini
hisoblaydi.

4. Natijada tizim real vaqt rejimida energiya yo‘qotishlarini minimallashtiruvchi va bug® sifatini
bargarorlashtiruvchi tarzda ishlaydi.

Algoritmning samaradorligi MATLAB/Simulink mubhitida sinovdan o‘tkazilgan bo‘lib, natijalarda
klassik PID tizimiga nisbatan javob tezligi 1,4 barobar, bargarorlashish vaqti esa 18% ga yaxshilangan.
Tadgiqot jarayonida GTL (Gas-to-Liquid) korxonasidagi bug® gozon qurilmasi uchun takomillashtirilgan
avtomatik boshqaruv tizimi ishlab chiqildi. Yangi tizimning struktura sxemasi sensorlar orqali o‘lchangan
ma’lumotlarni qabul qiluvchi markaziy boshgaruv moduli, bug® bosimi va haroratini tartibga soluvchi
aktuatorlar hamda monitoring va signalizatsiya tizimlaridan iborat. Ushbu tuzilma real vaqt rejimida bug’
parametrlari ustidan doimiy nazoratni ta’minlaydi va inson omilidan kelib chiqadigan xatoliklarni kamaytiradi.
Hisoblash va modellashtirish natijalari MATLAB/Simulink dasturiy muhitida amalga oshirildi.
Modellashtirish jarayonida bug‘ qozonining issiglik-energetik jarayonlari uchun dinamik model tuzildi va turli
ish sharoitlarida sinovdan o‘tkazildi. Natijalar shuni ko‘rsatdiki, taklif etilgan boshqaruv algoritmi bug*
bosimini +1,5% aniqlikda barqaror ushlab turadi. Tizimda yuzaga kelgan buzilish holatlarida (gaz bosimining
o‘zgarishi, issiqlik oqimining kechikishi va boshqalar) parametrlar 2025 soniya ichida me’yorga qaytdi. Bu
esa tizimning dinamik bargarorligi yuqori ekanini tasdiglaydi. Eksperimental tadgiqgotlar sanoat sharoitida
o‘tkazilib, nazariy modelning amaliy samaradorligi tekshirildi. Sinov natijalari quyidagicha bo‘ldi: bug* ishlab
chigarish quvvati o‘rtacha 8% ga oshdi, yonilg‘i sarfi 6,5% ga kamaydi, harorat va bosim og‘ishlari 2,3% dan
oshmadi. Operator aralashuv chastotasi esa 40% ga kamayib, avtomatlashtirish darajasi ancha yuqoriligi gqayd
etildi.

Samaradorlik tahlili natijalari yangi boshqaruv tizimining afzalliklarini aniq ko‘rsatdi. Energiya
samaradorligi avvalgi tizimga nisbatan 4-6% ga yaxshilandi, bug® bosimi barqarorligi esa 1,8 barobar oshdi.
Tizimning javob berish vaqgti 15 soniyadan 9 soniyagacha gisqgarib, tezkorlik va aniglik darajasi sezilarli
ravishda yaxshilandi. Bundan tashqari, xavfsizlikni oshirish magsadida tizim ortiqgcha bosim holatlarida
avtomatik himoya mexanizmini ishga tushiradi. Olib borilgan tadqiqotlar shuni ko‘rsatdiki, ishlab chigilgan
boshqaruv tizimi GTL bug‘ qozon qurilmasining energiya samaradorligini oshiradi, ishlab chiqarish
jarayonining barqarorligini ta’minlaydi hamda texnologik xavfsizlikni yuqori darajada kafolatlaydi. Bu
natijalar amaliyotga joriy etilganda, korxonaning umumiy energiya sarfini kamaytirish va mahsuldorlikni
oshirish imkonini beradi.

Natijalarning muhokamasi: Olingan natijalar GTL (Gas-to-Liquid) korxonasidagi bug‘ qozon
gurilmasi uchun ishlab chigilgan yangi avtomatik boshgaruv tizimining samaradorligini ilmiy asosda
tasdiglaydi. Tizimning ishlash prinsipi issiglik-energetik jarayonlarning dinamik modellariga asoslanib, PID
(Proportional-Integral-Differential) boshqgaruv gonuniyatlari va termodinamik muvozanat tenglamalari
yordamida qurilgan. Natijalar shuni ko‘rsatdiki, ishlab chiqgilgan algoritm issiqlik oqimi va bosim
parametrlarining o‘zgarishiga tez javob berib, tizimning barqarorligini saglab qoladi. Bu holat boshqaruv
tizimlarida qo‘llaniladigan klassik nazariya — “barqarorlik va adaptivlik muvozanati” tamoyiliga mos keladi.

Tadqiqot natijalarini avvalgi ishlanmalar bilan taqqoslash shuni ko‘rsatdiki, ilgari qo‘llanilgan
an’anaviy mexanik boshqaruv tizimlarida bug® bosimi o‘zgarishining o‘rtacha og‘ish darajasi 4-5% ni tashkil
etgan. Yangi ishlab chigilgan ragamli boshqgaruv tizimi esa bu og‘ishni 1,5% gacha kamaytirgan. Shuningdek,
issiglik energiyasidan foydalanish samaradorligi 4-6% ga oshgani boshqga tadgiqotchilar (masalan, issiglik
almashinuvi jarayonlarini modellashtirish bo‘yicha olib borilgan xalgaro ishlar) natijalari bilan ham mos
keladi. Bu o‘xshashlik tizimning ilmiy asoslanganini va amaliy jihatdan ishonchli ekanini ko‘rsatadi. Olingan
natijalarning ilmiy va amaliy ahamiyati shundaki, ishlab chigilgan tizim GTL sanoatida energiya resurslaridan
samarali foydalanish imkonini beradi. Natijada ishlab chiqarish jarayonida yoqilg‘i sarfi kamayadi, karbonat
angidrid chigindilari pasayadi va ekologik yuklama gisgaradi. Tizimning yuqgori avtomatlashtirish darajasi
inson aralashuvini kamaytirib, operator xatoliklarining oldini oladi. Shu tariga, ishlab chigilgan boshgaruv
algoritmi energetika sohasida ragamli transformatsiya jarayonlariga mos innovatsion yechim sifatida
baholanishi mumkin.

Biroq tizimda ayrim cheklovlar ham mavjud. Jumladan, amaldagi model ayrim tashgi omillar — gaz
bosimidagi keskin tebranishlar yoki kondensat tarkibining o‘zgarishi kabi holatlarni to‘liq hisobga olmaydi.
Bundan tashqari, sensorlarning ishlash anigligi tizimning umumiy javob sifatiga ta’sir ko‘rsatadi. Shu sababli,
kelgusidagi tadqiqotlarda real vaqt rejimida o‘zgaruvchan parametrlarni tahlil giluvchi sun’iy intellekt
asosidagi adaptiv boshgaruv modellarini joriy etish magsadga muvofigdir. Natijalar tahlili yangi boshqgaruv
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tizimining ilmiy asoslanganligini, amaliy jihatdan samarali ekanini va GTL sanoatida energiya tejamkorligini
ta’minlashda katta ahamiyatga ega bo‘lishini ko‘rsatadi.

Xulosa: Ushbu tadgiqot natijalari GTL (Gas-to-Liquid) texnologiyasida qo‘llaniladigan bug® qozon
qurilmalarini boshqarish jarayonini takomillashtirish imkoniyatlarini ilmiy asosda ko‘rsatdi. Ish davomida
ishlab chigilgan adaptiv boshgaruv algoritmi real vaqt rejimida bug® bosimi, harorati va energiya sarfini
optimallashtirishga imkon berdi. Shuningdek, tizim issiglik-energetik jarayonlarning o‘zgarishiga tez javob
berib, barqarorlik va ishonchlilik ko‘rsatkichlarini yaxshilagan. Simulyatsiya natijalariga ko‘ra, ishlab
chiqilgan algoritm an’anaviy PID boshqaruv tizimlariga nisbatan javob tezligini 1,4 barobar oshirgan,
barqarorlashish vaqtini esa 18 foizga qisqartirgan. Natijada, tadqiqotda qo‘yilgan asosiy magsad — GTL
sanoatidagi bug‘ qozonlarini boshqarishda energiya samaradorligi va avtomatlashtirish darajasini oshirish —
to‘liq amalga oshirildi.
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