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for functions y with given values (1) in the Sobolev space L23)(0,1),
The error of the approximation formula (1) defines a functional (£, y) =  y(z) -  P^(z) 

(called the error functional) at a fixed point x =  z, Then the error of the approximation 
formula (2) is estimated as follows

|(£,^ )| < "£"l (3)*IMI4 3 ).

The problem is to find coefficients Cj, Ci,1, Cj,2, i =  0 ,1 ,...,N  which give the 
minimum to the norm of the error functions £, These coefficient are called optimal and the 
interpolation formula of the form (2) with these coefficients is called optimal interpolation 
formula with derivatives.

In the present paper we get explicit expressions of the coefficients for the optimal 
interpolation formula of the form (2),
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The norm for the error functional o f the quadrature formula w ith derivative
in the Sobolev space
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We consider a quadrature formula of the form

1 N N
/  e2" “-V(x)dx =  £  C jy(h0) +  £  C > '(h e )  (1)

0 e=0 e=0

where Cf are the coefficients given in [1] and и  e  R \{0}, h =  -N and where the coefficients 
Cg are the unknowns to be determined.

We suppose that a function y belongs to l 22)(0, 1) and

L22) =  {y : [0,1] ^  C | y ' is absolute continuous and y'' e  L2(0 ,1)}.

The inner product for the functions y and ф in this space is defined as

(у ,ф )г(2) = y''(x) ■ ^/5"(x)dx,
L  J0

where ф is the complex conjugate function to the function ф and the corresponding of 
the function y is defined by the formula

Г (2) (y , y )1/2.

mailto:khayrievu@gmail.com
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The difference between the quadrature sum and integral

.1 N
(£, y) =  / e2niwxy(x)dx -  ^  (C °y(he) +  C ^y^he)) =  / £(x)y(x)dx, (2)

0 =0

is called Йе error and the corresponding error functional has the form

N
£(x) =  e2niwxe[0 ;1](x) -  E  (C°5(x -  h^ ) -  Cj£'(x -  h ^ )) . (3)

=0
Using the Cauchy-Schwarz inequality, we get the following

|(£ y)| < IHIl22)*(0,1) ■ I M I ^ (0,1).

Therefore, the absolute value of the error (2) of the quadrature formula (1) is estimated 
by the norm of the error functional (3)

llfl4 2,<0,1) =  sup - K f l f L -
^ imil22)(q,i)=0 l|y|l4 2)<0,1)

The main aim of this work is to find the minimum of the norm for the error functional 
£ by coefficients in the sp ace ■ That is the problem is to find the coefficients

inf  II mlcl L
(2)* .

If the coefficients give the minimum ||£||l (2)*, then are called optimal coefficients 
and together with these coefficients, formula (1) is called the optimal quadrature formula 
Thus, to obtain the optimal quadrature formula of the form (1) in the space l2 2)(0, 1); 
we need to solve the following problem.

P ro b lem  1. Find the norm of the error functional (3) of the quadrature formula (1) 
in the space l 22)*

T h eo rem  1. The norm for the error functional (3) of the quadrature formula (1) has 
the following form in the space L 2

N N N N
l|£|lrf>* =  E E  C ? q G2(h£ -  hY) + E E  (QCY +  C,1C0) G2(he -  hY)

в=0 7=0 в=0 7=0
N N  N „ 1

-  E  E  C ^ G ^ h e  -  h7 ) -  E  f  (G°e2niwx +  C£e-2™"x) G2 (x -  h^)dx
в=0 7=0 /3=0 0

+  E  JQ (C le2™^ +  C1 e-2™ ^) G'2(x -  h^)dx +  J  J  e2n̂ <x-y)G2 (x -  y)dxdy,
=0 0 0 0

where
|xl3

G2 (x) =  ^ .
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Abstract
In this article we consider the example of usage of Moore-Penrose pseudoinverse to encrypt 
message in software package MS Excel,

Definition l.[l] Let be a matrix of size m n (m - rows and n - columns) of rank r 
(r$A =  r) over the field of real numbers R  A+ e Rnxm _ transposed matrix The pseudo­
inverse (generalized Moore-Penrose inverse) to matrix A is determined by the relations:

1) AA+A =  A; A+AA+ =  A+ (A+ is a weak inversion in a multiplicative semigroup);

2) (AA+)* =  AA+; (A+A)* =  A+A (this means that AA+ and A+A are Hermitian 
matrices);

Here A* is the Hermitian conjugate matrix A (for matrices over the field of real numbers 
A* =  AT)

Theorem  l . | l |  For any rectangular matrix A of arbitrary rank there is a unique 
A+

Remark l.T o simplify the problem, we narrow the class of rectangular matrices to
A*A

is invertible. In this case, the pseudoinverse matrix is given by the formula

A+ =  (A*A)-  1A*.

Using pseudo-inverse matrices in Excel, we can give a basic example of the ciphering 
system

Exam ple We demonstrate an algorithm of encryption using Excel formulas and a 
modest message "cann’t encrypt "to do this, we will create a new document in Excel and on 
the first sheet we will create an ABC array, in which only those characters that are included 
in the alphabet will be used ( "SPACE"and " ‘ "will be placed in 27 and 28 position). We 
can take a random matrix A as a key and using operation =  M DETERM (A*A) it can 
be checked if it satisfies the condition of ivertibilitv to be used as a kev.

A

2 3 1
4 2 10
5 7 16 
1 8 6
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