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Abstract. The present paper is devoted to construction of an optimal
quadrature formula for approximation of Fourier integrals in the Hilbert space
W2(1‘0>[a7 b] of non-periodic, complex valued functions. Here the quadrature sum
consists of linear combination of the given function values on uniform grid. The
difference between integral and quadrature sum is estimated by the norm of the
error functional. The optimal quadrature formula is obtained by minimizing the
norm of the error functional with respect to coefficients. In addition, analytic
formulas for optimal coefficients are obtained using the discrete analogue of the
differential operator d2/ da? — 1. Further, the order of convergence of the optimal
quadrature formula is studied.
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1 Introduction

In [I] and [2], based on Sobolev method, the problem of construction of optimal
quadrature formulas for numerical calculation of Fourier coefficients

1) = [ ™ p(a) do (L1)

with w € Z was studied in Hilbert spaces L™ (0,1) and W, ™™ 1(0,1),
respectively. In these works explicit formulas of optimal coefficients were obtained
for m > 1. In particular, for the case m = 1 the order of convergence of optimal
quadrature formulas was studied.

In [5] authors studied approximate computation of univariate Fourier
coefficients for the standard Sobolev spaces H® of periodic and non-periodic
functions with an arbitrary integer s > 1. They found matching lower and upper
bounds on the minimal worst case error of algorithms that use n function or
derivative values. They also found sharp bounds on the information complexity
which is the minimal n for which the absolute or normalized error is at most e.

It should be noted that in practice due to the fact that we have discrete values
of an integrand the Fourier transforms are reduced to approximation of integrals of
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type with w € R. For example, the problem of X-ray Computed Tomography
(CT) is to reconstruct the function from its Radon transform. One of the widely
used analytic methods of CT reconstruction is the filtered back-projection method
in which the Fourier transforms are used (see [4]).

In [3] was studied the problem of construction of optimal quadrature formulas
in the sense of Sard for approximate calculation of Fourier integrals of the form
with w € R in the space L(21).

It should be noted for numerical calculation of integrals with real w a
quadrature formula with explicit coefficients is required. Therefore, in the present
work we study the problem of construction of optimal quadrature formulas in
the sense of Sard for approximate calculation of Fourier integrals of the form
with w € R in the space W2(1’0>. We obtain explicit formulas for optimal
coefficients and calculate the norm of the error functional of the obtained optimal
quadrature formula. We note that the obtained optimal quadrature formula can
be used for approximation of Fourier integrals and reconstruction of a function
from its discrete Radon transform.

2 Construction of optimal quadrature formula

We examine the following quadrature formula

1

[ o) de= S Caplho) (2.1)

0 B=0
accompanied by the error

1

(t.0) = [ ™ p(a)do =3 Coplh) (2.2)

0 B=0
where
(o) = [ ta)pla)do
and respective error functional
) N
Uz) = ™ Tepyy(z) — Y Cad(x — hB). (2.3)

B=0

Here i = —1, w € R with w # 0, Cj are coefficients of the formula (2.1), h = 1/N,
N €N, €,1)(z) is the characteristic function of the interval [0, 1], and ¢ is Dirac’s
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delta-function. Function ¢ belongs to the space Wi [0, 1] which is defined as

W2(1,0) [0,1] = {¢:][0,1] = C | ¢ is abs.cont
and ¢’ € L2[0,1]},

the Hilbert space of complex valued functions.
The inner product in this space is defined by the equality

(o) = / (@)@ () + P(x)) dz, (2.4)

where 1) is the complex conjugate function to the function 1 and the semi-norm
of the function ¢ is defined by the formula

w20, = (002, (2:5)

and f )+ @(2))(@' (z) + ¢(z)) dz < co.

We note that the coefficients Cz of the formula depend on w and h, i.e.,
Oﬁ =5 C[g (UJ, h)

The error of the quadrature formula is a linear functional in
W2(1‘0>*[07 1], where Wél’o)*[(), 1] is the conjugate space to the space Wél’o) [0,1].

The norm of the error functional defined as

Wllyorpy = s 1) (2.6)

H<PHW2(1,0)[0Y1]=1
By the Cauchy-Schwarz inequality the absolute value of the error (2.2)) is
estimated as

1) < 1ol N0 oy

The problem of construction of the optimal quadrature formula in the
sense of Sard [6] consists in finding the minimum of the norm of the error
functional ¢ by coefficients Cs when the nodes are fixed. We note that here
distances between neighbor nodes of the formula are equal. This problem,
for the quadrature formulas of the form with w = 0, was first studied in
the space W.™™ " in [7], where Wi™™ ) is the space of real-valued functions
which are square integrable with mth generalized derivative.

Therefore, for constructing optimal quadrature formulas of the form in
the sense of Sard in the space W2(1’0>[07 1] we need to solve the following problem.

Problem 1 Find the coefficients C3 that give minimum value to HZHW2<1,0)* 0]’

and calculate

d
wib0*(0,1]

= g1ﬁf HEHW2(1,O)*[071] .
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Further, we solve Problem 1 for the case w € R with w # 0 by finding the
norm (2.6) and minimizing it by coefficients Cg.

2.1 The norm of the error functional (2.3))

For finding the norm (2.6)) we use the extremal function for the error functional £
(see, [8,19]) which satisfies the following equality

(€, e) = 1l .00 04y el 0000 4y - (2.7)

Since WQ(I’O) [0, 1] is a Hilbert space, then the extremal function 1, in this space
is found by using the Riesz theorem on the general form of a linear continuous
functional on a Hilbert space. Then for the functional £ and for any ¢ € WQ(I’O) [0,1]
there exists the function ), € W2(1’0>[0, 1] for which the following equation holds

(4,0) = (e, ) - (2.8)

Furthermore the equality [[£]| 1.0+
2

= ||1/)[HW2(1,0)[0,1] is fulfilled. Then from
(2.7), we get

[0,1]

(60) = 1812 00 (2.9)

For the error functional l) to be defined on the space WQ(I’0> [0, 1] it should
be imposed the following condition

(6, e7") =0, (2.10)

which means that the quadrature formula (2.1) is exact for e™*.
From ({2.8]) for the extremal function ¢, we have the following boundary value
problem
Ui () — pe(z) = —L(2), (2.11)
() + e(@))5Z0 = 0,

where £ is the complex conjugate to £. Then the following holds

Theorem 2.1. The solution of the boundary value problem is the extremal
function ¢ of the error functional ¢ and is expressed as

Yo(z) = —0(x) * G(z) +de™?, (2.12)

where
sgnx

G(z) =

sh(x), (2.13)

d = d® +id", a complez number, and = is the operation of convolution.
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Next, we assume that
Cs = C§ +iC}, (2.14)

where C§ and C} are real numbers. Then, keeping (2.9) in mind and using (2.10))
and (2.12) for the norm of the error functional ¢ we have

leN? = (6,4)

/ﬁ e ( /6 z) * G(z)) dz.

Hence, taking (2.14) into account, by direct calculation we get

HW—-{ZZ%ﬁW%)(whw
B=0~v=0
N
-2 Z C? cos2nwz - G(x — hf) dx
0

N 1

-2 Z Cé/sin 2rwz - G(z — hB) dz

1

+//cos[27rwx— y)] - Gz — y)dzdy]|. (2.15)

0 0

Then from ({2.10]), keeping (2.14)) in mind, we obtain the following equalities

N 1
ZCE P /cos(27rwm) ce " de, (2.16)
B=0 0
N 1
ZCé e " = /sin(?ﬂ”waz)~ e ” dx. (2.17)
B=0 0

Thus, we have got the expression (2.15]) for the norm of the error functional

(2-3)-

Further, in the next section we solve Problem 1.

2.2 Minimization of the expression (2.15) by
coefficients Cjs

Problem 1 is equivalent to the problem of minimization of the expression (2.15
by Cg and Cé using Lagrange method under the conditions (2.16))-(2.17)).
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Now we consider the function

weE o, .. cf, e, e, ..., 0k, d",d")

1 N
= [|¢|® + 24" /0 cos(2mwz) - e " dx — Z oF . e
B=0

1 N
+2d" / sin(2rwz) - e " dx — Z Ch-e
0 =0

Equating to zero the partial derivatives of ¥ by Cg, C’é, (8=0,N), d® and d’,
we get the following system of linear equations

N 1
E:Cﬁ%ﬂhﬁ——h7)+dRefhﬁ:i/£042wwxy?@r7hﬁ)dn
0

~=0
B3=0,..N, (2.18)
N 1
ZC’R e M= /cos27rwx- e " dx (2.19)
v ) :
0

~=0
N 1
Z CIG(hB — hy) +d" e " = /sin 2nwzG(z — hp) dz,
0

=0

5=0,..,N, (2.20)
N 1

ZC’i e M = /sin 2wz - e~ 7 da. (2.21)
v=0 0

Now multiplying both sides of (2.20) and (2.21)) by i and adding to both sides

of (2.18) and (2.19)), respectively, we get the following system of (N + 2) linear
equations with (N + 2) unknowns C,, v =0,1,..., N and d:

N

1
C,G(hB —hy) +de P = / MGz — hB) du,
0

y=0
B=0,..N, (2.22)
N 2miw—1
—1
c, e =% _ —- 2.23
Z; v e miw—1 (2.23)

where G(x) is defined by (2.13).
The system ([2.22))-(2.23)) has a unique solution. The uniqueness of the solution
of this system can be proved as uniqueness of the solution of the system (3.1)-(3.2)
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of the work [7]. The solution of the system — gives the minimum to
[1€]]* in certain value of Cj3 = Cj. The quadrature formula of the form with
coefficients éﬁ is called the optimal quadrature formula in the sense of Sard and
ég are said to be the optimal coefficients.

For the convenience, the optimal coefficients é‘g will be denoted as Cpg.

The aim of this section is to get the analytic solution of the system —
. For this we use the concept of discrete argument functions and operations.
The theory of discrete argument functions is given in 8], [9].

Assume that the nodes zs are equally spaced, i.e., xg = h3, h is a positive
small parameter, and functions ¢(x) and ¥ (z) are complex-valued and defined on
the real line R or on an interval of R.

The function ¢(hB) is a function of discrete argument if it is given on some
set of integer values of (.

Further, we need the discrete analogue D(h3) of the differential operator
d?/dz® — 1 which satisfies the following equality

D(hpB) * G(hB) = da(hp), (2.24)

0, BI#0,

where §4(hf3) = { 1 B=o0 , 0a(hp) is the discrete delta-function.

Theorem 2.2. The discrete analogue D(hf) of the differential operator d?/dax*—
1 satisfying has the form
: 0. |82
D(hB) = —; —2¢", | =1, (2.25)
1— 62h 2h
2(1 +e )7 B8=0
and satisfies the equalities

D(hpB) * " =0; D(hB)x e P =0; D(hp)* G(h3) = 6(hp). (2.26)

Now we return to our problem.

We consider the coefficients Cz as a discrete argument function and assume
Cg =0for 8 < 0and 8 > N. Then the system (2.22)) and (2.23) can be rewriting
as follows:

Cp* G(hB) +de " = f(h3), B=0,1,..,N, (2.27)

N
> Cae ™ =gy, (2.28)
6=0
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where
f(hﬂ) _ e—hﬁ eQﬁiw+1 41 ehﬂ e27‘riu—1 41 N e27‘riwhﬁ
o 4 2miw + 1 4 2miw — 1 (2miw + 1) (27w — 1)’
(2.29)
eQTriuJ—l -1
go = — T, (230)

2miw — 1

and G(x) is defined by ([2.13).

Now we have the following problem.

Problem 2 Find Cg (8 =0,1,..,N) and d which satisfy the system —
for given f(hf3) and go.

Note that Problem 2 is equivalent to Problem 1. The main result of this section
is the following.

Theorem 2.3. Coefficients of the optimal quadrature formulas of the form
in the sense of Sard for w € R with w # 0 in the space Wél’o) [0,1] have the form

1 + th + 27Tiu)( th _ 1) _ 26(21riw+1)h

C =
0 (e2h — 1)((2nw)2 + 1) ’
2(1+ e®" —2e" cos2mwh)  ariwns
Cs = - e =12,.,.N—-1 2.31
B (e2h — 1)((21w)? + 1) e B . ) (2.31)
o e2mw(1 + e2h _ 27Tiw( e2h _ 1) _ 26(1727r1w)h)
N = .

(% — 1)((2mw)? + 1)

Furthermore, for the square of the norm of the error functional of the optimal
quadrature formula on the space WQ(I’O)*[O, 1] the following holds

2

o

é _ 1
W2(1,o)* T (4m2w?41)2

e2M _2eh cos(2mw
47T2W2 + 1 _ 2(1+ h(32h71>(2 h))) . (232)

Proof. We consider the following discrete argument function
u(hB) = Cs + G(hB) +de "". (2.33)
Then, taking (2.24]) and into account, we have
Cs = D(hp) * u(hp). (2.34)

For calculating the convolution (2.34) we need the representation of the function
u(hB) for all integer values of 3. From (2.27) we have

u(hB) = f(hB) for 3=0,1,...,N. (2.35)

Now we should find the representation of u(h3) for S < 0 and 3 > N.
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For f# < 0and 8 > N, using (2.13) and (2.28)), respectively, we get the following

ehf 1 X h —h3
Tt LY Cvetrd) e p<o,

u(hB) = } ”;0 (2.36)
eiﬁ go—l—(—iZCﬂ,eh'y—&—d e " B>N,
v=0
N
where go is defined by (2.30), 3 C,e"” and d are unknowns. We denote
y=0
X
a_ = ZZCﬂ,eh’Y -‘rd,
y=0
1 X
a+ = —ZZC,Yeh’Y-Fd.
~=0

Then from (2.36) when

= 0 and 8 = N for these unknowns we obtain the
system of two linear equations

@ = 100 = 10,

_ e
ate 4 Zgo = f(1).

Hence, solving this system, using ([2.29) and (2.30]), we get

e?‘/rlo.:+1 -1

e?‘/rio.:+1 -1
a =—-— - t__ -
427w + 1)’ 4(27iw + 1)
Hence
d=0, (2.37)
N 2miw+1
1 h € — 1
- C,e"M = — — . 2.38
4;) ¢ T A2niw 1) (2.38)

Keeping (2.37) and (2.38)) in mind, and combining (2.35) and (2.36) we get

hB Q2miw—1_y

I e~hB  o2miwtl g
4

4 2miw—1 2riw+1  ? ﬁ S 0,
U(hﬁ) - fgf;;ﬂ)’ 27i 1 hB 2miw+1 0 S 6 S N’
o Q2miw—1_1 - Q2miwtl_y
1 T 2miw—1 4 omiwtl B> N.

Now, taking (2.25) and (2.26) into account, using the last representation of
u(hf), and from (2.34) by direct calculation for the optimal coefficients Cpg,
B8 =0,1,..., N, we obtain analytic formulas (2.31).



32 Babaev S. S., Hayotov A. R., Khayriev U. N.

Now we go to get (2.32)). We rewrite the equality (2.15) in the following form

N 1
e = - {205
B=0

N
> CFG(hB — hy) - / cos 2wz G(z — hfB) dz

=0 0
N N P
+> Ch TG(hB — hy) — /sin 21wz G(z — hB3) dx
B=0 =0 0
N ! N 1
— Z Cg”/cos 2rwx G(x — hfB)dx — Z ch /sin 2rwzx G(x — hB)dx
B=0 % B=070
+//cos[27rw - )]Gz — )dmdy] (2.39)
0

Since d = d® + id’, taking (2.37) into account, we have
d® =0and d" = 0.

Therefore, using these last two equalities, from and we get the
following equalities

N
> CFG(hB — hy) -

v=0

cos2mwr G(x — hB)dz =0, 3 =0,....,N

o

and

v=0

N

ZCﬁG(hﬂfh'y /sm27rw9chfhﬁ)dx—0 8=0,..N.
0

Then the expression (2.39) for ||¢||*> takes the form

1 N 1
11€)? Z CF /cos 2rwz G(z — hB)dzr + Z Ch /sin 2nwz G(z — hB) dx
0 0

B=0

//costux— Y)|G(z — y) dz dy.

0 0

Hence calculating the definite integrals, keeping (2.14) in mind and using ,
after some simplifications we get ED Theorem is proved. O

We note that in Theorem [2.3] the formulas for the optimal coefficients Cg
are decomposed into two parts — real and imaginary parts. Therefore from the
formulas of Theorem we get the following results.
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Corollary 2.4. Coefficients for the optimal quadrature formula of the form

1 N
/cos 2rwz - p(x) do = Z CHo(hB)
0 B=0

in the sense of Sard in Wél’o) [0,1] for w € R with w # 0 have the form

1+ e2" —2¢" cos 2mwh

(e2h —1)((27w)2 4+ 1)’

R 2(1 + e — 2e" cos 2nwh)

= . 2nwh, =12,...N—1

Cﬁ (e2h—1)((27rw)2—|—1) COS( W ﬂ)v 5 PR-EREE) 5

(14 €M) cos 2rw — 2e" cos(2nw(1 + h)) + 27w sin 27w (e — 1)
(e?r = 1)((27w)? + 1) '

Corollary 2.5. Coefficients for the optimal quadrature formula of the form

ck =

L N
/sin 2wz - p(x) do = Z Cho(hB)
0 B=0
in the sense of Sard in Wél’o) [0,1] for w € R with w # 0 have the form
21w(e?" — 1) — 2e" sin 27rwh
(e2h —1)((27w)2 4+1)
2(1 + e*" — 2¢e" cos 27wh) .
Cc; = - sin(2nwh =1,2,.,N-1
B (ezhfl)((Qﬂ'w)Q#»l) Sln( W ﬁ)v B y Ly ey )
(14 e®")sin 27w — 2e™ sin(2rw(1 + h)) — 27w cos 2mw( e — 1)
(e —1)((27w)2 + 1) '
It is easy to see that for w — 0 from Theorem [2.3] we get the optimal of the
trapezoidal quadrature formula in Wg(l’o) [0, 1] [7].

er}

Cn =

Corollary 2.6. Coefficients of the optimal quadrature formula of the form

L N
[ et@rde= 3" Caelno) (2.40)
0 p=0
in the space Wi*[0,1] have the form
e —1
@ = ey
_o2Af -
Co = “ioe A=L2.N -1,
e —1
Cn =

el +1
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and for the square of the norm of the error functional of the optimal quadrature
formula on the space W§1’°>*[0, 1] the following holds

il 2(e" — 1)
H Hw,_ﬁ“’)* T eh 1

Remark 2.7. It should be noted that for fixed w from (2.32) we get

Jip = Ly - 4 43
12 360

i.e., the order of convergence of the optimal quadrature formula of the form (2.1))
is O(h).

r* + O(h%),

Remark 2.8. In particular, from Theorem in the case w € Z with w # 0, we
get the results of [2].

Remark 2.9. The equality (2.38) means that the optimal quadrature formula of
(2.31)

the form (2.1)) with coefficients is exact to p(z) = e~ * because
p 2miw—1
2miwe  —x esm T —1
e e dr=————.
/ v 2miw — 1
o

The equalities (2.38)) and (2.28]) provide exactness of our optimal quadrature
formula to e” and e™” respectively.

3 Optimal quadrature formulas for the
interval [a,b]

Here from the results of the previous section by a linear transform we get optimal
quadrature formulas for the interval [a, b].
We consider construction of optimal quadrature formula of the form

b

[ e ota) da =Y Cpalable(as) (3.1)

. =0

in the Hilbert space W2(1’0>[a, b]. Here Cp . [a,b] are coefficients and zg = hf3 + a
(€ [a,b]) are nodes of the formula || weR,iZ=—-1,h= b]_va, N eN.
Now by linear transformation z = (b — a)y + a, where 0 < y < 1, we get

b 1
/ e27riw:c(p(w) dr = (b _ a) e27riwa, / e27riw(b—a)y¢((b _ a)y + a) dy
o 0
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Finally, applying Theorem [2.3] and Corollary [2:6] to the integral on the right-hand
side of the last equality, we get the following main result of the present work.

Theorem 3.1. Coefficients of the optimal quadrature formula of the form

b

N
/ Fmo(z) dae 2 S Cpula, ble(hB + a)

a =0

in the sense of Sard in the space Wz(l’o)[a, b] for w € R with w # 0 have the form

Co.wla,b] = (b—a)e*™ " 1+ eva + 27iw(b — a)(e?-a — 1) _9evta egﬁwh7
(47r2w2(b —a)?+ )(eﬁ _1)
Coula b = e2miwtsta 20=a)+ er-a — 2€bh‘12h60827rwh)’
(4m2w2(b — a)?2 + 1)(ev-a — 1)

B=1,2,..,N—1,

2h h .
. 1 b—a — 27iw(b — b—a —1)—2 3= —2miwh
Cn,wla,b] = (b—a) ™™ te miw(b — a)(e 22 e 7
(4m2w?(b—a)? +1)(eP-a — 1)

and for w = 0 take the form

h
T-a — 1
Coola,t] = (b—a)"f—,
eb—a 41
h
et—a —1
Csola,b) = 2(b—a)—57—, 8=1,2,...,N —1,
eZ—aJrl
—a — ]
Ovolab] = (b—a)p—,
eb—a 41
b—a

where h = 2.

4 Conclusions

Here for approximation of Fourier integrals in the space W2(1’0>[07 1] the optimal
quadrature formula in the sense of Sard is constructed. By linear transformation
the results are extended to the case of arbitrary interval [a,b]. That is, for
approximation of Fourier integrals in the space W2(1’0) [a, b] the optimal quadrature
formula is obtained. The obtained optimal quadrature formula can be applied to
approximate reconstruction of Computed Tomography images from projections.
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